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We have developed a systematic approach for identifying a priori and computing accurately wave

functions of a special class of doubly excited states which seem to lead in a regular way to the Wan-
nier state at the two-electron ionization threshold. As an application, we present a variety of new

and experimentally verifiable results for the 'P' symmetry in H, He, and Li+.

I. INTRODUCTION II. THE WANNIER TEIL

A fundamental problem of atomic and molecular phys-
ics in the field of electronic structure and excitation
dynamics has been the quantitative understanding of mul-

tiply excited states, or, more specifically, of doubly excit-
ed states (DES's).

For the Coulomb Hamiltonian, DES's may correspond
to bound discrete states, quasibound autoionizing states,
or to free scattering states.

The question of the rigorous methodology for the prop-
er quantum-mechanical description of the wave function
of two free electrons in the field of a positive ion (with or
without structure) is still open. ' Related to it are the re-
sults at the classical level on the qualitative behavior of
the cross section ' for the two-electron ionization at
threshold and, accepting Wannier's arguments, the re-
sults at the WKB-like level. '" Most of the earlier activity
in this field has been reviewed recently.

In the case of low-lying bound or quasibound DES's,
there has been considerable progress in the rigorous,
quantum-mechanical description of their wave functions
and their properties (energies, widths, excitation transition
probabilities). Representative papers from different
schools can be found in Refs. 9—15. It is left up to the
reader to evaluate the advantages and limitations as re-
gards generality and accuracy of the various approaches.

This paper presents the first quantum-mechanical re-
sults on the wave functions and on the photoexcitation
transition probabilities of a special class of DES's, which
we have called the Wannier two-electron ionization ladder
(TEIL). The basic property of the TEIL states is that
they seem to lead to the so-called Wannier state at E=O,
i.e., to the state where the two electrons leave the atom
simultaneously in opposite directions. The theory and
method of the a priori identification and systematic cal-
culation of the Wannier TEIL is described in detail else-
where. ' Here, we review briefly its important charac-
teristics and present the first quantitative properties of the
Wannier TEIL of 'I' symmetry in H, He, and Li+, ex-
pressed in terms of conditional probability plots, of calcu-
lated energies and photoabsorption osci11ator strengths, of
fitted Rydberg-like formulas, and of average radii of the
positions of the two electrons as a function of the quan-
tum number n.

The progress which has been made on the so-ca11ed
Wannier problem (e.g., Refs. 1—8, 16, 17, 19, and 20) has
not yet been able to provide rigorous quantum-
mechanical, many-electron explanations and the concepts
and information currently employed are either classical or
vague or semiquantitative. It is thus evident that a
many-electron quantitative treatment of aspects of this
problem might provide a new view to it. Our approach
has been formulated around the following question:

Out of the infinity of DES's of any symmetry in any
atom, how can one identify a priori and compute without
any approximation the true wave functions of only that
class of states which, for small but negative total energies,
have the same distinct characteristics of the Wannier state
(at E=O) and therefore, by virtue of smoothness and con-
tinuity, lead to it?

Given the above statement of the problem we have
developed a general theory for the calculation of the Wan-
njer TEIL which is implemented in three steps. '

(a) We accept that one of Wannier's results from classi-
cal mechanics, i.e., that at E=0, r&

———r2 must also hold
in the quantum-mechanical case for the special class of
DES's mentioned above. This hypothesis leads to the con-
ceptual choice of the zeros-order representation. More
specifically, according to the state-specific theory of
DES's, ' the zeroth-order multiconfigurational vector is
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H

—0.062 386
—0.037 351
—0.024 624
—0.017434
—0.013017
—0.010086
—0.008045

He

—0.335 694
—0.194 871
—0.126 743
—0.088 984
—0.065 871
—0.050 714
—0.040 247
—0.032 718

Li+

—0.829 753
—0.476 859
—0.308 552
—0.215 760
—0.159051
—0.122 208
—0.096 812
—0.078 597

TABLE I. Total energies (in a.u. ) of the Wannier TEIL of
'P' symmetry in H, He, and Li+. The calculations involve a
multiconfigurational Hartree-Fock zeroth-order vector F„,
with all the configurations of each shell n, to which the remain-
ing correlation is added variationally.
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TABLE II. Expansion coefficients of the 8"„zeroth-order functions for n =7, 8, and 9.

