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Retardation effects in radiative electron capture
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Three-particle radiative electron-capture cross sections with retardation are calculated within the
nonrelativistic treatment. The formalism is carried out in the laboratory frame. It is found that the
center of mass genuinely radiates, and it plays an important role in restoring the backward-forward
symmetry for angular distributions. Comparison with experiments are made. The formalism also
describes the nonrelativistic Doppler effect which shifts and spreads the photon energy distributions.
Total, single-, and double-differential cross sections are reported, and comparisons with the dipole
approximation are presented. The range of validity of the results obtained is discussed.

I. INTRODUCTION

Single radiative electron capture (REC) is a collision
process in which an impinging projectile captures an elec-
tron from a given target atom, and a photon is emitted.
Here we shall differentiate it from recombination, where
the electron is initially free. In REC at least three parti-
cles are involved [namely, projectile (P), target ( T), and
electron (e)], while in recombination only two particles
play a role (say, P and e). The two processes are closely
related.

Single-differential and total cross sections were reported
by using several approximations. ' In most of the cases
the dipole approximation was assumed, which consists of
considering that the emitted photon has energy but not
momentum. This assumption is fully justified for small
impact velocities, but not for large ones. For example, for
REC proton-hydrogen collisions, the relevant photon en-
ergies m are found to be around u; /2, where u; is the ion
velocity, and the photon momentum is k =co/c =0.5u; /c.
Therefore, for impinging velocities larger than 17 (that is
7 MeV/amu), we have k & 1, and the photon momentum
should not be neglected. Atomic units are used except
where otherwise indicated.

The dipole approximation leads to the well-known pho-
ton angular distribution: 3+Bsin 0, where 0 is the pho-
ton angle with respect to the incident beam. For recom-
bination A =0 (Ref. 6), while for REC A ~0 as v; ~ao.
When u;/c «1, such an angular distribution holds in the
center of mass as well as in the laboratory frame, giving
rise to a forward-backward symmetry.

As the impinging velocity increases, three kinds of ef-
fects come into existence, namely, aberration, Doppler ef-
fect, and retardation. The first one arises from the
Lorentz transformation of angles from the center of mass
to the laboratory frame, the second one from the corre-
sponding transformation of photon energies, and the third
one considers the photon momentum.

If the calculation is carried out in the center of mass
with the dipole approximation, the aberration shifts the

distribution to the forward direction in the laboratory
frame. Some experimental evidence seemed to agree with
such a shape (in contrast with a previous work ). In a
subsequent paper Spindler et al. ' noted that retardation
effects (which are known to provide backward distribu-
tions in the center of mass) cancel the Lorentz transfor-
mation to restore the sin 0 behavior in the laboratory
frame. The experiments were found to exhibit forward-
backward symmetry, ' in agreement with their theoretical
predictions. More recently, Anholt et al. " have found
experimental evidence of symmetry even at relativistic ve-
locities and high Zz ions. They have also shown theoreti-
cal calculations' using a relativistic approach, which
agree with the data to within 6%.

In our opinion the models used so far were constructed
with different corrections, and they are not derived from a
formal and unique approach as one would like. In the
present work we present a rigorous formalism to treat
both recombination and REC processes within the nonre-
lativistic approximation, considering only the photon
momentum.

In Sec. II we shall begin analyzing the recombination
process, where the method outlined by Shakeshaft and
Spruch' will be followed. We briefly discuss some as-
pects of formal theory. We want to remark here that the
nonrelativistic Doppler effect is naturally attained after
integrating on the final density of states, including the
center of mass. Angular distributions and total cross sec-
tions are calculated, and comparisons with the dipole ap-
proximation are made. As we shall see, when retardation
effects are taken into account, the center of mass can
genuinely radiate. It plays an important role at the level
of differential cross sections restoring the sin 8-type
behavior, for u;/c & 0.5, in the frame where the electron is
at rest. Comparisons with experimental data are present-
ed.

