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Directional x-ray scattering factors and Compton profiles have been evaluated in several direc-
tions relevant to the molecular structure of CH4 and compared to their respective isotropic com-
ponents for four different self-consistent-field wave functions and one single-determinant
configuration-interaction wave function constructed especially for this study with Cartesian
Gaussian-type basis orbitals. The internally folded density ("reciprocal form factor") B(r) is calcu-
lated and discussed as are various momentum-space expectation values. A comparison is made with
available experimental and other theoretical results.
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Because of the interest in measuring one-electron-
scattering properties (e.g. , Compton profiles and elastic
scattering intensities), it is important to assess the accura-
cy of the calculated quantities. In this paper we study the
isotropic components of these one-electron-scattering
quantities, as well as their components in various direc-
tions for the case of methane. Although the current
methods of measurement of directional properties are re-
stricted to solids, single crystals, or largely layered materi-
als such as graphite, we have calculated the directional
properties because they reveal much more information
about the electronic structure.

The elastic or coherent x-ray scattering intensity is pro-
portional to the modulus squared of the scattering factor
F(s), where s is the scattering vector. F(s) is related to
the electron density in position space p(r)=y(r, r) by a
three-dimensional Fourier transformation'

F(s)= f y(r, r)e"'dr,

where y(r, r') is the position-space representation of the
spin-traced one-electron reduced density matrix defined
by

y(r, r') =N f p*(r'tT, xz, x3, , xz )

Xg(ro, x2, x3, .
, x~)do dxqdx3 dx~,

P is the position-space representation of the N-electron
wave function and x; =(r;,cr;) is a combined space-spin
coordinate for electron i.

In the gas phase, the measured quantity is the isotropic
component of

i
F(s) i, i.e.,

This relation in general corresponds to the situation where
the rotational energy differences are not resolved. Howev-
er, if they are resolved, then a fully elastic x-ray intensity
from the J=0 state ' can be extracted from the
knowledge of the scattering factor F(s), i.e.,
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The elastic intensities bound the fully elastic ones, i.e.,

I,",'(s) & It,"i(s)

with equality holding in the case that F(s) is spherically
symmetric. Recently, calculations have been carried out
of elastic and total x-ray intensities for some small- to
medium-size molecular systems. (See, for example, the re-
cent review by Tripathi and Smith. )

The inelastic or incoherent x-ray scattering involves a
momentum transfer that broadens the Compton line.
The form of this line, the Compton profile, is related to
the electron density in momentum space II(p) and is
denoted by J(q). Within the impulse approximation the
expression for the directional Compton profile (DCP) is

J ( q) =J (q, q) = f II(p)5(p q —q)dp, (6)

where q is a unit vector along the scattering vector. The
spherically averaged or isotropic Compton profile (ICP) is
the spherical average of the DCP and is related to the
spherically averaged momentum density II(p), i.e.,

J(q)=(4sr) ' f J(q)dA-=2m f plI(p)dp, (7)
q

where
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(8) TABLE I. The number of primitive and contracted
Gaussian-type basis orbitals for the carbon and hydrogen atoms.

II(p)=(2m. ) f e '~" ''y(r, r')drdr' . (9)

The momentum density II(p) is related by means of a
double Fourier transformation' to the position-space den-
sity matrix y(r, r') defined in Eq. (2),

Notation

SCF (6.3)
SCF (11.7)
SCF, SDCI (11.7.1)
SCF (13.8.2)

Carbon Hydrogen Reference

25
23
23
24

(6.3)/[2. 1] (3)/[1]
(11.7)/[5.4] (6)/[3]
(11.7.1)/[5.4.1] (6.1)/[3.1]
(13.8.2)/[7. 5.2] (8.2)/[4. 2]

A useful representation can be obtained by the Fourier
transformation of the momentum density, ' i.e. ,

B(r)= f e '~'II(p)dp= f y(s, r+s)ds . (10)

This position-space function is referred to as the internal-
ly folded density, the characteristic function of the
momentum density, reciprocal form factor, or simply as
the B(r) function.

