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We examine the falloff of power spectra at high frequencies as a possible means of distinguishing
systems exhibiting deterministic chaos from systems subject to noise. To this end, we derive the
asymptotic series describing the high-frequency falloff of the power spectrum for systems subject to
noise. Our analysis applies to systems with an arbitrary finite number of degrees of freedom and in-
cludes the cases of additive and multiplicative white noise and the case of continuous nonwhite noise
appearing with a general parametric dependence. In the case of colored noise, we show that the fre-
quency at which crossover to the asymptotic behavior occurs is the effective bandwidth of the noise,
i.e., the inverse of the correlation time. This result should be particularly useful in cases where the

noise is not directly observable.

I. INTRODUCTION

Until the 1970’s, erratic behavior in physical systems
was generally explained as an effect of noise, Brownian
motion being the paradigmatic example. However, the
work of Lorenz! in 1963 made it clear that erratic
behavior can occur intrinsically in deterministic systems
even if the number of degrees of freedom is small. Given
these two sources of erratic behavior, it is important to be
able to determine which is the cause in a given case. The
important physical issue is whether the observed random
behavior can be described by a small number of deter-
ministic equations or is more adequately modeled by a
stochastic process. In this paper we provide a partial
answer to this problem by deriving criteria for the ob-
served behavior to be essentially stochastic.

The identification of a known “route to chaos,” the cal-
culation of fractal Hausdorff dimension of attractors, and
the determination of positive Lyapunov exponents are
commonly taken as signatures of deterministic chaos.
The measurement of finite, nonzero metric entropy of
time series has also been suggested as an indicator of
deterministic chaos.? All these methods, however, face
various well-known technical difficulties when applied to
time-series data of real physical systems.® What is needed
is a tool that allows us to answer the basic question before
trying to calculate Lyapunov numbers, dimensions, and
entropies, namely, is the observed erratic behavior essen-
tially deterministic or stochastic? In this paper we will
show that the falloff of the power spectrum at high fre-
quencies can furnish such a tool. Intuitive arguments
have been advanced to indicate that systems that can be
described by deterministic equations with a few variables
should have power spectra that fall off faster than any in-
verse power of the frequency, e.g., exponentially, while on
the other hand spectra for systems whose behavior is
essentially stochastic should decay via a power law.*> In
spite of these intuitive arguments, a general theoretical
solution to the problem of high-frequency behavior of
power spectra of deterministic or stochastic systems has
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not been achieved up to now. Investigations are under
way on this problem for deterministic systems.® In this
paper we solve the problem for stochastic systems and
derive the asymptotic form of the power spectrum for a
general system subject to noise. We prove that this form
always corresponds to power-law decay. This provides
half of the answer to the issue raised in the first para-
graph; we have a condition for the observed random
behavior to be essentially stochastic.

Experimentally, both exponential and power-law decay
of power spectra are seen. (Obviously at very high fre-
quency the signal will be drowned in the instrumental
noise which is white. Thus, as far as experimental appli-
cations are concerned, we consider the falloff of the power
spectrum before it flattens out into the instrumental noise
level.) Exponential decay is typical of the Taylor-Couette
system in the turbulent regime (see Fig. 1).” It is seen also
in model deterministic systems such as the Lorenz
model.* On the other hand, power-law decays occur in
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FIG. 1. A semilogarithmic plot of a power spectrum from
the Taylor-Couette system showing exponential decay at high
frequencies. The flat region at very high frequencies represents
instrumental noise.
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the Rayleigh-Bénard system. Both w~2 and w~* decays
have been reported (see Fig. 2).%%

These power-law decays, together with other features of
the transition to turbulence in the Rayleigh-Bénard sys-
tem, have led Greenside et al., to propose a stochastic
model for the behavior of the system in the regime in-
volved.* Clearly, it would be desirable to have a proof
that stochastic systems do, indeed, show power-law decays
together with criteria that show when ™2 w~* or
higher-order decay is to be expected.

Various partial results have been reported. Brey et al.
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FIG. 2. Log-log plots of power spectra from the Rayleigh-
Bénard system showing power-law decay at high frequencies
(see Ref. 4).
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have shown that, for a one-variable system subject to
white noise via a first-order Langevin equation, the spec-
trum decays as w~2.° They state that the method they use
may be extended to show that a one-variable system sub-
ject to white noise via a second-order Langevin equation
exhibits an o ~* decay. Caroli et al.'® have shown that an
N-variable system subject to additive white noise in a
first-order equation will exhibit an »~2 decay, while a sys-
tem governed by a second-order equation exhibits » ~* de-
cay. Neither study examines the effect of colored noise
nor considers situations that lead to higher-power-law de-
cays.

