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1/N expansion for the exponential-cosine-screened Coulomb potential
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The large-N expansion has been used for solving the Schrodinger equation for the exponential-
cosine-screened Coulomb potential. The eigenvalues of the ground state and the first excited state
and the corresponding wave functions are obtained analytically up to 14 terms.

I. INTRODUCTION

In recent years some quantum-mechanical problems
have been solved by Large-N expansion, ' which also
has many important applications in other fields such as
solid state ' physics and quantum-field theory. "

The problem of the exponential-cosine-screened
Coulomb potential (ECSC) is of great importance in
atomic phenomena. It has been studied using numeri-
cal' ' and analytical' methods.

In the present work we apply the large-N expansion by
following the method of Mlodinow and Shatz to obtain
energies of the ground state and the first excited state and
the corresponding wave functions. Analytical expressions
are obtained for the first 14 terms. The results are con-
sistent with those obtained by using different methods.

a 9A.r 9A,r
V~(r) = ——exp — cos

r N2
(2)

The radial part of the Schrodinger equation in N di-
mensions (with m =R= 1) is given by

1 d N —1 d l (1 +N —2)+ +
2 dr 2 r dr 2r

V(r) = ——e "cos(A,r) .
r

Following the method introduced by Moreno and Zepeda,
the potential may be written in N dimensions as

II. THE METHOD AND CALCULATIONS + V~(r) R(r) =ER (r) . (3)

We wish to solve the Schrodinger equation for the
ECSC potential Defining R (r) =r I " u (r) the equation reduces to

1 d 2 (1—1/k)(1 —3/k)
u (r)+k

dr 8r
a 9A.r 9A,r——exp cos
r N N2

u (r) =Eu (r), (4)

where a =a/k, k =N+2l. For simplicity, we solve Eq.
(4) for the 1 =0 case.

Ground state: In the large-N limit, the leading term of
the energy eigenvalue becomes

——,[Np(x)+@p(x)]+k V,tt(x)

+ ——+—r (x)+co(x) =ep, (9)
k 3

( 2) k2 1 a
28I"p rp

where rp is to be obtained by minimizing the potential
(1/8r a /r). A simple —calculation yields

rp ——1/4a

where

V ff(x)= 1/[8r (x)] a /[r(x)]+2a—

ep ——Ep —k E'

(10)

and

~(—2) —2Q 2

To calculate the higher-order corrections to the
ground-state energy, we define x =r —r p and transform
Eq. (4) into a Riccati equation by means of

and

co(x) =(9A.)a —— ar2(x)+ — ar (x)+ .1 (9k) 2 1 (9k)
3 g4 6

(12)

eo(x)
up(x) =e

to obtain

Ep being the ground-state energy and @'(x) and &0"(x)
represent the first and second derivatives of C&(x) with
respect to x, respectively. We now expand
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and

e = g Eo'"'( 1 lk)"
n= —1

(13) &0'(x) = g @'"'( )(1/k)" .
n= —1

Substituting these expansions into Eq. (9), we obtain

(14)

@0"'(x)k "——, g No '(x)C&o"'(x)k ™+"]+kV,ff(x)+ ——+ —r (x)
n= —1 m, n= —1 2 8

+(9A, )a —— ar (x)+ — ar (x)+ . . = g Ez" k
1 (9A, ) ~ 1 (9X) (n) —n

k4 k'

Combining the terms of the same order in (1/k), one can
obtain recurrence relations for Eo"' and No"'. Since the ef-
fective potential V,ff(x) vanishes at the minimum (r =re),
the equations are solved first for (r =ra) to obtain Eo" 's

and then for any r to obtain +0"'s.

First excited state: Using the same definition for x and
assuming that the wave function for the first excited state
is of the form

4i(x)
u, (x)=(x —c)e

We obtain from Eq. (4)

and

ei —— g EI" (1/k)",
n= —1

c= g C'"'(1/k)" .
n=1

Substituting these into Eq. (17), we obtain

QO QO QO

q (n)'( )k
—n & ~ (p(mi( )&y(ni( )k

—(m+ni y C(n)k n-
n= —1 m, n= —1 n=1

[——,
' +t'(x)+@'1 (x)](x —c)—@'t(x)+ k V,ff(x)+ ——+ —r (x) (x —c)

I.