The earliest calculations of momentum-space properties
and Compton profiles for molecular methane were made
in 1941 by Coulson and Duncanson. " Other Compton
profile calculations on this molecule have been made by
Cornille and co-workers, ' Epstein, ' Smith and co-
workers, ' and by Ahlenius and Lindner. ' ' These re-
ports all dealt with the isotropic Compton profile.

For a general description of the theory, the reader is re-
ferred to reviews on these topics' ' ' ' ' and similarly
for the calculationa1 procedures. ' The particular
methods used in this paper will be described in detail else-
where. The calculations were made with the Kingston
suite of programs for scattering properties. Atomic units
are used throughout this paper unless otherwise explicitly
mentioned. '

II. WAVE FUNCTIONS

The Hartree-Fock (HF) equations were solved self-
consistently (SCF) using the molecular program system
MUNICH developed by Diercksen and Kraemer. Carte-
sian Gaussian-type orbitals (GTO's) were used as the basis
functions for the expansion of the molecular orbitals.
Table I describes these basis sets, both in terms of the
number of primitive and contracted orbitals and the origi-
nal sources. As identification of the wave function
we use the number of primitive orbitals on the carbon
atom. Thus the (11.7.1) wave function means that there
were 11 s-type, 7 p-type, and 1 d-type primitive GTO's on
the carbon atom.

The four basis sets in our study may be characterized as
"single-g [Slater-type orbital represented by three Gauss-
ians (STO-3G)]" (6.3), "improved double-g" (11.7), "im-
proved double-g plus polarization" (11.7.1), and "im-
proved triple-g plus polarization" (13.8.2) basis sets. The
SCF (11.7.1) wave function was further extended to a
configuration-interaction (CI) calculation by means of the
program MOLECULE. In this calculation the carbon core
orbitals were kept frozen and all singly and doubly substi-
tuted determinants which can be generated within the
valence molecular orbital basis from the single-
determinant reference state were included. It will be
designated as an SDCI wave function. All calculations
were performed at the experimental geometry with a
C—H bondlength of 1.0935 A (=2.0665 a.u. ).

III. ENERGIES AND MOMENTUM
EXPECTATION VALUES

On the grounds of variational theory, the quality of
wave functions has been traditionally determined by the
total energy, the average of the Hamiltonian over the
wave function. The lower the energy, the better the quali-
ty, and we retain this concept despite the fact that for
properties other than the total energy it may be quite
misleading. In Table II the energies ( E) from the
present calculations are tabulated. As expected, the
"quality" improves with the extension of the basis sets in
the SCF calculations and, of course, improves when corre-
lation is taken into account for a given basis set.

The SCF and SDCI wave functions of Kowaleski
et aI. used by Ahlenius and Lindner' ' are similar but
slightly better energetically than our (11.7.1) wave func-
tions, i.e., —40.2098 hartree (SCF) and —40.4096 hartree
(SDCI). They also used Cartesian Gaussian-type basis or-
bitals (11.7.1)/[5.3.1] for the carbon and (5.1.)/[3. 1] for
the hydrogen atoms (where the square brackets represent
contracted orbitals). Their bases are of the same primitive
size as our (11.7.1) but differ slightly in the contractions.

Smith and Whangbo' also used Cartesian Gaussian-
type basis orbitals in their wave function. They did not
include any polarization orbitals in their set C(13.7)/[4.2]
and H(4)/[2], for which they obtained the energy
—40.1860 hartree, which is slightly better than for our
SCF (11.7) wave function.

A minimal basis of Slater-type orbitals was used in
Pitzer's wave function which was employed by Epstein
in his work. ' With a tota1 energy of —40.1282 hartree
this wave function is considerably better than the single-g
(STO-3G) one but poorer than a wave function with a set
of contracted Gaussian-type orbitals corresponding to a
double-g basis, i.e., the (11.7).

Hence we observe that the quality, based on the total
energy of the wave functions, in the present paper on the
SCF level, go beyond what has previously been reported in
the literature on Compton profiles. Our SDCI wave func-
tion is comparable with that used by Ahlenius and
Lindner. '

Besides the total energy, the moments of the electron
momentum density

(p") =4m f p" + II(p) dp

were evaluated for the allowed integer values
n =0, +1,+2, +3,+4. The values for n =0 (not included
in Table II) give the number of electrons for methane
which was correct to seven digits in our calculations. The
factor —,

' is introduced for convenience in the table for
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TABLE II. The momentum density at the origin, the total energy, and some momentum moments calculated from our five dif-
ferent wave functions. All numbers are in atomic units.

