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Theory for the generation and decay of high-lying Rydberg states in beam-foil experiments is

presented. Our theory is designed to check the assumption that electron capture in the foil proceeds
via a direct transition from a free state. The success of the theory in explaining the observed (pri-

mary and secondary) oscillatory structure and underlying smooth background of the ionization sig-

nal, as a function of additional variable electric fields, justifies this assumption. In addition, ex-

istence of asymmetry with respect to sign change of the variable fields is predicted to be detectable
at high field values. Generation of Rydberg atoms in beam-foil experiments is shown to be a sensi-

tive probe of the state distribution prepared during the beam's passage through the foil. Our theory
substantiates the claim that Rydberg atoms produced in the beam-foil encounter exit the foil in a
pure superposition state.

I. INTRODUCTION

Much work, both experimental and theoretical, has
been devoted to the generation of high-lying Rydberg
states of hydrogen by electron-capture processes. ' This
process is closely related to the problem of the hydrogen
atom in an electric field ' because of the extensive use
of field ionization in probing Rydberg atoms.

Beam-foil experiments constitute one of the most versa-
tile techniques for studying highly excited Rydberg atoms.
In the experiment of Vager et al., ' depicted in Fig. 1, a
beam of Rydberg atoms is generated by bombardment of
a carbon foil with a flux of ions. In order to probe the
Rydberg states thus created, the beam is directed through
a variable-field region before being ionized in a field spec-
trometer. The observation of greatest interest is that of a
beat pattern in the ionization signal as a function of the
variable field strength. ' The oscillations, which are su-
perimposed on a broad continuum, were attributed to the
coherent beating of one Stark sublevel against another. '

The apparent symmetry of the ionization-yield curve,
with respect to the sign of the variable field, and the scar-
city of higher harmonics in the oscillatory pattern, were
first interpreted' "to imply that ni nz Stark-sublevels
are predominantly produced.

This paper is an attempt to elucidate the production
mechanisin and nature of states generated in the beam-foil
encounter. This is done by (a) assuming a specific model
and (b) comparing the calculated and observed ionization
curves. The success of the latter verifies the inherent as-
sumptions and approach of the former.

In the model presented below we consider three stages
of time evolution, (1) preparation of a coherent wave
packet in the foil, followed by (2) internal beatings accom-
panied by slow ionization in the'variable electric field, and
(3) ionization in the field spectrometer. At each stage we
analyze the wave packet in terms of Stark hydrogenic
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states, expressed in parabolic as well as spherical coordi-
nates. The main mathematical tool used for calculating
energy levels and ionization rates, is the "primitive" WKB
theory, whose use is justified due to the high quantum
numbers involved. In spite of its simplicity, this model
appears to be quantitatively correct, as shown below.

In Sec. II we review some of the theoretical back-
ground, in the subjects of electron-transfer processes and
the Stark effect. Section III describes our model, and in
Sec. IV we present the numerical results and compare
them with the experimental findings.

Atomic units are used throughout the work. The unit
of time is A' /me"=2. 4189&&10 ' sec (tn being the elec-
tron mass); the unit of electric field strength is

FOIL TARGET

AL FIELD
EMENT

ELECTRON SPECTROMETER-F

FIG. 1. The experimental set up of Ref. 19. F'=680 V/cm,
/=1. 7 cm, E~=3 MeV, with which time in the variable field
&=0.71 nsec.
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m e /fi =5.142X10 V/cm; and the unit of energy is
me /A' =27.21 eV. '

II. THEORETICAL BACKGROUND:
CHARGE-EXCHANGE AND BEAM-FOIL

EXPERIMENTS

The theory of electron capture into bound states was
analyzed within the framework of classical mechanics by
Thomas, ' as early as 1927. His mechanism consists of a
two-step process in which the electron is first scattered by
the projectile nucleus, then, moving with a speed very
close to that of the scatterer, it is scattered again by the
target nucleus, with no change of speed. Finally, the mu-
tual attraction between the electron and the projectile
serves to bind them.

The first quantum-mechanical treatment is that of Op-
penheimer and Brinkman-Kramers (OBK) who only
considered electron capture into the ground state of hy-
drogen. The OBK method was later extended by a num-
ber of authors to treat excited states.

