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Exact calculations are presented of the properties of nonlinear p-polarized waves propagating
along the plane boundary between a nonabsorbing, optically self-focusing, nonlinear dielectric and a
nonabsorbing positive, or negative, linear dielectric. A nonlinear polarization is used that arises
from a number of causes for both Kerr-like and non-Kerr-like saturating media. In the results given
here the linear dielectric is a metal, if negative, and is glass if positive. It is found that the variation
of the power flow along the guiding surface with effective index, for negative linear dielectrics, will
always exhibit a maximum. For data corresponding to copper bounded by, for instance, a self-
focusing nonlinear semiconductor, access to this maximum involves such a large change in the re-
fractive index of the nonlinear material, that it is of no practical interest. In the visible better
matching of the metal to a nonlinear material can, in principle, be achieved so this maximum may
be reached for fairly modest nonlinear changes in the refractive index. A detailed comparison is
made with approximations that are based upon a curtailed form of nonlinearity. At low frequencies,
for modest nonlinear changes in the refractive index, the dependence of the power flow curve upon
the effective guide index is fairly close to several of the earlier published theories. These include a
well-known approximation in which the transverse field component is assumed to be dominant. The
neighborhood of the maximum, and beyond, becomes accessible at higher operating frequencies and
significant differences from earlier approximations may then occur. For positive linear dielectrics
the exact theory shows a strong similarity to many more approximate ones, as expected, but the
difference between the TM and TE surface wave behavior cannot be discounted. We present several
sample calculations of the power flow together with detailed plots of the field components, the mag-
nitude of the nonlinearity, the effect of nonlinearity, and the behavior of the first integral.
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INTRODUCTION

During the recent upsurge of interest in nonlinear opti-
cal wave propagation in planar'~7 and optical fiber®
structures there has been a heavy emphasis on TE waves.
For these, confidence can be placed in the form of non-
linear dielectric tensors used because, as was first shown a
long time ago®®!° the TE nonlinear differential equation
for the electric field component has an elegant and exact
analytical solution. This fact enables many benchmarks
to be developed of both an analytical and numerical kind
and encourages detailed solutions. For TM waves, howev-
er, the situation is quite different. For these types of non-
linear waves, as has been discussed recently,!! a number of
approximations'!~2* have been employed that limit the
applicability of the results, quite often in a spectacular
manner. This development has taken place against a
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background that contains a fairly old exact analytical cal-
culation of the first integral of the guided-wave TM non-
linear equations.”” The latter was obscurely presented,
however, and in a context that is difficult to relate to in
optics. It has, therefore, remained unexploited in the
modern literature. The discussion of the relative impor-
tance of TM waves and whether their behavior can, in
certain circumstances, be trivially inferred from the
known behavior of TE waves, will be deferred until later
in this article.

THEORY

For an isotropic material the nonlinear polarization can
be expressed in terms of the fourth-rank susceptibility ten-
sor Xjj; which has 21 nonzero elements of which only
three are independent:
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Xt =X 11228: 041 +X 1212881 +X 1221018 - 1

For TM waves propagating in the x direction and in
the x-z plane, only field components E, and E, need to
be considered, and in these waves E, and E, are 7/2 out
of phase.??% The nonlinear polarization for wave mixing
in which the frequency remains the same is?’
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The ratio X;3;,/X 112, takes on different values depend-
ing upon the nature of the polarization. These are (a)
electronic distortion (E): X135;/X1122=1; (b) molecular
orientational Kerr effect (M): X551/X1122=6; and (c) elec-
trostriction and heating (T): X{,;=0.

The components of the nonlinear polarization are, in
general form,

P;=2€X 1102 E B Ef +€0X 1011 B EjE* (2)
2 2
so that, for guided TM waves the x component of P is Pyoc(|Ex|*+7 | E, |*)E, , 4)
Py=2eg1m |14 2 P(|E, |24y | Ec | DE, , (5)
2X 1122
1— X1221 where Y=+, —7, or 1 according to whether the non-
2X 1122 linear mechanism is (a), (b), or (c).
2 — e 2 X ’ ’ )
X | | Ex | "+ X121 |E; |°|Ex . 3) In this paper all of these mechanisms are assessed,
Ko within a local approximation. The nonlinear guided TM
1122 waves are characterized by the 2 X2 subtensor??
|
oy |EF e | Bx | | B, |2 0
€ =
0 etag | By | +an | Ec|?] ©
[
where € is the linear part of the dielectric function. This ?i __L (— €€ Ay) (12)
generic form of dielectric subtensor is related to the na- oz 1-z L
ture of the nonlinear mechanism, and also to some previ- %
ously published approximations, in the following way: (a) o4 kexx Ay —(kA, +opoh, )—=
electronic distortion (E): q,=a,=a, 0y,=0a,=a/3; z__L 94, 13)
(b) molecular orientation (M): O, =Q,=0a, 0y,=0, oZ 1-z p J€,, ’
=—a/2; (¢) electrostriction or thermal (T): €z + A, 94,
Uy =0y =0y, =, =a; (d) uniaxial approximation (Uy):
Uy =0, Oy =0y =0, =0; (e) uniaxial approximation 87 _ L AR (14)

