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Absolute differential cross sections for very-small-angle elastic scattering
in He + He collisions at keV energies
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Absolute differential cross sections for He+ He elastic scattering at laboratory angles in the
range 0.018'—0.5' have been measured for projectile energies of 0.5, 1.5, and 5.0 keV. The experi-
ment employs a position-sensitive detector for determining the angular distribution of scattered par-
ticles. The differential cross sections exhibit a transition from classical to quantum behavior within
the range of angles studied, and excellent agreement is observed with partial-wave-theory calcula-
tions using phase shifts derived from the He-He interaction potentials of Ceperley and Partridge [J.
Chem. Phys. 84, 820 (1986)] and Foreman, Rol, and Coffin [J. Chem. Phys. 61, 1658 (1974)].

INTRODUCTION

Recently, Newman et al. ' reported measurements of
absolute differential cross sections for scattering of keV-
energy helium atoms by atomic and molecular targets at
laboratory angles in the range of 0. 13 —5.0'. Their exper-
iment made use of a position-sensitive detector (PSD),
which permitted the accumulation of high-resolution data
simultaneously at all angles. The present paper describes
the extension of the He + He measurements to the next
lower decade of scattering angles, covering a range
0.018'—0.5'. The study of elastic scattering at such small
angles is interesting from a fundamental point of view be-
cause it encompasses the transition from classical to quan-
tum behavior and also because these collisions probe the
lower repulsive wall of the He-He potential, a region that
has been the subject of recent discussion in the litera-
ture. ' Whereas fast-beam experiments have previously
probed the potential at internuclear separations smaller
than about 1.6 A, the extension of differential cross-
section measurements to smaller angles increases this
range outward to provide a region of overlap with results
obtained by thermal energy techniques.

Since the scattering in the present experiment corre-
sponds to minute deflections at relatively large impact pa-
rameters, it is amenable to a straightforward partial-wave
analysis using semiclassical phase shifts. ' We have car-
ried out these calculations to compare the experimental
results with differential cross sections derived from re-
cently proposed forms of the He-He interaction potential.

APPARATUS

A schematic of the apparatus appears in Fig. 1. A
momentum-analyzed beam of He+ ions is partially neu-
tralized upon passage through a helium-filled charge
transfer cell (CTC). Ions remaining in the beam are re-
moved by deflection plates DP1, while the neutral atoms
continue on to the target cell (TC). The beam is collimat-
ed to a divergence of less than 0.003 by the exit aperture
of the CTC and the entrance aperture of the TC, which
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FICi. 1. Schematic of the apparatus (relative distances not
drawn to scale).

are 20 and 30 pm in diameter, respectively, and are
separated by 49 cm. The symmetric nature of the
charge-transfer process and the kinematics associated
with the narrow collimation ensure that virtually all the
helium atoms entering the target cell are in the ground
state. ' The target cell is 3.65 mrn in length and has an
exit aperture 300 pm in diameter. Deflection plates DP2
at the exit are used to remove any charged collision prod-
ucts from the beam (and to sweep ion beams employed in
diagnostic studies of the detector).

A PSD with an active region 2.5 cm in diameter is si-
tuated 109 cm beyond the target cell. This geometry per-
mits a rnaximurn observable scattering angle of about 0.7'.
An LSI 11/2 microcomputer is used to monitor the out-
put of the PSD electronics and register the arrival coordi-
nates of each detected particle in a 90&&90 array whose
bin dimension may be varied according to the angular
resolution desired. For measurements below 0.2', the bin
dimension used corresponds to a distance of 68.7 pm on
the PSD surface, which amounts to an angular step size of
0.0037' per bin. At larger angles, the bin size is set to be 2
or 4 times larger. Absolute calibration of the PSD is ob-
tained by observing the shadow of a grid of known dimen-
sions place directly in front of the detector. The charac-
teristics of the detector and its application to scattering
experiments have been described in detail by Newman
et al. ' and Dao et al.
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Background pressure in the chambers containing the
gas cells and the detector is maintained at approximately
3)&10 Torr. At a typical target cell pressure of 5
m Torr, the density-length product of the target gas
exceeds that of the background gas by roughly a factor of
70. At this target cell pressure, the scattered fraction of
the beam is only S%%uo, and multiple collision effects are
negligible.