The experimental aspect of such charge-transfer pro-
cesses were reviewed by Tawara and Russek. Shakeshaft
and Spruch reviewed the subject of charge transfer with
emphasis on the determination of the velocity dependence
of the cross section. Their analysis was mainly concerned
with exchange of light particles between two colliding
heavy nuclei. More recent beam-gas experiments have
mostly utilized radiation anisotropy and polarization as a
means of revealing asymmetries of the collision process.
The alignment (that is, the ratio of magnetic substates
cross sections), reflected in such studies, provides in turn
fundamental information about the collision.

The ion-atom collision was treated in a number of
theoretical studies' ' ' where the dependence of the
charge-exchange cross sections on orbital momentum was
analyzed. The majority of numerical calculations of this
type were done on the H++ H system, some' on
H++Ar, and some on the H++He system. ' ' ' All
these theories predict a 1/n dependence of the capture
cross section, with predominance of capture into low-
angular-momentum states. At the low impact energies
(10—100keV) n =0, 1,2 states are produced with n = 1 the
largest. At higher energies the n =0 state dominates.

The beam-foil encounter is more involved and less well
understood. Proton —carbon-foil collisions in the
0.5—2.8-MeV range were considered by Lucas et aI., who
formulated an empirical theory. Betz et al. investigated
the production of Rydberg states in ion-foil collisions, us-

ing 125-MeV sulfur and oxygen ions. Their model
predicts population of high-angular-momentum states,
which was also found experimentally. Supporting evi-
dence to the production of high-l states was provided by
the experimental study of Rothermel et al. The two ma-
jor techniques currently employed for the experimental
study of ion excitation and dissociation upon collision
with foils are Coulomb explosion spectroscopy and
beam-foil spectroscopy. The former has been shown
to provide accurate geometric structures of the projectile
ions. The latter (i.e., the measurement of the emission
spectra of the beam ions as a function of distance behind

the foil) allows one to determine energy levels and life-
times associated with the observed spectroscopic transi-
tions. Recent theoretical investigations have been mostly
concerned with the description of specific systems. The
excited-state populations of carbon ions emerging from
foil targets was calculated in Ref. 31. Various beam ener-
gies were considered, as were a range of carbon-foil
thicknesses. Reference 6 proposed a model for the pro-
duction of the n =2 level of hydrogen, which explained
the observed enhancement of Lyman-a radiation follow-
ing the H2 ions dissociation. The foil structure was,
however, not included.

Roughly speaking, the same n distribution of final
Rydberg states found in the isolated collision case is also
found for the beam-foil case. The distribution of Stark
sublevels may, however, be quite different.

III SEMICLASSICAL %'AVE-PACKET DYNAMICS

A. Preparatiori stage

The wave packet of Rydberg. atoms emerging from the
foil, is described as a linear combination of parabohc hy-
drogenic wave functions, quantized along the proton-
beam (z) direction,

%(t=0)= g C„g„,
n

X exp[ ik (g —g) /2]

x ,' (&+n)d4dq d4—,
I

where the parabolic coordinates g, g, P are defined by

g=R+Z, q=R —Z, /= tan-'(I"/I)

with

(2)

(3)

0&(,g, 0&/&2~.

g are solutions of the hydrogen in a uniform electric field
problem,

( , b, +E+ I/R FZ)—$=0. — (4)

In parabolic coordinates g separates to the product
form

/=Xi(g)X2(g) exp(t'mP),

where the summation is over the set of quantum numbers
n, = In, nz„m, I characterized by the quantization direc-
tion.

Because the electron capture is a very fast process, the
expansion coefficients are factorizable as overlap integrals
between plane-wave functions for the free-electron and
hydrogenic wave functions of the bound electron times a
constant average potential. Thus up to a constant (see
also Refs. 24 and 25),

C„=(y„~ exp(tkz) )

n n 0 ~9~
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(13)

with L the orbital angular momentum, and A the Lentz
vector,

wave packet is given as

V(t) = g [C„f„-ex-p( i—E„t—-W„t'/2)], (15)

A= —,
'

(p XL)——,
' (LXp) —r

Thus the transformation from parabolic to spherical coor-
dinates amounts to a change in representation equivalent
to the addition of J'~"' and J2"' to form L.