(9A, )a —— ar (x)+ — ar (x)+ . . (x —c)=(x —c)ei,
1 (9A, ) 2 1 (9k)
3 k4 6 k'

where

e1 ——E1 —k E
E, being the energy of the first excited state. We now make the following expansions:

0 '1" '(x)(1/k)",
n= —1

(17)

(19)

(20)

(21)

00 k 3@I"'(x)k "+ k V,ff(x)+ ——+—r (x) x —g C'"'k
2 8

+ (9X)a —— ar (x)+— ar (x)+1 (9A, ) 2 1 (9A, )
QO QO

x —g C'"'k-" = x —g C'"'k-"
n=1 n=1

E't"'k " . (22)
n= —1

TABLE I. Comparison of the energy eigenvalues for 0&P &0. 1 as calculated from the dynamical approach (Ref.
16) with those to order g' of the present work.

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1

Eo/a 2

—0.490 001
—0.480 008
—0.470 026
—0.460 061
—0.450 117
—0.440 200
—0.430 313
—0.420 461
—0.410 647
—0.400 875

Ei,o

—0.490 001 0
—0.480 007 8
—0.470 026 0
—0.460 060 9
—0.450 1174
—0.440 200 4

—0.420 463 6

—0.400 883 9

E) /a

—0.1150 13
—0.105 103
—0.095 334
—0.085 755
—0.076 406
—0.067 311
—0.058 482
—0.049 915
—0.041 598
—0.033 500

Ez,o

—0.115013 5

—0.105 103 6
—0.095 336 6
—0.085 769 0
—0.076 449 7
—0.067 421 7

—0.050 392 2

—0.034 967 7
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Combining the terms of the same order in (1/k), one can again obtain recurrence relations for E'&"', @I"',and C'"'. The
equations are solved one by one to obtain the node coefficients C'"'s and the higher-order corrections to the eigenvalues
of the first excited states.

III. RESULTS AND CONCLUSIONS

Ground state: Defining C =9k, we write the solutions

Eo = —4a, Eo ' ———6a +Ca, Eo ' ———8a, Eo ' ———10a, Eo ' ———12a

Eo = —14a —C /48a Eo = —16a +C /48a Eo = —18a +C /48a +C /384a Eo = —20a —C /48a

Ez ' ———22a —C l96a —C /7680a, Eo ' ———24a +C /192a —C l3840a
(23)

Eo' ' ———26a +C /128a +7C /7680a —C /4608a, Eo"' ———28a —C /192a +C /1280a +7C /18432a

Eo' ' ———30a —19C l7680a +C /1024a +211C l2580480a

and

' ———2a+1/2r(x), @o
' ———2a —1/2r(x), 4o"———2a, Co ' ———2a, 4o ' ———2a,

No
' ———2a, No

' ———2a+[C /24a]r(x)+[C /6]r (x), Qo
' ———2a —[C /24a]r(x) —[C l6]r (x),

No
' ———2a —[C /24a+C /192a ]r(x)—[C /48a]r (x)—[C /12]r (x),

No
' ———2a+[C l24a]r(x)+[C /12]r (x),

N' '= —2a+[C /48a +C /3840a ]r(x)+[C /16a+C /960a ]r (x)+[C /240a]r (x)+[C /60]r (x),
C&o' ' ———2a+[ —C l96a +.C /1920a ]r(x)+[ C l24a+C —/480a ]r (x)+[C l240a]r (x) [C l60—]r (x),
C&o"'———2a —[C l64a +7C /3840a —C /2304a ]r(x)+[—C /160a +C /576a ]r (x)

+[ C /4—8a+C /192a ]r (x)+[C /144a]r (x),
' ———2a+[C /96a —C /640a —7C /9216a ]r(x)—[C /240a +7C /2304a ]r (x)

+[C5/80a —7C /576a ]r (x) —[C /48a]r (x) .

First excited state: We write the solutions

E] =4a E& = —6a +Ca E& =8a E = —1Qa Ei = 12aa

EI ' ———14a —C l48a, EI ' ——16a —13C /48a, EP'= —18a —23C /48a+C"l384a
E

&
=20a —1 1C /48a +C /16a, E i = —22a + 13C /48a —C /7680a

E', '=24a +89C /192a —19C /3840a, EI ' ———26a +45C /128a —293C l7680a —C /4608a

—28a + 19C /1 92a —493C /384Qa —2Q3C /1 8 432a

E&
' ———30a —1739C /7680a —445C /9216a +179C /286 720a

and
"———2a+1/2r(x), NP'=2a —1/2r(x), &PI"——2a, @I ' ——2a,

———2a+[C /24a]r(x)+[C /6]r (x), 4I ' ——2a —C /24a +[5C l24a]r(x)+[C l6]r (x),
———2a —C /12a +[7C /24a —C /192a ]r(x)—[C /48a]r (x)—[C /12]r (x),

@I ' ——2a+C /128a +[C /Sa —C /16a ]r(x) —[C /Sa]r (x) —[C /12]r (x),

(24)

(25)

TABLE II. Improvement in energy with respect to orders of P.

