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Electron —atomic-hydrogen elastic collisions in the presence of a laser field
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We study the "elastic" scattering of fast electrons by atomic hydrogen in the presence of a laser
field. Our method takes into account the "dressing" of the target states by including the laser-atom
interaction to first order, while the laser-projectile interaction is treated to all orders. This allows us
to treat laser fields which, although weak compared to the atomic unit of field strength, can
nevertheless be strong by laboratory standards. In the limit of weak fields our results reduce to
those obtained recently by a perturbative approach (in the laser-projectile interaction) for all laser
frequencies.

I. INTRODUCTION

In considering collisions of electrons with real atoms in
the presence of a laser field, one has to take into account
three distinct interactions. Firstly, the interaction be-
tween the unbound electron and the atomic system takes
place, as in the field-free case. Secondly, the radiation
field strongly interacts with the unbound electron, induc-
ing stimulated or inverse bremsstrahlung. Thirdly, the
electromagnetic wave can modify the atomic states in-
volved in the scattering process. Accurate scattering cal-
culations being quite difficult even in the absence of the
laser field, it is clear that there is no hope for an exact
treatment of the problem. In order to simplify it, a com-
mon approximation is then to neglect the third interaction
so that the atomic target is considered to be unaffected by
the laser. It is obvious, however, that this simplification
is not valid when the intensity of the field is strong, nor
when the laser frequency lies close to atomic excitation
energies. For that reason, a formalism has been developed
recently by Byron and Joachain' in order to take into ac-
count the "dressing" of atomic states in the scattering
process. It makes use of first-order time-dependent per-
turbation theory for treating the laser-atom interaction,
the laser-projectile interaction being taken into account to
all orders. This method has the advantage of being valid
for all field intensities, provided that the electric field
strength is much less than one atomic unit, namely
8'o~&5&(10 V cm '. It should also be noted that a
low-frequency approximation was used for convenience in
Ref. 1. Since higher-frequency lasers are now becoming
available, this approximation will be removed in the
present work.

Another recent treatment, which has been proposed by
Dubois et al. , is based on first-order perturbation theory
in the external field for both the target and the projectile.
It amounts to compute the four diagrams displayed in
Fig. 1. The first two diagrams, called "electronic, " corre-
spond to the scattering with emission or absorption of one

photon by the incident electron, while atomic" diagrams
III and IV depict the same process but involve the atomic
electron. The calculation of the first two diagrams is a
simple matter, since the amplitude factorizes into the
field-free amplitude (in first Born approximation) and the
standard amplitude for bremsstrahlung. The calculation
of diagrams III and IV is, however, much more compli-
cated requiring the use of the Coulomb propagator. This
method is, in its present form, restricted to one-photon ex-
change and is well suited for weak fields. It involves no
limitation on the frequency.

In this paper we are interested in providing a unified
treatment of electron —atomic-hydrogen scattering in a
laser field, namely, a treatment that would be valid (a) to
all orders in the external field for the projectile, (b)
without limitation on the laser frequency, and (c) for an

IV

FICx. 1. The four diagrams contributing to one-photon emis-
sion or absorption processes occurring during an electron-atom
collision in the presence of a laser field in a first-order perturba-
tive approach. The electronic diagrams I and II correspond to
processes in which the projectile exchanges one photon with the
field, while the atomic diagrams III and IV account for the
dressing of the target.
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arbitrary number of exchanged photons. It wi11 allow us
to test some approximations made in Ref. l (low-
frequency approximation, closure approximation) and also
to check the limits of validity of the perturbative ap-
proach of Ref. 2. In order to make contact with this last
work, all calculations will be performed here in first Born
approximation. However, as shown by Byron and
Joachain, the generalization to eikonal-Born series (EBS)
amplitudes can be done in the low-frequency limit. The
main effects are nevertheless expected to be contained in
the first Born term, provided the number of exchanged
photons is not zero. We will furthermore neglect ex-
change effects, which were not considered in Ref. 2, and
are small for fast incident electrons.