In Sec. III we analyze the three-particle REC with the
same criteria. A formalism recently developed by our-
selves' is followed. The problem is more difficult to han-
dle, due to the additional projectile angular distribution,
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II. RECOMBINATION: TWO-PARTICLE MODEL

REC can be regarded, at high projectile velocities, as a
binary e-P radiative recombination, independent of the
nucleus target. The present section deals with recombina-
tion with retardation. In order to make a direct compar-
ison with REC experiments (where the target atom is at
rest), we shall consider the electron at rest in the laborato-
ry frame, and the projectile coming in. The process, as
well as the radiating field, will be described in the labora-
tory frame

A. Shakeshaft-Spruch model

The matter-radiation interaction for spontaneous emis-
sion is given by'

A t=iAoAt exp( —ik X)(BV„+bV„), (2.1)

not present in recombination. In order to make the corre-
sponding calculations, we have resorted to the exact im-
pulse approximation wave function to describe the initial
state, and the unperturbed wave function one as the final
state. The reason for this is twofold. First, these wave
functions are off-shell orthogonal, and this condition is
necessary to avoid spurious radiation of the center of mass
in the dipole limit. ' And second, the impulse approxima-
tion contains the P-e continuum state which fully de-
scribes the recombination.

In Sec. IV we present REC results with retardation for
proton-hydrogen collisions. Energy distributions and to-
tal cross sections are presented. We find the recombina-
tion model gives a good account of REC, at the level of
angular distributions, for high impinging velocities. At
the level of energy distributions we find dramatic changes
when compared with the dipole approximation, due main-
ly to the Doppler effect. At very high projectile velocities,
retardation effects introduce small corrections to the total
cross section, giving rise to an unexpected difference be-
tween REC and recombination models.

HI' =Aors. I (U;/Mz)(q&f
~

exp( —ik r)
~
y;),

'Ao~t'(yf
I

exp( i—k r)V
I

V' ) .

(2.6)

(2.7)

To derive these expressions, we have used the orthogonali-
ty property of the quantum electron states, i.e.,
( pf i p; ) =0, and considered a heavy impinging projec-
tile, i.e., Mp z )QM, =1.

In the dipole approximation k =0, the center of mass
does not recoil, and therefore it cannot radiate. This can
be seen from Eq. (2.6) since pf and p; are orthogonal, and
so Ht' =0 (Ref. 13). When retardation effects are in-
cluded, the center of mass does recoil, to take into account
the photon momentum, and so Hi'™&0.The larger the
projectile velocity is, the larger k is, and then the more
relevant such a term will be. We anticipate that it plays
an important role in the high-velocity limit. HI' de-
pends on

(U;/M2)=v, (2.8)

v, being the velocity of the center of mass with respect
to the observer. In particular, if the observer were in the
center-of-mass system (i.e. on the projectile due to the fact
that it is heavy), this term is null. As mentioned before,
we described the collision in the laboratory frame; then
v, =v;, where v; is the projectile velocity.

In particular for recombination, we have

y;(r) =g+(Zp, —v
i
r), (2.9)

where g+(Z, v) is the continuum state of the electron in
the field of a Coulomb charge Z, with velocity v, and yf
is the final bound state. In the present calculation we
have considered just the Is ground state. Using Eq. (2.9)
in Eqs. (2.6) and (2.7), we obtain Nordsieck-type integrals,
which can be expressed in closed form. The same view
point makes a simple extension of Eqs. (2.4)—(2.7) to
bremsstrahlung and photoelectric processes possible.

where Ao ——1/(2~~co), A, t is the unit polarization vector,
X is the center-of-mass coordinate, r is the relative coor-
dinate,

B. Comments on the formal theory

The probability of transition per unit time is here given
by

B= [Zp exp(ik r/M2) —e.xp( ik rMp—/M2. )]/M2,

(2.2)

2

=2n5(E, Ef)5 (Ug —Uf ——k) g ~
(Ht)g;

~
dUfdk,

l=1

b = —(Zp/Mp )[ exp(i k r/M2 ) —.exp( i k-rMp/M2 )]—
(2.3) where

(2.10)

(A i )f( —5(U; —Uf —k)(Hj )ft (2 4)

where U; and Uf are initial and final moments of the
center of mass,

2Hc. m. +2HE (2.5)

ZJ and MJ are the charge and mass of the particle j
(j =P, T,e), and M2 is the total mass of the two interact-
ing particles: M2 ——Mz+ 1.

