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For a classical fluid of hard spheres the nine hydrodynamic time-correlation functions between
the microscopic density, longitudinal velocity, and temperature are calculated theoretically on the
basis of the revised Enskog theory for all densities and wave numbers. It appears that a simplified
description of these correlation functions is possible for small wave numbers in terms of extended
hydrodynamic modes and for large wave numbers in terms of free streaming and a single binary col-

lision.

I. INTRODUCTION

In the past years many studies have been made of the
dynamical properties of classical fluids. In particular, one
has studied the decay in time of density fluctuations,
through the density-density correlation function, or its
Fourier transform, the dynamic structure factor, which
can be measured by light!? or neutron scattering.3~7 Spe-
cial attention has been paid to hard-sphere fluids as a sim-
ple model for more realistic liquids.®~!” The hope was
that, just as for the static properties of fluids, hard-
sphere-fluid studies might form a useful starting point
and guideline for the understanding of real fluids, al-
though important differences could be expected to occur.
In this paper we report results of a rather complete
theoretical investigation of a whole class of correlation
functions, viz., those related to the hydrodynamic quanti-
ties: the density, longitudinal velocity, and temperature,
for all hard-sphere fluid densities and all values of the
wave number k=27/A, with A the wavelength of the
fluctuation. This way an overall picture of the dynamical
behavior of fluctuations on a microscopic level in a fluid
will be obtained and the transition from collective (i.e.,
hydrodynamic) behavior, for small k, to individual parti-
cle (i.e., ideal-gas) behavior for large k can be studied in
detail.

This investigation was partly inspired by a determina-
tion of the nine hydrodynamic correlation functions of a
hard-sphere fluid using computer simulations for three
densities and an analysis in terms of a generalized hydro-
dynamic matrix given before by Alley, Alder, and
Yip.!»1® A detailed comparison with their results will be
made below.

Our calculations are all based on a dynamical operator,
the inhomogeneous Enskog operator Lg(k), which de-
scribes approximately the time evolution of fluctuations
with wave vector k in a hard-sphere fluid.®~'* In fact, we
will call a hard-sphere fluid described by this operator an
Enskog fluid. We will see, however, that as far as
presently available computer data on hard-sphere fluids
are concerned, the Enskog fluid closely resembles a real
hard-sphere fluid.'*—%°

Calculations of the density-density correlation function
based on the inhomogeneous Enskog operator have been
carried out before by others'>'®!% as well as by our-
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selves.!*~15 The main difference between our work and
that of others is that we have studied the time behavior of
density fluctuations through the eigenmodes of the En-
skog operator, i.e., through the eigenvalues and eigenfunc-
tions which, in our approach, represent the basic dynami-
cal processes in the fluid. We found, at high densities,
that the dynamic behavior of density fluctuations could be
understood on the basis of a particular class of eigen-
modes of Lg(k), viz., those that are obtained by extending
the usual hydrodynamic modes—the eigenmodes of the
linearized Navier-Stokes equations, in particular, the heat
and sound modes—to larger values of k. The main differ-
ence between the present and our previous papers'>~!7 is
that apart from an extension to all nine hydrodynamic
correlation functions, much better approximations have
been used to obtain the eigenmodes of the operator Ly (k).
Although the basic conclusions of our previous papers do
not change, a considerably more complicated picture in
detail has emerged.

The main conclusion of this paper is that, globally,
three density and four k regimes can be distinguished in
the dynamical processes that dominate the hydrodynamic
correlation functions. Introducing the volume V at close
packing V), one distinguishes the following regimes:

(1) the dilute-gas regime Vy/V <0.1;
(2) the intermediate-density regime 0.1 < V,/V <0.35;
(3) the dense-fluid regime 0.35 < V,/V <0.70.

In each of these density regimes the dominant dynamical
processes are associated with the following eigenmodes of
Lg(k):

(1) the kinetic analog of the three hydrodynamical (heat
and sound) modes for 0=kl <0.1;

(2) their extensions, via Lg(k), to larger values of k,
i.e., for 0.1 <kl < 1, as well as two more modes of Lg(k)
that are needed in the intermediate-density regime;

(3) a regime where all eigenmodes of Lg(k) are needed
and no simplified description exists: 1 <klg < 3;

(4) a regime where the eigenmodes associated with
individual-particle (free) streaming dominate and a single

correction, due to one binary collision, suffices:
3<kl E< .
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Here [ is the Enskog mean free path for a fluid of hard
spheres: Ig=Iy/X, where Ilo=1/nmo*V2 is the
(Boltzmann) mean free path for a dilute gas of hard
spheres of diameter o and number density n, X=g(o),
with g(o) the radial distribution function for two hard
spheres at contact, and Vo/V=no>/V2.

In Sec. II we review the basic formulas of the theory.
In Sec. III the dilute-gas regime, in Sec. IV the dense-fluid
regime, and in Sec. V the intermediate-density regime are
discussed. In Sec. VI a discussion of the main results is
presented. In particular, the density-density correlation
function is considered and a comparison with previous
work is made.

II. THE REVISED ENSKOG THEORY
AND THE DETERMINATION OF EIGENMODES

A. N-particle time-correlation functions

For a fluid of hard spheres we consider the nine hydro-
dynamic time-correlation functions (with a or =1,2,3
and ¢t 20),

Fopk,t)={(a}(kleTapgk))y , 2.1

where k is a wave vector with length k= |k|=0, the
brackets (...)y indicate an equilibrium average over a
canonical ensemble of N particles in a volume V at tem-
perature T and density n =N /V, the star denotes complex
conjugation, and L is the Liouville operator for hard
spheres, %2122

N 3 N
L=3vio—+ 3 Ty, (2.2)
= om 5
i<j
where v; and r; denote the velocity and position of parti-
cle i at t=0, respectively. The first term in Eq. (2.2) de-
scribes the free streaming, while T}; describes a binary
collision between the particles 7 and j, i.e.,

Ty=—0 [ d&|v;0|0(v;0)8(r;+0)
X[1—=b,(ij)], (2.3)

with v, =v; —v;, r;=r1;—r;; & a unit vector defining the
geometry of the binary collision, 0 =06; 6(x) the Heavi-
side (step) function; and b, (ij)v;=v;=v,—(v;;-G)d and
b lij)vij=v;=v;+(v;-0)5, with v; and v; the velocities
after a collision of the particles i and j with initial veloci-
ties v; and v;, respectively. For k540, the a,(k) are the
fluctuations of the conserved quantities, viz.,

1 N ) —ik‘rj

VNS (k) j§1¢‘(v’)e 24

a (k)=

is the microscopic density fluctuation with S (k) the static
structure factor and ¢,(v)=1;

k)= i 3 datvyle @)

j=1
1

Avh(v))= [ dr, [ dva¢w)Tialhtvi)+e™ 2 h(v)]

=—0 [do [dv,6(v,)|vipo|6(viy0){h(v))

is the microscopic longitudinal velocity fluctuation with
¢2(v)=(m /kpT)"*k-v/k, m the mass of the particles,
and kg Boltzmann’s constant; and

1 —ik-r;

az(k)= ol 2 di(vjle I (2.6)
j=1
is the microscopic temperature fluctuation with

é3(v)=3—mv*/kyT)/V6.
We note that both the N-particle functions a,(k), as
well as the one-particle functions ¢,(v) are orthonormal:

(a;(k)ag(k)>}v: <¢a(V])¢B(V1)>1=6aB
(@,=1,2,3), (2.7)

where the one-particle velocity average ( ... ), is defined,

here and in the following, by
(hvi)y= [ dviw)h(vy), (2.8)

for any function A(v;) and ¢(v;) is the normalized
Maxwell velocity distribution function
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m —mvz/ZkBT

27TkB T

o(v)= 2.9

We also note that the set of correlation functions is sym-
metric in a and B, i.e., Fyg(k,t)=Fpg,(k,t) and depend on
k only.