MEASURED QUANTITIES

The differential cross section is related to measurable
parameters under thin-target conditions by the expression

der b,S(8)
S f n (l)dl b, II

where S is the primary beam flux in particles per second,
bS(g) is the flux scattered at angle 0 into a solid angle
b,Q steradians, n (1) is the target density, and dz is an ele-
ment of path length of the beam through the target gas.

As demonstrated by Newman et aI., ' for a target cell
with a length-to-exit-aperture ratio of 12.2 the integrated
target density is accurately given by the product nL„
where I. is the physical length of the target cell and n is
obtained from a measurement of target cell pressure using
an MKS Baratron corrected for thermal transpiration. '

Measurement of the scattered flux, bS(0), requires that
one distinguish between counts due to scattering in the
target cell and background counts arising from other
sources such as scattering from the background gas,
scattering from the apertures, and random detector noise.
This is accomplished by accumulating data with and
without gas in the target cell. ES(0) is given by the
difference between these two signals as long as the pres-
ence of the target gas has a negligible effect on the back-
grounds. Measurements at several values of target cell
pressure yielded essentially identical differential cross-
section data. One concludes, therefore, that the presence
of target gas did not have a significant effect on back-
ground count rates.

Data are typically accumulated until the statistical un-

certainty in the signal at a representative angle is less than
10%. At primary beam count rates which range from ten

per second to several hundred per second, this takes be-

tween 20 minutes and a few hours.
Absolute determination of bS (0) would require

knowledge of the detection efficiency for scattered parti-
cles. However, since the cross section depends on the ra-
tio b,S(8)/S, this efficiency need not be known if one can
ensure that the scattered particles are detected with the
same efficiency as primary beam particles. While the
PSD efficiency is, in general, somewhat dependent on the
local count rate, it is possible to equalize the detection ef-
ficiencies for primary and scattered particles to within a
few percent by careful selection of the PSD operating
voltage. This involves measurement of the relative detec-
tion efficiency as a function of PSD operating voltage for
both diffuse and localized He+ beams of appropriate in-

tensity, a procedure we carry out each time cross sections
are measured. '

Since the dark current of the detector is negligible in

comparison with the primary beam flux, the gas-out data
provide a measure of the primary flux 5. The statistical
center of the gas-out distribution is computed to establish
the coordinate origin for measurement of scattering an-
gles.

Cross sections are calculated by organizing the 90&90
data array into concentric rings whose width (equal to two
array bins) is chosen subject to the competing demands of
good angular resolution and an acceptable rate of data ac-
cumulation per ring. Counts registered in the ith ring are
assigned to the angle 0; which is the average of the angles
corresponding to the inner and outer radii of the ring.
The angles 8; are known to within +(0.030;+0.002') de-
grees, reflecting the uncertainties in PSD calibration, the
distance from target cell to detector, and location of beam
center. However, one is interested not only in the value of
0;, but in the range 60 of physical scattering angles that
contribute to the signal at 0; due to various properties of
the apparatus that degrade the resolution. The most im-
portant of these properties in the present experiment (and
the associated values of b,8) are the nonzero angular width
of the primary beam (0.008 ), the discrete nature of the
analysis rings (0.008'—0.03', depending on the bin size
used), and electronic errors in the detector's position-
encoding circuitry (60 variable). While the first two fac-
tors are straightforward, the third has some subtle conse-
quences to the nature of the PSD output pulse-height
spectrum.