0.02
0.05
0.08

(Ep/a )p

—0.5
—0.5
—0.5

«o/&')i
—0.48
—0.45
—0.42

(Ep/~ )3

—0.480008
—0.450 125
—0.420 512

(Ep/a )4

—0.480 007 8
—0.450 1172
—0.420 640 8

—0.125
—0.125
—0.125

—0.105
—0.075
—0.045

( Ei /& )p ( E~ /a ) ~ (E) /a')3

—0.105 112
—0.076 750
—0.052 168

(Ei/a )

—0.105 103 2
—0.076 406 3
—0.049 9152
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@I ' ———2a+C /12a +C /24a +[ —5C /24a +C /3840a ]r(x)

+[—3C /16a+C /960a ]r (x)+[C /240a]r (x)+[C /60]r (x),
@'i' ' ——2a+C3/24a +9C /128a —C /1920a +[29C /96a +11C /1920a ]r(x)

+[—C /12a+7C /480a ]r (x)+[7C /240a]r (x)+[C /60]r (x),
@I"'———2a+C /48a —C /192a +[—13C /64a +133C /3840a +C /2304a ]r(x)

+[9C /160a +C /576a ]r (x)+[11C /240a+C /192a ]r (x)+[C /144a]r (x)

NI' ' ——2a —23C /384a —37C /1920a —13C /4608a +[—5C /96a +63C /640a +59C /9216a ]r(x)

+[11C /120a +43C /2304a ]r (x)+[C /48a+23C /576a ]r (x)+[C /48a]r (x),
and also

C'"=0, C' '= —1/4a, C' '=0, C' '=0, C' '=0, C' '=C /384a, O' '=C'/192a
C' '= —C /192a —C /2048a, C' '= —C /64a —C /384a, C" '= —7C /2048a +C /30720a

C'"'=C /64a +C /256a +C /3072a, C(») —C3/128a +37C /3072a +7Cs/6144a +17C /73728a

(26)

(27)

Energies of the ground state and the first excited state
are given by

E, /a'= ——, +P—14/3'+55P" +. . . (31)

and

E,=k'E'-"+ g k "E,'"'-
n= —1

E =k E' '+ g k "E'"'
n= —1

(28)

(29)

Some numerical values of energies in the atomic units for
different values of the parameter /3 in the range
0(P (0.1 are given in Table I.

Our results are consistent to order g' with earlier re-
sults obtained by applying different methods. " ' We fi-
nally illustrate the improvement of energy with respect to
orders of P in Table II.

respectively. Substituting k =3 for three space in Eqs.
(28) and (29) and defining P=k/a, we obtain

ACKNOWLEDGMENT

and

E /a ' ———+/3 /3'+ /I" +— — (30)
This research was partially supported by the scientific

and Technical Research Council of Turkey.

L. D. Mlodinow and N. Papanicolaou, Ann. Phys. (N.Y.) 128,
314 (1980); 131, 1 (1981).

C. M. Bender, L. D. Mlodinow, and N. Papanicolaou, Phys.
Rev. A 25, 1305 (1982).

3U. Sukhatme and T. Imbo, Phys. Rev. D 28, 418 (1983).
~T. Imbo et al. , Phys. Rev. D 29, 1669 (1984).
5G. Moreno and A. Zepeda, J. Phys. B 17, 21 (1984).
L. D. Mlodinow and M. P. Shatz, J. Math. Phys. 25, 943

(1984).
~A. Chatterjee, J. Phys. A 18, 1193 (1985).
sS. Erk~ and R. Sever, Phys. Rev. D 33, 588 (1986).
P. Anderson, Phys. Rev. 86, 694 (1952).
R. Kubo, Phys. Rev. 87, 568 (1952).

~'R. A. Ferrell and D. J. Scalapino, Phys. Rev. A 9, 846 (1974).
' A. J. Bray, J. Phys. A 7, 2144 (1974)
' S. Hikami and E. Brezin, J. Phys. A 12, 759 (1979).
~4V. L. Bonch-Breuvich and V. B. Glasko, Dokl. Akad. Nauk,

SSSR 124, 1015 (1959) [Sov. Phys. —Dokl. 4, 147 (1959)].
D. Singh and Y. P. Varshni, Phys. Rev. A 28, 2606 (1983).
H. de Meyer et al. , J. Phys. A 18, L849 (1985).

' C. S. Lam and Y. P. Varshni, Phys. Rev. A 6, 1391 (1972).
C. S. Lai, Phys. Rev. A 26, 2245 (1982).
R. Dutt et al. , J. Phys. A 18, 1379 (1985).
B. Roy and R. R. Choudhury, Z. Naturforsch. 40a, 453
(1985).