B. One-particle expressions

The class of N-particle time-correlation functions

F,p(k,t) defined in Eq. (2.1) can be approximately com-
puted on the one-particle leve] using the revised Enskog
theory.5~!""  The results FZig(k,t) of that theory for

F,p(k,t) can be obtained from Eq. (2.1) by making three
replacements:?* (1) The N-particle average (...)y is re-
placed by the one-particle average (...);. (2) The N-
particle Liouville operator L is replaced by a single-
particle Enskog operator, for which various representa-
tions exist. While we have used before an asymmetric En-
skog operator,'* !5 here a symmetric operator Lg(k) (Ref.
23) will be used. (3) The N-particle functions a,(k) are
replaced by the one-particle functions ¢,(v;). Then,

<¢a vide lLE(kJ(ﬁﬁ(Vl))l »

where the (symmetric) inhomogeneous Enskog operator
Lg(k) acts on functions of the velocity v, of a single par-
ticle and is given by

LE(k)z

FEg(k,t)= (2.10)

—ik~v1+nXKk+nZk . (211)

Here —ik-v; represents the free streaming of the particle
and the operator Ay acts on an arbitrary function h(v,) as

Ah(v)=Ah(v)—(Ah(v)),, (2.12)
with the binary collision operator Ay given by
—h(vi)4e ®[h(vy)—h(vy)]} (2.13)
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and the mean-field operator 4, given by

l’lzkh(vl): 1—

[ dvawy)ik-(vi+v)h(vy) .

1
V' S(k)
(2.14)

We note that the k dependence of A, and A is through
ko.'"* We note that on the one-particle level also the

o,,3(k t) are symmetric in a and 8 and depend on k
only.?

C. The BGK method

(a) The time dependence of the F fﬂ( k,t), governed by
the one-particle evolution operator exp[tLg(k)] [cf. Eq.
(2.10)], will be evaluated here using the Bhatnagar-Gross-
Krook (BGK) method. In the BGK method,'>'* the
operator Lg(k) is first converted into an o0 matrix, using
a complete set of functions, after which the Laplace
transform of exp[tLg(k)], i.e, the resolvent operator
[z—Lg(k)]™}, is inverted explicitly. Since the Fgg(k,t)
only involve v;= |v;| and k-v;, a complete set of func-
tions in v, and k-v; only is needed. This is obtained by
extending the set {¢,(v,)} with a=1,2,3 to an infinite
orthonormal set in v, and k-vy, {¢;(v,)}, defined below.
Then the operator Lg (k) is represented by the infinite ma-
trix .ZE(k) with elements

f =(¢;(v)Lg(K)p;(v()) (j,I=1,2,..., ).

Choosing the z axis parallel to k and introducing a re-
duced velocity c=(m /2ksT)'"?v, we use the complete
orthonormal set of functions,?*

¢;(V)=8,,(V)=N, 1c'Y[%c,/¢)S{} 1 p(cD) (j=rD .
(2.15)

Here c=|c|;j stands for a pair of integers r=0,1,2,.
1=0,1,2,...; Y, '(x) is the spherical harmonic Y("‘)(x)
with m =0; S,+1 ,2(c?) is the Sonine polynomial of degree
r with index /4 1/2; and

N, =720 (r +1)/T(r +1+43/2)]'/?

is the normalization constant with I'(x) the gamma func-

tion. Thus
(¢r1,11(vl )¢r2,12(v1 ) > 1 :8r1,r2611,12 . (2.16)

J

| keT
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[l—

Here the term —d(k)8; was obtained by first adding
d(k) to the diagonal matrix elements Q;(k) for j <M,
where they were absent, and then extracting all the d (k)
diagonal elements of Lg(k) and combining them with
—ik-v;. The last term in Eq. (2.22) takes the mean-field
term Ay in Lg(k) into account exactly. As a result,

Lg(k) is a sum of a multiplication operator f(k) (which,

V'S(k)
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The first five ¢; are
d1(V)=gg (V)=
$2(V)=¢o (V)=V2c, ,
$3(V)=,0(vV)=V2/3(5 —c?), 2.17)

Ba(V) =0 (vV)=VT1/3(3c}—c?) ,
bs(V)=¢, (V)=V4A/5(5 —c?)c, .

Here ¢, represents the density, ¢, the longitudinal veloci-
ty, ¢5 the temperature, while ¢, and ¢s are the kinetic
parts of the z-z component of the stress tensor and the z
component of the heat current, respectively.”> The
remaining polynomia can be ordered in different ways.
We chose to order them according to the eigenvalues A, ;
of the Boltzmann collision operator Ap=1lim;_, (A, for
hard spheres [cf. Eq. (3.2)] as computed by Alterman
et al.®

(b). In the BGK approximation to Lg(k) the free-
streaming term —ik-v; and the mean-field term A, are
taken into account exactly. The collision operator Ay is
approximated by an infinite matrix with elements

Qﬂ(k)=<¢j(vl)xk¢1(vl))1 »

where in the BGK approximation of order M, the first
M XM block of the matrix Q;(k) (j,I=1,2,...,M) is
taken into account exactly, while the remaining matrix
elements (k) are set equal to zero, except for the diago-
nal elements j=I/=M +1,M +2,M +3,..., which are
all set equal to Qpy 1 a4 (k) =(nX)"1d(k).

Then, in the Mth BGK approximation for Ay, the En-
skog operator Lg(k) is given by

(2.18)

Lg(k)=f(k)+F(k), (2.19)
where
f(k)=—ik-v,+d(k) (2.20)

is a function of v;, while F(k) is an operator acting on a
function A(v,) as

M
k)h Vl E 2 ¢1(V1
=1l=1

The % (k) are elements of a symmetric M XM matrix
Z (k) given by

)Yﬂ(k)(@(vl)h(v]))x (2.21)

](8j1812+5j2811) . (2.22)

equivalently, is an o X o matrix operator) and a finite
M X M matrix operator F(k). Such sums of multiplica-
tion and finite M XM matrix operators can be inverted
explicitly for any M.

