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A spinless hydrogen atom coupled to the electromagnetic field is considered within the context of
nonrelativistic quantum electrodynamics. The atom-field interaction is taken in the minimal-

coupling form and the Coulomb gauge is used. When the coupled system is in its ground state the
electromagnetic fieM fluctuates away from the vacuum state and the atom has virtual admixtures
from its uncoupled lowest eigenstate. The electric- and magnetic-field-energy densities that arise
from the fluctuations are determined as functions of the distance from the atom. The relationship
between these field-energy densities and the retarded long-range van der Waals 'forces is also dis-

cussed.

I. INTRODUCTION

It is well known that an atom interacting with the elec-
tromagnetic vacuum field, in the ground state of the cou-
pled system, is permanently surrounded by a cloud of vir-
tual photons. ' Recently a detailed study of global and lo-
cal properties of photon clouds and the Maxwell
fields in the neighborhood of atoms and molecules has
been made.

The cloud of virtual photons surrounding the atom is
related to the retarded van der Waals forces between two
polarizable neutral atoms or molecules. In fact, these
forces, in addition to the electrostatic interactions, derive
from the exchange of transverse virtual photons between
the two atoms "it follows that an atom is sensitive to
the virtual photon cloud of the other atom.

The aim of this paper is to study the electromagnetic
(e.m. ) energy density associated with the photon cloud in
the Coulomb gauge, and to show the relationship between
the virtual fields and the retarded intermolecular forces, a
point that was not discussed in the previous papers on the
photon clouds, where the spatial behavior obtained for
the photon cloud was different from the one expected
from the theory of intermolecular forces. In this theory it
is possible to think of the intermolecular potential as the

result of the interaction of the second atom, seen as a po-
larizable test body, in the field of the first; ' ' therefore
the intermolecular potential can give information about
the characteristics of the virtual fields around the atom.
The relevant point is that the field quantity utilized to
describe the photon cloud, the coarse-grained energy den-
sity operator W(r), is different from the square of the to-
tal electric field to which, in the intermolecular forces
theory, the second atom "responds" in the field of the
first. Therefore it is natural that the results of the two
cases are different, because the virtual field structure has
been described using different quantities-having different
physical meaning. We show in this paper that on describ-
ing the virtual field by the square of the e.m. fields in-
clusive of the longitudinal part of the field created by the
atom, we obtain results directly related to the theory of in-
termolecular forces. Moreover, we analyze in a detailed
way all contributions to the total energy density, stressing
the role and the physical meaning of each contribution.

II. ELECTROMAGNETIC FIELD
AND ATOM-FIELD INTERACTION

Assuming spherical boundary conditions, the expres-
sions for the transverse e.m. field operators in the
Coulomb gauge and in the continuum limit are '

A(r) =2v'Pic g f j t(kr)Yt 0(0,$)a(k,~,l, m )
l, m

1+ [~ljt+, (kr)Yt~+(8, $)—v'l + 1jt, (kr)Yt~ (g,p)]a(k, 'tf', 1,m )

/ k ' dk+H. c. , (2.1)

3S 188 1987 The American Physical Society



35 ELECTROMAGNETIC-ENERGY-DENSITY DISTRIBUTION. . . 1B9

T

Ez(r)=i2v'Pic g f ji(kr)Yi o(0,$)a(k,~,l, m)
l, m

+ [v iji+i(kr)Yi~+(0, $)—v'l + lji, (kr)Yi (0,$)]a(k, 8', l, m) k ~ dk
2l +1

+H.c. , (2.2)

B(r)= i2—v'Ac g f ji(kr)Yi o(0,$)a(k, @',l, m)
l, m

[v i~i+, (kr)Yi +(0,$) v'l +—1j i,(kr)Yi~ (0,$)]a(k,~,l, m )
v'2l + 1

(2.3)

' 1/2
1+1

Pl
I

21+1Yl ——S
~ l+1 Bi~, (2.4)

~ l&lmO=«im (2.5)

where A, =~,S' refers to magnetic and electric mul-
tipoles, ji(kr) are spherical Bessel functions, and Yi~; are
spherical vector harmonics defined as

