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Quantum electrodynamics near an interface: Polarizability of a pair of adsorbed molecules
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The expression for the polarizability of a pair of centrosymmetric systems adsorbed on a dielectric
or a metallic surface is given for the first time to our knowledge. Of course, if no surface is present
our results can also be applied to the case of interactions between colliding molecules in vacuum.
The use of the multipolar Hamiltonian leads to a complete expression of the hyperpolarizability
which contains at the same time dispersive and inductive effects. This makes it possible to write

down calculations in a very compact and simple form.

I. INTRODUCTION

It is well known that an important consequence of the
interaction between an atom and a surface, or between two
atoms in a pair, is the modification of the intrinsic polari-
zability; adsorption or interactions between colliding mol-
ecules cause a change in the polarizability which affects
both dielectric' and optical properties of a microscopic
sample. A good knowledge of such effects is important in
surface physics, in spectroscopy, and in optics.

The study of the polarizability of a single atom (or mol-
ecule) near a surface has been previously considered by
Antoniewicz, ' Galatry and Girard, Grossel, Girard and
Galatry, ' and Van Labeke, Grossel, and Vigoureux. "
Efrima and Metiu' have also defined an effective dynam-
ical polarizability of an adsorbed molecule in their study
of the Raman scattering near surfaces. Later,
Korzeniewski, Maniv, and Metiu' introduced a more
general situation where the description of the surface is
improved in order to take into account the continuous
change of the dielectric constant across the surface.
Long-range situations have been introduced in that con-
text by Feilbelman. '

The polarizability of interacting atoms (or molecules) in
the free space (that is to say without surface) has first
been studied by Silberstein, ' Kirkwood, ' and Brown. '

More recently, Jansen and Mazur, ' Buckingham, ' Cer-
tain and Fortune, Buckingham, Martin, and Watts, '

MacKrodt, and Buckingham and Clarke have given a
quantum-mechanical treatment of the polarizability of a
pair of like atoms separated by a large distance. Hunt,
Zilles, and Bohr have presented a complete study of
these effects by incorporating the frequency dependence
of the molecular response to the fluctuating fields. In a
study of discriminating interactions between chiral mole-
cules, Taylor ancl Thirunamachandran have also pub-
lished interesting results on this subject. Pearson, Wald-
man, and Gordon have also given some estimations of
these effects.

Our aim in this paper is to combine the two cases above
and to present a general study of the polarizability of two
atoms (or centrosymmetric molecules) interacting both
with each other and with a metallic or dielectric surface.
Such a problem, taking into account cooperative effects be
tween adatoms, is quite important to understand experi-
ments in surface science, spectroscopy, or surface optics.
As far as we know it has never been studied up to now.
We study successively the alteration of the intrinsic polar-
izability of a given adatom by its neighbor and the polari-
zability of the pair. All calculations are given to order
R

In this paper we use the quantum electrodynamic for-
malism as extended in previous works to study interac-
tions between the electromagnetic field and matter near a
surface. " Although its use in molecular physics has
been clearly presented by Craig and Thirunamachan-
dran, this method is not used in surface science. As a
rule, in quantum electrodynamics, interactions are mediat-
ed by exchanges of virtual quanta of the electromagnetic
field. In a free field these quanta are ordinary photons;
near a surface, they are "surface modes. " In the present
study, a first advantage of this formalism is that it
reduces a three-body problem (molecule-molecule-surface)
to the usual two-body one (molecule-molecule). To be
clearer let us compare the case of two interacting mole-
cules in a free field with the one of two interacting mole-
cules near a surface. In the field of quantum electro-
dynamics the only difference between these two cases is
that, in the first one, molecules only exchange usual pho-
tons whereas in the second one the interaction is mediated
by specific surface modes. In other words, the presence of
the surface (with characteristics of the solid half space) is
included in the definition of the field. Because of this, we
may calculate interactions near the surface exactly as we
do in a free field in vacuum. The two cases can then be
compared stage by stage. This helps to foresee and to in-
terpret surface effects.