To compute now with the BGK method the nine corre-
lation functions F f,g(k,t), we consider first the Laplace
transforms:
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Gaplh,2)= [” dt e ~#Flg(k,1)

1
—(#utv) v,

1
21— Ek) B

(2.23)

which are calculated by inverting the resolvent operator

1/[z— k)], with the BGK method, leading to the re-
sult
1
Guplk,z)= | ———————F(k,2) (2.24)
w2 =\ T ka0

Here ./ (k,z) is the M X M matrix with elements .« ;;(k,z)
given by (j,/=1,...,M):

Z)=<¢j(V1) ¢](V1)>

_
z—f(k)

1

1
=({¢; —_— , 2.25
<¢’(v1)z+ik-v1—d(k)¢’(v1)>1 ( )
which can all be expressed in terms of the plasma disper-
sion function.!42¢
The results that are quoted below are not for the corre-
lation functions ng(k,t), but rather for their Fourier
transforms:
Saplk,w)=—— f dte 'FE (k1) . (2.26)
We note that only three of these are independent. We
chose to calculate (af3)=(11), (13), and (33). Since these
F fﬂ(k,t) are even functions of ¢, one can express these
Sqplk,0) in terms of the G,g(k,z) by

Soplk,0)= *:;ReGag(k,z) | 1—iw

- iRe(tb (v1)- ¢5(v1)> (2.27)

1
iow—Lg(k) 1
We remark that the three S,g(k,®) are even in o, that the
area fw dwSyp(k,w) is equal to 1 for (af)=(11) and
33 and 0 for (@B)=(13) and that S;(k,0)
=S(k,w)/S (k) with S(k,») the dynamic structure factor
of the fluid.

(c) Thus the correlation functions S,z(k,®) can be ob-
tained directly from the M XM matrices .«/(k,z) and
Z (k) by matrix multiplication and inversion [cf. Egs.
(2.24) and (2.27)]. This has been done before for S;;(k,w)
by a number of authors.'>'*!® To gain insight into the
microscopic dynamical processes that dominate the corre-
lation functions, we also evaluated the S,g(k,w) by using
the eigenmodes of Lg(k). This is in the spirit of
Landau-Placzek’s theory of light scattering of fluids,’
where S(k,w) is computed in terms of the eigenmodes of
the hydrodynamic Navier-Stokes equations. In this sense,
our procedure is an extension of the Landau-Placzek
theory of light scattering to neutron scattering and enables
us to make a connection between the macroscopic proper-
ties of the fluid as expressed in the FfB(k,t) and the mi-
croscopic properties of the fluid via its eigenmodes ob-
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tained from a one-particle (kinetic) representation of the
E
aB(kat ).

D. Discrete BGK eigenmodes

The discrete eigenmodes of Lz(k) are associated with
the poles of the resolvent operator 1/ [z-—LE(k)] or with
those M values z=z;(k) (j =1,2, . M) for which

D(k,z)=det[1— .o/ (k,z)7 (k)]=0 . (2.28)

The correlation functions S,g(k,w) are then given by a
sum of M Lorentzians:

M MYh(k)
R —_
P> io—z;(k)’

j=1 J

Saplk,0)= (2.29)

1
o
where the z;(k) are the eigenvalues of Lp(k), and the
M (’Zg(k), the corresponding amplitudes, are given by
My(k)= ———

30
D) (2.30)

(k,zj)o (k,zj)]ap -
Here .7~ is the transpose of the matrix of cofactors of

1—.&/ and D'(k,z;)={dD(k,z)/dz},_ —z

In earlier apprommatlons14 5 we used M— 10, but all
results reported here are based on M =35 at least. For
M =35, the convergence of the eigenmodes relevant for
the computation of the S,g could be ascertained, which
was not possible before for M= 10.

The discrete eigenvalues of Lg(k) are of two types: real
or each other’s complex conjugate, but all with negative
real parts.'*?3 The first type corresponds to eigenmodes
describing diffusive, purely damped processes, while the
second type describes propagating (and damped) process-
es.

Because of the nature of the functions ¢;, only longitu-
dinal eigenmodes of Lg(k) (with v||k) are obtained here.
Of all the eigenvalues of Lg(k), three eigenvalues go to
zero when k goes to zero: They reduce to the three hy-
drodynamic eigenvalues, whose eigenfunctions are linear
combinations of ¢, ¢,, and ¢3, i.e., of the density, longitu-
dinal velocity, and temperature, respectively. The eigen-
values are the same as derived from the Navier-Stokes
equations, viz., a heat mode, with eigenvalue

zy(k)=—Dggk?, (2.31)
and two sound modes, with eigenvalues

z (k)=*iwgk)+z,(k), (2.32)
with dispersion

ws(k)=ck (2.33)
and damping

z(k)=—Tgk?. (2.34)

Here ¢ is the adiabatic velocity of sound in the hard-
sphere fluid and Dyy and T'y are the thermal diffusivity
and the sound damping coefficients, respectively, as given
by the Enskog transport theory.?’

For k—0, the Saﬁ(k ®) are given by the Landau-
Placzek expressions?
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LRe —_Mf,{;;
m j=h,+ la)—ZJ(k)

with MP = -1y, MBP=(y—1)""%/y, and MY
=1/y for the heat-mode contributions and
MT'=1/2y), M3F'=—(y—1"%/2y), and M’
=(y—1)/(2y) for the sound-mode contributions where
y =c, /c, is the ratio of specific heats at constant pressure
(c,) and constant volume (c, ) for the hard-sphere fluid.

All other eigenvalues of Lg(k) approach finite, negative
real values when k goes to zero. They correspond to ki-
netic eigenmodes of Lg(k) which are for small k ir-
relevant for the S,g(k,w), since all Mﬁ,’é(k) tend to zero
for k—0 when js£h, +.

The S,g(k,0) are well approximated by the hydro-
dynamic Landau-Placzek expressions [i.e., Egs.
(2.29)—(2.35)] for 0=kl <0.1 at low densities, the range
diminishing somewhat with increasing density. For
klg >0.1 we have calculated the S,g(k,w) in two ways,
either by using 35 discrete eigenmodes [cf. Eq. (2.29)] or
using the matrix inversion [cf. Egs. (2.24) and (2.27)]. We

Saplk,0)= (2.35)

will show in the next sections that the contributions of the
three hydrodynamic modes j=h, *, extended to ki > 0.1,
dominate the S,g(k,w) up to kip~1 for most densities.
This enables us to analyze the behavior of the correlation
function in terms of dynamic processes that are generali-
zations of those from Navier-Stokes hydrodynamics.

III. DILUTE GASES

A. Boltzmann theory

For low densities, i.e., VO/V=n03/\/§ <0.1 and suffi-
ciently small k, such that ko << 1, but kl3=~O(1) and not
necessarily small, the eigenmodes of Lg(k) approach
those of the inhomogeneous linear Boltzmann operator'’

Lg(k) — Lgk)=—ik-v+nAp, (3.1)

na3<0.l,
ko << 1

with

Agh(v))=—0 [d& [dv,¢(0,)0(v1y8) |vi2 | [h(v)+h(vy) —h(Vi)—h(v5)], (3.2)

since then X —1, A,—0, A,—Ag, and (Agh(v,)),=0.
Although one could consider the case ko=O(1), corre-
sponding to neutron scattering, the practically relevant
case is that of kly=O0(1) and ko =0, corresponding to
light scattering of dilute gases.

