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Influence of noise and near-resonant perturbations on bifurcations
in Josephson junctions
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The stabilization of a nonlinear system against period-doubling bifurcations by means of a
periodic perturbation has been investigated. With the Josephson junction as a model system, both
numerical simulations (including noise) and measurements on Josephson tunnel junctions have

been performed. The effect of the noise is found to be of fundamental importance.

The phenomenon of small signal amplification in bifur-
cating dynamical systems has recently received renewed
attention. ' The somewhat opposite but related problem
is that of dynamic stabilization of a nonlinear system
against period-doubling bifurcations by use of a periodic
perturbation.

To exemplify these phenomena the Duffing oscillator
has been considered as a model system, ' but the concepts
and methods are assumed to be generic and applicable to
related nonlinear systems such as lasers, Josephson junc-
tions, semiconductors, etc.

The starting point is a dynamical system which is driven
at a frequency coD. ' At a particular value po of a control
parameter p the system undergoes a period-doubling bi-
furcation to a limit cycle of frequency coD/2. A periodic
perturbation with a frequency cps in the vicinity of cop/2 is
shown to suppress the period-doubled limit cycle, giving
rise to stable motion beyond po. Furthermore, the pertur-
bation itself may be amplified when the control parameter
is just below po. '

The purpose of the present paper is twofold. First, we
calculate numerically the influence of noise on the stabili-
zation by the periodic signal; second, we investigate experi-
mentally the phenomena in a real physical system with
noise, the Josephson junction.

The microwave driven Josephson junction is described
by the following equation:

p«+ ap, +sing AD sin QDt +As sin Qgt + t7+ n (t) . (1)

Here P is the quantum-mechanical phase difference across
the junction and a is a damping parameter (a = I/ JP„
where p, is the McCumber parameter ). AD and As are
the driving and perturbing signal amplitudes normalized to
the critical current of the junction I0, and AD and Ap are
the corresponding frequencies normalized to the maximum
plasma frequency co~p of the junction. ri is the (normal-
ized) dc bias current and n(t) is a noise current to be
specified below. We note that Eq. (1) also describes a
driven damped pendulum.

In the numerical calculations described here, Eq. (1) is
integrated using a second-order Runge-Kutta method with
32 points per period of the drive. 512 drive periods are in-
tegrated, and the first 256 are discarded to remove tran-
sients. The noise is assumed to be a white spectrum de-
scribed by the parameter I 2ekttT/hIp, i.e., the ratio of
the thermal energy (kttT) to the Josephson coupling ener-
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FIG. 1. Numerical calculation of half-harmonic amplitude for
increasing bias current. Ao 0.98, Qo 1.6, a 0.2. (a) I 0,
As-0; (b) r-Io ', As-0; (c) r-o, As-0.01, Q, -(127/
256)1.6; (d) I 10,As 0.01, Qs (127/256)1.6.

gy (It/2e)Ip. Typical experimental values for Josephson
junctions (Ip-0. 1-1 mA and T 4 K) correspond to
I 10 to 10 . In the calculations the white noise is
constructed using a random number generator.
Throughout the calculations the following values of the pa-
rameters were assumed: a 0.2, QD 1.6, As -0.01,
Qs =(127/256)1.6 (close to QD/2), and AD, t7, and n(t)
were varied.

Figure 1 illustrates for AD =0.98 and QD =1.6 an ex-
ample of the influence of noise and a stabilizing periodic
signal on the period-doubling bifurcation. Here the (nor-
malized) amplitude of the period-doubled signal is plotted
versus the control parameter, which is the normalized bias
current g. Curve a shows the amplitude of the period-
doubled signal in the absence of both signal and noise
[As =0, n(t) =0]. In curve b thermal noise (with
I =10 ) is included, but the stabilizing periodic signal is
absent (As =0). For Ag =0 the effect of noise is evidently
only a very modest quantitative change (smoothing of the
corners).

The effect of the stabilizing signal [Ag =0.01,
Qs = (127/256) 1.6] in the absence of thermal noise
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(I =0) is seen in c, where the period-doubled signal has
been suppressed, confirming the ideas in Refs. 2 and 3.
Notice, however, that c contains a small period-two com-
ponent at rl =0.57. This is outside the period-doubling re-
gion for increasing g, but at the end of this region for de-
creasing rl (hysteresis).

Finally, curve d of Fig. 1 shows the effect of including
simultaneously the stabilizing signal [As =0.01,
&s (127/256)1.6] and the thermal noise (I -10 ).
Now a signal at the period-doubled frequency QD/2 reap-
pears due to the effect of the noise. As a function of the dc
bias three peaks are seen, of which the two outer peaks
differ in nature from the middle one. Near the parameter
values chosen, the center peak is much more dependent on
the drive amplitude than the two outer peaks (see Fig. 4).
The center peak behaves qualitatively as predicted in Refs.
2 and 3. For the two largest peaks the bifurcation point is
exceeded. For all three peaks a noisy precursor is created
near the period-doubling instability. We believe that the
two outer peaks have not been observed previously. The
apparent importance of the noise term is remarkable since
in the nonstabilized spectrum (Fig. 1, curve a) the effects
of noise were only minor and quantitative.

The qualitative behavior illustrated in Fig. 1 has been
verified also for a number of other parameter values. The
main lesson to learn from Fig. 1 is that for a meaningful
comparison with experiments, the theory of the period-
doubling stabilization by means of a periodic perturbation
must be extended to include the effects of noise.