To use this method the problem is, of course, to define
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these specific surface modes which mediate interactions.
As explained in Refs. 31 and 32 the usual method of do-
ing this involves quantifying the radiation field through a
mode expansion appropriated to a half space of vacuum
bounded by the medium. This has been performed for
dielectrics ' and perfect metallic surfaces (including
plasmons). ' Following McLachlan, Agar-
wal has shown that for more realistic surfaces quan-
tum electrodynamics can be used by introducing correla-
tion functions that appear in linear-response theory. The
analytic form of the propagator of the electromagnetic
field near the surface then depends on the model of the
dielectric function e(k, co) chosen for describing the medi-
um, on the geometry of the surface, and on the assumed
boundary conditions. Although in such general cases a
number of theoretical problems have not been solved and
although, as shown by Barton, one must be very cau-
tious when using such "realistic" responses, they can, of
course, be useful in quantitative studies. However, in
those cases, calculations take a very complicated form and
integrations, which then have to be performed numerical-
ly, make results difficult to interpret. Because of this, in
this paper we shall deal only with the case of a local
theory when retardation effects can be ignored. We also
only consider the case of atoms or centrosymmetric mole-
cules. We think that this model remains useful in that it
allows us to examine the situation in the simplest possible
way. It will be possible to adapt our results to more so-
phisticated cases by modifying the field propagator ap-
pearing in calculations.

The organization of the paper is as follows. In Sec. II
we present the formalism that we use. The propagator of
the field near the surface is given in the local limit. We
next briefly discuss its form in general cases. In Sec. III
we study the polarizability of a single atom near a surface.
This polarizability, which is noted a'"', can be obtained
from the interaction energy 6U of the system when a fic-
titious external static field is applied. Results in this part
are not new ' but we choose to present them here be-
cause we need them in following discussions and especial-
ly because they permit us to illustrate our method and to
compare it with the usual ones. Two differences have
thus to be underlined. The first one, as explained above,
is that, in this case, our calculations reduce the usual
two-body problem (molecule-surface) to the one-body
problem (molecule in a field). The second one is that the
hyperpolarizability which directly appears in our ab initio
calculations takes into account at the same time inductive
and dispersive effects which are to be considered separate-
ly in all usual treatments. The use of such a "generalized
hyperpolarizability, " which constitutes a first result of
this paper, gives thus a direct route to study surface ef-
fects. In Secs. IV and V we calculate the polarizability of
a pair of molecules near the surface. This polarizability
results from two different processes which are considered
separately. The first one, which we shall call the intrinsic
polarizability of the pair near the surface can be obtained
from the interaction energy AU of the total system when
the fictitious static field is applied on each atom. This
term, which is noted a~~, is presented in Sec. IV. The
second one leads to the alteration of the intrinsic polariza-

bility of one adsorbed molecule A due to the interaction
with the neighbor B. It can be obtained by differentiating
AU with respect to the external static field only applied
on the molecule A. This term, which is noted az"' ~,
is presented in Sec. V. Some general remarks are then
given. Our chief aim in this paper being to expose the
above major results about the use of electrodynamics near
a surface and to prevent only general results on the polari-
zability of adsorbed systems, we neglect overlap in calcu-
lations.

II. GENERAL PRESENTATION
OF THE FORMALISM

In vacuum, calculations involving interacting atoms or
molecules are generally simpler with the multipolar Ham-
iltonian than with the minimal-coupling one. The con-
nection between these two Hamiltonians can be performed
by using a Power-Zienau transformation which may be
used near a surface as recently shown by Power and
Thirunamachandran. With the multipolar Hamiltonian
that we use, interactions between two systems A and B
are only mediated by transverse modes of the field. Con-
sequently, instantaneous Coulombic interactions do not
explicitly appear, provided we consider neutral systems.

We consider two atoms (or centrosymmetric molecules)
located at points Rz and Rz near a surface. We take the
origin of our reference frame on the surface, its z axis be-

ing directed from medium toward the vacuum and its xz
plane containing AB.

Interactions between A and B are mediated by the
Feynman's propagator of the field between the two
space-time points (Rq, r~ ) and (Rs, rs ). Its physical
meaning corresponds to the usual process of an emission
(absorption) of a virtual quantum of the field at point
(Rz, rz ) followed by its absorption (emission) at (Rg, 7s).
For the case near a perfect metallic surface this propaga-
tor has been defined in Ref. 27. In the presence of a
dielectric interface it can, for example, be deduced from
the response function given by Agarwal or from the ex-
pression calculated by Carniglia and Mandel for the
electric field commutators in the half space.

In the field of a local theory, and when retardation ef-
fects can be neglected, this propagator can be written

D,J(R„&g,Rsvp )

Noting Rq ——(x~,y~, z~ ) and Rz ——(xq,yz, —z~ ) (in
the particular case of a perfect mirror, A would thus be
the image of the point 2) and writing

+AB +B R& +AB I RAB
I

RAB =Res RB Rg +&&
I
RAB

I

we have, when the two above restrictions are satisfied,

g;j~(co;R„,Rs ) =g;J(co,R„~)+8;h(co)g;~(co,R„s) .