As shown in Fig. 3, the higher the wave number, the
more isotropic is the distribution. A direct evaluation of
the- overlap integral between a plane wave and the spheri-
cal coordinates wave function shows that the cross section
scales as 1/k + (see Ref. 33 for more details).

B. Energy eigenvalues and ionization
rates in a weak electric field

After preparation the wave packet is subjected (see Fig.
1) to two external electric fields, a weak variable field and
the strong spectrometer field. The time evolution of the

I

where the C„are the preparation coefficients, discussed in
Sec. III A. In what follows we will denote by V and S all
values related to the variable and spectrometer field,
respectively. Thus E„- and 8'„are the eigenvalue and
ionization rate of each Stark sublevel in the field V.

In order to follow the dynamics we need an efficient
way of calculating E„and W„. .To this end we applied
the primitive WKB approximation. Although there are
more accurate methods for special sets of quantum num-
bers, such as the uniform semiclassical techniques, ' ' we
chose to follow the primitive semiclassical method be-
cause the simple formulas derived below are uniformly
applicable over a wide range of quantum numbers.

We start the development by noting that the electric
field mainly affects Xz(g) and has very little effect on
X~(g). We can approximate X&(g) as a pure hydrogenic
wave function X&(g) =(eg)'~ f„,~(eg), where

f~,~(&)=1/lm I'[V+ I
m

I )'/S.']'"F(—p, )
m

I +I,&)exp( —8/2)(A) ~~! 2. (16)

The ionization probability of a single Stark sublevel is
mainly determined by X2(q) at large values of g (corre-
sponding to large negative z). Solving Eq. (6b) in the
WKB approximation, one has

&z(n) =f.",, (&no)(no leo l

/S')'"
r

X exp i f p(g')de' 3mi/4, — (17)

i

X [(n2+
~

m
) )!n2!p(g)] '(4e /F)'2t'~'

X exp( 2e /3F)lri . — (19)

where p(q) is the "local" semiclassical momentum, given
in the Langer modification as

p(g) = [2(E—U)]'~

= (E/2+ p2/ri m /4' +Fr—t/4)'i . (18)

The f„,~(ego) factor guarantees that the WKB wave

function is properly normalized. This is done by equating
it to the true wave function at one point g=go, where
I/e«go«e /F, F being the field intensity. The point
rto is chosen to be inside the barrier but sufficiently close
to the nucleus such that the external potential is still
negligible. At that point the true wave function can be
safely replaced by fH . The integral f p(g)dg may in-

clude a (tunneling) region qo & g & g ~, g ~ being the outer
root of the equation p(g)=0, where p(g) is imaginary.
This gives rise to the familiar tunneling damping factor in
the action integral [Eq. (17)].

Evaluation of the action integral and use of the asymp-
totic form of the Laguerre polynomials leads to the fol-
lowing expression for the probability density at large
values of g:

I@I'=«'~) '[f., , :(4/n)l'

X exp( 2e /3F), — (21)

where we used the normalization of f~ . The implicit
dependence of p, the separation constant, on the energy is
determined by the Bohr-Sommerfeld quantization rule,

pE, „d —n, + (22a)

f p(E, 1 p„ri)dry=(n2+ ——,
'

)m, (22b)

where p(E,p, q) is defined in Eq. (18). The action in-
tegrals can be reduced to complete elliptic integrals. '
We chose, however, to determine E and p iteratively, by
expanding both equations (22) as derivative series. As ini-
tial values for the iteration we use the fourth-order pertur-
bation expressions of Alliluev and Malkin for E and p.
The action integrals and their p derivatives were evaluated
using a Gauss-Mehler quadrature scheme, a method
which proved extremely efficient in the evaluation of
similar integrals in the past.

Extensive comparisons show that the primitive semi-

I

The ionization current is given by the Aux through a
plane perpendicular to the z axis. In the WKB approxi-
mation it assumes the simple form

8'= f dP f r dr gv, P*= f Pv, g*2nr dr, (20)

where r is the distance of a given point on the plane from
the z axis, r=(X +F )'~ =(gg)'~, and v, is the com-
ponent of the velocity in the z direction. Writing

dr = —,
' (g/g)'i dg' (g))g)

we obtain

z&~m'd

=[n (n2+
~

m
~

)!n2!] '(4e /F)' ~~'
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classical formulas outlined here are very reliable: At low
and intermediate field strengths, the eigenvalues and ioni-
zation rates thus generated agree, to within a few percent,
with more exact methods. ' ' ' We have used this
method in the calculations reported below.