Wave function

SCF (6.3)
SCF (11.7)
SCF (11.7.1)
SDCI (11.7.1)
SCF (13.8.2)

H(0)

1.505
1.472
1.463
1.465
1.399

&p '&

17.375
17.939
17.891
17.814
17.747

4.952
5.057
5.050
5.026
5.046

&p&

18.936
18.811
18.824
18.936
18.832

—,
'

&p'&

39.435
40.163
40.134
40.367
40.143

&p'&

6.1971&( 10
6.9024' 10'
6.8937 X 103

6.9143x 10'
6.8979~ 10'

(p'&

7.3626 &( 10
1.1348 X 10'
1.1341X 10
1.1356&& 10'
1.1550' 104

39.7265
40.1832
40.2078
40.3889
40.2153

n = —1 and 2 in order to reproduce the peak of the iso-
tropic Compton profile, J(0), and the kinetic energy T,
respectively. The latter quantity should be compared with
the total energy for judgment of the quality of the
geometric configuration. At the true equilibrium
geometry, the kinetic energy T equals —E according to
the virial theorem. ' The value of the &p & moments
determines the quasirelativistic correction (Breit-Pauli) to
the kinetic energy due to the variation of electron mass
with velocity.

Epstein' evaluated several momentum moments for the
Pitzer wave function (minimal basis of Slater-type orbi-
tals). The results were in order (n = —2, —1, 1, and 2),
18.37, 5.045, 18.92, and 40.145, respectively, which with
the exception of &p & are very similar to those of the
SCF (13.8.2), in spite of the rather large difference in total
energy.

The probability of finding an electron at rest, i.e., the
momentum density at the origin II(0), is included in
Table II. For Slater-type orbitals only s orbitals contri-
bute to Il(0). This is also true for Cartesian
Gaussian-type orbitals if the prefactor of the exponential
is in the form of a Hermite polynomial. In the present
wave functions the prefactors of the d-type Cartesian
GTO's are x, y, z, xy, yz, and xz in position space and
they will contribute to II(0). The effect of inclusion of
these polarization functions is to slightly reduce II(0), i.e.,
they decrease the occupancy of diffuse s orbitals.

The reason why the correlation effect on II(0) is so
small is mainly due to the frozen-core approximation, i.e.,
the carbon core orbitals did not take part in the CI calcu-
lations. Therefore, due to orthogonality constraints, only
minor changes to the II(0) contributing orbitals occurred.

%'e note that correlation lowers the negative power mo-
ments (n = —1,—2) and increases all the positive power
moments (n =1,2,3,4). This behavior is consistent with
the intuitive expectations ' based on the virial theorem '

that the decrease (increase) in total (kinetic) energy due to
electron correlation should lead to a correlated momen-
tum distribution which is more diffuse than the HF one.

IV. RESULTS AND DISCUSSION
OF DIRECTIONAL SCATTERING PROPERTIES

For the three directions illustrated in Fig. 1 we evaluat-
ed the scattering factors F(s) and the directional Comp-
ton profiles J(q). The arrows 1, 2, and 3 indicate the
directions along which the vectors s and q are aligned.
All three directions lie in a plane containing the carbon
nucleus and two of the four protons of the methane mole-

cule. The other two protons are below the carbon nucleus,
one in front of and the other behind the plane. Direction
I bisects the tetrahedral HCH angle while 3 is perpendicu-
lar to 1 and 2 lies along a CH bond. It should be noted
that for methane there are 6 directions equivalent to 1, 4
directions equivalent to 2, and 12 directions equivalent to
3 in position space. Due to inversion symmetry in
momentum space, there are 6, 8, and 12 equivalent
directions in momentum space, respectively.

B. The directional Compton profiles

Directional Compton profiles (DCP) were evaluated
with the scattering vector along the same three directions
as for F(s) and the results are presented in Table IV as
the difference of the DCP from the ICP of the same wave
function. The ICP's are given in Table V.