We have examined an N-variable system subject to
multiplicative white noise and have derived the general
conditions under which the power spectrum decays as
®~?", n an integer. Because the number of variables is ar-
bitrary, the analysis includes the case of second- and
higher-order Langevin equations and the case of a system
subject to general parametric colored noise. This is ex-
plained in detail in Sec. IIT A.

In Sec. IV we show that in the case of a colored noise
we can estimate the correlation time of the noise from an
examination of the power spectrum of a variable or a
function of variables of the system itself without observ-
ing the noise directly.

In Sec. II we will outline the intuitive arguments that
lead us to expect faster than power-law decay for deter-
ministic systems and power-law decays for stochastic sys-
tems. In Sec. III we present the general system and prove
the results mentioned above. In Sec. IV we examine the
case of colored noise and show how the correlation time
may be estimated.

II. INTUITIVE ARGUMENT

The following argument will show why high-frequency
power spectra are expected to distinguish between deter-
ministic and stochastic systems. Consider x(z), a func-
tion of time which may be one variable in a deterministic
dynamical system or a realization of a stochastic process.
We consider x(z) to have, in some sense, a Fourier
transform X(w). Then, if x(¢) is differentiable with
respect to time, the Fourier transform of dx/dt is
ioX(w). Thus, if dx /dt exists, X(w) must fall off faster
than @™ as w— o« O that the inverse Fourier transform
of iwX(w) will exist. Now, the power spectrum of x (¢),
S, (), is, roughly, the square of X(w). So, if x (¢) is once
differentiable, S, () must fall off faster than & 2.

Similarly, one may argue that if the nth derivative of
x () exists then S, (w) falls off faster than w~2". If one
assumes that variables of a dynamical system are C*
functions of time, which is clearly true for model systems
like the Lorenz model, then one will expect the power
spectra of variables of a dynamical system to fall off.fas-
ter than any power of o~ !.

On the other hand, it is well known that realizations of
stochastic processes are not C® functions of time.
Indeed, they are often not even once differentiable.
Therefore, we expect power spectra of stochastic processes
to fall off as some power of »~!.

Clearly, this argument does not constitute a proof. We
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have not defined the sense in which the Fourier transform
of a variable of a general dynamical system or of a general
stochastic process exists nor have we proved that the stan-
dard manipulations may be performed. Sec. III will pro-
vide a rigorous version of the argument for the case of a
stochastic system.

III. ASYMPTOTIC FORM OF THE POWER
SPECTRUM FOR A GENERAL SYSTEM

A. Definition of the general system

The general system with which we will work
is an  N-variable stationary stochastic process
X=(X,X,,...,Xy) satisfying the stochastic differential
equation

dX=1£f(X)dt +a(X)dW , (1

where W=(W,W,,...,Wy) is a vector of N indepen-
dent Wiener processes, f(X) is the drift vector for X, and
oT(X)g(X) is the diffusion matrix for X. We assume
that f and ¢ are such as to admit a single stationary solu-
tion to (1). For mathematical convenience, we will inter-
pret (1) as an It0 equation. This is no restriction since any
Stratonovic equation can be transformed into an
equivalent It0 equation.
Equation (1) corresponds to the Langevin equation

X=f(X)+a(X)E, )

where £=(£,&5,...,&x) is a vector of independent
Gaussian white noises. Form (1) is preferred mathemati-
cally because neither the white noise £ nor, as a conse-
quence, the derivative X can be defined as an ordinary
stochastic process. Nevertheless, form (2) will prove use-
ful in interpreting our results intuitively. The fact that
the vector X has an arbitrary number of components al-
lows us to include a wide variety of cases in (1).

Clearly, we may include second order Langevin equa-
tions of the form

X =g(X,X)+ (X, X)E 3)

by the common trick of substituting V for X and append-
ing the equation

X=V

to (3) to obtain
X=V,
V=g(X,V)+m(X,V)§ .

4)

If X is an N-dimensional vector, this is, of course, a
2 N-dimensional version of (1). Note that in this case (1)
has a degenerate diffusion matrix since the X; are not
directly driven by white noise. Thus we may expect (4) to
exhibit behavior which is nongeneric for the general 2 N-
dimensional version of (1). This technique can, of course,
be extended to higher-order Langevin equations.