C. Propagation in time through the Z-parallel
electric fields

In the first configuration considered, both fields are
directed parallel to the proton beam. The weak variable
field is applied immediately after the exit from the foil.

On entering the variable-field (F ) region, the wave
packet is given by Eq. (1). At subsequent time t, it as-
sumes the form

0'(t) = g C„-P„-exp( iE—„t -W—„- t/2), (23)

( + ))= g ~
C„~ g„exp[ i(E—r+E t( ~ )

—( W„r+ W„t))/2], (24)

where we substituted C„=
~ C„~ exp(i a„)-

A.s in Eq. (20) the ionization current for the nonstation-
ary wave packet is given as an integral over fiux

where W„- is given by Eq. (21) and E„ is determined by
the quantization conditions Eq. (22).

The wave packet exits from the variable field at time
t=r, and propagates for an additional time t& subject to
the influence of the spectrometer field (F ),

W"(t)= f 'P(t)u, +'(t)2mr dr
0

T

f, q„u.q„*2~-«r-
Inn

' p[ '«; +E;—ti ~; E;r E„ti—+~„)—(-W„-'r+ W-„'—t, + W„',r+ W„'.t, )/2] .

Analogous to the evaluation of the diagonal elements we set

I„„.= f g„u,-f-„*,2mr-dr-.

=(n n' n2!n2!) '(4e /F)'~ '(4e' /F)'t ' 'exp[ (e +g' —)/3F]

X f F( n&, l, /In )F( n—'~, l,—g/n') exp[ (g/n+g—ln')/2]dg . (26)

The integral over g, denoted J„—„„canbe shown33 to yield

J„—„=(—1) '[2nn'l(n'+n)][(n' —n)l(n'+n)] ' ' p„' ' ' (1 gnn'/(n+n')2) (n', )n )

where I'„' ' '(x ) is the Jacobi polynomial. It should be noted that for n =n' this integral reduces to a g function,

J„„=f F( —n), i,g/n)F( nI, 1,$/n) exp—( g/n)dg—=ng

(27)

(28)

T»s results from the orthogonality of the basis functions with respect to n ~ (for more details see Ref. 33).
Use of Eqs. (26) and (27) in Eq. (25), and integration over time in the spectrometer field, gives

T

= g ( C„ i ( C„
i

( W„'W„', /nn )' 'J „,
Inn

X [exp( i b E' I')T 1](ibE—'—I'—) exp( ——i 4 —I,')/[(b E')2+ ( I")2],
where

[n 3(n l)2] —1 exp( —2e3/3Fs)(4&3/Fs)(2P/e)

I'=(W„'4- W„', )/2, r"=(W„'+ W„', )/2,

(29)

(30)

~E'=E„'—E~„@=E„~&—E~,

Gr,- in real form,

I

7 —CX- +(X- i

W"= g 3«.I [exp( —I'T) cos(bE'T) —1](bE'sin@—I'cosC&)

+exp( —I'T) sin(b, E'T)(bE'cosC&+ I 'sin@) I + Wd', (31)
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where 8'd' is the contribution of terms of equal principal
quantum numbers (n =n'),

Wd' = g g ~
C„~ exp( —W„r)[1—exp( —W„T)]-

n n2

(32)

=r/I z~[(E—E„)'+r'/4] I, (35)

where E„ is the energy, and I the width, of the resonance.
We have that

and
P~ (t)=g(t=0) exp( t'E—„t I—„t/2) . (36)

~„„,=
~
C„~ ~C„.