B. Boltzmann eigenmodes

The first 12 eigenvalues of Lz(k) in the BGK approxi-
mation M =235 are plotted in Fig. 1 as a function of kl,
for kly=<1. For 0<kly<0.1, the hydrodynamic eigen-
values of Lg(k) are given by the Egs. (2.31)—(2.34), where
¢, Drg, and T'g reduce to their values for a dilute gas of
hard spheres.

The striking feature is that the extensions of the real
parts of the heat- and the sound-mode eigenvalues remain
well separated from the real parts of all the kinetic eigen-
values as long as klp<1. Thus, even up until kl/; in the
neighborhood of 1, the correlation functions will still be
dominated by the three (extended) hydrodynamic modes,
since these modes damp out much more slowly than the
kinetic modes. Indeed, the contributions of the three ex-
tended hydrodynamic modes to S;; and S3 are indistin-
guishable from the “exact” values of these functions, ob-
tained with M =35 by matrix inversion, up to kly=~0.4
and approximate them very well up to k/,=0.8, as shown
in Fig. 2. Even at kly=1, the three modes still account
for about 75% of the contributions (cf. Fig. 2).

The representation of S;3; in terms of three extended
hydrodynamic modes is less satisfactory and differences
appear already at kly=0.3 (cf. Fig. 2). The reason for

IIm tho'

"0 02 04 06 08 10
klo

FIG. 1. Reduced real and absolute value of imaginary part of
the 12 highest eigenvalues of the hard-sphere Boltzmann opera-
tor from BGK with M =35, as a function of the reduced wave
number: three hydrodynamic (A,s) and nine kinetic (k) modes
and their extensions. The heat mode 4 and the kinetic mode k;
are real (damped) for all k; the sound modes s are complex
(propagating and damped) for all k. The remaining eight kinet-
ic modes start as two (almost degenerate) real modes, which be-
come complex for larger kly,. Note that eigenvalues of a pair of
propagating modes have the same real parts and the same abso-
lute values (but opposite signs) of their imaginary parts. /o and
to are the Boltzmann mean free path and time, respectively.
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this is that temperature fluctuations couple much more
strongly than density fluctuations to kinetic eigenmodes.
A better representation of S3; will be discussed later (see
Sec. VI, subparagraph 2). The dominance of the extended
hydrodynamic modes implies that the collisional invari-
ants remain important far beyond the hydrodynamic re-
gime. The value kl;~0.8 corresponds to A~38l,, ie.,
eight collisions within a wavelength. This number is con-
sistent with Erpenbeck’s observation that in molecular-
dynamics simulations of hard-sphere fluids approximately
eight collisions are needed to obtain local equilibrium, i.e.,
to obtain a hydrodynamiclike description.?®

C. Matrix inversion

For klp21 all the eigenvalues mix in a complicated
manner and a description of the correlation functions in

terms of collective modes, i.e., three hydrodynamiclike
J

1 1 1 1
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modes only, becomes impossible. In fact, matrix inversion
has to be used to describe the S,g(k,w). Therefore, a sim-
plified description of the S,g(k,w) in terms of only a few
eigenmodes of Lz (k), which are the extensions of those at
small k, does not exist anymore.

D. Ideal gas and single binary collisions

However, for kly 250, an individual-particle descrip-
tion is possible, in that the operator Lg(k) effectively
reduces to its free-streaming part —ik-v and the correla-
tion functions are given by their ideal gas values.!?

Corrections to this behavior can be obtained by an ex-
pansion of the resolvent operator 1/[z—Lg(k)]
=1/[z —Lp(k)] around free streaming, which leads to an
expansion in sequences of binary collisions, characterized
by Ag,ie,!”?

1

z—Lg(k) - z+ik-v—nAp - z+ik-v

A
z+ik-v nAs

> 3.3
z+ik-v (3.3)

where the first term in the expansion on the right-hand side of Eq. (3.3) is the ideal-gas contribution and the second term

20
(a11) 20 (a13) (a33)
15
10F
sk
0
_5_
_]0_
A e 1 1 1 1 1 1 1
1.5 2 0 0.5 1 15 2 1.5 2
(b13)
2
N
3
e
=
(%3]
-0.5¢
1 b
—15}k
A S T
0 05 1 75 2
(c13) | 1.2F (c33)
1 b
4
7
1 1 1 1 1 D A i
1 5 2 0 0.5 1 15 2

wto/klg

FIG. 2. Dilute-gas correlation functions S,g(k,w)/to as a function of wty/kl, for selected values of kl,. The letters refer to the

values of kly: (a) =kly=0.1; (b) =kly=0.3; (c) =kly,=0.8 and pairs of numbers (11), (13), (33) to the values of af.
-, with three extended hydrodynamic modes; and — — —, with five

Sqp computed from BGK by matrix inversion with M=35;. . .
effective modes.

denotes
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the contribution of a single binary collision. From this, one finds for the S,g(k,w) an expansion in powers of 1/kl, with
coefficients that depend on the reduced frequency w* =wty/klo=(mm /8kzT)' w /k, i.e.,

B *
2 ¢ —(4/mw*)? S”(CL)) 2
_2 1t me*? 21 T o1 /(kl ,
S11(k,0) _—ry [e + kg +O0(1/(kly)*)
172 B *
t * (0™)
Su(k,w):—l— g 0 e—(4/‘n’)(w )2 l_ﬁ(w*)Z Splo +0(1/(k10)2) , (3.4)
T |3 | ki o ki, |
B *
5 Io 2 16 64 s33(@™)
Salk,0)= —(4/m) (@) 1— *)2 *\4 o(1/(kl 2 .
1lk,0) e le 5Tr(cu )+57T2(w ) * +O0(1/(kly)?)

Here the leading terms are the ideal-gas contributions and
the terms containing the sgg(a)*) are the corrections to
the ideal-gas contributions due to a single binary collision.
We have calculated the sg,g(a)*) numerically using the
BGK method with M up to 50. The sgB(a)*) are shown
in Fig. 3 as functions of *. We note that s (w*) agrees
very well with the analytical evaluation of the single-
collision term (Ref. 29).

Remarkably, the single-collision terms in Eq. (3.4) give
corrections to ideal-gas behavior, sufficient to describe the
Sqp for all 3 <kly< oo (cf. Fig. 4). Therefore, with the
exception of the region 1<kly<3, a simplified descrip-
tion of the correlation functions in terms of either collec-
tive or individual-particle modes of the fluid is possible
and an identification of the relevant dynamical processes
can be made.

The results for S;;, i.e., S(k,w), agree well with those
obtained experimentally by Clark! for a dilute Xe gas for
0<kly=6, ie., for 0<kly<1 the three (extended) hydro-
dynamic modes describe the experimental S(k,w), while
for 3 <kly =<6, the ideal gas plus one binary collision suf-
fices.