109-47
0»
H

2
0
H

e..
FIG. 1. The three directions (1, 2, and 3) of the scattering

vector used in the present study. They are in a plane containing
the carbon and two of the four hydrogen nuclei of the methane
molecule.

A. Scattering factors

The scattering factors F(s) were evaluated for the five
wave functions in each of the three different directions 1,
2, and 3 of s and are presented in Table III. It is seen that
F(s) is essentially independent of the quality of the wave
function, not only within the SCF level, but also from
correlation.

Directional dependences are, on the other hand, certain-
ly present in F(s). In direction 1, the scattering factor de-
cays the fastest, and in direction 3, the slowest. These re-
sults give us information about the charge density project-
ed onto the scattering vector s. Thus the density so pro-
jected is most concentrated along direction 3, which is in-
tuitively correct since there exists a plane orthogonal to
this direction that contains the carbon atom and two of
the four hydrogen atoms. We will return to this point in
the discussion.



35 AB INITIO CALCULATIONS OF ONE-ELECTRON-. . . 4077

V

0
E

0

O

b0

ed

cd

0

QO
OO

O O 0 0
t m m ca ~ M m m ~ cr

QO

0 0 0 0 0 0 0 0 0 0

U
A -'

QO M ~ ~ M '4D t t

~ ~ ~ ~ ~ ~

OO m ~ ~ t 0 M ~ oO
OO t t0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
o

cn

OO
QO ~ ~ ~ t 0 M ~ OO

OO t t0 0 0 0 0 0 0 0 0 0 0 0 0

t M Ch
OO ~ ~ ~ t M M W OO

CV CV0 0 0 0 0 0 0 0 0 0 0 0 0 0

QO

0 0 0 0
Ch ~ ~ m m VO OO Ch m t
t 0
t t uD0 0 0 0 0 0 0 0 0 0

t

~ ~ ~

QO ~ ~ t 0 W W 0 ~ ~ a
Ch ~ Ch QO t0 0 0 0 0 0 0 0 0 0 0 0 0 0

~ ~ ~ ~ ~~ ~ ~

QO QO
OO m ~ ~ t 0 m VO M ~ W oo
Ch Ch m QO t t VO0 0 0 0 0 0 0 0 0 0 0 0 0 0

OO
Ch W ~ W ta m OO t0 0 0 0 0 0 0

I
Ch ~ QO

0 0 0 0 0 0 0

0 0 & & n ~ oO
Ch ~ ~ ~ OOU ~ a a «t OO0 0 0 0 0 0 0

QO

0 0 0 0 0 0 0

0 0 0 0
Ch 0 M ~ oo Ch

Ch ~ t
t0000000000

~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~

ch 0 t m m m m oo 0 t
QO ~ ~ ~ M ~ ~ ~ ~ Ch
Ch Ch ~ QO0 0 0 0 0 0 0 0 0 0 0 0 0 0

~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~

Ch & 0 t m ~ W W t W ~ m Ch 0
OO ~ ~ W t ~ ~ ~ ~ QO ~ t

OO0 0 0 0 0 0 0 0 0 0 0 0 0 0

oo Cn m ~ ~ Cn OO m W 0 0
~~ ~~ ~~ ~~ ~~ ~~ ~ ~~ ~~ ~~ ~~ ~~ ~

QO ~ 0 W t Ch 0 M ~ QO ~ t
Ch Ch OO t M P)0 0 0 0 0 0 0 0 0 0 0 0 0 0

O
Gh

~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~

0 M ~ OO ~ t M ~ OO OO
Ch M ~ ~ M ~ ~ ~ ~ QO
Ch Ch Ch QO t VO0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 e W e QO 0 ~ O O O
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 W ~ m r ~ t 0
OO

U ~ M M ~ QO t0 0 0 0 0 0 0 0 0 0 0 0 0 0

First we note that the DCP's depend both on direction
and wave-function quality. The highest peak value is for
direction 1 and the lowest is for 2.

By combining the ICP and the DCP tables, we find that
the slowest decay in the vicinity of the peak occurs when
the scattering vector is along a CH bond (direction 2).
This is logical, since the DCP along 2 has the lowest peak
and the same norm and also since there is a plane close to,
but not through, the origin with a considerable amount of
momentum density, which is built up from the three bond
orbitals, all of which contain some p-orbital character.

