
PHYSICAL REVIE%' A VOLUME 34, NUMBER 2 AUGUST 1986

Branching ratios for excitation to highly excited levels or ionization of complex ions
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For excitation to very high levels or ionization of a complex ion there are sometimes several possi-

ble final states for the remaining core (next higher stage of ionization in the case of ionization).

Then formulas, such as the widely used ionization formula of Lotz or other ionization and excita-

tion formulas in which the cross section is expressed essentially as a product of the number of elec-

trons in the initial subshell times a cross section having the form of a hydrogenic ion cross section,

must be multiplied by an additional factor giving the relative probability or branching ratio for the

particular final state of the core. This problem was considered previously by Bely and Schwartz

[Astron. Astrophys. 1, 281 (1969}]for the case of ionization. They used LS coupling, exchange was

neglected and the remaining core was assumed to contain one or two partially filled subshells. Here

we have included exchange and we have obtained the branching ratios for jj coupling as well as I.S
coupling for the general situation that any number of filled and partially filled subshells are present.

The results apply for both collisional and radiative transitions.

I. INTRODUCTION

The present paper deals with some aspects of excitation
to highly excited levels and ionization of the highly
charged ions that exist in high-temperature plasmas such
as those occurring in fusion energy research, some areas
of astrophysical research and in research to produce x-ray
lasers. In modeling such high temperature, non-LTE
plasmas it is generally necessary to make a detailed treat-
ment of the lower bound energy levels of the ions in the
dominant stages of ionization. However, due to the uter:es-

sity of keeping the computations from being prohibitively
lengthy and also because the highly excited levels are of
less importance one usually makes a less detailed treat-
ment of them. Specifically, they are simply designated by
their n values, their n1 values, or possibly by their n1j

values in the case of ions with very large nuclear charge
number Z, and not by additional quantum numbers such
as J,' the total angular momentum qumtum number for
the ion. In fact, since the dependence of these highly ex-
cited levels on J,' is weak, it is generally valid to sum over
J,' values. Also it is usually assumed that the crass sec-
tion for electron impact excitation to such highly excited
levels or ionization is approximately equal to the number
af electrans w in the lower subshell from which the exci-
tation or ionization occurs multiplied by an approximate
cross section Qff that has the form of a hydrogenic ion
cross section

Q=~QH, (1)

where Qff may contain some factors such as an effective
Z to account for effects of the inactive bound electrons.
An exainple of this is Eqs. (5) and (8) of Ref. 1. Another
is the widely used semiempirical ionization formula of
Lotz, 2'i which is essentially of the form of Eq. (1) except
that it is equivalent to making the additional approxima-
tion of using an approximate reduced cross section for
ionization from the ls sublevel in treating ionization from

any sublevel, as noted in Refs. 1 and 4.
In the present work we are interested in determining

more precisely the conditions for which Eq. (1) is valid
and in determining how it must be modified even in treat-
ing very highly charged ions for particular cases. These
cases are likely to become of increased interest in the near
future as plasma modeling continues to become more so-
phisticated and more complex ions are treated in greater
detail. They can occur whenever the remaining core of
more tightly bound electrons in the case of excitation, or
the ion in the next higher stage of ionization in the case of
ionization, has one or more partially filled subshells. The
reason for this is that the final core configuration might
then give rise to several possible states. Then the right-
hand side of Eq. (1) should be multiplied by a factor giv-
ing the relative probability or branching ratio for the par-
ticular final state of the core. Bely and Schwartz have
previously considered this problem for the case of ioniza-
tion and gave approximate values for the branching ratio
factors obtained when LS coupling was used, both config-
uration mixing and intermediate coupling type mixing
were omitted, exchange was neglected, and the remaining
core had one or two partially filled subshells. Although
the assumptions or approximations made in obtaining
their results were stated, no details of the derivation of
their results were given. Here we make similar approxi-
mations to those made by Bely and Schmartz except that
me do include exchange and me obtain general results
applicable for ions with any number of filled and partially
filled subshells. It turns out that inclusion of exchange
does not alter the expressions for the branching ratios.
However, it is satisfying to be able to demonstrate this,
especially since exchange does often have quite a signifi-
cant effect on the cross sections near threshold, as seen for
example from the results given in Tables I of Refs. 1, 6,
and 7. It would have been preferable if we were also able
to include mixing effects; however, this would have great-
ly complicated the situation and mould not have allowed
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us to derive simple, general, analytical expressions for the
branching ratios. On the other hand, we do obtain results
for pure jj coupling, as well as LS coupling, and usually
one or the other coupling scheme is at least a moderately
good approximation.