II. THEORY

The Hamiltonian of the electron-atom system in the
presence of the laser field can be written

=c5'p/cp. The so-called Volkov solution of Eq. (2) then
reads

&k(ro, t) = (2~) exp I i[k.rp —k-apsin(cot) —Ekt /A] ),

where k is the electron wave vector, Ek ——A k /2m, and
ao ——e N'o/map .

The next step consists in computing the "dressed"
states of the hydrogen atom in the presence of the laser
field. This is done by solving the equation

8ih N(r), t)=H, N(r), t) . (4)at

Using first-order time-dependent perturbation theory and
removing the low-frequency approximation of Ref. 1, we
then obtain for the dressed ground-state wave function of
hydrogen

4o(r, , t) =exp( i a r—
&

)exp. ( i copt )—

T 2
~ a 1 eiR X(rp, t)=HfX(ro, t)= p+ —A X(rp, t) .

Bt
' '

2m c
(2)

H Hf +H] + Vd

where Hf and H, are, respectively, the Hamiltonians of
the unbound electron and of the atomic target in the pres-
ence of the laser field, and Vd is the electron-atom in-
teraction in the direct channel.

First of all, the wave function of the unbound electron
in the laser field is readily obtained by solving the
Schrodinger equation

co„pM„p p
X fo(r, ) —sin(cot) g 2

'
P„~(r&)

@~n,o—~ )

COM„p p—i cos(cot) g z
'

f„~(r&)
A'(cp„p —cp )

where fo and g„~ are, respectively, the "undressed"
ground-state wave function and the nth p state of hydro-
gen, %op and Rco„ the corresponding energies,
~„p——co„—cop and the summation includes continuum
states. Moreover, one has a=e A/Ac and

Assuming a monochromatic, linearly polarized, and
single-mode laser field treated in the dipole approxima-
tion, we have, working in the Coulomb gauge,
g(t) = Rosin(cot) and A(t) = Aocos(cot) with Ap

The S matrix element for direct "elastic" scattering in
the presence of the laser field is now given, in first Born
approximation, by the expression

B1S„=—— dt(X„(ro t)@o(ri t)
I Vd

i Xk,.(ro, t)+o(ri t))

where Vd ——
~
rp —r~ j ro . Perfo—rming the time integration and working from now on in atomic units, we obtain

+ oo

S,)' =(2m) 'i g o(Ek Ek —lco)f,)'—
1=—~

where f,~

' is the first Born approximation to the elastic scattering amplitude with the transfer of I photons, namely

f,)' (4)=Jt(h.ao)f,('(6) ijj(h ap) g cp„o. —
CO~ p

—Q7
(9)

Here 6=k; —kf is the momentum transfer, JI is an ordi-
nary Bessel function of order l, JI' its first derivative, and
f,&', f„'p, and fp „' are the first Born amplitudes corre-
sponding to the scattering processes 0~0, O~np, and
np ~0 in the absence of the laser field.

The first term on the right-hand side of (9) corresponds
to the interaction of the laser field with the incident elec-
tron only (in the same way as in potential scattering),
while the second one includes dressing effects and thus de-
scribes the distortion of the atom by the electromagnetic
wave.

It should also be remarked at this point, that the low-
frequency approximation of Ref. 1 can simply be
recovered by letting co tend to zero in the denominator of
this second term.

Although the expression (9) can be computed exactly in
the case of atomic hydrogen, the task would become im-
possible for more complex atoms; so it is interesting to
test the limits of validity of the closure approximation
proposed in Ref. 1. This approximation consists in re-
placing co„p by an average excitation energy cp; Eq. (9)
then becomes
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Finally, the first Born differential cross section is obtained
as

f ~fbi, l
~

2

dQ k;

III. RESULTS AND DISCUSSION
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FIG. 4. Variation of log&0(do/dA) as a function of the laser
angular frequency co for an incident electron energy E; =20 a.u. ,

a scattering angle 8=10, and the absorption of two photons
( l=2). The electric field is assumed to be weak and is chosen to
be parallel to k;. The cross section has been normalized by di-
viding the result (11) by the squared average intensity. Solid
line, full calculation using Eqs. (9) and (11); dashed-dotted line,
same calculation but using the closure approximation of Eq.
(10); dotted line, calculation using the low-frequency approxima-
tion; dashed line, calculating neglecting the dressing of the tar-
get.