1/2

ics defined in the preceding will be often used:

d+ +lmi l'm'i' ~ll'~mm'~ii' ~

2l +1g Ytmi Yimi' = 5ii
4m

(2.12)

(2.13)

(2.14)

+1
1m+

' 1/2

Pl

1/2

P,„(e,y)=re (e,y), (2.7)

The vector spherical functions Pi, Bi, and Ci are
defined as follows:

where i=0, +,—;in the factor ( —1) + +' in the right-
hand side of (2.12) it must be assumed that i=O, + 1,—1

corresponding to i =0, +,—.
In terms of the field operators (2.2) and (2.3) the field

Hamiltonian, subtracting the zero-point energy E,~, is

Hf f d r(Ei——+B ) E, —

Bi (0,$)= VI'i (0,$),
l (l + 1)

(2.8) f dk Acoka (k, k, , l, m)a(k, k, , l, m) . (2.15)
A, , l, m

Ci (e,y)= —rXBi (e,p), (2.9)

The following properties of the vector spherical harmon-
I

where

where Fi~(e, itp) are the usual spherical harmonics. Equa-
tions (2.7), (2.8), and (2.9) are analogous to the vector har-
monics of Morse and Feshbach' but differ in the choice
of normalization.

The Bose cx operators satisfy the following commuta-
tion relations:

[a(k, k, , l, m ),a(k', A.', l', m')]=0, (2.10)

[a(k, A, , l, m ),at(k', A, ', 1',m')] =5(k —k')5 xiii 5~~ .

(2.11)

Our physical system is a spinless hydrogen atom in-
teracting with the quantized e.m. field. The atomic part
of the Hamiltonian of this system is

1 2 e
2m P NLM

(2.16)

where @ivL,M are eigenstates of the hydrogen atoin of ener-

gy EN and quantum numbers K,I.,M; in the sum over X
the integration over the continuum states of the atom is
also included.

Finally, the interaction Hamiltonian in the minimal-
coupling scheme is

a, =0,'+H,-2, (2.17)

e 2ea'/'II = — A(r) p= — g f ji(kr)Yi 0 pa( ~k, l, m)
mc mc1/2 0

l, m

[v lj, +,(kr)Y,~+(0,$).p —v'l + lj, ,(kr)Y, (0,$) p]a(k, 8', l,m )
1

2l+1

&C k' dk+H. c. , (2.18)

and, writing down explicitly only terms proportional to cxknl, , because the others do not contribute to the quantities in
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which we are interested,

2&lC

2fie g f dk f dk' jI(kr)Yi* oa (k,~,l, m)
mc I, m

I', m'

[V lj i+i(kr)YI + —V'l+ lji i(kr)Yi~ ]a (k, 8', l, m)
v'2l + 1

. j I (k'r)YI oat(k', M, l', m')

[v 1j'I + i(k'r )YI*2l'+1

—&1'+ lj I t(k'r )YI* jat(k', N', l', m') (kk')'i + .
J

(2.19)

We will need the expressions for the longitudinal field
created by our system. Let 0 be the position of the atomic
nucleus, r the position of the electron, and'8 the angle be-
tween r and the observation point R. Assuming R ~)r,
the electrostatic potential in R due to the electron-nucleus
system is

III. GROUND STATE

The unperturbed ground state of' our system is
l.0) =

l @|oo0),where N|oo is the atomic ls ground state
and 0 is the photon vacuum; the first-order correction to
the unperturbed ground state is

e e&(R)=-—+

477e y (r/8) g yms(g y )ym(g y )
R I, 2l+1

l 1) g fdk( 1)M L —1—
N, L,M ~(~1Vl+~k )

xLM 1(k, g,L, —M ) ), (3.1)

(2.20)

Therefore, the longitudinal field, that is an operator in
the atomic state space, is

where the integration over k is intended to extend over all
admissible frequencies, co~i ——fi 'E~i ——A' '(E~ Ei ) and—