H
7l =7
He Li+ H

n=8
He Li+ H

n=9
He Li+

C,p
Cpd

Cdf

Cg
C
C.k
Ckl

0.3307
0.6289
0.5926
0.3517
0.1396
0.0321

0.3672
0.6624
0.5724
0.2985
0.0966
0.0172

0.3839
0.6769
0.5598
0.2727
0.0804
0.0130

0.2913
0.5846
0.6030
0.4091
0.1946
0.0653
0.0136

0.3250
0.6225
0.5946
0.3605
0.1470
0.0395
0.0064

0.3398
0.6376
0.5891
0.3375
0.1266
0.0308
0.0044

0.2609
0.5447
0.6013
0.4502
0.2454
0.0993
0.0295
0.0057

0.2909
0.5837
0.6025
0.4100
0.1967
0.0674
0.0161
0.0024

0.3053
0.6007
0.6001
0.3896
0.1754
0.0552
0.0118
0.0015

The quantum-mechanical version of the Wannier condi-
tion —r&

——r2 is, in terms of the operators for the radial
distance and the angle between the position vectors,

(ri) =(rp&,
(H„)=~.

(2a)

(2b)

In order to translate this into practical wave-mechanical
language with many-electron, correlated wave functions,

constructed in terms of configurations with orbitals in the
same shell ( n&

——n2). In order to minimize the (negative)
electron correlation, the physically relevant zeroth-order
vector must correspond to the lowest root of the matrix
formed by the possible configurations of each symmetry
at each n. (For example, consider the 'P' symmetry of
He. For n =4, only the 4s 4p, 4p 4d, and 4d 4f configura-
tions constitute the basis set. )

(b) The zeroth-order vector for each shell, W„, is com-
puted self-consistently via numerical (for low-lying) or an-
alytic (for high-lying) multiconfigurational Hartree-Fock
(MCHF) theory with orthogonality constraints to core or-
bitals. Thus, relaxation and the concerted motion of the
two electrons in the field of an arbitrary core (and not just
a bare nucleus or zero angular momentum ion) is taken
into account rigorously and systematically.

(c) The remaining electron correlation X„, correspond-
ing to each 8'„, is added variationally by keeping the vir-
tual orbitals orthogonal to the appropriate core orbitals. '

Thus, the total wave function for the Wannier DES at
each shell n is given by

we have conceptualized the problem in terms of condition-
al probability distributions and have introduced the
definitions

(r) ) = f Jp(r„r2)r, dr, dr2,

Ip((r] ),r2)r2dr2

p r), I'2 dip
(3b)

where p(r&, r2) is the exact electron density of the state of
interest and p((r, ),r2) is the density that results if r, is
fixed at the average value (r& ) and the angular depen-
dence on r& is integrated.

Our choice and calculation of the Wannier TEIL wave
functions lead to solutions for which the expectation
values (3a) and (3b) indeed satisfy Eq. (2a) and which,
with increasing n, tend to satisfy Eq. (2b). [Here, it is im-
portant to note that the Eqs. (3) are not imposed on the
wave functions. Instead, they are evaluated after the cal-
culation, which is based on the previously mentioned steps
(a)—(c), and serve to confirm the hypothesis that our
choice of the Wannier TEIL indeed satisfies conditions
(2).] Furthermore, the MCHF zeroth-order vectors be-
come a better approximation to the exact wave functions
as n increases, a fact which justifies the use of Rydberg-
like formulas for the TEIL and which implies that the an-
ticipated smoothness is setting in already at about
n =8—10 (s'ee Ref. 18 and below).

III. RESULTS

The results for the Wannier TEIL of 'I' symmetry of
H, He, and Li+ which we present here are as follows.