IV. DENSE FLUIDS

A. True eigenmodes

For fluids at high densities, i.e. 0.35 < V,/V <0.70, the
eigenmodes of Lg(k) behave quite differently from those
of dilute gases. Indeed, of the three extended hydro-
dynamic eigenvalues only the heat-mode eigenvalue stays
separate from those of the other (hydrodynamic and ki-

T

netic) eigenmodes, when klg increases from the hydro-
dynamic regime, 0= klg <0.05, to klg~1. This separa-
tion increases with increasing density and, in addition, an
increasingly pronounced maximum around ko ~27 in the
heat-mode eigenvalue develops. The extended sound
modes, however, mix already with kinetic modes at
ko=2.5, i.e.,, long before klp~1. To illustrate this, we
show in Fig. 5(a) the highest-lying BGK eigenvalues of
Lg(k) for M=35, as functions of ko for 0=ko <10 at
Vo/V=0.625, where o/l =19.5, so that ko=2.5 corre-
sponds to klp=0.13. We see that the heat-mode eigen-
value z,(k) is well separated from all other eigenvalues
but that the sound damping z;(k) mixes with the kinetic
modes for ko >2.5. In addition, all kinetic modes mix
with each other in a very complicated fashion, which
changes with M in a seemingly arbitrary and certainly
nonconvergent way. This can be seen in Fig. 5(b) where
the highest BGK eigenvalues are also plotted for M =55.
Therefore, no significance can be given to each single
eigenmode of Lg(k) as obtained by the M =35 BGK ap-
proximation for ko 2 2.5, except to the heat mode which
is the same for M =35 and 55 (cf. Fig. 5).

Thus a simple Landau-Placzek-like picture where the
Sqplk,0) can be described by three extended hydro-
dynamic modes up to kl/g =1 does not obtain. This obser-
vation is contrary to that of previous calculations,'® using
a BGK approximation of M=10, and is a consequence of
a more complete analysis of the eigenmodes of Lg(k) us-
ing M=35 or even M=55. We should note, however,
that at each value of klp <1 and for M =10, the
Sqplk,w) computed by using the heat mode and only a
few of the highest-lying kinetic modes are very insensitive

0.4 0.6
(11) (13)| o2 (33)
0.3r 0.1}
i o2+ o LA S e
3 o
% o1} i
@ X ‘ -0.2
S T —03
—01f b -0.4
—0.2f - -05
’ 1 - 1 1 1 ) E— ke - - L A 1 1 1 1 A 1 1
0. 0.8 1.8 24 0 0.8 6 2.4 0 1 2 3 3
wie/klg

FIG. 3. First binary collision correction of the s,g (@3=11,13,33) to the ideal-gas limit as a function of w*=wty/klp=owtg /klg

from the hard-sphere Boltzmann s25(®*) (- - - .) and the Lorentz-Boltzmann s:5(0*) (

) equations.
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FIG. 4. Dilute hard-sphere gas correlation functions S,g(k,w)/t; (

) for aB=11,13,33 as a function of wty/kly for kly=3.

Also plotted are the ideal gas limit (— — —) and this limit plus the first binary collision correction (from the Boltzmann equation)

(- - - ), which is for almost all w indistinguishable from S,g(k,®).
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FIG. 5. Reduced eigenvalues of the Enskog operator for a
dense hard-sphere gas at V,/¥V=0.625 as a function of the re-
duced wave number ko. (a) Real part of highest eigenvalues
from BGK with M =35 (thin solid curves) and three effective
heat and sound modes (thick solid curves), where the effective
heat mode (at the top) is indistinguishable from that of BGK
with M =35; (b) same as in (a) with M =55; (c) absolute value of
imaginary parts of the two effective sound modes. Note in (c) a
propagation gap around ko =6 and in (a) and (b) an excellent
convergence of effective modes but lack of convergence of other
modes, except the heat mode (— — —).

to M, i.e., to the detailed behavior of the individual eigen-
modes, and describe the exact S,g(k,») very well, in spite
of the slow convergence of the individual modes.

B. Effective eigenmodes

Yet, a simple Landau-Placzek-like description of the
Saplk,w) still obtains for all ki < 1, if the joint contribu-
tions of the highest-lying “true” eigenmodes of L (k) are
approximated by the eigenmodes of an effective 3 X3 ma-
trix Heék)—the effective modes—which replaces effec-
tively the oo X oo matrix -#%(k) as a description of the
dominant dynamical processes of the fluid. We start with
deriving He(k) from .#£(k) in order to clarify the physi-
cal nature of the approximation.

(a) The 33 matrix H4k) is obtained from a contrac-
tion of the « set of generalized hydrodynamic equations
for the & j;(k,z)={¢;(v)[z—Lg(k)] ™ '¢;(v{)):

2% ikz)=S, LEKG ylk,2)+5; @.1)

i=1

to a set of three equations in the following way. For each
fixed /=8=1,2,3 the & ,;4(k,z) with i > 3 can be eliminat-
ed from the first three equations with j=a=1,2,3, by
solving successively the equations for & ;4(k,z) with j >3
for ¥ ;p(k,z) (j>3) in terms of the ¥ jg(k,z) with j<3.
Then one obtains a 3 X3 matrix equation for the G,g(kz)
(a,8=1,2,3) alone, i.e., the generalized hydrodynamiclike
equation

3
2Gop(k,2) = Hay (k,2)G o p(k,2) +8,p , (4.2)
y=1
with
H,pk,2)=LEgk)+ AL Eglk,z) . 4.3)

Here A.Y aEB( k,z) results from the elimination procedure
and depends therefore on the fjb;(k) with j,/ >3 and on
z, through the z on the left-hand sides of the equations
(4.1) with j> 3. Finally, the G,g(k,z) are approximated
by the Ggg(k,z) which follow from the simpler general-
ized hydrodynamiclike equation,
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2Goplk,z) 2 Hg, (k)G p(k,2)+8,g 4.4)
with
Hg(k)=H ,5(k,0)= B(k)+Af 5(k,0) . (4.5)

Thus the Ggg(k,z) will be good approx1mat10ns to the

G ,p(k,z) when the z dependence of the A.¥ aB(k z) can be
neglected, so that H,g(k,z)=~H,g(k,0)=Hgg(k).
Equivalently, Eq. (4.4) follows from Eq. (4.1) when, in the
elimination procedure, one sets z =0 on the left-hand side
of all equations with j > 3. Physically, this means that it
is assumed that the time decay of any

Fji(k,t)={¢;(v))exp[tLg(k)1¢;(v|)),

with j,I >3 is much faster than that of any Ff,g(k,t) with
a,f=1,2,3.