El (R)= —Vg@(R)
l

= —4me g g &i *(8„$,)
1=i + m= —l2111

ieA
e~L (k) =—

mao nC

1/2

k 'i'v'L (L +1)

XVs, , &I"(gz 4z) .R'+'
x&&+1. IJI.(«)r 'l&io& . (3.2)

I
x g 1'i *(8„$,)YE +(gg, pg) (2.22)

(2.21)
Using the definitions (2.6), (2.7), and (2.8), we obtain

' 1/2
oo

Ei ——4me g i ( —1) '+'

The volume element in the radial matrix elements is r dr.
The second-order correction consists of two contribu-

tions, one deriving from the second-order treatment of
H, and the other from the first-order treatment of H;.
Using usual second-order expressions of time-independent
perturbation theory, ' after some calculation we can ob-
tain the contribution

l
2) i deriving from H;; the part that

contributes to the second-order average values in which
we are interested is

M i eel. (k)e~L(k')
y f fdkdk( 1)—

~k+~k
1

~Xi+~k
+ ~~ I+~k'

X
l
@,ool(k, 5', ,LM)1( k8', L, —M)) (3.3)
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The contribution due to H; is

I 2)z ——g f f dkdk'
I
@iool(k,~,L,M)1(k',~,L, —M))

L,M f? COk+COk

+y f f dkdk
'

lq, 1(k, S',L,M)1(k', 8',L, —M)),( —1)~g L(k, k')

'~k+~k )

where

(3.4)

g L(k, k')=—

+«+1)&Rio
I JL-i(«)jL —i«'r)

I
R»&]

( —1) (kk')'~ (R,o I
jL(krj)L(k'r)

I
R io),2s plC

2A'e4(k k')= ( —1) (kk')' [L &Rio IjL+i("rj)L+1(k'r) I Rio&
2mmc 2I- + 1

(3.5)

(3.6)

Therefore the relevant part of the ground state up to
second-order terms is

I
+&=+lo&+

I
»+12)i+ I2&2

where N is a normalization factor.

(3.7)

IV. TOTAL ENERGY DENSITY
OF THE VIRTUAL FIELD

Our aim is to calculate the energy density of the elec-
tromagnetic field for the perturbed ground state (3.7):
this will give us a measure of the virtual photon cloud due
to the fluctuations that are associated with the quantum
nature of the electromagnetic field.

The energy density of the total electromagnetic field is

A (r) = [Ez(r)+Bz(r)]
Sm

where the subscripts J. and L refer to transverse and long-
itudinal parts of the electric field, respectively.

We calculate the transverse part of the energy density
(4.1); separating the field operators into their positive and
negative frequency parts and after subtraction of the
zero-point energy, we have

(e
I
E', +s'I e) —E„

(e IE', +s'I e) — (o
I
E,'+s'I o)

(1
I
E;.Ei++a-.a+

I 1)
4m

I [E,(r)+EL(r)] +& (r) I
1

Sm

+ ReI &O
I
E~+.Ei++S+.S+

I
2& I .1

4m.
(4.2)

[Ei(r)+B (r)]+ EL(r)+ Ei(r).EL (r),
Sm Sm 4m.

(4.1)

where
I
2) =

I
2) i+ I

2)2.
In a previous paper we have already calculated the first

term in (4.2), that which we called the coarse-grained en-
ergy density W(r), and we obtained the following exact
result:

1
&1 I

E;.Ei++s-.a+
I

1&

g f fdkdk'(kk') ~ [LjL+i(kR)jL+i(k'R)+(L+1)jL i(kRj)L, i(k'R)]
N, L (~Ni+~k)(~Ni+~k )

eNL (k )~NL ( k
g (2L+1)f f dkdk'(kk')' 'jL(kRj)i(k'R)

776 + I ~N 1+~k ~N i +~k'
(4.3)

Using the properties (2.12), (2.13), and (2.14) of the vector spherical harmonics, and making lengthy calculations, we
have
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'
&oIEi+ Ei+I»

1

4m

v 2gL (k,k')
g f f dk dk'(kk')3~2( —1)~ (2L+ l)jl (kR )jl (k'R )