The PSD spatial resolution is related to the size of the
electron pulse impinging on the resistive anode. This
phenomenon has been studied with use of a single channel
analyzer (SCA) to record the contributions to the electron-
ic image of the primary beam from different portions of
the pulse-height spectrum. In general, we find that the
largest pulses provide good signal-to-noise ratio for the
position-encoding electronics and result in accurate posi-
tion data, but the smallest pulses (amounting to a few per-
cent of the total counts) may be registered as much as
1000 pm outside the geometrically-limited impact region.
The details of the distribution depend on operating condi-
tions: the problem is accentuated by high local count
rates and by low PSD operating voltage, both of which in-
crease the relative number of small output pulses. Under
conditions appropriate to the collection of data for 0.5
keV collisions, we find that 95% of the counts are record-
ed with an error less than 0.016, 3% with an error be-
tween 0.016 and 0.032', and the remaining 2% are distri-
buted out to 0.05 . The relatively inaccurate position as-
signment for so few particles clearly does not constitute a
serious loss of angular resolution per se; it does, however,
interfere with measurement of the scattered signal at the
smallest angles (0&0.05 ), where spurious primary beam
counts increase the apparent diameter of the primary
beam. These counts can be eliminated (and the angular
resolution enhanced) by using the SCA to reject the small
pulses, but one cannot obtain absolute cross sections us-
ing the SCA since the pulse-height distributions for pri-
mary and scattered particles are not the same, resulting in
different detection efficiencies for primary and scattered
particles when a limited range of the pulse-height spec-
trum is sampled. Therefore, our procedure for measuring
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cross sections below 0.05' is to obtain relative data using
the SCA, and to then normalize these by a least-squares
procedure to the absolute data at angles greater than 0.05,
where the effects of the spurious primary beam counts are
negligible. In principle, the resolution of the experiment
is also influenced by the length of the target cell, the beam

divergence, and thermal motion of the (room temperature)
target, but these factors are not significant relative to the
beam size, ring size, and the position-encoding errors.

RESULTS
Cross sections have been determined at laboratory-

frame collision energies of 0.5, 1.5, and 5.0 keV, and the

TABLE I. Laboratory frame differential cross sections, do.(I9)/dQ, for He+ He collisions, where E
is the projectile energy. Uncertainty in 0 is +{0.030+0.002 ). Numbers in square brackets represent
power of ten.

d~(0)
dA

(A /steradian)

0.018
0.026
0.033
0.040
0.048
0.055
0.062
0.070
0.077
0.085
0.092
0.099
0.107
0.114
0.121
0.129
0.136
0.143
0.151
0.158
0.165
0.173
0.180
0.187
0.195
0.202
0.206
0.213
0.228
0.243
0.252
0.257
0.272
0.287
0.298
0.301
0.316
0.331
0.344
0.360
0.375
0.390
0.404
0.419
0.434
0.448
0.463
0.481

E =0.5 keV

1.84+0.28 [06]
1.60+0.23 [06]
1.40+0. 19 [06]
1.21+0.16 [06]
9.76+1.37 [05]
8.54+0.69 [05]
7.12+0.58 [05]
5.58+0.45 [05]
4.22+0. 32 [05]
3.31+0.27 [05]
2.54+0.21 [05]
1.84+0. 15 [05]
1.37+0.11 [05]
9.40+0.76 [04]
7.59+0.62 [04]
5.83+0.47 [04]
5.01+0.42 [04]
4.86+0.40 [04]
4.30+0.37 [04]
4.55+0.39 [04]
4.02+0.36 [04]
4.08+0.36 [04]
4.50+0.38 [04]
4.19+0.38 [04]
3.96+0.38 [04]
3.36+0.38 [04]

3.03+0.25 [04]
2.47+0.20 [04]
2.10+0.17 [04]

1.85+0. 15 [04]
1.62+0. 13 [04]
1.55+0. 13 [04]

1.43+0. 12 [04]
1.37+0. 11 [04]
1.15+0.09 [04]
1.05+0.09 [04]
8.87+0.72 [03]
8.33+0.68 [03]
8.26+0.68 [03]
6.88+0.58 [03]
6.48+0.56 [03]
6.59+0.56 [03]
5.71+0.50 [03]
5.30+0.48 [03)

E =1.5 keV

2.98+0.36 [06]
2.76+0.31 [06]
2.05+0.23 [06]
1.72+0.20 [06]
1.19+0.14 [06]
7.32+0.59 [05]
5.03+0.41 [05]
3.27+0.27 [05]
2.13+0.18 [05]
1.51+0.13 [05)
1.26+0. 11 [05]
1.02+0.09 [05]
9.11+0.80 [04]
9.18+0.80 [04]
8.28+0.72 [04]
7.20+0.63 [04]
6.76+0.59 [04]
5.39+0.48 [04]
4.96+0.45 [04]
4.55+0.42 [04]
4.19+0.39 [04]
3.81+0.38 [04]
3.51+0.37 [04]
2.99+0.35 [04]
2.78+0.35 [04]
2.79+0.39 [04]
2.56+0.20 [04]