In order to simplify notations, g,z and g,z will be writ-
ten instead of g;i(R~s ) and g;J (Rzs ), respectively, in each
case when this change will be clear.
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In this expression, where 8; and b, (co) are defined by

0;=—1 for i =x,y,
0; =+1 for i =z,

and

e( et) ) —1

e(co)+ 1

(4)

g,J is the Feynman s propagator in vacuum limited to its
short-range term,

i coR

gj(co,R) = 3 —5JR R
(6)

It is important to note that, following Eqs. (1) and (3),
D;J is the sum of two independent terms. The first one
describes the direct propagation between A and B; it will
thus lead to usual interactions when no surface is present.
The second one describes the interaction arising through
the mediation of the surface; it will lead to specific sur-
face interactions.

Some properties of g J(co,R) will be useful in calcula-
tions. From Eq.(6) we have

g q(R„~)=gj.;(R„s)=gtq(Rs~ ) =gqt(Rsg ) .

By using (2) and (4) we also have

Ogrq(Rqs) =Ojgqv(R~q ) =8(gj, (R~s )

= ()~grj (Rs 4 ) .

Let us emphasize that Eqs. (3) and (6) are only valid
within the quasistatic limit.

In general cases it can be possible to write down expres-
sions corresponding to Eqs. (3) and (6) by using the
linear-response theory. When bodies are separated by a
distance d at which retardation effects can be ignored, we
can give to g,J the following form:

i du dV I~(~„—X~)+iU(y„—y~)
RiJ e

2 Bxg - Qxg. LO

IIO
~

Z —
ZO ~

iW(Z+Zo)X(e +ae ) .

FIG. 1. Graph illustrating the static polarizability of a quan-
tum system. 0 indicates a dipolar interaction. Horizontal lines
correspond to a static electric field.

To the lowest order this energy shift is represented by
the graph in Fig. 1. The process is thus characterized by
two dipolar interactions (dipole vertices 0) between the
atom (the vertical line) and the external static field (hor-
izontal lines). This graph leads to the well-known static
polarizability of the ground state,

rz e e r;
a,~

=2e

Of course, at this order, there are no contributions due
to the presence of a surface. As explained in Sec. I such a
contribution is in fact included in the definition (3) of the
propagator of the field, and, consequently, only appears in
diagrams in which this propagator is explicitly used.
When considering an atom or a centrosymmetric mole-
cule, the parity-selection rules show that in such diagrams
(and, in the lowest order), four dipolar vertices are to be
used. The contribution to the polarizability due to the
presence of the interface thus appears as a correction of

As also shown in Refs. 31 and 46—48 the multiplicative
factor a can be given the interpretation of a "generalized"
reflection coefficient. Its form contains a resonant
denominator the vanishing of which gives the polariton
dispersion relations, in the case of a dielectric, and the
plasmon dispersion ones in the case of a metal. The ana-
lytic form of a depends on the model of the dielectric
function e(k, co), on the geometry of the surface and on
the assumed behavior of the system at z=O.

III. POLARIZABILITY OF ONE ADATOM

In a quite general way the polarizability of a system can
be obtained by differentiating its interaction energy b, U
when a fictitious external static field E is applied,

b U= ——, ga, JE;E~ .
FIG. 2. Graph illustrating the polarizability of a quantum

system in the presence of a surface. The wavy line corresponds
to a virtual mode of the electromagnetic field near the surface.
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order e to the leading term (11). It is illustrated by the
graph of Fig. 2 where the field propagator (3) is represent-
ed by a wavy line.

The energy shift b, U near the surface can be found by
adding contributions of this graph and of the ones ob-
tained by permuting vertices. By using elementary calcu-
lation rules presented in Refs. 27 and 50 we obtain (the
superscript S indicates the presence of the surface)

6 UA —
2 g f dco ~ jc,/k/(co)

i,j,k, l

Xgk/(co, Rg, Rq )E;Ej

with

(12)

&f I
r/

I

e"
& &e"

I
rk

I

e'& &e' rj I

e & &e
I

r
I f &+2e' g (E, Ef +/rj—)(E, Ef —i r)—')(E, Ef +fico—i ri")—

(e'~f )

4 rl e" e" rk rj e e r

(E, Ef) (E, —Ej+A'co——iri")e, e"

&f I
rk

I

e"
& &e"

I "/
I

e'
&

&e' I"
I

e & & e
I

r/ If &

X~jk/(co) =4e
(E, Ef i r/—)(—E, Ef +—fun iq')—(E, Ej —i ij"—)

&f I r/ I

e"
& &e"

I
r/

I

e'& &e'
I

rk
I

e & &e
I

r If &

(E, Ef + f—ie i rj)(E—, Ef +f—ie i rj')(—E," Ef +f—uu i rj"—)

2&f Ir/Ie"&&e" r/ e'&&e'Ir Ie)&e Irk if)
(E, Ef i r—j)(E,—Ef +Ac—o i ri')(E—,- Ej+fico—i rj")—

e, e"

&f Ir/Ie" &&e" rk f&&f Irj Ie&&e Ir If&

(E, Ef )(E," —Ef +fun ——i'")

As in the present case there are two static fields and
two virtual processes, this coefficient is slightly different
from the one usually found in literature. Let us em-
phasize that in Eq. (13) the ground state

I f ) is included
in summations and that the two last terms correspond to
regularized diagrams.