The DCP along direction 3 is closer to the ICP than the
other two, since on the unit sphere in momentum space
there are 12 directions equivalent to it for molecular
methane while there are only 6 equivalent to direction 1

and 8 equivalent to direction 2. It is thus expected that
the largest deviations from the ICP should occur along
direction 1 as inspection of the data in Table IV confirms.

As the SCF wave-function quality improves, the devia-
tions from the ICP decrease indicating a more spherical
momentum density. The changes due to correlation affect
the DCP's and the ICP by almost the same amount so
that the difference between DCP and ICP for the two
wave functions (one correlated and one uncorrelated) with
the (11.7.1) basis are essentially the same.

C. Discussion

The methane molecule is a good example to illustrate
the difference between the electron density in position and
in momentum space. The symmetry group Td to which
methane belongs does not obey inversion symmetry. As a
consequence, the electron charge density in position space
does not obey inversion symmetry either. The electron
momentum density does, however, include inversion sym-
metry irrespective of the symmetry group to which the
molecule belongs. It is due to this fact that there are 6,
8, and 12 directions on the unit sphere equivalent to direc-
tions 1, 2, and 3, respectively, in momentum space. The
corresponding numbers in position space are 6, 4, and 12.

There are many similarities between scattering factors
and directional Compton profiles and their relations to
the position and momentum electron densities. ' The
point which we wish to stress in this paper is the projec-
tion of the density onto the scattering vector, i.e., integrat-
ing over the density in a plane orthogonal to the scattering
vector. In momentum space, this quantity is the direc-
tional Compton profile. In position space, this quantity is
related to the scattering factor via a one-dimensional
Fourier transformation. With the use of these con-
cepts one can interpret the momentum density in planes
orthogonal to the scattering vector from the DCP's and in
a less direct way the charge density in position space in
planes orthogonal to the vector s from F(s).

With this in mind and the knowledge of the properties
of one-dimensional Fourier transforms, it is not surprising
that F(s) for s along direction 3 decays the slowest, since
there is no plane containing as much density as one
orthogonal to this direction. The fastest decaying F(s) is
with s along the direction bisecting a HCH angle (direc-
tion 1), since the projected density on this line is the most
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TABLE V. The isotropic Compton profile for the methane molecule.

q
(a.u. )

0.0
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
1.8
2.0
3.0
4.0
5.0

SCF
(6.3)

4.952
4.904
4.763
4.532
4.218
3.837
3.412
2.968
2.531
2.123
1.760
1.186
0.805
0.566
0.420
0.330
0.164
0.096
0.056

SCF
(11.7)

5.057
5.010
4.866
4.622
4.287
3.881
3.432
2.964
2.506
2.081
1.704
1.122
0.750
0.529
0.399
0.321
0.166
0.097
0.056

SCF
(1 1.7.1)

5.050
5.004
4.861
4.619
4.284
3.876
3.422
2.952
2.494
2.071
1.700
1.129
0.763
0.541
0.408
0.326
0.165
0.097
0.056

SDCI
(11.7 ~ 1)

5.026
4.980
4.837
4.595
4.260
3.854
3.403
2.937
2.485
2.068
1.702
1.140
0.776
0.554
0.420
0.336
0.167
0.097
0,056

SCF
(13.8.2)

5.046
5.002
4.865
4.628
4.293
3.878
3.414
2.936
2.477
2.058
1.693
1.133
0.769
0.546
0.411
0.327
0.165
0.097
0.056

SCF'

5.048
5.004
4.866
4.629
4.294
3.880
3.415
2.935
2.474
2.055
1.690
1.133
0.771
0.547
0.411
0.327
0.165
0.096
0.056

SDCIb

5.024
4.979
4.841
4.604
4.270
3.856
3.395
2.920
2.465
2.052
1.694
1.145
0.786
0.562
0.423
0.337
0.166
0.097
0.056

4.986
4.930
4.769
4.503
4.173
3.772
3.335
2.891
2.455
2.051
1.685
1.114
0.765
0.575
0.473
0.386

el'

5.02
4.94
4.85
4.51
4.18
3.71
3.25
2.82
2.39
2.00
1.63
1.13
0.78
0.55
0.41
0.33
0.15
0.082
0.052

el'

5.045
4.970
4.765
4.450
4.090
3.620
3.210
2.760
2.310
1.900
1.550
1.060
0.745
0.545
0.420
0.340
0.157
0.091
0.053

'Reference 16.
Reference 15.