We may include nonwhite noise in the system (1) if the
equations divide into two parts, a “system” which we will
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again call X, and a “noise” Z which evolves independent-
ly of X,

X=g(X,Z), (5a)
Z=h(Z)+7m(Z)E . (5b)

Note again that this system, when regarded as a special
case of (1), has a degenerate diffusion matrix and, thus,
may exhibit nongeneric behavior.

Equation (5a) allows a general parametric dependence
on the noise Z so we are not restricted to additive or mul-
tiplicative (colored) noise. Moreover, (5b) is the equation
for a general (stationary) diffusion process. Thus, we may
consider any nonwhite noise which (1) has almost surely
continuous sample paths and (2) is part of an M-variable
Markov process for some M > 0.

B. Statement of the theorem

Returning to (1) in its general form, we are interested in
a general function Y (X) and its power spectrum Sy(w).
Let us discuss how we expect Sy(w) to behave as w— «
based on the intuitive discussion in Sec. II.

We may write the It0 stochastic differential of Y (X) as

ij i

1

=/ Ydt +(gTV, Y)-dW

or, in Langevin form,
Y=o Y +(a"V,Y)E. (6)

Here ||o;;||=c¢ and & is the Kolmogorov backward
operator for the process X,

MZZf‘i‘F'l—EO’ikO‘-k—az—. (7)
> R R ) ¢1). ¢

1

« is the formal adjoint of the Fokker-Planck operator for
X.

If the quantity ¢’V, Y occurring in Eq. (6) is not identi-
cally zero than Y will have a white-noise part. In that
case, we will expect the power spectrum for Y, S » to
behave like the spectrum of white noise as ®— . In oth-
er words, we expect

Si,(w)z—'—C;&O s

where = means asymptotic equivalence as @ — .

As argued in Sec. II, integrating Y with respect to time
to get Y will bring down a power of w2 in the power
spectrum, giving

Sy(w)=Cow~ 2.

If the quantity g7V, Y is identically zero, then & Y (X)
is a function of X which may be regarded as the deriva-
tive of Y with respect to time. We may then look at the
stochastic differential of /Y. If this has a contribution
from white noise (¢7V, 7 Y is not identically zero) then
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SO
Sy=Co~*.

Clearly, this process may be continued indefinitely. We
are thus led to the following definition and theorem

Definition. We say that Y(X) is once removed from
white noise if g7V, Y is not identically zero. We say Y is
n times removed from white noise (n > 1) if

(i) "V, ZPY=0for all p <(n —1) and

(ii) g7V, 7" ~'Y is not identically zero.

Note that Y being n times removed from white noise is
rigorously equivalent to the sample paths of Y being al-
most surely n — 1 times differentiable.

Theorem. If Y is n times removed from white noise
then Sy(w)=Co~?".

C. Proof of the theorem

We now prove the theorem that concluded Sec. IIIB.
The power spectrum of Y is the Fourier transform of the
correlation function of Y,

1 *© —iwT
Sylw)=—— [ dre='Cy(r),
where

Cy(n)=(Y(t=0)Y(t=71)) .

The symmetry of C(r) allows us to write

Sy(fl)): Re

1 *® —ioT,
o fo dre Cy(71)

Following Caroli et al. we apply the standard asymp-
totic expansion for a one-sided Fourier transform, %!

s+1
1 & | —i d°Cy
S(w)=Re | — — —_—
T s§0 @ dr’ 710
2n 42 2 1
:Li(_l)n—}—l L W—CY (8)
T p=0 @ d72n+1 710 ’
where
d2n+lCY
d72n+1 710

is the limit of the (2n + 1)th derivative of Cy(7) as 7 ap-
proaches zero from above.

Clearly, the leading term in the asymptotic series will
be determined by the first nonzero odd derivative of
Cy(7) as t10. The rest of the proof consists of finding the
conditions under which the (2n + 1)th derivative is the
first nonzero odd derivative of Cy as 710.

To proceed we follow Caroli et al. and rewrite Cy(7) as

Cy(r)=(Ye’"Y) .
So, we find
d™Cy
d™ |0

=(YZ"Y) .