Result (12) is quite general. The total propagator g in-
cludes a free part and a surface one. By using Eq. (3) we
thus obtain two terms. The first one does not depend on
the distance d between the atom and the surface; it only
describes the dressing of the atom by the free field and
corresponds to a renormalization of its intrinsic polariza-
bility. The second one characterizes surface effects. It
can be written (co =iu ),

+
a;, = g du 1',jk/(iu)

k, l

It is to be emphasized that in the expression of X;jk/(co)
the ground state f ) is now excluded from summation.
As we shall see, the above separation of X,.jk/(co) into two
terms leads to inductive and dispersive terms which are
thus all included in 7,zkl. That is the meaning of super-
script G, which characterizes this general hyperpolariza-
bility and which indicates that dispersive and inductive
terms are both taken into account. By putting (15) and (6)
into Eq. (14) we find an expression for a,j in which the
purely classical contribution and the van der Waals con-
tribution are separated [noting R=(0,0,2d), and P; =2 for
i =z and P; = 1 for i =x or y] we have

a'„(0)
a; =, f3;6;,b, (0)

(2d)'

+ oo

du y;J//(0, iu, iu)—
4~ l

QO

&& Hkgk/(iu, R~,R„-)b,(iu) . (14)
X 8/g//(R g, R —)6( iu ) .

a/j(0)a;/(0)
jcijk/(co) ++ijk/(co) (15)

This result is quite compact since it includes both induc-
tive and dispersive terms. These two independent effects
can be separated by making explicit the pole which ap-
pears for u/=0 in the first three terms of Eq. (13) when

I

e') =
I f). As shown in Ref. 11 we obtain

Let us emphasize that, for a metal and in the local limit,
b, (0)= 1 whatever the model chosen for describing the sur-
face (perfect metallic surface or more realistic models in-
cluding surface plasmons) may be.

In this result, yijkl is the even part of pijkl,

y,jk/(0, —iu, iu) = ,
'

[X;jk/(iu)+—X~jk/( iu)], —
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and the notation y(co&, cc»z, co3) has been used instead of
y{—co', co~, co2, co3), dropping the index co' which is con-
strained to have values co'=co&+co2+co3. This symmetri-
cal second hyperpolarizability y;JkI corresponds to the one
of Ref. 24.

Equation (16) describes the alteration by the surface of
the intrinsic polarizability of A. The first term is con-
nected to the field of the image dipole moment as studied
by Antoniewicz. It coincides with the second term of the

expansion of the classical effective polarizability of Refs.
6 and 8. Let us emphasize that this classical contribution
is never retarded and varies as d whatever the distance
d may be. The second term is essentially a quantum one
and corresponds to a nonlinear effect caused by vacuum
fluctuations of the field near the surface.

Noting that for isotropic systems (a;J =a5;i) the hyper-
polarizability has only three independent elements {see, for
example, Ref. 51). We obtain for such systems

S S
&xx =aye = a (0)b(0) A 1 +

du b(iu)[y „(0, iu—,iu)+3y„„(0,—iu, iu)],
Sd 4~ Sd

a (0)h(0) fi 1 +
a =

3 + 3
du b(iu)[2y„(0, —iu, iu)+2y„(0, —iu, iu)] .

4d' 4~ 8d'

(18)

(19)

These results agree with those of Refs. 8—11.
The total effective polarizability of the atom A near the

surface is obtained by summing Eqs. (11), (18), and (19),
surf 0 S=w+a . (20)

IV. POLARIZABILITY OF A PAIR OF INTERACTING
ATOMS IN THE PRESENCE OF A SURFACE.
INTRINSIC POLARIZABILITY OF THE PAIR

The polarizability uzi of two atoms interacting in the
free space has been presented in Refs. 16—26. As far as
we know no paper has been concerned with the alteration
of this polarizability of the pair by the presence of a
neighboring interface. Let us now consider this effect.