~

(W„'W„', /nn')I "I„„,
X exp( —I "~)/[(b, E') +(r') ] . (33)

(t)= g f dEQ„(E)(,g„(E)
~
f(t=0)) e-xp( iEt) . —

A„„, has the familiar Lorentzian shape, multiplied by the
decaying exponent exp( —r'r), which indicates the loss of
yield in the spectrometer due to ionization in the variable
field. As noted above [Eq. (28)], when both fields are
parallel to the z axis, the only interference effect must
come from terms with different principal quantum num-
bers. These interferences are weak, hence we expect a
rather smooth nonoscillatory dependence of the ionization
rate on the variable-field strength.

In order to compare our theory with experiments we
must also consider the background (nonoscillatory)
current. It is due to Rydberg states whose energy is below
the ionization barrier in the weak variable field, but above
that barrier in the strong spectrometer field. Clearly we
must reexamine the meaning of the so-called "states"
entering the spectrometer field.

Strictly speaking, the Stark Hamiltonian has no discrete
eigenvalues. Even in the presence of an infinitesimal uni-
form field the spectrum becomes continuous, and the
discrete levels are really narrow resonances. If the ener-
gies of these resonances are well below the ionization bar-
rier, the treatment above and the resonance picture are
identical. If the resonances broaden, as they must above
the ionization barrier, each such state is actually a wave
packet whose initial energy envelope is given by some
predetermined preparation process, such as the beam-foil
encounter and the passage through the weak longitudinal
field. The time evolution of such a wave packet is most
readily obtained by expanding it in a basis composed of
stationary scattering eigenstates. We then have that

g ++ —y ~

C
~

2exp( WFr)
n&n

X [1—exp( —W„'T)], (37)

where W„' is given by Eq. (A3) of Ref. 33, with
n, =(n, nz, m), denoting the sublevel above which all
states lie above the ionization barrier in the spectrometer
field. As can be seen from Eq. (37) the background term
is nonoscillatory and symmetric with respect to a change
of sign of the variable field.

The total ionization yield curve for the z-directed paral-
lel fields is shown in Fig. 4. As expected, it is a smooth
function of the variable fields: The only interferences are
due to states with different principal quantum numbers.
As shown below, this will no longer be the case if the
fields are tilted with respect to one another. Under these
circumstances the strong interference between nearby
Stark sublevels is possible.

D. Tilted electric fields

We now wish to consider the experiment under which
both or one of the fields is tilted relative to the proton-
beam direction. The effect of such a tilt is analyzed by

We have thus expressed the decay of states above and
below the ionization barrier in an identical form. The ma-
jor difference lies in the values assigned to E„and I . For
levels above the ionization barrier these parameters are
simply determined by expanding as in Eq. (35) where the
initial state is hydrogenic eigenstate and the scattering
basis set is made up of the primitive WKB wave func-
tions, at energies above the ionization barrier.

The overall background contribution to the flux can be
written as

(34)
I I I I I I I I I I I I I I I I I I I I I I

This state is initially (where the initial time is t =r and r
is the entrance time to the spectrometer region) a pure hy-
drogenic wave function which has decayed a bit in the
longitudinal variable field. If the resonance is not too
wide (i.e., resonances do not yet overlap), we can treat
each resonance in isolation. (If resonances do overlap,
their combined large energetic width would imply a very
fast ionization rate, and all atoms would be ionized during
the beam passage in the spectrometer. The signal will
then be determined entirely by the fraction of atoms that
survived the weak longitudinal field. ) For isolated reso-
nances we can parametrize the energy profile of the wave
packet as a sim'pie Lorentzian,

2.0

1.0

0.5

0.0 —500 —850 Q 250
vARIABLE FIELD (V/ctn)

500

FICx. 4. Ionization-yield curve for fields parallel to the
proton-beam direction. The parameters are the same as in Fig.
1.
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pc„y„=pc„y„
nz n,r

and using the orthogonality, we obtain

c„=g c„(y„ I y„),
Z P' nz

n

(3&)
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n2z
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cient of each state on entering the second field as

C(iz)Ca = exP[ I (E„—r+E rP) g'—

where subscript r is used to denote the rotated frame.
It can be shown that the trane transformation coefficients

trices
o q. 9 are given as simple produ t fuc s o rotation ma-

! y( l)2+ )d(K) (g
1Z

0

ela se
where v. denotes the short

'
dpeno o time allowed to
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k, (8) exp( —2ik»P„) (40) C-„' ' = ~ exp[ i(E„r—+E„-r ) W- r—/2]

n
nz n n

2Z

n —& P„given by (8), and 8 being X (P„- ! P„- ) ( g-„! exp(ikz ) ), (42)
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from E . (41) in that the time propagation
1 o diff t t ofin the first and second fields app y to

It is of interest to compa

ro agation through a varia e

value of the coefficients for each m state

ifferent rincipal quantum nu
n =31 which is only slightly ionized in a - cm

n =36 which is ionized to a considerable extent.