'Reference 42.
Reference 41.

'Reference 40.

diffuse one-dimensional density.
The density in position space is intuitively understand-

able on the basis of the concept of hybrid orbitals, i.e.,
sp hybrids. The corresponding momentum density is
different. The directional effect is only "half" visible in
the sense that the density corresponds to that built up
from an s and a p orbital independently. There is no con-
tribution to the momentum density from a one-center or-
bital product in which the I quantum numbers differ by
an odd integer. This statement is only true under the as-
sumption that the orbital coefficients, as in the present
case, are real.

With these additional rules of thumb one can under-
stand that the plane through the origin orthogonal to
direction 1 does in fact contain the largest amount of
momentum density and thus the highest peak value of the
DCP s is that of J(0) in that direction. Similarly, the p-
orbital contributions from the carbon towards each hydro-
gen give rise to momentum densities elongated along and
opposite to the bond directions with a nodal plane
through the origin. The DCP along a CH bond is thus
expected to decay slowly, since there exist planes near to
the origin and orthogonal to this direction which contain
an appreciable amount of momentum density. For an il-
lustration of a CH bond, the reader is referred to a
momentum-density contour plot of this orbital, within the
localized molecular orbital model, in the work by Ep-
stein. '

In conclusion, we note that although the position and
momentum densities are strongly related (especially for
atoms), the methane molecule illustrates a case where the

planes through the center of the molecule which contain
the dominant electron density are different for position
and for momentum space.

V. RESULTS AND DISCUSSION
OF ISOTROPIC SCATTERING PROPERTIES

A. The isotropic Compton profiles

The calculated isotropic Compton profile for each of
our five wave functions are included in Table V. The
fluctuations in the profiles on improving the SCF wave
functions beyond (11.7) are minor. At the peak, the trend
is to lower the peak value, but already for q =0.2 a.u. any
trend is lost. The largest changes occur not at the peak,
but for q =0.9 a.u. where the SCF (13.8.2) function value
is 0.029 (1.2%) lower than that from the SCF (11.7). Per-
centagewise, the difference reaches its maximum (3%) in
the q range 1.6—1.8 a.u.

Correlation effects are known to be of greater impor-
tance for certain systems. The profile decreases with
correlation for q less than 1.0 a.u. and increases in the re-
gion 1.0 & q & 2.0 a.u. The decrease in the interval
0.0&q +0.4 a.u. is constant (0.024) and is the largest ab-
solute change found. The relative increase is largest in the
region 1.2—2.0 a.u. , where it is at most 3%. Although the
carbon ccrc orbitals were kept frozen in the SDCI calcula-
tion, the effect of core correlation should be small for
smaller q.

The data published by Coulson and Duncanson" and
by Epstein' do not allow a comparison with the ICP oth-
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TABLE VI. The calculated isotropic Compton profile values for the methane molecule convoluted
with the Helsinki residual instrumental function (RIF) and compared with the y-ray experimental data
(Ref. 43).

g
(a.u. )

0.0
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
1.8
2.0
3.0
4.0
5.0

SCF
(6.3)

4.927
4.877
4.731
4.496
4.187
3.820
3.416
2.994
2.574
2.174
1.807
1.206
0.796
0.547
0.407
0.327
0.163
0.096
0.056

SCF
(11.7)

5.036
4.984
4.828
4.579
4.251
3.863
3.436
2.993
2.553
2.136
1:757
1.145
0.740
0.506
0.384
0.318
0.165
0.097
0.056

SCF
(1 1.7.1)

5.032
4.979
4.823
4.573
4.244
3.855
3.428
2.985
2.546
2.131
1.755
1.149
0.749
0.518
0.394
0.324
0.164
0.097
0.056

SDCI
(11.7.1)