The matrix element of the matter-radiation interaction
reads

l l f
2M2 2 '

2M2
(2.11)

The relation between (A i)f; and (Hi)f; in Eq. (2.4) is
similar to the one between the transition matrix and its re-
duced form (see, for example, Ref. 15 or 16). Therefore
the handling of the 5 in Eq. (2.10) follows the same treat-
ment as in the formal theory of scattering. First, the use
of wave packets removes one 5(U; —Uf —k) after in-
tegrating over the corresponding amplitudes. ' Dividing
by the relative flux, and integrating on the final density of
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states, we find that the differential cross section is given
by

do2 (2rr)
d& c3v; f doors dUfo(E( Ef—)6(U; —Uf —k)

5~10

1111 1111111
—V. =15

I

11111111 111 I I I I I

V(- 30

(2.12)

1x10

(2'�) 00

deil ci) 5(rv —cvL p)fc v; i
1 —Pcos0i

&& g I «% & fi ~
I

' (2 13) —V =60
I

V =90
0

where

U; /2 —Cf
2

1 PcosO—
(2.14) 5x]0

]) 1Q

p=v, /c, and Ef is the final binding energy. To derive Eq.
(2.14) we have neglected terms of order k /M2. By in-
tegrating Eq. (2.13) we finally arrive at

2

~

&~c ~.+&H &
~

2

dQ c3v, (1 —. Pcos0) t
90 90

0
180

(2.15)

where all the quantities are now evaluated on the energy
and momentum shell, i.e., with col 2 and k =coL 2/e.

C. Discussions and results

To deal with the calculation of photon distributions, we
have two alternatives: either the usual one' —to perform
the calculation in the center of mass frame and then to
transform to the laboratory frame by imposing aberration
and the Doppler shift; or, as in our case, to directly per-
form the calculation in the laboratory frame. In this case
the only use of retardation induces the radiation of the
center of mass, and the correction to the photon energy,
Eq. (2.14), can be certainly understood as the Doppler
correction of the first alternative. Both ways should be
equivalent to order p, but not to p and higher order. '

Photon angular distributions for the simple collision
H++e~H(ls)+rv are displayed in Fig. 1 for four imp-
inging velocities. Up to velocities as large as 60 (near
100-MeV protons), the shapes are very closed to sin 0.
The single results are also plotted in dashed and dotted
lines, denoted with EB (electron bremsstrahlung) and
CMB (center-of-mass bremsstrahlung), respectively. Note
the EB term alone tends, as U~oo, to give a backward
distribution, while the CMB interferes to restore a
backward-forward symmetry. The range of validity of
our nonrelativistic theory would be established for, say,
U; &c/2=68. In all this range, distributions peak very
near 90"s. At U; =90, well out of the range of validity of
nonrelativistic theory, the results present two separate
peaks. We have calculated forward-backward ratios for
sulfur and oxygen ions impinging on stationary electrons,
and the ratios agree with the measurements within the ex-
perimental errors (see Table 1 Ref. 10).

In order to test our model to the limit, we have calcu-
lated the process

Xe ++e ~Xe' +( ls) + rv (2.16)

at 197 MeV/u. The impinging velocity is 77
[y=1/(1 —P )'~ =1.2], and therefore the nonrelativistic
theory is rather out of the range of validity (also the Xe
charge is high and the electron wave function should be
described by a proper relativistic treatment). Calculations
are shown in Fig. 2 and compared with the experiments of
capture from beryllium. Results were normalized to the
data, and this factor is related to vacancy number. " Our
theoretical results peak at 85', and account for the shape
quite well. Here the term H~' is very relevant to restor-
ing the sin 0-type shape, since the term HE alone peaks
at 115'.

Figure 3 displays ratios of total cross sections to the
recombination with the dipole approximation. Note the
departure from the well-know v; behavior. That overes-
timation is due to the CMB, which is the dominant term
in the limit.

&u& (deg )

FIG. 1. Photon angular distributions for the recombination
H++e ~H(1s)+co for four impinging proton velocities. Cross
sections are calculated in the laboratory frame where the elec-
tron is initially at rest. Notation: 0„ is the angle of emission of
the photon, Rr represents recombination with retardation, EB
and CMB represent the electron and center-of-mass bremsstrah-
lung partial results, respectively [see Eq. (2.5)]. Note the nonre-
lativistic formalism is not valid for U; =90.
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III. RADIATIVE ELECTRON CAPTURE:
THREE-PARTICLE MODEL

The extension to the three-particle system of the Shake-
shaft and Spruch model has been derived in Sec. 2 of Ref.
14. Wave functions for such systems are not exactly
known, and here we shall resort to the exact impulse ap-
proximation to describe the initial channel [see Eq. (A2)
Ref. 14] and the nonperturbed for the final one [see Eq.
(A3) of Ref. 14]. The wave functions are off-shell orthog-
onal as the exact ones are, and so no spurious radiation is
expected in the dipole approximation limit.