A(COk +COk )

[Lj—L+ i(kR )jl +,(k'R )+(L + 1)jl,(kR )jr,(k'R )]

( —1) eNL(k)eNI(k ) 1

2 +
N ~ (Oik+~k') ~N1+~k ~Ni+~k'

~2' (k,k')
+

A(COk+COk )
(4.4)

' «l~+ ~+I2&
4m

1

4m

"'
y. f f dk dk'(kk') ( —1)

7T

~ eNI. (k)eNI (k')
(2L + 1j)L (kR )j L (k'R ) g ( —1)

A( COk +COk )
+

~Xi+~k CO~ ~+6)k~

&Zg, (k, k )
+ @~k+~k )

~2gi(k, k')
+[LjL+i(kRj)i+i(k'R)+(L+1)jL i(kR)jL i(k'R)]

A(COk +COk )
(4.5)

We now consider the terms in the energy density (4.1) that involve the longitudinal electric field. Using (2.22) and (3.7)
and retaining the second-order terms only we obtain

&0
I
EL, I

0&= e g(L+1)&C'ioo
I
r

I @ioo& (4 6)

1 1

4m
ReI & 0

I EJ Ei
I

1
2%

' 1/
1 . Ac—2le

2m' 4m

eNI (k)k ~
1L(L+1)&Rio lr IRNr, & f dk

N, I. & oiNi+~k

(4.7)

The contributions (4.3)—(4.7) are the exact second-order expectation values for the energy density within our model;
however, they are rather complicated and do not show clearly the main features of the virtual fields around the atom. In
Sec. V we approximate these expectation values so that the characteristics of these virtual fields are more easily under-
stood.

V. DIPOLE APPROXIMATION

From now on we consider the electric dipole transitions in the atom alone. These dominate all of the higher multipo-
lar and magnetic transitions especially in so far as the fields outside the atom are concerned. Thus we insert L =1,
kr && 1 in all radial matrix elements and drop all terms coming from magnetic dipole transitions. So we obtain

1/2

eN i(k)=eNk; eN ———~/2 Eek 2A'
&RNi IRio&, (&.1)

3 Ella o s'c
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2A'
g' (k, k') =g(kk') ' ';

3&PEC

g)(k, k')=0 .

Within these approximations, Eqs. (4.3) and (4.4) become

(5.2)

(5 3)

(I
I
E;-E~++B-.B+

I
1 &

1 c J f dkdk' [jz(kR)j2(k'R)+2j (kR)j (k'R)]2 (kk')
77 coX1+~k ~X1+~k'

L

kk'„g IE~ I' J J dkdk' j~(kR)j (k'R)
7T (~XI+~k ) ~X1+~k')

(5.4)

1 1 , (kk')
4m 4m.

(0
I

Ej+-Ej
I

2&= —f jdkdk', [j2(kR)j2(k'R)+2jo(kRj)o(k'R)]4+k'

~N +k ~N1
X 1+~k/~xi

COk&/CON 1+ 1+cok'/co+ i

— 2 g +W2g
N ~N1

(5.5)

Using the Thomas-&eiche-K. uhn sum rule over the atomic levels as given in Appendix A we find that the last term in

(5.5) vanishes and we obtain

1 + + 1 1(0 IE~+ E~ I2&= —J f dkdk' [j2(kR)j2(k'R)+2jo(kR)jo(k'R)], (kk')
4m 4m k+k'

I ezv
I

'
N1

+1+~k/~» 1+~k /~~i
(5.6)

We can proceed in an analogous way for the magnetic part, Eq. (4.5), obtaining

1 3 kk'
(0

I

B+ B+
I

2& = ——J J dk dk', j)(kR )j)(k'R ) g
4m 4m k +k ~ fK0~ ~

1 + cok /co~ &

+
1 +@ok ~ /coN 1

Finally, Eqs. (4.6) and (4.7) give

I k j2(kR )

, Jdk
N & ~Xi+~kE, .E

4m 277 . 2&

,
' &~IE,'I~&=4' "&~,~l "I+,~& ', ,

1/2

(5.7)

(5.8)

(5.9)

We now consider explicitly the behavior of the various terms in the far zone (R »c/co~~) and in the near zone

(ao «R « c/co&&, where ao is the Bohr radius).