1.61+0.13 [04]

1.17+0.09 [04]

8.53+0.68 [03]

6.79+0.54 [03]

5.01+0.40 [03]

4.19+0.34 [03]

2.18+0.19 [04]

1.63+0.14 [04]

1.16+0.I I [o4]

8.75+0.83 [o3]

6.08+0.62 [03]

5.64+0.56 [03]

E =5.0 keV

4.19+0.44 [06]
2.68+0.29 [06]
1.32+0. 15 [06]
8.54+1.02 [05]
4.12+0.59 [05]
3.50+0.30 [05]
2.76+0.24 [05]
2.45+0.21 [05]
1.9020. 17 [05]
1.60+0. 14 [05]
1.35+0. 12 [05]
1.14+0.10 [05]
9.48+0.87 [04]
8.14+0.63 [04]
8.03+0.74 [04]
6.62+0.63 [04]
5.9420.58 [04]
5.34+0.56 [04]
5.04+0.52 [04]
4.75+0.48 [04]
4.41+0.46 [04]
3.54+0.40 [04]
3.19+0.36 [04]
3.06+0.38 [04]
2.63+0.41 [04]
2.72+0.43 [04]
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TABLE II. Experimental uncertainties.

Experimental quantity

Scattered signal, AS(0)
counting statistics
PSD operating point

Primary beam flux S

Density n

Pressure measurement and drift
Thermal transpiration correction

Target cell length L

Solid Angle hA
PSD calibration
TC-PSD distance

Uncertainty contributed
to do.(0)/dB

3—15%
4%%uo

3%

2%
2%%uo

2%

4%
2%

Normalization of data for 0&0.05' 5%
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FIG. 2. Differential cross sections for He+ He scattering at
a projectile energy of 0.5 keV. +, present results; +, Newman
et al. (Ref. II).

results are given in Table I. Factors which contribute to
the experimental uncertainties are summarized in Table
II.

The majority of the experimental effort has been devot-
ed to the 0.5-keV case since, for a fixed range of scattering
angles, it probes the largest values of internuclear separa-
tion. These data are plotted in Fig. 2 together with the
data of Newman et al. ,

' which were obtained indepen-
dently in this laboratory with a different apparatus and
PSD. The consistency of the two sets of measurements is
evident. Previous results for small-angle He+ He scatter-
ing were reported by Leonas and Sermyagin, who mea-
sured relative differential cross sections at a resolution
roughly an order of magnitude lower than that of the
present experiment.

The behavior of the cross section below 0.2' is of partic-
ular interest. Whereas the classical differential cross sec-
tion rises monotonically and diverges as 0 approaches 0,
the actual quantum behavior exhibits an undulating struc-
ture superimposed on the classical cross section and a lev-

cling off which varies as e ' at small angles. Such
behavior was predicted theoretically for model poten-
tials ' and observed in thermal energy alkali-
metal —mercury and alkali-metal —rare-gas collisions" in
the early 1960's. It is referred to as the forward diffrac-
tion peak and is understood as arising from interference
over a broad range of impact parameters associated with
weak deflections from the tail of the potential. ' ' This
contrasts with the behavior of rainbow or glory scattering,
which are associated with a few particular impact param-
eters. When observed as a function of energy, a given un-
dulation feature (the first minimum, for example) behaves
analogously to optical diffraction from a disk, moving to
smaller angles as the de Broglie wavelength decreases.
Beier has utilized this analogy to relate the undulation
characteristics to potential parameters in the case of a
screened Coulomb interaction.

Depending on the collision energy and the potentials in-
volved, the diffraction peak can be characteristic of either
the attractive or the repulsive part of the potential.
Partial-wave calculations indicate that the influence of the
weak He-He van der Waals attraction is negligible in the
present experiment.

