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Degrees of freedom of turbulence
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We compute in the framework of a multifractal model for three-dimensional fully developed
turbulence the number of degrees of freedom N as function of the Reynolds number R. N de-

pends on the whole spectrum of singularities h related to the anomalous scaling of the velocity
differences. On the other hand, we have also considered what the total number NT* of equations
needed in a computer simulation is since N just has theoretical relevance. We stress, however,
that the main features of intermittency can be described by an effective number N*, which is

much smaller than NT because N neglects very improbable events. We show that NT ~R3
while we get from a fit of experimental data that N*~R is of the same order of N c R

where s is the rate of the energy dissipation for unit mass
and time (assumed to be constant in K41) and v is the ki-
nematic viscosity.

If L is the system characteristic length at which the
external energy input is pumped, then the dimensional ra-
tio R (sL ) '1 /v is the Reynolds number. The number
of grid points per unit volume necessary to obtain a resolu-
tion up to g is thus

N(R) —(L/rl)'~R (2)

This argument hides the central assumption that all the
fluid is "active, " i.e., that the energy dissipation density
field is smoothly distributed on a three-dimensional region.
Qn the contrary, experimental and numerical evidence in-
dicates that spatial intermittency is generally present.
Roughly speaking, if we look at a scale 1 just a percentage
a(l ) ~l of the fluid is "active."

Let us recall that for definition of fractal dimension DF
the number n (1) of cubes of edge 1~ 0 necessary to cover
an object scales as I

It is, however, simple to repeat the Landau-Lifshitz ar-
gument under the hypothesis that the energy dissipation

The numerical simulations of turbulent incompressible
flows at high Reynolds number R require taking into ac-
count a large number of degrees of freedom. This implies
that with the present technology there is no realistic hope
of reproducing the small-scale behavior of physically in-
teresting flows which can be found in geophysical, astro-
physical, or engineering sciences. It is, however, a problem
interesting in itself to understand how many degrees of
freedom are necessary for describing the fully developed
turbulence in three dimansions. The first estimate was
given by Landau and Lifshitz' in the framework of the
Kolmogorov theory (K41).

It is clear that a satisfactory description of turbulent
fluids needs a resolution up to a scale of the same order of
the dissipative Komogorov length g at which the molecular
friction is able to compete with the nonlinear transfer.
One sees

' 1/4
3

s(x) is concentrated on a homogeneous fractal with
noninteger dimension DF ( 3 (P model of Frisch, Sulem,
and Nelkin ). In this case the velocity differences scale
for r Oas

au, (r) =
~
u(x+r) —u(x)

~
~r",

where h does not depend on x:

h =(DF —2)/3

(3)

(4)

rlhu (rl)/v —O(1) .

This is equivalent to the requirement that the dissipative
(linear) term of the Navier Stokes equations is able to
compete with the nonlinear transfer term.

Inserting Eq. (3) in Eq. (5) we obtain

L
+ i/(i+I )

It follows that
DF

N (R ) R 3DF1&&+Dr&

The above formula has been derived by Kraichnan. 6

Let us remark that some other variables are also neces-
sary to describe the nonactive regions of the fluid, but their
number is not a function of R. If the p-model assumptions
were correct, Eq. (7) would give, in principle, the scaling
of N (R ). This is not the case, as the implications of
the homogeneous fractal model for the structure function
scaling

(
~
au (r )

~

r) ~ r~', (8)

(7)

with
DF —2 p+ (3 DF), —

do not seem to be satisfied. In Eq. (8) (( . . )) means spa-

The Kolmogorov theory is, of course, recovered in the limit
DF 3andh

The dissipation scale g can be now determined by im-
posing that the Reynolds number related to an eddy of
length scale I is of order 1,
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tial average. Experimental results show that gz is a non-
linear function of p for p & 8, indicating that there are dif-
ferent singularity values h. It was therefore suggested that
the energy dissipation is concentrated on an inhomogene-
ous fractal without global scaling invariance. Let us in-
troduce the set S (h ) of the points x for which

hu, (r) ~rh, (9)

assuming h~;„~ h ~ hm~. The probability P(l) that a
point x belongs to S(h) scales as

P (l ) ~ i D(h )+3— (io)

where D (h ) ~ DF is the fractal dimension of the set S(h ).
The structure functions can then be computed as an

average taken over a measure dp(h) concentrated on the
different sets S (h ):

(b,u (r )~)— dp(h )I"I'+' (»)
A simple saddle-point calculation of (11) in the limit
I 0 shows that

min [hp —D(h))+3 . (i2)

r ~ D(h)

(R ) ~RD(h)/(I+h)
~(I )

(13)

We can thus get the total number of degrees of freedom by
integrating (13) over h:

N (R ) „dp (h )Nh (R ) ccRs, (i4)

where 8 can be estimated by the steepest descent method
in the limit of large R:

b max [D (h )/(1+ h )] .
h

(is)

A fit of the experimental data of Ref. (7) gives the value
b=2.2, which is close to the value given by Eq. (7). The
results (14) and (7) are, nevertheless, quite different from
a conceptual point of view.

We must stress that the estimate (15) just has a theoret-

Equation (12) is a Legendre transform: For a given p
value, gz peaks up to a particular D (h ). The knowledge of
observable moments, in fact, allows (under certain general
conditions) the building up of the probability distribution.
The number of degrees of freedom necessary for describ-
ing such a multifractal picture of turbulence must be de-
fined with much more care. In fact, for each singularity h

a different dissipative length rl(h ) is peaked up by condi-
tion (6): ri (h )~R

Since the number of eddies of scale l with singularity h
is proportional to l ",one sees that the number of grid
points which have to be considered for resolving the set
S(h) is

ical relevance, since it is rather difficult in a computer
simulation to locate the grid points on the sets S (h )
(which also evolves in time). Indeed, one usually works
with a fixed grid or with a pseudospectral method. It fol-
lows that the only relevant parameter is the minimal scale
lm;„considered which is bounded from below by the dissi-
pative length related to the strongest singularity:

l;„-rl(h;„) ~R (i6)
The estimate l;„=ri(h;„) assures that all the sets S(h )
(i.e., even very improbable events) are taken into account.

The number of equations which enables such a fully ac-
curate description is thus

3

R 3/(~+h ) (i7)NT*—
Imin

Equation (17) is in agreement with rigorous bounds. ' On
the other hand, if one decides to neglect the rare events a
sufficient resolution is l )) lm;„, on which just the relevant
features of turbulence are reproduced losing some details.
In this case the number of equations is reduced to

r 5 3
L
I

This scale I can be estimated by the dissipative length
rl(h ) related to an effective singularity h.

Let us define an "effective"-mass dimension D of the
object on which the energy dissipation is concentrated by

D —2
h

3

Mandelbrot" has, e.g. , assumed D =Dr the information
dimension, and from the data of Ref. 7 one has DI 2.87.
By inverting the Legendre transform (12), this assumption
corresponds to selecting h = (diaz/dp )p 3 0.29, and,
roughly speaking, l is thus the smallest scale on which in
average active eddies are still present.

On the other hand, some heuristic arguments, ' as well
as a fit of experimental data, indicate hm;„0. It follows
that

NT*~R and N'~R '+" -R .

Let us finally emphasize that NT is much greater than
N*, which is close to the estimates (2), (7), and (14) of
the number of degrees of freedom obtained, respectively,
in the K41, in the P-model, and in the framework of the
multifractal approach.
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