When k is retained and MT p ~~1, we have obtained
after algebra similar to that of Sec. II, the following ex-
pression for the fivefold differential cross section:

2 2

dAdcodQ, '

(3.1)

where dA' is the differential solid angle of the projectile,
v3 is the ion-target reduced mass. M3 =MT +3fp + 1,

0
30 60 90

e„(deg )

I-
I I t

120 150 180

FIG. 2. Photon angular distribution for the recombination
Xe + +e ~Xe +

( 1s ) +co calculated in the center of mass
where the electron is initially at rest. The colliding velocity is 77
(in atomic units). Theory as in Fig. 1, and experiments from
Anholt et al. (Ref. 11) corresponding to Xe (197 MeV/u) imp-

inging on beryllium.
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where y; is the Fourier transform of the initial electronic
state on the target, cd is the final state on the projectile,
and the momentum transfers are given by

W'T =WT + (MT /M3 )k, Wp =Wp —(MT /M3 )k

C) 1.0—
CL

0.8

0.6

Rr REC cI—

WT ——K; —p TKf Wp =Ef' —ppK;,
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FIG. 3. Ratios of total cross sections to recombination with
dipole approximation (Rd) for H++ e ~H(1s)+ co as a function
of the proton velocity. Results were carried out in the laborato-
ry ramr frame where the electron is initially at rest. Notation: Rr
represents recombination for H+-e with retardation, RECd
represents radiative electron capture
H++H(ls)~H(1s)+H++co with the dipole approximation,
RECr represents radiative electron capture as before with retar-
dation.

(3.7)

Wz„——K; sin&' cosy'+ (MT /M3 )k sin8,

8'zz ——K; sinO' since',

1 —fI cosOW', = W'T .v = — (co —coL 3),Tz Tz l
1

(3.&)

(3.9)

(3.10)

WT+ 8 p ——WT+Wp ——v;,
where K; is the initial momentum of the projectile, Kf is
the momentum of the final atom with respect to the resi-
dual target, and p, p and pT are the (P e) and the (T e) re---
duced masses. From energy and momentum conservation,
the components of W'T are found to be
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v; /2 —cf +c;
( 1 —/3 cosO)

(3.11)
-12

10

I I 1 1 I

where s; is the binding energy of the initial electronic
state, and g' denotes the polar and azimuthal angles of
Kf with respect to the plane formed by the ion velocity
and the photon momentum. From the previous equations
we obtain the dipole approximation by setting k =0 and
consequently /3=0. Equations (3.2)—(3.4) can be put in
closed form by using the Nordsieck technique.

One important point is that now we have three terms
instead of two as in recombination [compare Eq. (3.1)
with (2.15)]. The third term, Eq. (3.4), clearly involves the
electron bremsstrahlung, and the other two inherit the
center-of-mass term of the two-particle system in propor-
tions depending on the masses.

Three-particle REC has been considered as a binary P-e
recombination weighted with the corresponding Compton
profile (see, for example, Ref. 18). After some algebra
here we have found the equivalent relation is

10 —
/

cf

V'; =30

&i =45

—]5
10

REC

100
I

200

(a.u.)

I I 1 l

500 &000

FIG. 4. Single-differential cross sections for H+ +H( 1s )

~H(1s)+ H++ co for three impinging velocities as a function of
the photon energy. Notation as in Fig. 2.

d 0'3

dA, dcodQ' v;

(3.12)

K; (1 /3cos8—)
~

y;(W'r )
~

doq(v; —WT)
(2m. )' dO,

We have faced this task to find out the changes to the di-
pole approximation introduced by retardation effects.