As in the previous part the polarizability of the system
can be obtained by differentiating the interaction energy
hU [Eq. (10)] with respect to a fictitious external static
field. The system being now a pair of molecules, two dif-
ferent processes are to be considered. The first one corre-
sponds to the case when the static field is applied on each
molecule [Fig. 3(a) or 3(b)]. We call the corresponding
polarizability the polarizability of the pair and we note it
a~~. The second one corresponds to the case when the
static field acts two times on the same molecule A. We
call it the polarizability of the molecule A in the presence
of its neighbor B and we note it az" z. In this section we
only calculate the first of these processes.

A. Calculation in the lowest order in powers of e

In the lowest order this process can be illustrated by
Fig. 3(a) (and all other graphs obtained by permuting ver-
tices). It is important to underline that in Fig. 3(a) the
static field (horizontal lines) is applied on the atom A and
on the atom B. This clearly defines the polarizability a&~
of the pair. The wavy line in Fig. 3 corresponds to the
propagator of the field which can be separated into two
parts: a direct part (D) will lead to the "intrinsic" polari-
zability a„z of the pair (that is to say its polarizability in
the absence of surface); a surface part (S) will lead to the
correction a&~ of this pair polarizability due to the pres-
ence of the neighboring surface.

In order to calculate AU we proceed as explained in
Refs. 27 and 50. The essential feature in these calcula-
tions is that when integrating on all possible electromag-
netic modes (k, cu) exchanged between 2 and B only the
zero-frequency one contributes to AU. Let us note that
because of this the propagator given in Eq. (6) and conse-
quently all results obtained in this case are valid not only
in the near zone but in the whole space. The static polari-
zability of the pair thus varies as R whatever the dis-
tance R between A and B may be.

Making use of this remark calculation becomes
straightforward and we obtain

b, U= —g [az(0)];M p(O, Rw, Ra)
&»J» +» P

X [ag(0)]p&E;E) . (21)

(b)

FIG. 3. Graphs illustrating the intrinsic polarizability of the
pair: the static field acts on each atom (or molecule). The
lowest order in power of e is given by (a), the following one by
(b).

This result was expected since it corresponds to the direct
algebraic transcription of Fig. 3(a); the two vertical lines
with their two dipole vertices (0 ) represent the polariza-
bilities az and az of each atom (as in Fig. 1). The two
horizontal lines correspond to the static fields E; and EJ
(as in Figs. 1 and 2). The wavy line reduced to its only
zero frequency as explained above is the term g .

By using Eqs. (21) and (10) we obtain the polarizability
(azz ) of the pair in the vicinity of the surface; as expect-
ed this polarizability is the sum of a free space contribu-

~ 0 Stion uzi and of a surface one uz~,
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surf 0 S
AB )'j (CRAB }'j+( AB ij (22) (izAB } 0 91(&AB )

with

0 0 0 0 0 0
(izAB )ij g (aAia~rBpj +izAjaABpi }gap(O, RA, RB )

a, P

(izAB)j = p (aA; aBpj+aAj aBp;)0& p(O, RA, RB)b(0) .
a, P

(23)

(24)

4aA (0)aB(0)
(~'A"B )

R

For spherical systems, summations over a and P can be
carried out by using cz,J- ——u;;5,J.. We thus obtain

(~AB )ji[~A(0)]i [+B(0)ljj

X [2g j(0)+(0;+&,M (0)g, (0)] . (25)

Let us note that in this above relation, indices ii and jj
could have been omitted in az and az. We have, howev-
er, conserved them to simplify further remarks.

In the particular case when the two atoms are located at
the same distance d from the surface we have [noting
R=(R,O, O) and R—:(R,0,2d)]

(iz'AB )yy
——0.65(aAB )yy,

(oAB ) =o.83(~AB )

(29)

The relative alteration of the polarizability of the pair in
the presence of the interface is then (we note 5aAB

surf 0 S=~AB —iZAB =iZAB }.

@oAB},= —0.09,
«AB }.

&(~AB }yy

0«AB }yy

&(~AB)

(~AB }
0

= —0.35,

= —0. 17 .

(30)

As emphasized above, this result is valid whatever may be
the model chosen for describing the metal in the local lim-
it [b.(0)=1].