Dressing effects clearly increase with frequency, and as
discussed in Refs. 1 and 2, can even dominate the cross
section, especially at small scattering angles. Abrupt
changes in the cross sections also appear when the laser

uld befrequency is matching an atomic frequency, as cou e
expected on physical grounds and also from the presence
of the poles in (9). As discussed in Ref. 2, new zeros

FIG. 6. The ratio R of Eq. (16) as a function of the electric
field strength 8'o, for various values of the laser photon energy
fico in the case of one-photon absorption. The incident electron

0
energy is E; =20 a.u. and the scattering angle is t9=10. The
electric field is chosen to be parallel to k;.

occur in the cross sections due to destructive interferences
between atomic and electronic amplitudes. The figures
also show the limits of validity of the low-frequency and
of the closure approximations. The latter is shown to be
quite good, except in the neighborhood of atomic frequen-
cies.

Figure 4 shows the corresponding graph for the absorp-
tion of two photons. Since this process would be of
second order in perturbation theory, there is no sense in
adopting the same normalization as in Ref. 2 and as in
Figs. 2 and 3. The cross section plotted here is simply
that given by (11), divided by the squared average intensi-
ty I =8'ol(8~) .

Figures 5 and 6 display the ratio

1.0 B1,1=1

dA, all orders

B 1,1 = 10
first order

(16)
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FIG. 5. The ratio R of Eq. (16) as a function of the electric
field strength 8'o, for various values of the incident electron en-
ergy in the case of one-photon absorption ( l= 1). The scattering
angle is 6)= 10 and the laser photon energy is Am = 1.17 eV. The
electric field is chosen to be parallel to k; ~

as a function of the electric field strength for various en-
ergies of the incident electron (and fixed co) and for vari-
ous frequencies co (and fixed incident energy), respectively.
It shows the limits of validity of the first-order perturba-
tive approach, which turns out to be an expansion in
b, .go/cg2 rather than in 8'0, as it appears in the argument
of the Bessel functions. For instance, the perturbative ap-
proach is seen to fail even for weak fields if the laser fre-
quency is too low or if the momentum transfer is too
high.

Finally, the possibility of treating in our model the ex-
change of an arbitrary number of photons allows us to in-
vestigate the sum rule derived by Kruger and Jung in4 the
soft photon limit. Neglecting, in that limit, the depen-
dence of kf and 5 on the number of exchanged photons
and summing the cross section (11) over I, one has from
(9)
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B1,1+ do'el '

dQ
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( f,'&'(~) [' & )Ji(~ ~o) —r(&o~ ~)Ji'(™a) I'

work of Beilin and Zon, in which the Bethe-Born approx-
imation has been used.

~., olf o, 'I (~)M.I, o+Mo, .i,f.i,'o(~)1

COn P
—CO

This quantity is independent of l and real, since the am-
plitudes fo „'z and f„z'o are purely imaginary. The sum-
mation in (17) can then readily be done, giving

+~ g~B11 g Bl ff

dA dQ
[1+—,

'
y ( 8'o, co, b, )], (19)

where do.,~' /d B denotes the first Born differential cross
section in the absence of the laser field. Using again the
closure approximation (10), we obtain for y the following
compact expression:

IV. CONCLUSION

We have shown that, provided the Bessel functions can
be expanded to first order, the agreement between our
treatment and the perturbative approach of Ref. 2 is com-
plete. Our method is, however, more general since it al-
lows us to investigate higher field strengths and/or lower
laser frequencies. It also provides information about the
bremsstrahlung of an arbitrary number of photons. As an
application, the sum rule is investigated and our con-
clusions agree with previous work. The limits of validity
of the closure approximation are also checked; this is an
important point since that approximation becomes neces-
sary when studying more complex systems than atomic
hydrogen.

128c3 p
—2 2 g2(g2+8)(g2+4)2

(20)
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