The differential cross section is expressed quantum
mechanically as the square of a complex scattering ampli-
tude f (P) which is given by the partial-wave summation
formula

f (P) = g (21 + 1)P~(cosg)(e ' —1),
2ik I o

(2)

where P is the scattering angle in the center-of-mass
frame, k is the wave number, 6I is the phase shift of the
1th partial wave, and PI(cosg) is the lth Legendre polyno-
mial. We have calculated cross sections from Eq. (2), us-

ing phase shifts derived from various proposed forms of
the He-He interaction potential, for comparison with the
experimental cross sections. Details of the computations
are outlined in the Appendix.

Heretofore, information about the He-He interaction
has been pieced together from a diverse combination of
scattering experiments, dilute-gas transport experiments,
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17); ——,Ceperley and Partridge (Ref. 18).

and theory. ' Recent attention in the literature has
focused on the lower repulsive wall at internuclear separa-
tions less than 1.8 A, where the potential rises above the
0.1-eV level. In this region the results of high-
temperature transport experiments' point to a more
steeply rising potential than do scattering measurements
of integral cross sections. ' Of the many potentials
which could be investigated, two analytic forms which
provide a convenient characterization of this situation are
the potentials proposed by Aziz et al. ' and by Ceperley
and Partridge. ' The potential of Aziz et al. has an at-
tractive well consistent with a large body of thermal ener-

gy data and a steep repulsive wall consistent with the
high-temperature (2500 K) measurements of thermal con-
ductivity by Jody et al. ' Ceperley and Partridge have
proposed a composite potential based on ab initio quan-
tum Monte Carlo calculations and an extrapolation to
larger r. This potential follows Aziz et al. for r &1.828
A, but at smaller r it agrees more closely with results of
Feltgen et al. and Foreman et al. ,

' who obtained poten-
tials by inverting integral cross-section data. This infor-
mation is presented graphically in Fig. 3 ~

Theoretical differential cross sections for these poten-
tials (transformed to the lab frame) are plotted in Fig. 4(a)
along with the 0.5-keV experimental results. In general,
the agreement in both shape and magnitude of the cross
sections is excellent, and we emphasize that this compar-
ison includes no adjustable parameters. At angles less
than 0.1', the predictions are almost identical (since the
potentials are identical for r & 1.828 A) and lie within the
experimental uncertainty of the data. At angles greater
than 0.1, the steeper nature of the Aziz et al. potential
yields larger amplitude undulations than are observed ex-
perimentally and slightly lower values of the cross section.
The prediction based on the Ceperley and Partridge poten-
tial lies within the uncertainty of the data throughout al-
most the entire angular range of the experiment. We have
also carried out calculations using the exponential poten-
tial of Foreman et ai. extrapolated to larger r. The re-
sults exhibit a slightly weaker undulation between 0.1' and
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FIG. 4. (a) Comparison of experimental and theoretical dif-
ferential cross sections at a projectile energy of 0.5 keV. Poten-
tials used for the theoretical cross sections: —- - —,Aziz et al.
(Ref. 17); and ———,Ceperley and Partridge (Ref. 18). (b) En-
larged view of the region between 0.08' and 0.2 .

0.2 than do the data, but are otherwise in excellent agree-
ment with the experimental results. Our data are thus
consistent with the less steeply rising of the He-He poten-
tials in Fig. 3.

Since the structure in the data occurs over a range of
angles which is large in comparison with the resolution of
the experiment, the finite resolution of the apparatus
should not be a significant factor in the comparison of
theory and experiment. To verify this quantitatively, we
calculated the convolution of the theoretical cross sections
with a well-characterized apparatus function which ac-
counts for the averaging due to the discrete rings, the
beam size, and the spatial distribution of PSD pulses. The
predictions with averaging differ negligibly from those
without.

The range of the He-He potential probed by these data
can be estimated in several ways. Calculation of a classi-
cal deflection function from the 0.5-keV phase shifts indi-
cates that the experimental scattering angles correspond to
impact parameters in the range 1.2—2.0 A. It can also be
noted that the 0.5-keV partial-wave series essentially con-
verges at l = 1000, which translates into an impact pararn-
eter of 2.04 A. Finally, empirical tests show that the
cross-section predictions are insensitive to the behavior of
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0

the potential for r & 2 A. For example, a purely repulsive
exponential extrapolation of the Ceperley and Partridge
potential at larger r yields calculated cross sections almost
identical to those obtained from their extrapolation that
follows the attractive well of Aziz et al.