—2aA(0)aB(0)&(0)
(R 2+4d2)5/2

2aA(0)aB(0)
(~AB )yy R

4-2aA (0)aB(0)b (0)
1

(R 2+4d2)3/2

2aA (0)aB(0)
(a'AB }

R

+2aA(0)aB(0)h(0)
8d2

(R +4d }

(26)

(27)

(28)

B. Next term in the expansion of a~~

In Sec. V we will calculate the alteration of the intrinsic
polarizability of one atom in the presence of the surface
and of the neighboring atom. This effect will correspond
to a term in e . To be coherent with Sec. V we have thus
to calculate a&~ to the same order. This term can be il-
lustrated by Fig. 3(b) in which now appear six dipolar ver-
tices (e ). As in the above case the essential feature when
integrating on all possible electromagnetic modes (k, m)
exchanged between A. and B is that only the static one
(k=O) contributes to b U. This simplifies calculation,
which becomes very direct. We find

These results represent the polarizability of the pair.
As noted in other processes (for example, Refs. 11 and 30)
it is to be emphasized that, since the interaction between
A and 8 is only mediated by the zero-frequency mode, the
propagators g and g reduce to their static term (6) not
only in the short range but in the all half space. In other
words, above results are never retarded, and are valid for
any separation R, d between A and B or between A (B)
and the surface (provided /1 and B are at the same dis-
tance d from the medium). The first term in Eqs.
(26)—(28) corresponds to the direct interaction between
the two atoms. It represents the well-known polarizability
a~& of the pair in the free space previously studied in
Refs. 15—25. To it, our present calculation, however,
brings a new precision since it shows that it is valid in the
entire half space. The second term aAB in Eqs. (26)—(28)
shows the alteration of the polarizability of the pair by the
neighboring surface. It can be useful to evaluate this
correction; in the particular case of two adatoms in con-
tact both with each other and with a metallic surface
(R =2d =2ro, ro being the radius of the adatom) we ob-
tain, by using Eqs. (26) and (28),

6 U = — (1+NAB)4~

x g g f duX;.ki(iu)gki(iu)
ij ap kl

T 0xg p(0)aBjpE;Ej, (31)

hU= —(1+NAB) g uA;~ p(O, RA, RB)aBpjE;Ej .
ij,a, p

(32}

where Hzz permutes the indices .0 and B. In this expres-
sion X; ki(iu) is defined in Eq. (13). As explained above it
contains both dispersive and inductive effects.

We can identify in Eq. (31) the expression found in Eq.
(14) for the surface polarizability aA of atom A. This was
expected since the graph in Fig. 2 appears to be a part of
the one of Fig. 3(b). Because of this, we can write
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S 5(aa )ij ——(ag );;5;J. .

We obtain

(33)

In general cases this leads to results similar to Eqs.
(22)—(24). We directly consider the case of isotropic sys-
tems. Noting that because of Eqs. (18) and (19) we may
write

SUff S 0(a») J=(1+~»)a~ as~~

X[2g; (0)+(8;+0 )g; (0)b(0)] . (34)

This result is valid whatever may be the position of
atoms 2 and B near the medium. In the particular case
when they are at the same distance d from the surface, we
obtain, by using Eqs. (18) and (19),

a~ (0)b (0) irt 1 +
(a&& ) =2a&(0) +, f du [y „(0,—iu, iu)+3@ (0, iu—, iu)]A(iu)8d' 4~ 8d'

X 3
&(0)

2 2 gy2 (1+~»)4d
R 3

(R 2+ 4d 2
)
5/2 (35)

aA (0)~(0) 4 1 +
(azii )~„=2ae(0) 3 + 3 f du[@ „(0,—iu, iu)+3y (0, iu, iu—)]b,(iu)8d' 4~ sd'

X —
3 +b(0) 2 2 (1+&»),1 1

R ' (R '+4d')'" (36)

(ag"s ) =2a (0)
a~ (0)&(0) g 1 +

du [2y„~(O,iu, —iu)+2y~ (O, iu, —iu)]b(iu)
4d 4~ 8d

X —,+&(0), , „, (I+~») .
1 8d —R

R (R +4d )~ (37)

C. General expression for a~~

The total expression for the polarizability of a pair of
interacting atoms in the presence of the surface is ob-
tained by summing results (25) and (34) [or, equivalently,
by summing Eqs. (26), (27), and (28) and (35), (36), and
(37)].

In all these above results, we choose to separate on the
one hand the free-space contribution a» and the surface
contribution a&~ of the pair polarizability and, on the
other hand, dispersive and inductive effects. This was
done in order to present our results in the form usually
used in surface physics.