5.006
4.953
4.798
4.549
4.222
3.836
3.411
2.972
2.538
2.128
1.756
1.158
0.763
0.532
0.406
0.334
0.166
0.097
0.056

SCF
(13.8.2)

5.037
4.983
4.826
4.574
4.243
3.851
3.422
2.977
2.539
2.124
1.749
1.148
0.753
0.523
0.398
0.326
0.164
0.097
0.056

Expt.
r

4.899
4.842
4.685
4.438
4.116
3.739
3.327
2.903
2.487
2.096
1.744
1 ~ 178
0.798
0.568
0.436
0.360
0.190
0.108
0.057

TABLE VII. The isotropic B(r) function for the methane molecule.

r
(a.u. )

0.00
0.04
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.20
1.40
1.60
1.80
2.00
2.50
3.00
3.50
4.00
4.50
5.00
6.00
7.00
8.00
9.00

10.00

SCF
(6.3)

10.000
9.976
9.872
9.550
9.123
8.661
8.206
7.776
7.371
6.989
6.624
6.272
5.596
4.947
4.319
3.721
3.160
1.975
1.127
0.580
0.256
0.083
0.001

—0.036
—0.023
—0.010
—0.004
—0.001

SCF
(11.7)

10.000
9.978
9.873
9.549
9.124
8.668
8.219
7.794
7.397
7.024
6.671
6.332
5.681
5.056
4.450
3.868
3.318
2.127
1.242
0.647
0.286
0.090

—0.003
—0.042
—0.027
—0.012
—0.006
—0.003

SCF
(11.7.1)

10.000
9.979
9.873
9.550
9.125
8.669
8.219
7.794
7.395
7.020
6.664
6.322
5.667
5.036
4.427
3.845
3.296
2.117
1.246
0.661
0.302
0.101
0.003

—0.046
—0.033
—0.017
—0.008
—0.004

SDCI
(1 1.7.1)

10.000
9.979
9.872
9.547
9.119
8.658
8.204
7.773
7.369
6.989
6.629
6.283
5.621
4.988
4.379
3.799
3.255
2.092
1.236
0.662
0.308
0.109
0.009

—0.043
—0.032
—0.017
—0.008
—0.003

SCF
(13.8.2)

10.000
9.979
9.873
9.550
9.125
8.668
8.218
7.791
7.391
7.016
6.659
6.317
5.661
5.030
4.422
3.840
3.293
2.118
1.254
0.675
0.318
0.115
0.010

—0.052
—0.044
—0.027
—0.015
—0.007
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er than that the latter found a peak value of 5.045 for his
minimal basis STO calculations. Although the type of
wave function employed by Smith and Whangbo' is the
same and the energetical quality is very close to our SCF
(11.7) (energy differs by only 0.007%), the profiles are
quite different. Their profile is between 0.5% and 0.75%
larger for q less than 0.5 a.u. , lower (up to 3%) in the re-
gion 0.6&q &1.2 a.u. , and larger again out to q =2.0 a.u.
It is remarkable that the profiles have relative changes of
up to SOO times that of the energy, when both of the wave
functions are Gaussian-type basis orbital sets of almost
the same "size."

Ahlenius and Lindner' presented only the profile from
their SDCI wave function, which is very similar to that
determined here. The largest deviations are in the region
0.7&q &0.9 a.u. , where their profile is nearly 1% higher
than ours. Their SDCI and previously unpublished SCF
results' are included in Table V.

Two Compton profile experiments ' ' based on high-
energy electron-impact spectroscopy (HEEIS) have recent-
ly been published for CH4. There also exists an earlier x-
ray experiment by Eisenberger and Marra" and a more
recent y-ray experiment due to Paakari and Merisalo. A
common discrepancy between all calculations and all ex-
periments is that the latter give too low values in the re-
gion 0.3 &q & 1.0 a.u. The x-ray experiment, performed
before the multiple scattering problem was fully ex-
plored, 6 also gives too high values of J(q) for larger q
values. This latter deviation is not found in the more re-
cent (HEEIS) experiments. The profile reported by Klap-
thor and Lee ' is slightly lower than that of Lahmam-
Bennani et al. at the peak, but most noticeable is the in-
crease in the region 0.2 & q & 1.2 a.u. , i.e., an improvement
towards a better agreement with theory, and where their
differences are largest. The theoretical calculations which
are close to experiment in this "crucial" region are pleas-