A. Far zone

If R »c/co~~ we can suppose that in all integrals cok &&~& &, and use the following series expansion:

1 =1—x+x-
1+x

(5.10)

with x =cok/~N1.
Using the notation and results of Appendixes A and B, we find that
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2(PzPz+ 2PpPp) +0(R ')
CO~ &

R

—+o(R-'),1 2 1 8cA 1

4m (5.11)

(p, )
4'lT 4& M ~ Q)~

T

1 8
z & +~op I

«
I @lop& 6 +O(R2 1

4m 3~2 R (5.12)

&0
I

E3+ E3
I
2&= g z [(Pz) ~2(Pp) ) 6

— g 3 (pz+2po) +o(R )

I
ze &N(opl «

I @(pp& 6
— a +O(R )

2 9cfi 1

4m. 4~ (5.13)

1 &ols+ s+ I2&= 1

4~ 4m.

3c leal zz 1 3c leal 1
z '6+ „Xx O34

z 2

3~2 &c„,l Ie, &
— +o(R-')

4n (5.14)

277 2' A 2 IT ~ CO+ $

&Rlo I
«

I RN1 &eNpz 7 +O(R1 1 8

R

—e &&ippl« l@iop& 6+ a 7+0(R )
2 2 1 Sc5 1 8

R' ~ R' (5.15)

I & @vice I
«

I @~op & I

'
—

3

K,M fKO~ &

(5.16)

I

contributions to the energy density are, after use of the re-
sults of Appendixes A and B,

& 1
I
E3 E3+

I
1 &

is the static polarizability of the ground state of the hy-
drogen atom. Equation (5.8) does not need to be approxi-
mated.

Finally, col1ecting a11 the contributions to the electric
and magnetic energy densities we find

I
'[(P')'+ 2(P')']

4m +cubi
(5.19)

I
q &

—E,„= aca +O(R
8m

'" Sm 2m R 7

(5.17)

& 1
I

~- ~+
I »4m.

(pI )
4m mcA ~ R4

&elazle& —E„= Pica +O(R ) .R"
&0I Ej+.Ej+ I2&

4m

B. Near zone
(5.18)

2
7T' ~ CO~ ) R

If R «c/o3&
&

we can suppose o3k » p3~~ and use (5.10)
with x =m&~/cuk &&1. In this case the various dominant

I
'[(Pz)'+2(Po)'], , (5 21)

mcA R
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1
&0

I

B+.B+
I

2& = 1

4m 4m

6 I~ivl' z 1 &e IB'I e& —E,„= 12
7T~ N CO~ &

+ ~ g I

e'~
I
'(Pi)'

&C R

5e 1

2~me R5 (5.28)

1 1 3 le'xl ) 1
&0

I EL, El
I
1)— y P2

2& 2'jj A ~ cog 1

(5.22)

If we collect in the electric energy density the terms in-
volving the transverse field, the longitudinal field, and the
interference term, the dominant terms are

&+IE,'le& —E„
1 4

8817 ~ ~Q] R

1 4c~ (re+2)'o) g
8m ~%1

1

R6

1
&+

I EL, Ei I
p&

4m.

(5.24)

6 q I
ex I 1

r

6c
P2

N Xl
(5.25)

Sm 8m
2e'&@choo

I

r'
I @choo&

R

9' I &iv I 1

x co+& R2 6 (5.26)

&+ IE'I +& —E„= &+IE,'
I
e&

1
2e &C'ioo lr I

@i~&2 1

8m R

(5.27)

%'ith similar arguments we can obtain the dominant
term in the magnetic energy density, that is,

We note that, apart from inessential numerical factors,
Eqs. (5.24) and (5.25) contain an extra factor co~&R/c as
compared with (5.26). Since in the near zone this factor is
very small the electric energy density in this zone is essen-
tially that arising from the longitudinal part of the elec-
tric field