5(d) shows that the z compone r monent o t e angu ar m
nt of the motion in the presence oturn remains a constan o

he field: the distribution of m states, prepare in e r-

the effect of ionization in reducing appreciably a coe i-

cients. The relatively small change in the distribution is
he m de endence of the ionization probability. ]

unctions enterThe situation is different when the wave unc
'

h riable field with m=0 [Figs. 5(e) and 5(f)]. The
field effect is to change the initial narrow distri
states into a linear combination of all n —1 angular
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new distribution of magnetic quantum numbers. In igs.
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tribution o n &2
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'
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hi h char e distribution in the negative z d
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'l(r+r +tl ) = g C~ p-„exp[( iE—„—W„ /2)t, ], W ' = +[1—xp( —W„T)]

(43)
X C„gexp[ i (—E„r+a„)—W„r/2]

ll2

Wd ——g C„C„*[1—exp( —W-„T)] . (44)

By substituting Eq. (41) for C„-, we obtain for the

parallel-tilted-fields case,

Wd
' —g exp( —W„- r)[1—exp( —W~ T)]

n„

where C„ is given by Eq. (41) or by Eq. (42). After in-

tegrating W(t) over the time, and making use of the
orthogonality of the different nl and equal energy basis
functions, we obtain for the diagonal (n „' =n„) Wd term,

(46)

Contrary to the parallel-fields case, when the fields are
tilted even the 8'd term gives rise to a beat pattern associ-
ated with changing the variable-field strength. To see this
explicitly, we write 8'd ~

' using real arithmetic as

Wd I
' ——2 g [ 1 —exp( —W„T) ]

X
~

C ~' X «.— i~. &&tt-—
52 )n2

X exp( —I 'r) cos4,
2

X C„+exp(ia„)(P„- ~
P-„- &

"2z

where
45

C' = (E„- —E„) —a„+"Z "S'

When one field is tilted with respect to the other, we sub-
stitute Eq. (42) for C-„, to obtain

cos@ is responsible for the oscillations in the ionization-
yield curve.
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FIG. 8. (a) Ionization yield for mutually parallel fields, tilted with respect to the proton-beam direction. The parameters of Fig. 1

were used. (1) Enlargement of the high-field region, revealing asymmetry (c) As in (a), with F'=450 V/cm, E~ =2 MeV, 1 =4 cm

(for which r=2.04 nsec), theory; . , experiment [Ref. 19(b)].
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As in the parallel-fields case, the smooth background is
due to levels above the ionization barrier in the spectrome-
ter. The contribution of these levels is given, as in Eq.
(34) above, by

W"""s"""= g [1—exp( —W„'T)] g f C„[
n n2„,m„

Although it follows from Eq. (40) that the C coefficients
n~

depend on all quantum numbers, through their depen-
dence on the rotation matrices, it can be shown 3 that for
energy levels. above n, this dependence cancels out. We
obtain the intuitively clear result that the contribution to
the background flux is independent of the field direction,

W ""s"""= g [1—exp( W„'T)—] g ~
C„-

~
+ g ~

C„~ [1—exp( —W„'T)] +exp( —W„r) .
g &n &ng n2, m n &n& n2

(49)

The above equations enable one to calculate the ioniza-
tion rates for the three relative field orientation of in-

terest, symbolically denoted (~ ~), (//), and (~/). The wealth
of experimental data'9 available for all these orientations,

constitutes a sensitive probe of our theory. In Sec. IV we
examine the model developed here, by directly comparing
it with experiments. As shown below, the observed
features are, more often than not, in good quantitative

(b) t-O.IV~5&I.IV35 &... (c) t=0.5V~5 ~ l.&V~I-

(f ) t=0.9VSs I'9V (e)
t 07VM l7V55

-I -I0 5V~~ l, 5Vy5 ~ ~ ~

(O) ' V»-»»-".