To further illuminate the problems encountered in the
numerical simulations of Fig. 1 we have carried out an ex-
perimental investigation of the effect of a small near-
resonant perturbing microwave signal on the threshold for
the half-harmonic generation (period-doubling bifurca-
tion) in microwave-driven Josephson tunnel junctions. For
these experiments we used Nb-NbO„-Pb tunnel junctions
of the overlap type. The junction parameters are listed in
Table I.

The junction was incorporated into an inverted micro-
strip structure (Fig. 2) that was contained in a
temperature-stabilized metal box with a large heat capaci-
ty. The box was placed in a vacuum can immersed in a
liquid-helium bath. The junction was irradiated with a
monochromatic microwave driving signal ID sin(coDt )
from a source in the frequency range 16-20 6Hz
(linewidth (100 Hz) coupled to the junction through a
direct microstrip line seen in Fig. 2. The generated half-
harmonic signal (in the vicinity of the junction plasma fre-
quency) was coupled out through the same microwave line
to a low-noise field-effect-transistor amplifier followed by
a digital storage spectrum analyzer with a minimum reso-
lution bandwidth of 100 Hz. To avoid saturating the am-
plifier with the pump signal, low-pass filters were inserted

between the junction and the amplifier.
The perturbing periodic signal Is sin (cos r ) from a

second microwave source was coupled into the junction via
the "L"-shaped antenna coupled microstrip line seen in
Fig. 2. Its frequency was typically chosen to be 100 kHz
to 3 MHz below the half-harmonic signal at QD/2, i.e. ,
the relative detuning 8=2(fls —QD/2)/AD was in the
range 10 to 3 x 10 . The linewidth of the perturbing
signal was 2 kHz.

By measuring the suppression of the critical current as a
function of microwave power and frequency from the two
sources, v e deduced that the microwave coupling around
both the drive frequency and the half-harmonic frequency
was strongly frequency dependent but always very weak.
The measured dependence of the critical current of the
junction as a function of microwave power was used to
determine the amplitude of the microwave currents
through the junction AD and A~.

The effective noise temperature of the junction was also
measured in situ by recording the noise-perturbed distri-
bution of the critical current for a large number of switch-
ing events, i.e., the switching-point distribution for the
junction (we typically collected the distribution of 25000
switching points in a low-noise data acquisition system).
If we assumed a white noise spectrum such a measurement
of the noise currents, primarily around the plasma fre-
quency, yielded an effective noise temperature of about 12
K for our experimental setup (at a bath temperature of 4.2
K) '

The current and voltage leads connected to the junction
were carefully shielded and filtered in order to minimize
room-temperature noise and interference from external
sources. The ambient magnetic field was reduced by a
double p-metal shield. A small magnetic field could be
applied in the plane of the junction from a Cu wire-wound
solenoid. The entire experimental setup was enclosed in an
rf-shielded room.

IN~0
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TABLE I. Junction parameters.

Sample

S-5001
S-5002

Dimensions
(pm) '

28x 32
21x31

Io (4.2 K)
(mA)

0.585
0.117

1.9
10.0

cop o/2x
(OHz)

21.6
12.5

FIG. 2. Geometry of the sample and the microwave coupling
circuit.
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FIG. 3. Experimentally measured half-harmonic amplitude at
8.694 GHz. The changed parameter is the normalized drive am-
plitude AD. The other parameters are shown in the figure.
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FIG. 4. Numerical calculation of half-harmonic amplitude.
The changed parameter is AD. The other parameters are shown
in the figure.

The experimental investigation of the effect of the per-
turbing signal on the half-harmonic generation in the junc-
tion was carried out in the following way.

First, the dc-bias current, the magnetic field, and the
temperature were chosen such that the resonance frequen-
cy of the junction was near 9 6Hz where the detection sys-
tem was most sensitive. Second, with the perturbing signa
amplitude set to zero the amplitude of the drive signal was
adjusted to a value where the half-harmonic generation
was observed. Recordings of the amplitude of the half-
harmonic signal as a function of the dc bias were then tak-
en (dashed curves in Fig. 3). Third, the perturbing signal
was turned on and the suppression of the half-harmonic
signal was investigated as a function of the frequency e-
tuning 8 and the signal amplitude Ag. A typical set o
traces as function of dc bias for a number of values of AD
(and constant As) is shown in Fig. 3 (full curves). The

ppression of the half-harmonic generation in the junc-
nd 3tion did not happen abruptly as predicted in Refs. 2 and

for the noise-free case, but rather more continuously; even
so, the stabilizing effect of the periodic perturbation is
quite evident. The most interesting result of our experi-
mental investigation is, however, the appearance of a new

instability region close to the original bifurcation point.
This instability shows up as peaks in the half-harmonic
amplitude traces in Fig. 3. We assume that this instability
is of the same type as the one seen in the digital calcula-
tions (Fig. 1, curve d).

This assumption is supported by the series of numerical-
1 calculated curves presented in Fig. 4. Although the pa-
rameters are somewhat different from the experimenta
ones, the series of curves in Fig. 4 very clearly reproduces
the gross features of the experiment in Fig. 3, in particular
the a pearance of multiple peaks. The main difference be-
tween the experimental and the numerical parameters lies
in the value of the damping parameter a. In order to save
computer time, a rather high value of a (0.2) was chosen,
whereas the experimental value was about 0.05. The
larger damping in the simulation is qualitatively consistent
with the larger values of the detuning and the drive an
the signal amplitudes found there. Work is in progress to
carry out a more detailed quantitative comparison, and to
understand the dynamical behavior more deeply.
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