(b) In practice it is extremely simple to determine H®% k)
from .Z2(k). In fact, it is even easier than the matrix in-
version mentioned above, since one only has to use Eq.
(4.2) with z =0 and Eq. (4.5), so that

Hek)=—[G(k,0)]"}, (4.6)

where the 3 X 3 matrix G(k,0) is obtained from the BGK
method with M =35 or 55 [cf. Eq. (2.24)].
(c) Since [cf. Eq. (4.4)],

1

e —— , 4.7)
z1—Hek) B

Gf;ﬁ(k,z)z

the Sgp(k,w) computed with the 3 <3 effective matrix are
given by

1 1
S¢plk,w)=—Re | ————— , 4.8
aB Cl)) T € la)]l-I_ie(k) aB ( )
or equivalently by
MP (k)
Stglko)=—Re 3 —* 4.9)
T j=h,* ICL)—Zj(k)

where the M ,g{ (k) and zj(k) are found for all k from the
eigenmodes of Hé4(k), which we call “effective” eigen-
modes. In Fig. 5, the three effective eigenvalues of H¢(k)
are compared with the true eigenvalues, i.e., the eigen-
values determined by Eq. (2.28), for V,/V=0.625. We
note the following properties of the effective modes.

(1) The effective eigenvalues of H4(k) reduce for small
k to those of the Navier-Stokes equations. The effective
eigenfunctions are linear combinations of ¢, ¢,, and ¢;.
In particular, the zj(k) and M f,(é)(k) reduce to the expres-
sions given by the Egs. (2.31)—(2.35). Thus the effective
hydrodynamic modes are also extensions of the usual hy-
drodynamic modes to larger values of k.

(2) Unlike the true extended hydrodynamic eigenmodes,
the effective modes are very stable as M increases and do
not change significantly for M 25, and in particular do
not change from M =35 to 55 (cf. Fig. 5).

(3) With increasing density, the effective heat mode in-
creasingly coincides with the true heat mode. (Cf. Fig. 5,
where the two are indistinguishable for V,/V'=0.625.)

(4) The behavior of the effective sound modes obtained
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here for M=35 or 55 is very similar to that determined
before for the “true” sound modes'> for M=10. In par-
ticular, a gap in wg (k) is present near ko=2w at high
densities (cf. Fig. 5). A detailed discussion of the extend-
ed hydrodynamic eigenmodes and the physical origin of
their behavior has been given before.!>3°

C. Effective mode description

The three effective modes can be used to evaluate all
the correlation functions Sgg(k,w), using the Landau-
Placzek-like formula, Eq. (4.9). In Fig. 6, the Sgg(k,w)
are compared with their “exact” Enskog values S,g(k,w)
computed with M=35 and using matrix inversion [cf.
Egs. (2.24) and (2.27)] for selected values of k at
Vo/V=0.625.

We note that the Sgg(k,w) computed with the effective
modes obey the following sum rules:

Sep(k, 0=0)=S,45(k, ©=0) , (4.10)
fo dwsz,g(k,w)zfo dw S.pk,0) , 4.11)
and
2ge _ 2 _ 2
fo dow S“(k,w)—fo do oS (k,w)= 2mS ()
4.12)

As a result of these sum rules, the Sgg(k,w) [and in par-
ticular S$,(k,w)] never differ too much from the
Saplk,w), contrary to the S,g(k,w) computed with the
true eigenmodes, as is illustrated for the case of Si;(k,w)
for a dilute gas in Fig. 2, (c33).

That the three effective modes of H?% k) describe the
correlation functions of a dense hard-sphere fluid so well
for 0 < klg < 1 (cf. Fig. 6) is due to

(1) the dominance of the matrix elements .¥ ,;(k) with

a,B=1,2,3 over Afaﬁ(k 0) in Hé(k),

(2) the dominance of the extended heat mode, which
remains virtually unchanged when we go from Lg(k) to
H¢(k), and

(3) the dominance of only a few of the highest-lying (in-
tersecting) true kinetic modes of Lg(k) which are ap-
parently well represented by the two effective sound
modes of Heé(k).

We note the close resemblance of the eigenvalues of the
three effective modes to those obtained with M =10 (or
even M =3).1>3! In particular both exhibit a pronounced
maximum of the heat-mode eigenvalue as well as a propa-
gation gap in the sound dispersion curve.'* !’

Therefore, the dynamical processes that take place in
the fluid on the molecular scale and that are relevant for
the hydrodynamic correlation functions can be represent-
ed for high densities by three effective hydrodynamiclike
modes: a heat mode and two soundlike modes.

D. Ideal gas and single binary collisions

For klg =1, the three effective hydrodynamic modes
lose their 51gn1flcance and the correlation functions S,g
can most easily be obtained by matrix inversion. Howev-
er, as in the case of a dilute gas, for klz>50, an
individual-particle description is applicable, leading to
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ideal-gas-like behavior of the correlation functions.

In addition, as in the case of a dilute gas, for kip >>1,
the resolvent operator 1/[z—Lg(k)] can be expanded
around the ideal-gas behavior, which is now characterized

KAMGAR-PARSI, COHEN, AND de SCHEPPER
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by the Lorentz-Boltzmann operator'* AS=lim;_, Ay in-
stead of by Ap. Including only the first two terms in this
expansion, i.e., the ideal-gas contribution and a single
binary collision, leads to

LB *
t 51 (0™)
S“(k,w)zl-—i e —@/miw*)? | 11 @ +OU /(K |,
1/2 LB *
t s13 (@)
Spko)=— |2 | B |e—wrmierrpy 8 ey IO G0k |
LB, *
5 I *)2 16 64 533 (@07)
k —_— = —@/me™) 1] 22 (0¥ )2 2 (%) 1 2 .
Si(k,0) 37 K, e | 57r(w )"+ 5.2 (0*) kl, +0(1/(kig)?) |, (4.13)
|
with

o* =owtg /klg=(mm /8kg T)' 0w /k ,

as in Eq. (3.4). We note that tg /lp =ty/], for all densities
so that the ideal-gas terms in Egs. (3.4) and (4.13) are the
same. The functions sﬁg (w*), which determine the

single-binary-collision terms in Eq. (4.13), are calculated
numerically in a fashion similar to that discussed for low
densities!”?° and the results are shown in Fig. 3. The
function siP(w*) is in very good agreement with the
analytical evaluation of s¥Z(w*) given in Ref. 32.

We find that the S,g(k,) at high densities are well
described by Eq. (4.13) for 3 <klg < o (cf. Fig. 7). Thus,
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FIG. 6. Dense hard-sphere fluid, V,/V=0.625, correlation functions S,g(k,®)/tg as a function of wtg /kl for selected values of

klg. The letters and numbers labeling the figures are as in Fig. 2 (with lo,#, replaced by Ig,tg).

, from BGK matrix inversion

with M=35;. - . -, from three effective modes. /¢ and tr are the Enskog mean free path and time, respectively.
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FIG. 7. Dense hard-sphere fluid, ¥,/V=0.625, correlation functions S,g(k,w)/tg obtained from BGK with M =35 ( ) as a
function of wtg /klg for klz=3. Also plotted are the ideal-gas limits (— — —) and this limit plus the first binary collision correction

(from the Lorentz-Boltzmann equation) (- - -

as for low densities, for kl; >3 the behavior of the corre-
lation functions can be understood on the basis of free
streaming of the particles and a single-binary-collision
process. However, since the sgg(a)') are markedly dif-
ferent from the sif(w*) (cf. Fig. 3), the approach to
ideal-gas behavior for low densities, described by Ag, is
markedly different from that at high densities, described
by AS. This is related®® to the fact that Ay has five col-
lisional invariants, while A* has only one.