REC cross sections with retardation for the process

d o.3 d W'T d o.q( v; —W'T )

dQ (2~)' ' dQ
(3.13)

As v; increases, the next steps to follow would be factoriz-
ing out the recombination differential cross section
(evaluated at U), and integrating the Compton profile. If
this is possible, that equivalence would be achieved. Such
steps are valid within the dipole approximation but not
when retardation effects are retained. We anticipate that
REC and recombination total cross sections are not equal
for v; ~ c/2 because of the photon momentum.

IV. RESULTS

Four-dimensional integrals were numerically performed
to obtain total cross sections, i.e., on y', 0', co, and 0. Ap-
proximately 2.5&(10 pivots were used, and the total cal-
culation took few hours on our PDP 11/44 minicomputer.

v; —W'T now replaces the e-P relative velocity. Equation
(3.12) presents a peak around WT ——0 and shaped by
y;(WT). When integrated on dQ', the photon energy
spectrum is found to be a profile placed when WT, ——0,
i.e., around co =col 3 [Eq. (3.11)], differing from two-
particle position coLz [Eq. (2.14)] in the initial binding en-

ergy.
We want to mention that Eq. (3.12) is a consequence of

the wave function used. For example, if unperturbed
wave functions were used, the first-order Born approxi-
mation to do.z/dA would be obtained instead. Further, if
the internuclear interaction is considered, a simple expres-
sion in terms of recombination is no longer possible.

Finally we discuss the equivalence of REC and recom-
bination total cross sections with retardation. From Eq.
(3.12) the photon angular distribution is found to be

H++H(ls)~H(ls)+H++co

are displayed in Figs. 3—5. The notation follows this pa-

1 I I I I I I[[ i & t I I I I

4 +~=45
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8—

CO 6—
3
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+~ = 90~

l35o
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i i t-.. i I I I l I I l

500 600
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FIG. 5. Double-differential cross sections for H++H(1s)
~H(1s)+H++co for three different photon angles to the beam,
as a function of the photon energy. The proton velocity is 30 in
atomic units. Notation as in Fig. 2. At 90', RECd coincides
with RECr.
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per; capital letters R and REC denote recombination and
radiative electron capture, while the small ones d and r
denote dipole approximation and retardation, respectively.

Total cross sections are shown in Fig. 3 ~ Of course, at
small velocities REC largely differs from recombination,
but in this case retardation corrections are not needed.
Up to velocities near c/2, REC results are very close to
recombination. However for v; &c/2, it is interesting to
note the increasing difference between them. Such a
difference can be adjudicated to the transverse momenta
of the initial electronic distribution occurring in REC but
not in recombination. One question now arises: does the
equivalence, at the level of total cross section, of recom-
bination and REC processes hold within a proper relativ-
istic calculation for v; —+c?

In general, retardation introduces meaningful correc-
tions to differential cross sections since it gives terms
linear in p. But for total cross sections the linear terms
vanish in the corresponding integrations and the retarda-
tion leaves only a correction of order p (see Ref. 6, p.
311). As indicated by Shakeshaft and Spruch, ' the total
cross section is Galilean invariant only to order p, there-
fore corrections of order p introduced by the retardation
are inconsistent with a proper relativistic calculation.

Photon angular distributions for REC were found to be
similar to the ones of recombination shown in Fig. 1.

Small deviations are found at very small and very large
angles which make the difference of total cross sections at
very high projectile velocities (see Fig. 3).

Photon energy distributions are shown in Fig. 4 for
three different proton velocities. Retardation introduces
dramatic changes in energy distributions, spilling the
well-pronounced peak given by the dipole approximation.
Note that the integrated values are the same, since there is
not an appreciable difference for total cross sections.

This fact can be explained in terms of the Doppler ef-
fect, as shown in Fig. 5. It shows double-differential cross
sections for three photon angles at v;=30. Here we can
see the Doppler shift is much larger than the "normal"
width. In this way the spreading seen in Fig. 4 can be
mainly attributed to Doppler broadening. Coincidently,
at 90 to the beam where most of the experimental energy
distributions are carried out, retardation effects vanish.
When considering other photon angles, one finds not only
that shift but a substantial change of the shape of the pro-
file. For example, in our case, the width of the peak for
45' is 40% larger than the one for 135'. The larger v; is,
the more noticeable this phenomenon becomes. On the
other hand, as the target nucleus charge increases, the
"natural" width also increases to the point of overtaking
the Doppler one.
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