Thus, our asymptotic series may be rewritten as'°

o (_1)n+1

20 w2n +2

n=

Sy(w)= (YY) . 9)

1
T

We now derive some properties of the operator . If
7n(X) and §(X) are arbitrary functions of X, then we have

A (MG)=nAdE+LAn

on 3¢ | 3y B¢

LS oo
+7 2wk | 3y 3x, T ax, ox,

i,j,k
=L E+EA+(aTV)-(aTVE) .

Hence, it follows that

nAE=oA (mE)—Eln—(aTVn)-(eTVE) . (10)
If we set n=¢, we obtain
ndn=5(n?)—+5 |aTVn|?. (11)

Finally, note that since .« is the adjoint of the Fokker-
Planck operator, in the stationary state, we have

(n)=0 (12)

for arbitrary 7.
We now apply (10) to the expression Y.Z?"+'Yy
=Y./ (Z*"Y) to obtain

YA Y = (YY) — (L YY)
—(&g"VY)-(g"VZ?Y) .

We may then apply (10) to the second term on the
right-hand side to obtain

(AN = [(Z YNV (Z V)~ 1Y)
—(&eTVAY)(gTVz™ 1Y) .
Repeating the procedure, we obtain
(ZIY)(Z2n+1-9Y)
= [( YN 7IY)]— (LT Y) (/2" 1Y)
—(g"VY) gV ~9Y) .
When we get to g =n, the term on the left-hand side is
("Y) A (LZ"Y) so we may apply (11) to obtain
(") (LY )=+ A [(Z"Y)?]—+ | cTVZ"Y |2 .
Taking this all into account, we have

n—1
YZ" Y = 3 (- DL [(LIY)N " 9Y)]
g=0

n—1

— 3 (—1)g"V.ZY)-(gTV.r?"—1Y)
g=0
+(— D" A [(Z"Y)?]

—(—1)"+ | agTV"Y |2.

The mean of the first and third terms on the right-hand
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side is zero because of (12). So we have
<YM2”+1Y)=<%(—1)"+1[Q'TV..C{"le

n—1

+3 (=1 (gTVAY) (o V " 7IY)).
g=0

(13)

Induction then yields that [(—1)" ! /7]{ Y.&7*" *1Y) is
the first nonzero coefficient in the series if and only if

(i) ¢TV.Z79Y =0 for all g <n and

(i) ¢TV.2Z"Y is not identically zero.
This is the expected result.

IV. COLORED NOISE

We now apply our formula (9) to the example of
colored noise, i.e., (5). In this case the operator g’V be-
comes 7'V,. We are interested in the power spectrum of
Y(X). The coefficient of w2 in the asymptotic series for
Sy(w) is

~——1(YMY)=—L(|ETVZY|2)=O.
T 2T

So, the spectrum must fall off as a higher power.
The coefficient of w ~* is then

Liyartyy=L( |2V, ¥ |2) . (14)
T 27

Thus, if the special condition
| 7TV, /Y | 2=0

is not satisfied, a colored noise will produce an w~* fall-
off.

However, if the time scale of the system 7y, and the
correlation time of the noise, 77, are well separated
(7x >>72) and we look at frequencies in an intermediate
range (T}l <KW << Tz_l) then the noise “looks” white. In
such an intermediate frequency range we therefore expect
an o ~? behavior of the power spectrum of a function of
X.

Clearly, then, if we plot logSy(w) versus logw, we will
observe the behavior shown in Fig. 3. For intermediate
frequencies, the plot will be a straight line with slope —2.
For high frequencies, the plot will be a straight line with
slope —4. The change will occur in a region around the
inverse correlation time of the noise.

This result will be particularly useful in experimental
situations when the noise is not directly observable. The
correlation time of the noise perturbing the system can be
estimated from the frequency at which crossover to the
asymptotic regime occurs in the power spectrum of the
system.

We may illustrate this by looking at the linear system

X=—yX+0Z, (15a)

Z=—BZ+PE .

The stationary solution to (15b) is an Ornstein-Uhlenbeck
process with correlation time B8~'. The characteristic
time for X is ¥ ! so, for y ~! << << B! we expect >
behavior for Sy(w).

(15b)
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log Sy (w)

Tz log w

FIG. 3. Power spectrum of system described by Egs. (15)
showing @ ~* behavior at high frequencies and »~? behavior at
intermediate frequencies.

The power spectrum of X may be obtained exactly, 1
_ Bo? 1

21 (4o B +o?)
Clearly, when @ dominates ¥ and 3 dominates w

o2 1
S ~Z
()~ 7w

Sx(

g

while, when w dominates both ¥ and S,
Bt 1

S ~t— .