V. INTERMEDIATE DENSITIES
A. Three modes

For fluids at intermediate densities 0.1 < ¥5/V <0.35, a
simple Landau-Placzek-like description of the hydro-
dynamic correlation functions, with either three true or
three effective extended hydrodynamic modes does not
seem possible beyond the Navier-Stokes regime. For, in
this intermediate-density regime (unlike in a dilute gas)
the extended heat- and sound-mode eigenvalues are not
well separated from the kinetic eigenvalues and (unlike in
dense fluids) the extended heat-mode eigenvalue is not
well separated from those of the other modes.

B. Five modes

One can, however, describe the correlation functions, in
this transition regime with five effective modes rather
than with the three effective hydrodynamic modes defined
in Sec. IV. These five effective modes are obtained in a
way similar to that of Sec. IV.

Thereto we consider the 5X 5 matrix G(k,z) of correla-
tion functions E',,r,g(k,z) given by Eq. (2.23) with o’ or
B'=12,...,5 which include the correlation functions
Guplk,z) with a,=1,2,3 and in addition a’ or B’ =4 [in-
volving ¢4(v)] and a’ or #'=5 [involving ¢s(v), cf. Eq.
(2.17)]. The bar indicates a 5X 5 instead of a 3 X 3 matrix.

All 25 G,g(k,z) can be calculated by matrix inversion
using Eq. (2.24) in the BGK approximation with M =35,
or by approximating them by 25 G §z(k,z), which satisfy
the 55 matrix equation [cf. Eq. (4.4)]:

— 5 — —
zG ;'3'(16,2): ,ZIH;V(k)G ;rbw(k,z)+6a,3 ,
Y=

(5.1

-), which is indistinguishable from S,g(k,w) for most w.

where the effective 5X5 matrix H (k) with elements
_f;rg(k) is given by the inverse of the 5X5 matrix
G(k,0):

Hek)=—[G(k,0)]"". (5.2)

One can show that of the five eigenmodes of H ¢(k), three
are extensions of the heat and sound modes in hydro-
dynamics and two are extensions of kinetic modes that
have finite negative eigenvalues when k—0. The eigen-
functions are linear combinations of ¢, ...,ds, i.e., of
the density, longitudinal velocity, temperature, stress ten-
sor and heat flux, respectively [cf. Eq. (2.17)]. The
S.plk,0) in the 5X5 effective mode approximation
S ap(k,w) are given by

_ s, MY (k)
Stpko)=TRe| ———| =Lpe 3 Zf =
T la)l—-f_] (k) aB ™ j;llw—zj(k)
(5.3)
where the A_lg(ﬁz)(k) and Z (k) with j=1,2,...,5 are for

all k& obtained from the five effective eigenmodes of
H (k).

Thus, the S {g(k,w) are again represented in a Landau-
Placzek-like fashion in terms of the three extended hydro-

dynamic modes of H®k) and two extended kinetic
modes. Or, equivalently, if a contraction to a 3 X 3 matrix
is made, by three extended hydrodynamic modes with

viscoelasticity, i.e., w-dependent transport coefficients.’*3*

C. Five-mode description

In Fig. 8 we show the five eigenvalues of H ®(k) for
Vo/V=0.25 and 0kl =Z1. In Fig. 9 we compare for
the intermediate density Vy/V=0.25 and 0=<kl; <1 the
S’Zﬁ(k,a)) with the S,g(k,0) obtained by matrix inversion.
We see that the S.g(k,w) with five effective modes
represent the S,g(k,w) very well. We also plot in Fig. 9
the Sgg(k,w) with three effective modes [cf. Egs.
(4.4)—(4.9)] to illustrate that at this density three effective
modes give an insufficient description of the S,5(k,w).
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FIG. 8. Reduced real and absolute value of imaginary part of
the five effective eigenvalues of the Enskog operator at an inter-
mediate hard-sphere density V,/V=0.25, as a function of klg
from BGK with M=35. Heat mode (- - - -), two sound modes
( ), and two kinetic modes (— — —), which are propagating
for klg >0.2.
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D. Large k

As for the dilute gas and the dense fluid, no simplified
description of the correlation functions is possible for
1 <klg <3. However, for 3 < klg < oo, the ideal gas plus a
single binary collision correction due to A® [cf. Eq. (4.13)]
again provides a good approximation to the S,g(k,w), as
is shown in Fig. 10.

VI. DISCUSSION

We end with a number of remarks.

(1) A phase diagram can be made in the density—wave-
vector plane illustrating the different regions, where dif-
ferent dynamical processes dominate the behavior of the
hydrodynamic correlation functions. This is done in Fig.
11. In this figure it is indicated that, beyond the hydro-
dynamic region, the correlation functions S,g(k,w) of the
fluid can be described up to klp ~1 by three or five (either
true or effective) extended modes; that for 1 < klz <3 the
Sp(k,w) are most conveniently obtained using matrix in-
version [cf. Egs. (2.24) and (2.27)]; and that for kig >3,
the S,p(k,w) are described by their ideal-gas values and a

S,,(k,w)/tg

FIG. 9. Intermediate-density hard-sphere gas, V,/V=0.25, correlation functions S.g(k,w)/tg (
from BGK matrix inversion with M =35. Letters and numbers as in Fig. 2 with Iy, 1, replaced by Ig,tg.

) as a function of wtg /kig,
.., with three effective

modes; — — —, with five effective modes. In (all) and (b11), the contributions of the three extended hydrodynamic heat and sound

modes from BGK with M =35 are indistinguishable from the S(k,w) /g (

).
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FIG. 10. Intermediate-density hard-sphere gas, V,/V=0.25, correlation functions S,g(k,w) as a function of wtg /klg for klg=3.

For the curves see Fig. 7.

correction due to a single binary collision [cf. Eqgs. (3.4)
and (4.13)]. At low densities this correction is given by
the Boltzmann collision operator for klg > 3, while after a
transition region, for klp>>3 it is determined by the
Lorentz-Boltzmann operator (cf. Fig. 11). Thus, for ex-
ample, at the low density of ¥,/V=0.015, this transition
region comprises 10 <klz <50, which corresponds to
1=<ko <5, since Iz /o0=10. It might be interesting to see
if such a transition region at large k can be observed in
neutron scattering experiments.

(2) The description of the correlation functions
Sqplk,w) for 0Zklg <1 by the S ¢p(k,) with five effec-
tive modes [cf. Eq. (5.3)], derived here for intermediate
densities, can also be used at high and at low densities. At
high densities the two extra (kinetic) modes do not affect
the three effective mode result, but at low densities around
Vo/V ~0.1, where the transition from dilute gas
(Boltzmann) behavior to intermediate-density behavior
takes place, they give better results than obtained with
three true modes. For the dilute gas five effective modes
give a representation comparable to that of three true
modes, except for S;3; at kl;=0.8, where five modes are
considerably better.