(Uy): Oxy =0, Az =0y, =0y =0; and

X 1221
2X 1122

a=2X“22 1+ (7)

Note that « is often written?>26 as =2V en,y, where the

nonlinear refractive index 7 is related to |E|? through
n=Ve+np |E|% ‘

From Maxwell’s equations, for a TM guided wave trav-
eling down the x axis with wave number k and angular
frequency w, the basic equations are

X

% =IikE, +iouoH, , (8)
0H,
-Fz—=la)60€xxEx , 9)
ikH, = —iweye,E; . (10)

Since, as emphasized above, E, and E, are 7/2 out of
phase, we can write E,=A,, E;=—iA4,, and H,= —ih,,
where A, A;, and A, are real. Hence the basic equations
can be reexpressed as

34, L

o =T kAt anohy ) (1n

0Z  1—-z"FY

where p is the permeability of free space, &7 is the power
flow down the guide, Z=1—exp(—z/L), and L is a scal-
ing factor. Note that the transformation converts the
range 0 <z < o0 to 0 <Z < 1—a very important step in the
numerical work. :

The field equations are expressed in the form (11)—(14)
in order to use a finite-element general purpose code
called coLsys.”® The transformation that we considered
necessary renders the equations indeterminate at Z=1.
However, the solution of the nonlinear equations becomes
virtually linear in the neighborhood of Z =1, and by
choosing L so that the linear solution is of the form
Ay =Ay(1—Z) we can evaluate the equations by simple
linear interpolation. Since the linear solution has the
form exp(—«z), where k?=k?—w?%/c?, then L should be
set equal to 1/k.

The guiding system considered in this paper consists of
an interface separating a semi-infinite linear substrate
from a semi-infinite nonlinear cladding or superstrate.
The substrate may have either a negative or positive
dielectric function. The former will be a metal, in this pa-
per, and the latter a substance such as glass. The boun-
dary conditions are
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A, (0)=A,, A, (1)=h,(1)=0, (15)

with A4 varied until 4,(0) is continuous across the boun-
dary, or

hy(0)=ho, A (1)=h,(1)=0, (16)

with hg varied until 4,(0) is continuous across the boun-
dary. )

In the past the major developments of the theory of p-
polarized nonlinear waves have either rested upon two
quite different uniaxial assumptions or have assumed a
form of nonlinearity that is appropriate to electrostriction
or heating.!>!62>2* The first uniaxial assumption'?!’
which we label below as U; neglects the nonlinearity in
the €,, component of the dielectric subtensor and retains
only the E, contribution to the nonlinearity in the €,
component. This assumption is based on the idea that E,
dominates the field of the guided waves in the nonlinear
cladding. This only allows the nonlinearity to be effective
in the transverse direction. Now it is straightforward to
show for the cladding that, in the linear limit,
|E,/E, | =(|€s/€.|)'/? where €, and € are, respective-
ly, the cladding and substrate dielectric constants. For the
substrate the ratio is inverted. For a metal substrate such
as copper that has a large negative dielectric constant,
€,=—1000 at A=~5.5 um, and with InSb as a cladding
(e, =16), it is clear that E, is indeed dominant. At fre-
quencies in the visible, however, this is not the case and
| E,/E, | can approach unity. Some minor corrections to
the predictions of the U; model may be expected, then, in
the infrared and major ones are anticipated in the visible.

In the U, uniaxial model it is assumed that the non-
linearity is controlled by the E, component only and it is
assumed that €, has its linear value. For frequencies in
the infrared region this virtually eliminates the nonlineari-
ty since it is E, that is important. The U, results in this
regime are expected to be locked onto the linear eigen-
value for all reasonable power levels. In the visible region
the predictions of the U, and the U; models are expected
to be almost the same since E, and E, have equal weight.
They will both be significantly different from the exact
results, however.