However, we want now to point out that it is possible to
write all these results in a single compact form. Equa-
tions (21) and (32) can in fact be unified by using Eq. (20).
We obtain

AU'"= —Q (ag"' );~ p(O, Rg, Rg)

V. POLARIZABILITY OF ONE ATOM
IN THE PRESENCE OF A SURFACE
AND OF A NEIGHBORING ATOM

As explained above the polarizability of a given system,
which can be obtained from its interaction energy when
an external static field is applied, is the sum of two dif-
ferent processes. The first one corresponds to the case
when this field is applied on the total pair, that is to say
on each atom. The second one, which we call the polari-
zability of one atom in the presence of the other, similarly
corresponds to the case when the field acts on the same
giuen atom. This process can be illustrated by the dia-
gram in Fig. 4. It corresponds to corrections of higher or-
der (e ) to calculations given in Sec. III and describes

X(ae" )ti, E;&) (38)

Results (25) and (34) can also be unified in the same way,

(a~"ii);1=(az" );;(ae" ) .

x [2g~J(0)+(8;+ej)b(0)g~j(0)] . (39)

This above expression corresponds to the interaction be-
tween two atoms "dressed" by surface modes (the free po-
larizability a of each one being changed into a'" ).

FIG. 4. Polarizability of one atom in the presence of another
one. The static field acts on only one atom. The field propaga-
tor (illustrated by wavy lines) contains at the same time a "free"
and a "surface" part.
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contributions due to the presence of other molecules to the
leading term (11) of the polarizability. On this diagram,
the interaction between 3 and B is represented in the
lowest order by the two propagators between A and B.
Recalling that these latter have a direct (D) and a surface
term (S) we can foresee that three different processes will
appear which can be labeled by DD, DS (SD), and SS.
The first one, in which the surface does not appear, will
represent the alteration of the intrinsic polarizability of
atom A by the presence of the only atom B (when no sur-
face is present); it will be noted aA B. The energy shift
of the system can be obtained by associating to each part
of the diagram in Fig. 4 its algebraic expression as ex-
plained in Refs. 27 and 50. This immediately gives

hU= g g f deoX;~kl(cu)a p(co)
i,j,k, l a, P

+gka(~~RAB)glp(~~ AB)+l+j

(40)

where X is given in Eq. (13) and where a (co) is the
dynamical polarizability of B,

&f lrjle&&e lr If&
ail(co) =e

&f I; Ie&&e I'If&+ E, —Ef +%co
(41)

(42)

Calculation of g g will give the different processes alter-
ing the intrinsic polarizability eA of atom A. Using Eq.
(3) it is clear that

By using Eq. (1), Eq. (40) leads to the following polariza-
bility of A in the presence of B and of the surface [we use
Eqs. (7) and (8)]:

i' G, A B(~A" B),j ——— g dcoXijkl (~)lz p(co)
k, l, a, P

+ gak (~1RBA )g pl(~~RBA )

gak(RBA )g pl( BA ) gak(RBA )gpl( BA )+~( u [)(gaka ( BA )g pl(RBA )+6pg ka( BA )gpl( BA )l

+~ (lu)~ gpag k(aRB )gApl( BA ) (43)

The first of these terms corresponds to the direct interaction (DD) between A and B, the second one corresponds to the
case where the two atoms interact at the same time both directly and by the mediation of the surface (DS and SD). The
last one corresponds to interaction completely mediated by the surface (SS). The use of Eq. (43) in Eq. (42) gives the po-
larizability in a quite general case. We only make this result explicit in the case of two spherical systems located at the
same distance d from the surface.

Noting

4h;(iu) =
R

h q(iu) =$ ~

R

46(iu) 2R —4d 5 (iu) 4R +4d+
R'R ' R6 R2

26(iu) b, (iu)+

(44)

(45)

h 3(iu) = 1

R
26(iu) 8d —R
R'R' R'

b, (iu) R +16d
6 2R R

(46)

6Rd 35(iu) b, (iu)
h4 lu R' R' R'

we obtain in this case

(47)

(aA" B ) 1
—— du aA(iu) [h', (iu)Xj„'„"(iu)+h

q(iu)Xi~~~

(iu)+h (3iu) X'j"(iu) +h'4(iu)[Xj,'„(iu)+Xi.„,"(iu)] I . '

4~ (48)

Let us recall that the hyperpolarizability 7 contains both the dispersive and the inductive part of the process. Using
Eq. (15) we can separate these two parts,

(aA" B) =aAaBh l(0)+ du aB(iu) [y„„„(0,—iu, iu)h'l(iu)+y„„~~(0, —iu, iu)[hq(iu)+h 3(iu)] ),
4m

(49)

(aA" B)~~ =aAaBhz(0)+ du aB(iu) [y „„„(0, iu, iu)hz(iu)—+y ~~(0, —iu, iu)[h 3(iu +h l(iu)]I,4~

(a'A" B)~=aAaBh3(0) + du aB(iu) I y„~„(0, iu, iu)h 3(iu)+—y ~~(0, —iu, i )[hu' (iu)l+h' (i )2]]u,4~ —a)

(50)

(51)
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+ oo

«~" a).=«V a) =&~&a~4(0)+ du an't(iu)[y~(0, —iu, iu)+y„(0, —iu, iu)]h4(iu) .
4n

(52)

Let us emphasize in these above results the appearance of the two components a and o. of the polarizability which
are zero when no surface is present. In the case of two identical atoms ( A =B) the summation of these terms for tzz
and a~ z will, of course, give zero.