VI. DISCUSSIONS AND CONCLUSIONS

The results of the previous paragraph allow us to dis-
cuss the role of each contribution to the e.m. energy densi-

ty around the atom. We see that in the asymptotic region
the 1/R behavior of the energy density (5.8) of the longi-
tudinal field is exactly canceled by other 1/R terms in
(5.11), (5.13), and (5.15) due to the transverse field. In
other words, one of the effects of retardation in the far
zone is to cancel the 1/R contribution of the static elec-
tric dipole. This result, together with the 1/R behavior
of the asymptotic remaining terms in the energy density,
is expected from the theory of intermolecular forces where

in the far zone retardation effects change the intermolecu-
lar potential from 1/R to 1/R . ' In fact, if we insert an

atom, considered as a test body characterized by a static
polarizability o.T, in the fluctuating field of the hydrogen
atom given by (5.17), the interaction energy is

~EM +T&q IB'«)
I

q &= ««T
4~ R' ' (6.2)

as is known. "
Equation (6.1) and (6.2) show that the energy density

around the atom, described by the square of the e.m.
fields including the longitudinal field, is directly related to
the retarded van der Waals forces.

Moreover, the results obtained show that in the near
zone the energy density coincides with that due to the
longitudinal part of the field alone. This is understand-
able because in the near zone the retardation corrections
contained in the transverse part of the field are negligible;
this result agrees with the theory of intermolecular forces
where in the near zone it is possible to describe the in-
teraction solely in terms of electrostatic interactions.

We now summarize the results of the work reported in
this paper. The fluctuations of the electric and magnetic
fields around a nonrelativistic hydrogen atom in its
ground state have been studied. These fluctuations have
been described by the energy density of the fluctuating
e.m. fields. Within second-order perturbation theory, ex-
act expressions for the e.m. energy densities have been ob-
tained, including all multipole transitions. The contribu-

REF.———2uT&4 I
E (R)

I
4&= — AcaaT, (6.1)

4~

that is, the asymptotic Casimir-Polder potential. ' '
In the magnetic energy density a cancellation of 1/R

terms between (5.12) and (5.14) occurs in a similar way; it
involves the transverse field terms coming from the one-
and two-photons states in the perturbed ground state. If
the "test" atom also has a magnetic polarizability aT, it
interacts with the magnetic part of the fluctuating e.m.
fields given by (5.18), and we obtain the following interac-
tion energy:
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tions from electric dipole transitions are dominant in all
region of interest outside the atom and these have been in-
vestigated in detail. It has been shown explicitly that
there is a cancellation in the far zone between the longitu-
dinal contribution by part of the transverse field contribu-
tion. This leaves an energy density with a 1/R asymp-
totic behavior. This term involves the transverse field
contribution to the energy density and comes from both
the one- and two-photon states within the ground state of
the coupled system. Moreover, it has been shown that in
the near zone all terms involving the transverse field are
negligible compared with the pure longitudinal-field term.
The connection of the fluctuationg fields around the atom
and the retarded long-range van der Waals forces has also
been discussed in the spirit of interpreting the force as the
result of the interaction of one atom in the fluctuating
field of the other one.
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APPENDIX A

1 3ma p
2

I &Rio IR~t& I'=
EN 1 2A

(Al)

In this Appendix we give some rules involving the radi-
al matrix elements, which are used in the text of the pa-
per.

The first is an appropriate form of the Thomas-
Reiche-Kuhn sum rule
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APPENDIX 8

Here we give the following definitions used in the text:

Pz ——lirn f dx e "x jtt(x),a~p (81)

OO M M

ytv = lim f dx f dy y jtt(x)j~(y)e ai" +&~
a~p x+y

2 2( 2+ 2)
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(82)
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where the factor e has been introduced in all integrals
to give convergence in the upper limit of integration.

The y~ integrals are calculated explicitly factorizing
the x and y integrations by the following relation:

The others are
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By extensive use of integral tables' we can obtain the

particular integrals used in the text of this paper:
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