(3) The @ dependence of the S,g(k,w) is studied in this
paper only for the reduced frequency range
O0=<wtg/klz=0(1). This implies that the representations

J

0 iwo(k) 0
He'(k)= |iwgk) atk)k? io(k)[y(k)—1]"7
2
0 iwgk)[y(k)—1]"? MRk
nc,

where wo(k)=k[kzT/mS(k)]'’* and c¢,=3kz/2. For
k—0, y(0)=y=c,/cy, al(0)=a=(+n+¢) the longitudi-
nal viscosity, with 77 and { the shear and bulk viscosities
of the fluid, respectively, and A(O)=A the thermal con-
ductivity. Then, using Alley and Alder’s tabulated values
for S(k), y(k), a(k), an A(k) at Vy/V=0.1, 0.333, and
0.625, we determined the eigenvalues z,(k),z4(k) of
He'(k) for these three densities. The results so obtained
for the heat mode z,(k), the sound dispersion
wg(k)=|Imz+(k)|, and the sound damping zg (k)

for the S,p(k,w) considered here are not necessarily valid
for w— «. For example, while the exact S(k,w) decays
proportional to o ~* for large ®,? the representation of
S(k,) with three true modes decays proportional to o2
when 0— 0.

Such differences are irrelevant, however, when one re-
stricts oneself to a description of the S,g(k,®), in the lim-
ited frequency range used here.

(4) Not only hydrodynamic correlation functions but all
correlation functions between single particle functions of
the general form 2?': J(v)8(r—r;) can be computed
with the BGK method discussed here, since any f(v;) can
be expanded in terms of the complete orthonormal set
{#;], so that all Fj’f(k,t) can be computed, using the BGK
method.

(5) We have made a comparison of the 3 X3 generalized
effective hydrodynamic matrix Hé(k) [cf. Eq. (4.6)] calcu-
lated here from the revised Enskog theory with that,
He¢'(k), obtained by Alley and Alder from their computer
simulations.'®

To do so, we express, following Alley and Alder, the ef-
fective hydrodynamic matrix of a hard-sphere fluid in
terms of the hard-sphere static structure factor S (k), the
generalized ratio of specific heats y(k), the generalized
longitudinal viscosity a(k), and the generalized thermal
conductivity A(k), so that

r

=Rez (k) are compared in Fig. 12, with those calculated
with the revised Enskog theory.

We see in Figs. 12(a) and (12b) that the revised Enskog
theory describes the z,, w,, and z; of a real hard-sphere
fluid well, both for the low density V,/FV=0.1 and the
intermediate density V,/¥V=0.333.

We conclude therefore that an Enskog fluid closely
resembles a real hard-sphere fluid for ¥V,/¥V=0.1 and
0.333. A comparison of the z,(k), ws(k), and z,(k) of the
Enskog fluid and the real hard-sphere fluid at the high
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FIG. 11. Phase diagram in the space of the reduced density
(Vo /V) and the reduced wave number (klg), as discussed in Sec.
VI, subparagraph (1) in the text. Indicated are regions where
particular approximations give good representations of the
correlation functions. The dotted lines indicate transition re-
gions.

density ¥,/V=0.625 has been made before.'® The agree-
ment is less satisfactory than that at V,/V=0.1 and
0.333, especially for the sound damping [cf. Fig. 12(c)].
This difference between the Enskog and a real hard-
sphere fluid with increasing densities might be due mainly
to a difference in their shear viscosities.

To see this, we remark that in the revised Enskog
theory He(k) is given by an equation similar to Eq. (6.1),
with y(k), a(k), and A(k) replaced by their corresponding
Enskog values yg(k), ag(k), and Ag(k), respectively.
Here y£(0)=7(0)=7, ag(0)=ag=(+ng +Eg)/mn with
ag, Mg, and g the Enskog values of the longitudinal,
shear, and bulk viscosities, respectively, and Ag(0)=Ag,
the Enskog heat conductivity. While for V,/¥V=0.1 and
0.333, @ and A are within a few percent of oy and A,
respectively, for V,/V=0.625, a/ag=1.55, and
A/Ag=1.05 so that in particular a and ag differ consider-
ably.!® We believe that this is the origin of the disagree-
ment between Enskog and real hard-sphere fluids at high
densities also for k£ > 0. For, multiplying in the H¢(k) of
the revised Enskog theory, the Enskog values ag(k) and
Ar(k) with the constant factors 1.55 and 1.05 relevant for
k =0, respectively, a considerably better agreement is ob-
tained at V,/V=0.625 up to ko=20 between the thus
“upgraded” zj(k), wi(k), and z/(k) and those derived
from Alley and Alder’s computer simulations [cf. Fig.
12(d)].

This agreement means that our computed theoretical
correlation functions for the Enskog fluid using three ef-
fective modes are identical to the experimental correlation
functions determined by Alley and Alder for real hard-
sphere fluids for those densities and k values, where three
effective modes suffice. Then the dynamical processes
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FIG. 12. Comparison of the Enskog theory with the hard-
sphere molecular dynamics data of Alley and Alder. Plotted are
the reduced eigenvalues of the generalized hydrodynamic matrix
of Alley and Alder (®, heat mode; O, sound modes) and the
theoretical three effective hydrodynamic heat (- - - -) and sound
( ) modes. (a) Vo/V=0.1; ((b) Vy,/V=0.333; (c)
Vo/V=0.625; (d) V,/V=0.625, with upgraded longitudinal
viscosity and thermal conductivity. The arrows indicate that
value of ko for which klp=1.

that determine the nine hydrodynamic correlation func-
tions are characterized by three effective hydrodynamic
modes.

It seems possible that the large ratio a(k)/ag(k)=1.55
for k =0 as well as for larger values of k can be under-
stood on the basis of the same extended mode coupling
theory that has successfully explained the large ratio
n/ng=144 of the shear viscosities of the real hard-
sphere and Enskog fluids at V/V=0.625.%—37

(6) In view of its special importance, we conclude with
a few remarks on S (k,w) alone.

First, we note that for hard spheres for all densities and
klg <1, S(k,w) alone can always be described by three
modes, which are either true or effective modes, depend-
ing on density and k value (cf. Figs. 2, 6, and 9). The
physical interpretation of these modes, as to what physical
processes they represent, has been the main point of this
paper.

Second, we note that also for real fluids, like argon6 or
neon,’ as well as for Lennard-Jones fluids,*® S(k,w) can
always be represented by three Lorentzians, i.e., by three
modes. Since there is no kinetic theory of real fluids, like
the revised Enskog theory for hard-sphere fluids, an inter-
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pretation of these three modes in terms of physical pro-
cesses as a function of density, and wave number k, in a
similar fashion as was done here for hard-sphere fluids, is
much more complicated.>®
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