ingly the two most sophisticated wave functions, the
SDCI one due to Ahlenius and Lindner' and the SDCI
one presented here. The SCF (13.8.2) is the best among
the SCF wave functions in the outer part of this region
(q &0.6 a.u. ). We note that the (HEEIS) profiles are not
normalized to the number of electrons as are our profiles
and the y-ray and x-ray data. Instead they satisfy the
Bethe sum rule and their norm is slightly smaller than
ten.

In order to have a meaningful comparison with the y-
ray experimental measurements, we have convoluted our
theoretical values for the Compton profile with the Hel-
sinki residual instrumental function (RIF). The result-
ing values of our Compton profiles are given in Table VI
along with the y-ray experimental data. Comparison of
the data in Tables V and VI shows that there exists a
discrepancy between the various experimental measure-
ments and theoretical results in the region of low momen-
ta (0& q & 1 a.u. ). The HEEIS measurements are in better
agreement with the theoretical values, particularly the
SCF (13.8.2) function.

The convergence towards the experimental results with
improving wave functions is encouraging and tells us that
much of the theory of the Compton scattering process is
understood. But since there still is a region in which
theory and experiment do not fit within the error bars,
new experiments and further research in the fundamental
process or the approximations employed need and ought
to be made for a complete understanding of this inelastic
scattering phenomenon.

B. Isotropic internally folded density [B(r)]
The isotropic component of the internally folded densi-

ty (reciprocal form factor) B(r ) has been obtained by
means of Eq. (10) and the B(r) values calculated from the
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FIG. 2. Spherically averaged B(r ) functions for individual
orbitals: (i) Core orbital (1a

& ), (ii) valence orbi-
tal (2a& ), (iii) —.—.—.—valence orbital (1t2).

FIG. 3. Difference functions for B(r) for various SCF wave
functions with respect to the (13.8.2): (a) (13.8.2)—(6.3)
( X 10 '); (b) (13.8.2)—(11.7) ( & 10 '); (c) 13.8.2—{11.7.1).
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various SCF and SDCI functions are reported in Table
VII. It is seen from the table that the B(r) functions de-
crease monotonically with r and cross the axis at r =5
("zero passage" ) and become negative. In Fig. 2 the B(r )

functions for the individual occupied molecular orbitals of
CH4 are displayed. It is seen that the contribution due to
the core orbital (lat) drops out very rapidly so that only
the valence orbitals dominate the B(r) function beyond
1.7 a.u. This feature clearly shows that the valence elec-
trons do not interfere with the core electrons. We have
also looked into the basis set effect on the B(r) function.
The differences of B(r) between the SCF (13.8.2) and the
SCF (6.3), SCF (11.7), and SCF (11.7.1) functions are
shown in Fig. 3. It is noticed that the B(r) function is
sensitive to the inclusion of polarization functions, partic-
ularly between 1 & r & 5.

grees of sophistication, as described in Sec. II, are given in
Table VIII. The scattering of a particle is usually
described in terms of the scattering parameter s defined
by 4~ sinO/k, where 2L9 is the scattering angle and X is the
wavelength of the incident radiation. Since it has been al-
ready seen in the case of directional scattering factors
(Sec. IIIA) that there is hardly any dependence on the
quality of the wave function, it is not surprising that a
similar trend exists also for the isotropic component of
the elastic and fully elastic intensities. It is clearly seen
from Table VIII that I,"~"(s)/IT is always greater than
If /(s)/IT in accordance with Eq. (5). The maximum de-
viation of 7% occurs near sin(8/A, )=0.28 A '. This
small difference observed between I,",'/IT and Iq,'~(s)/IT
is basically due to the very weak anisotropy of the CH4
molecule.

C. Isotropic scattering factors

The spherically averaged elastic and fully elastic x-ray
intensities were obtained from Eqs. (3) and (4), respective-
ly, by carrying out a numerical integration over the
scattering angles. The calculated values of the intensities
using the various wave functions involving different de-
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