TABLE III. Average radii of the electrons in the Wannier
TEIL (in a.u. ). These values fit Eq. (5).

TABLE IV. Oscillator strengths from the ground 'S state to
the Wannier TEIL.

H He Li+ H He Li+

3
4
5
6
7
8
9

10

16.96
29.33
45.49
65.12
88.66

117.21
147.77

7.36
13.02
20.42
29.78
40.92
53.91
68.58
84.92

4.61
8.29

13.09
18.89
25.95
34.25
44.31
54.95

3
4
5
6
7
8
9

10

2.3 X 10—'
9.0X 10-'
2.7 X 10—"
2.2 X 10-'
1.1X10
4.8 X 10—"
1.5 X 10—"

4.2 X
2.1X
2.2 X
3.4X
6.7X
1.7 X
6.3X
2.3 X

10-'
10
10
10
10-'
10-'
10—10

10

2.3 X
1.3X
1.4X
3.0 X
6.8X
1.4X
4.8 X
1.8X

10-'
10
10
10-'
10-'
10-'
10—10

10-"
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FIG. 1. Conditional probability plots with the position of the one electron fixed at the average value r„(Table III). (a) H, (b) He,
(c) Li . The TEIL wave functions show a wave-front-like behavior, moving with n toward 8~2 ——180', the angle which is predicted
classically for the two electrons with L, =O emitted at E=O.

(a) The computed energy spectrum and the concomit-
tant Rydberg-like formulas

(Z —cr)
(4)

(n +p)'
where n is the principal quantum number. Such formulas
have been examined recently from a different point of
view. We have found that o. is essentially Z indepen-
dent while p goes as -0.3/Z. More specifically, our cal-
culations yield for H, o =0.161, p =0.354; for He,
o.=0.162, p=0.160; and for Li+, 0.=0.168, p, =0.101.
The computed energies until n =10 are presented in Table
I.

E„=—

r„=—'
(n —0. 1Z)

17 2

Z —0.08

(b) The coefficients of the MCHF wave functions for
n =7—9 S'„, i.e., for each zeroth-order description of the
states constituting the Wannier TEIL. These are given in
Table II. Since the 8'„approximate the exact 8'„with
good accuracy, the expansion coefficients offer a good
picture of the structure of the wave functions.

(c) The values produced by Eqs. (3) using the W„wave
functions. As predicted by the theory, (r, ) = (r2) =r„.
These r„are presented in Table III. Apart from their
quantitative value in interpreting the behavior of electrons
along the %'annier TEIL, such numbers might prove use-
ful for "molecular" models of the spectra of DES's.
Based on the hydrogenic formula for the average value of
r, we have fit the values of Table III to the formula

(d) The photoabsorption oscillator strengths from the
ground state 'S to the Wannier TEIL. The results of
Table IV were obtained with the velocity formula which
was more stable. We believe that, in spite of their very
small size, these numbers, together with the energy spec-
trum [Table I and Eq. (4)], will form the basis for the sys-
tematic experimental and theoretical understanding of the
excitation dynamics of the Wannier TEIL.

(e) The conditional probability density plots (see Fig. 1),
with one coordinate fixed at the average value r„, which
show how the localization around (r & ) = (r2 ) and
(8&2) =rr increases as a function of n, with a node at m

due to the symmetry of the 'P wave function.

IV. CONCLUSION

We have produced definitive results which demonstrate
the existence and some basic properties of a special class
of doubly excited states of 'P' symmetry in H, He, and
Li+, which seem to lead smoothly to the Wannier state at
the two-electron ionization threshold. The methodology
of the present theory is extendable to many-electron sys-
tems in a straightforward way. It remains to be seen
whether the wave functions of the DES's in larger atoms,
where a core is coupled to the two excited electrons, have
similar properties.

In a separate publication, we have employed the Wan-
nier TEIL's of 'S symmetry in H, He, and Li+ in order
to derive the angular distribution of the simultaneously
emitted electrons at E=O.
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