X(a)) 2 a)4

A simple calculation shows that the lines defined by

2

o 1
logSy=1 —
08X %8 2 a)z

and

2

o3 1
1 =1 =
ogSy = log P

intersect at w =3, the correlation time of the noise.

It must be stressed that the o ~2 behavior does not arise
from the series (9). Equation (9) is an asymptotic expan-
sion that breaks down for w sufficiently small. A stan-
dard test for the validity of an asymptotic expansion is to
find where the magnitude of the first neglected term is
equal to the magnitude of the truncated series. In this
case, the first neglected term is the % term. For the
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case of an additive Ornstein-Uhlenbeck noise in N dimen-
sions, we show in the Appendix that this term is equal in
magnitude to the ™ * term when o equals 3, the inverse
correlation time of the noise, provided the time scales of
the system and the noise are well separated. This con-
firms our observation that the w~* decay must break
down for frequencies less than the inverse correlation time
of the noise.

APPENDIX

In this appendix we demonstrate that, for the case of an
additive Ornstein-Uhlenbeck noise, the asymptotic ap-
proximation to Sy(w) breaks down when w equals the in-
verse correlation time of the noise, provided the time
scales of the system and the noise are well separated. We
do this by showing that the first neglected term, the o~
term, is equal in magnitude to the ™ * term when o
equals 77 .

The system we consider is

X=£(X)+vgZ,

. - (16)
Z=—yZ+yE.

Here, Z is a vector of independent Ornstein-Uhlenbeck

noises with correlation time ¥ ~2 and stationary probabili-
ty density

3
<(QTVMXm )'(QTV'Msxm )) =?’4<‘}’42831k _7’22 Emk8pk a—X—fm + zgmkgpk(f‘v aX v fm+ ngkgpk

+v zgmkgpj ]zqu aX aX fm +7’2gmkgpk quz

p.jrk

We now note that (3/3X,)f,, is a local characteristic
frequency of the deterministic system

X=f(X)
and, so, is much less than %2  Similarly,
(£-V,)(3/0X,)f,, and (3/3X,)(f-V,f,,) are local charac-
teristic quantities of dimension frequency squared which
must, thus, be much less than y4. This allows us to write

8
(-3 |g"V(X, )|2>:;27’—2<g,3,k>,
k

and
{g"VA X, ) (aTVA3X,,))
~y* > (gix)
k

d d
+7/<2gmkgpj ngqkaX E)X f>

p.irk

<2gmkgpk2gq. aX ax, f,..>. (19)
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ps(Z)=(m)"2exp(— |Z|?), (17)

independent of y. This independence is a consequence of
the y scaling of (16) which is the standard scaling for in-
vestigating nearly white noise. !*

The coefficient of »~° in the asymptotic expansion for
Sx, (@) is, according to (13),

—(X X, >——<% —1)|a™V(#*X,,)|?
+(@"V X,,)(aTV*X,,)) .

(18)

In this case we have

o =(f+ygZ)-V,
a’V=yV,.

Plugging these formulas into the two terms on the
right-hand side of (18), we have

(3(=1)| a™V(Z?X,,)| %)

—yZV,+ 57V},

2

_2:4 3
:< 2 % Egpk X fm_yzgmk >7
P 14
and
f fom
/ 8X
6
'aX aX f"’)‘

The last result may be further simplified by realizing
that the second and third terms involve the expectation of
Z; multiplied by a function of X. In the limit of large y,
the stationary joint probability density p(X,Z) is of the
form!'3

p(X,Z)zpo(X)ﬁ(ZH—%p,(X,Z)—FO(l/VZ) .

Here p(Z) is the stationary density (17) of the Ornstein-
Uhlenbeck process Z. Since (Z) =0, the expectations in
the second and third terms are of order ¥ —!. Therefore,
these terms can be neglected with respect to the first term
for y sufficiently large and we may write

gV X)) (@TV X)) =y T (g2e)
k
Hence we have
—1 5 —7’8 2
(Xl "Xy )~ > (gmk) -
2T %

A quick calculation shows that the coefficient of w~*is
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1 3 ___L4 2
1T<XMMXM>~27T §<gmk> .

So, the condition that the ™ * and «~° terms be equal in
magnitude is

Y S (gaw) |0t =18 | 3 () |0~ °
k k

or

w=y%.
QED .
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