NUMERICAL RESULTS

Figure 1 shows the variation, with effective guide in-
dex, of the total power flow along the interface between a
metal that has a large negative dielectric constant and a
nonlinear cladding with a positive dielectric. Several ap-
proximations and the influence of three different types of
nonlinearity are contrasted. The wavelength used is in the
infrared region and there is a large mismatch between the
absolute values of the linear dielectric constants of the two
- media in contact. The linear eigenvalue, at the zero power
level, is a solution of the familiar surface-plasmon polari-
ton dispersion equation.?’ For a practical range of 3 near
the linear eigenvalue, it can be seen that there is little to
choose between the various approximations, with the ex-
ception of U,. In this case, as intimated earlier on, the
neglect of the strongest field component that contributes
to the nonlinearity has made the system essentially linear.
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FIG. 1. Total power flow along the interface as function of
effective guide index. ©=3.425% 10" rads~!. Dielectric con-
stant of the metal is €,= — 1000. Dielectric constant of the non-
linear cladding is €, =16, a=4.24X10~° m>V~2 U, are uni-
axial approximations. ‘M, T, and E label molecular orientation
Kerr effect, electrostriction (thermal), and nonlinear electronic
distortion nonlinearities; respectively.

The power in the U, approximation is therefore “locked”
onto the linear solution and cannot vary in any detectable
way with guide index. The other uniaxial approximation
is Uy, and is quite close to the exact case. The variation
of total power flow with effective guide index is quite sig-
nificant compared with the U, case, even though the im-
portant power range is still fairly close to the coupled-
mode regime.

In principle, in Fig. 1, the curves could be extended to
very large B and eventually even the U, approximation
will exhibit a maximum, as all the other curves. This re-
gime can only be reached, as will be seen below, through
the generation of enormous unphysical nonlinearities.
The visible range of wavelengths is in sharp contrast to
this because this maximum can be reached for reasonably
modest nonlinear changes in the refractive index. This
fact can then be exploited experimentally, provided some
reasonable matching of linear index change across the
boundary to this nonlinear change can be achieved. In the
power curve shown in Fig. 2, the uniaxial approximations
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FIG. 2. Total power-flow variation with effective guide index
for ®=3.66x10" rads™!, &=-—2.5, €,=2.405 and
a=6.4X10"12 m?V—2, Labels same as for Fig. 1.



1162 A. D. BOARDMAN et al. 35

8
a
7\
] b
6 .
S
Cc
Bl 4
E,
3
2
1 d
s}
o] 0.2 0.4 0.6 0.8 1.0

Z

FIG. 3. Variation of the nonlinear cladding-field component
ratio with Z for case E with Fig. 1 data: (a) B=4.035, (b)
$=4.05, and (c) B=4.10. Figure 2 data: (d) almost independent
of B.

are almost indistinguishable from each other and from the
curve corresponding to nonlinearity arising from molecu-
lar orientation. The curves corresponding to nonlinear
electronic distortion and electrostriction have much lower
maxima and are fairly close together. In the uniaxial
cases the extent of the nonlinear change in the refractive
index is underestimated, compared to case E, to almost
the same degree. This explains both why they are close
together and why they stay close to the linear eigenvalue
for longer, as the power changes. Case M, although it is
exact, has a negative ¥ in Eqgs. (4) and (5). It therefore in-
volves a smaller effective nonlinearity and thus lies close
to the U curves.

Figure 3 shows the Z variation of the ratio of the elec-
tric field components in the nonlinear medium for case E.
It can be seen that for data corresponding to Fig. 1, a dif-
ferent asymptotic value is reached for each value of fS.
For data corresponding to Fig. 2, the asymptotic limit is
virtually independent of 3. This limit has the analytical
form

E,
E,

B
=(—ﬁ2~—_—Z)l—/? . (17)

NONLINEARITY
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FIG. 4. Nonlinearity as function of Z for case E with Fig. 1
data: (a) B=4.035, (b) B=4.05, and (c) B=4.10. Figure 2 data:
(d) B=9, (e) B=13, and (f) B=25.
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FIG. 5. Variation of E, with z for the case E with Fig. 2
data. (a) =9, (b) B=13, and (c) B=25.