When calculating the total polarizability of the pair, we have to consider (among other terms) the sum

(a'" ),J
——(ag" tt)~j+(ag" g),J .

Because of the multiplicative factor 8 Op in the last term of Eq. (43) we obtain

(tz'" ) =(ttg tt)„,—(tztt" g), . (54)

This result will give zero in the particular case of two identical atoms. In other cases, it will correspond to a new in-

duced surface part of the pair polarizability.
As a limit case of our results, it can be interesting to consider two interacting atoms in the free space (that is to say,

when no surface is present). Making then d~ ao in Eqs. (44)—(47) and introducing these limit values of h; (iu) into Eqs.
(49)—(52) we obtain

«~-a)yy=«~ a) du a~(iu)[5y„„~~(0, iu, iu)+—y ~(0, iu, iu—)] .

2
azar' A j +~

(tz~ tt)~ =4
6 + 6

du a~(iu)[4y „„(0, iu i—u)+2y ~~(0, iu i—u)],
R 4~R

2
&~&a A 1 p++

(55)

(56)

h't(R)=3. 60/R, ht(R)=4/R

h 2(R) =0.42/R, hz(R) = 1/R

h 3(R)=0.95/R, h 3(R)=1/R

h4(R)=1.40/R, h4(R)=0 .

(57)

These two results correspond to the ones of Hunt
et al. The first term gives the contribution from classi-
cal dipolar coupling. The second term corresponds to the
modification of the intrinsic polarizability of A associated
with dispersion forces.

We have to emphasize that we would have to take twice
these results in calculating the total polarizability of 2
and B. As shown in Ref. 24 these above results are identi-
cal to the quantum-mechanical sum-over-states expres-
sions for the coefficients A

~~

and At given by Jansen and
Mazur, ' Certain and Fortune zo and Buckingham, Mar-
tin, and Watts. '

As a last remark, let us note that these different terms
can be evaluated and compared with the polarizability of
the same pair in the absence of the surface given in Eqs.
(53) and (54). For two adatoms in contact with each other
and with a metallic surface we obtain, noting h; (R), the
corresponding value of h;(R) in the case of two colliding
atoms in vacuum,

VI. FINAL REMARKS

All these results are valid in the quasistatic limit when
the medium can be described by a local dielectric function
e(co). In Sec. II, we have presented a way to extend the
formalism in the more general case of a nonlocal response
of the medium. One of us recently studied such effects
(forces, dipolar moment, polarizability, and nonlinear ef-
fects).

Now let us come back to some important remarks. The
first one deals with the use of the hyperpolarizability (13).
As explained above, our ab initio calculation shows that
the hyperpolarizability which directly appears takes into
account at the same time the classical inductive terms and
the dispersive ones associated with van der Waals forces.
This opens a direct route to calculate surface effects.
Studying them separately as is usually done is in fact not
necessary since these two processes cannot be experimen-
tally separated. Let us add that, in other treatments for
interaction between light and matter near the surface, the
use of hyperpolarizabilities (because they are usually
phenomenologically introduced in calculations) has never
been discussed.

Some other remarks should also be made. For com-

FIG. 5. Quadrupolar term of the polarizability. FIG. 6. Three-body terms in calculation of the polarizability.
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pleteness, it should be noted that other processes should be
taken into account in more general cases. For example,
when the two interacting units are molecules with a center
of symmetry but with permanent quadrupole moments
(for example, nitrogen, hydrogen, carbon dioxide, etc.) di-
agrams such as the one of Fig. 5 would also have to be
taken into account and would lead to a term varying as

Our last remark concerns cooperative effects between
three adatoms. In the lowest order in e, such effects can
be illustrated by Fig. 6. Limiting ourselves to pairwise

contributions we have not considered this process. It is,
however, to be emphasized that the diagram in Fig. 6
leads to terms which contribute to o. in the same order of
magnitude. Such terms can, of course, be neglected in the
free space since the probability of the collision of three
atoms (or molecules) is negligible. It is no larger the case
on a surface when coverage becomes important since the
position of adsorbed systems is then fixed. Such a situa-
tion can greatly affect the polarizability a'" . A similar
effect exists for the permanent dipolar moment of three
identical atoms.
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