FIG. 9. Temporal evolution of the n =35 wave packet (F=100 V/cm) (a) as it exists from the foil (t =0), (b)—(g) at subsequent

times, (h) as it exits from the variable-field region (~=0.71 nsec), (i) after ionization in a 680 V/cm, rotated spectrometer field.
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ith our theory. This is despite the fact thatagree ent w our
soIDe parame eI'st s associated with wavepacke p p
in the beam-foil encounter are not really known.

IV. RESULTS AND DISCUSSION

in s' '"'is the ap-One of the puzzling experimental fmdings
metr see Fig. 8(c)] of the ionization signalp y [ g.

with respect to the variable-field sign. is
e in eneral, the ionization curve shoup g

have no such symmetry. As shown in Ig. , w

in the n =35 manifold is studied, the
behavior of the system in the parallel and an ipa

11 uite different. Plots of the wave packet
't 't from the variable-field region [Figs. a-as 1t exits rom

. 7 e and 7(f) shownd in the spectrometer region [Figs. 7 e an
that the variable field always tends o ep

h charge density is localized in gthe ne ative-field
direction. This results [see Figs. 7(e) and 7 in a smaller

si nal when the fields are parallel (since the
t ometer acts on an already dep e e popspec rome

compared to the antiparallel situation (in whichi h the easily
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ionized levels have not been depleted in the variable-field
region).

What brings about the apparent symmetry is the dom-
inant background ionization. As discussed in Sec. III, the
background signal is due to levels above the (spectrometer)
ionization barrier. Since all these levels get ionized in the
spectrometer, the signal is merely a function of the popu-
lation of levels surviving the variable field, and is indepen-
dent of their identity or the charge distribution. Hence,
the background signal is unaffected by a change of the
variable-field sign.

Thus, as shown in Fig. 8, the inclusion of the back-
ground process results in excellent agreement with the tilt-
ed parallel-field experiment, ' ' ' [see Fig. 8(c)] in a seem-
ingly symmetric ionization yield curve. An enlargement
of the theoretical curve [Fig. 8(b)] reveals, however, some
asymmetry at high variable fields. This effect was not
discerned experimentally' '"' because the spectrometer
fields (680 V/cm) used were not strong enough. Wo.

predict, however, that this inherent asymmetry would be
observed at higher spectrometer field strengths.

The importance of the onset of the far-wings asym-
metry is that it enables us to estimate the highest Rydberg
level produced in the beam-foil encounter. This is so be-
cause the background signal must, as discussed above,
come from the high-principal-quantum-number portion of
the wave packet. The variable-field strengths at which
asymmetry can be discerned is a direct function of the
number of states involved. Since in the experiment of
Vager et QI. ' ' ' no asymmetry was detected, only a lower
limit of n =90 for the highest principal quantum number
prepared can be set.

We turn our 'attention now to the nonparallel-fields
case. As mentioned above, beat pattern which is most no-
ticeable at high variable fields is observed in this
configuration' ' ' Figure 9 presents a series of different-
times "snapshots" of the probability density

~
g„(t)

~ z in
the z-x plane. It clearly contracts and expands periodical-
ly with time. This corresponds to the rotation of a
"beacon" of the three-dimensional probability density at
an angular frequency co =(E„, E~, ). -Forego—ing the

accurate treatment presented below, we can estimate this
frequency in the low-field region by using the first-order
perturbation expression for the energy,

1.9

E'-3F (nni —n2)/2 .

It follows that for n 2, ——nq, + 1,

1.8 cop ~ 3Fp1 (50)

17:
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FIELD (V/cm}

I I I I 1"

130

5EO —2~/(3~n ) . (51)

The beat pattern can be monitored at any given time ~
by varying the field strength. To a first approximation, it
follows from Eq. (50) that the field periodicity is given by
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FIG. 11. Yield curve for mutually tilted fields, using the pa-
rameters given for Fig. 1.