In this formula the 3 is matched through to the nonlinear
region of the interface. It is therefore not the linear value,
although (17) has the same form in the linear approxima-
tion. The curves (a), (b), and (c) achieve the limits 7.61,
6.45, and 4.56, respectively. For curve (d) the limit is ~1
and virtually independent of 3.

The nonlinear contribution to the refractive index in the
range 0 < Z < 1 is presented, for case E, in Fig. 4. For the
data corresponding to Fig. 1, it can be seen that as 8
moves away from the linear eigenvalue an enormous
change in the nonlinearity occurs. These changes are un-
realizable in real materials and are therefore of academic
interest only. The nonlinearity changes from the data of
Fig. 2 are within what could be expected for some optical-
ly nonlinear substances, even within and beyond the max-
imum.

Figure 5 displays the variation of the E, field com-
ponent across the interface for the case E with the Fig. 2
data set and for a large range of B. At large 3 in Fig. 2
another curious feature can be seen. This is that the
power flow has become negative. Even for linear surface
polaritons, the power flow in the medium on either side of
the interface is in the opposite direction. At low powers
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FIG. 6. Total power-flow variation with effective guide index
©0=3.66X10" rads~!, cladding dielectric constant €, =2.4025,
a=6.4X10"12 m?V~2, Substrate dielectric constant €,=2.5.
Labels as for Figs. 1 and 2, but S denotes the TE wave case.
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FIG. 7. The effect of saturation on case E of Fig. 2. Max-
imum nonlinearity: (a) unlimited, (b) 0.10, (c) 0.08, and (d) 0.06.

and in the linear regime this does not provoke any com-
ment since the net flow is positive. In the problem stud-
ied here one of the media is now nonlinear. As the value
of B increases a strongly nonlinear regime is entered,
creating strong powers that are contributed in opposition
from each side of the interface. The nonlinearity then
causes the net direction to be eventually reversed. Such a
situation is likely to be accompanied by high attenuation
and saturation effects. This has not been checked here
theoretically by actually including absorption, but the in-
clusion of saturation later on does show that this power
flow reversal is opposed.

The case in which the linear dielectric constants on
both sides of the interface are both positive is shown in
Fig. 6. There is no linear limit for this case and the re-
sults exhibit a power threshold, as expected. In fact, this
behavior is qualitatively similar to that of TE waves flow-
ing along the interface. In order to make the latter com-
parison more secure, the power curve for TE waves is also
shown in Fig. 6. It can be seen that there is a nontrivial
difference in magnitude between the TM cases and the TE
case, but the physical behavior is identical. Note that all
the reasonable approximations and nonlinear mechanisms
for the TM case do not produce results that differ a great
deal from each other.

The role of saturation has been neglected up to now but
it can be modeled by writing the dielectric tensor elements

as
A 2xx

A%
A

€xx =€+ A%, [1—exp

+a,Al, |1—exp
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FIG. 8. First integrals. B=1.6. Data same as for Fig. 6.
E,=H,=0is at z= o0 and z decreases to zero at the intersec-
tion point. (a) Nonlinear cladding; (b) linear substrate.

AZ
€x=€+a,A%, [1—exp |—5°
¥
AZ
+an A%, |1—exp Azx , (19)
zx

where A4,,, A,, A, and A, are constants. These equa-
tions show that the maximum nonlinearities are

NL _ 2 2
€ xx,max“axxA xx+asz Xz >

NL _ 2 2
€ zz,max_azA zz+azxA zx -

(20)
This is not the only way to model saturation effects,?> but
it will suffice for the present purpose. Figure 7 shows the
role of saturation for the case E with Fig. 2 data. Each
curve corresponds to setting all the a4? terms in (20)
equal to the same value. It is interesting here to see that,
apart from the fact that a fairly low value for the max-
imum achievable nonlinearity will drive the curves toward
the linear values, it is possible for media with maximum
nonlinearities >0.1 still to show the maximum in the
power curves. This is interesting from the point of view
of possible experiment with proof-of-concept materials
such as artificial nonlinear dielectrics.>°

Finally, we show in Fig. 8 the first integrals of the
equations for both the linear material and the nonlinear
material for B=1.6 with Fig. 6 data set. These are ex-
pressed as a plot of E, against H,. The curves intersect
at z =0, where the boundary exists. They will not be used
explicitly in this paper, but such interesting plots will find
an eventual use in an analysis of the stability of the non-
linear TM waves.?! This will be the subject of a forth-
coming article.
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