Experimental data for the collision energies of 1.5 and
5.0 keV appear in Figs. 5 and 6, together with the partial-
wave calculations based on the Ceperley and Partridge po-
tential. The agreement between experiment and theory is
generally very good except at the largest angles in the
5.0-keV data. Here the observed cross section deviates
from the single-channel elastic scattering calculation. The
onset of this behavior at an energy-angle product EO of 2
keVdeg is consistent with previous observations at 1ower
energies and correspond to the opening of inelastic chan-
nels at internuclear separations of approximately 0.5

20—22

CONCLUSION

7
IO -[ I I I I I I I I I I I I I I»
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FIG. 6. Differential cross sections at a projectile energy of
5.0 keV. +, experimental results; ———,theoretical predic-
tion using the potential of Ref. 19.

This experiment demonstrates the capability for the ac-
curate measurement of differential cross sections for fast-
beam scattering at very sma11 angles. The technique
should be a fruitful one for probing the long-range in-
teraction potentials in a wide variety of atomic and molec-
ular systems.
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or kb(~I2——rpIb+I—I ) (A 1)

where b =(l + —, )Ik is the classical impact parameter, rp
is the associated turning point, and I& is the integral

1/2
1 b2

Ii ——— 1— —1 dr
b ro ~2

V(r)
T

(A2)

in which T represents the center-of-mass frame collision
energy. In the limit of large l the phase shifts become
small and can be obtained using the Jeffreys-Born (JB) ap-
proximation

APPENDIX: PARTIAL-WA VE
PHASE-SHIFT CALCULATIONS

~l J
JB —k r

" V(r) dr=— I2 .
—k

J 6 ( 1 b2Ir2)1/2 (A3)

Phase shifts needed for the evaluation of Eq. (2) were
obtained using the semiclassical 3WKB approximation in
the form

V(rp Iz)
T

b+ Z'
rp

I& was evaluated using a five-panel Gauss-Legendre
quadrature of order n =16 on the transformed integral

10

10

I I I I I I I I I I I I I I- V(rpIz)
T

b+
70

Z2

1/2 Z2

(A4)

Aloa

IO

C3b

IO

IO
O.OI O, I

LAB ANGLE (deg)

where z =(rplr). Results were also obtained at n =8 and
n =24. In all cases the n =16 and n =24 results were
identical to five figures. As an additional independent
check, we compared phase shifts obtained using Eq. (A4)
with results obtained by the method of Kennedy and
Smith. Agreement for small values of l was excellent; at
large 1 the phase shifts we obtained using (6) agreed more
closely with the Jeffreys-Born results. We therefore em-
ployed our (slower) method where JWKB phase shifts
were used.

The integral I2 was cast in the form
FKJ. 5. Differential cross sections at a projectile energy of

1.5 keV. +, experimental results; ———theoretical predic-
tion using the potential of Ref. 19.

V(bIz)
J P z2(1 2)1/2 (A5)
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where z = (b lr), and evaluated by Gauss-Chebyshev
quadratures of successively higher order (up to n =64)
until convergence of 6I to within 0.1%%uo was obtained.
The numerical method was checked by verifying that
phase shifts obtained using Eq. (A5) for a screened
Coulomb potential agreed with known closed-form re-
sults. '

Our initial procedure was to use 5I up to sufficient-
ly large I such that 5I and 61 differed by less than
0.005 radians, and then use 6~ up to a value I,„equal to
2000 at 0.5 keV, 3000 at 1.5 keV, and 4000 at 5.0 keV. At

these limits the phase shifts had decreased to a magnitude
smaller than 0.0005 radians and convergence of the cross
sections to four significant figures was generally obtained.
In practice we found that the small-angle cross sections
obtained by this procedure were identical to those ob-
tained using the Jeffreys-Born approximation for all I,
confirming an assumption made by other authors in simi-
lar circumstances. ' In the results reported here, JWKB
phase shifts were used for the Ceperley and Partridge po-
tential at 0.5 and 5.0 keV. In the other cases the JB phase
shifts alone were used.
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