In Fig. 10 we present computations of the ionization
signal, as a function of the variable-field strength, for the
mutually tilted fields (~/) case. In order to identify the
respective roles played by n =n' versus n&n' interfer-
ences in producing the observed beat pattern, we have
confined this study to a manifold composed of a single
(n =35) principal quantum number. The ionization sig-
nal is now given directly by Eq. (47). Using the first-
order expression for the field period, Eq. (51), with
~=0.71 nsec and n =35, we obtain a field period of 10.5
V/cm, which, as shown in Fig. 10(b), coincides with the
more exact treatment of Eq. (47) at relatively weak
(0—200 V/cm) variable fields.

At high fields, deviations from Eq. (51), due to second-
and higher-order effects, are detectable. The second-order
correction to the energy levels,
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E' '- F—n [ I jn 2 —3(n
&

—n2) —9m + 19]/16, (52)

results in an improved expression for the field periodicity,

5F-4n/[6.n+3n F(n —2n2 —2)r] (53)

for n2 ——n2+1. For small n2 this equation predicts a de-
crease of the period with increasing field strengths. This,
as shown in Fig. 10(c), is indeed the case; oF=9.7 V/cm
for F=500 V/cm, as compared to 10.5 V/cm for F=-100
V/cm.

The decrease in 6F is accompanied by a secondary
structure. This is shown in Fig. 10(d), in which the oscil-
lations at low fields are plotted on a finer field scale. The
secondary structure, given to second order by Eq. (53), is
due to the nz dependence of the field periodicity. As
shown in Fig. 10(e), this structure becomes dominant at
higher fields. As discussed below, this effect has been
measured experimentally' [see Fig. 12(c)] and found to be
in full agreement with present theory.
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FICx. 12. Experimental differential yield curve. E =450 V/cm, 1=9.9 cm, E~ =2 MeV {&=5.06 nsec). {b) An improved resolu-
tion section. (c) A further twofold improvement in resolution.
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The ionization signal due to the full (all n ) wave pack-
et, in the mutually tilted fields case, is given in Fig. 11.
The most noticeable difference from the single-n case is
the addition of the smooth background signal. Of greater
interest is the observation that as the longitudinal field
varies, different principal quantum numbers dominate the
calculated beat pattern. Basically, as the field increases
the range of partially depleted n levels (giving rise to the
oscillatory behavior) moves to lower and lower values of
n In .addition, within each such manifold, the period is
dominated by no more than two or three consecutive
sublevels —the ones decaying most slowly in the variable-

field region. As a result, the beat pattern of Fig. 11 is
dominated by the fundamental and the second harmonics.

Detailed comparisons of this theory with experiments
are best done by considering the differential yield
(d W/dF) as a function of I'. The most detailed
experiments' ' ' were performed using somewhat different
parameters than those of Fig. 11. The measured differen-
tial yield for an experimental arrangement for which
F'=450 Vjcm and v.=5.06 nsec is shown in Fig. I2. The
results of the present model for the same set of parameters
are presented in Fig. 13, where we again concentrate tem-
porarily in a single principal quantum number. The
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FIG. 13. Calculated curve using the parameters of Fig. 12, n =41, (b) twice, (c) four times the density of data points.
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choice of n =41 is due to this level's lying at the center of
the range of tunneling-energy levels bounded by the spec-
trometer field intensity. Thus for this state the largest
number of sublevels contribute to the interference effect.
The same is true for n =35 at a spectrometer field
strength of 680 V/cm. Figure 13 shows that our theory
agrees with experiment with respect to the coarse [Figs.
13(a) and 12(a)], fine [Figs. 13(b) and 12(b)], and very fine
[Fig. 13(c) and 12(c)] beat patterns. Most surprising is
that even the absolute phases (i.e., the field values where
maxima or minima occur) are well reproduced by our
theoretical model. This is despite the fact that the

preparation step due to the beam-foil encounter was treat-
ed in a very simplistic way.

In conclusion it seems that the success of the simple
model presented above justifies the assumption of a direct
"free-bound" capture mechanism in beam-foil encounters.
We succeeded in explaining the beat pattern as well as the
overall appearance of the ionization-yields curve, includ-
ing the near symmetry, shown here to be due to the domi-
nance of the background signal. The success of this
model clearly demonstrates that the states generated in the
beam-foil encounter are indeed coherent as previously
stipulated. ' "
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