An outline of the work done in the remaining so:tions
of the paper is as follows. First we summarize the general
equations determining the colhsion strengths and cross
sections for highly charged ions. Then we apply them to
cases of increasing complexity beginning with hydrogenic
ions and then going to ions with a single active electron
outside filled subshells. This is followed by consideration
of excitation to a highly excited level or the continuum
(the case of ionization) from a subshell initially containing
any number ele:trons. We then consider the case that in
addition a partially filled subshell of inactive or spectator
electrons is present. This is followed by consideration of
the case that there are three partially filled subshells of
inactive electrons present. From these results one can see
how to generalize to any number of inactive closed sub-
shells and partially filled subshells in addition to the ac-
tive subshell. In each case results are first obtained in jj
coupling, then the corresponding I.S coupling results are
given. In the final section the formulas we have obtained
are applied to a few specific examples to give illustrative
numerical values for the branching ratios. Also we in-
clude two Appendixes. In Appendix A it is shown that
our results for branching ratios apply as well for the cor-
responding radiative transitions. In Appendix 8 ere dis-
cuss how the quantum numbers entering our expressions
for the branching ratios must be interpreted when an al-
ternative coupling scheme is used for obtaining intamedi-
ate angular momenta rather than the more standard
scheme of coupling successively the total angular momen-
ta of each subshell, as we assumed in the derivation of our
results.

II. GENERAL EQUATIONS
FOR HIGHLY CHARGED IONS

As is well known, the cross section Q(i f)-for the tran-
sition i~f can be expressed in terms of the collision
strength Q(i-f) by the equation

2

Q(i-f) = Q(i-f), (2)gE Ry
where g; is the statistical weight of the initial level i and
E(Ry} is the impact electron energy in rydbergs. For
highly charged ions of interest here the elements of the
reactance matrix R are generally small so that unitariza-
tion is not necessary. Also for such ions it is convenient
to scale out the major Z dependence as in Ref. 8. Then
the collision strength can be written

Z'fI(Pr~s Pl~—i )

=2+(2J+ 1)g
~
ZR (P,J,klj J;P,' J,'k'lj''J) ~, (3)

J I, 1'

J~J

where ZR and Z 0 are slowly varying functions of the
nuclear charge number Z that become independent of Z
in the limit Z~ ce, if relativistic effects are neglected. In
Eq. (3), J„j,and J are the total angular momentum quan-
tum numbers of the target ion, the impact electron, and
the complete system, respectively. p, represents all addi-
tional quantum numbers no:essary to specify the initial
state of the target ion, k is the impact electron energy in
Z rydbergs and l is the orbital angular momentum quan-
tum number of the impact electron. Primes on symbols
indicate the corresponding final-state quantum numbers.

The reactance matrix has a direct and an exchange part

ZR =ZR —ZR', (4)

where in detail for inelastic scattering of an electron by a
target ion with E bound electrons

ZR (P,J,klj J;P',J,'k'lj''J)=2 g C(JjM,m;JM)C(Jj''M, 'm', JM)
M, m,

M,', m'

x fdxi fd. 2 fdxlv+I +Il,J,M, (xi )uklfm(xi)

and

1
,(x; )uk l~' (x;),

q (~i) qi

(5)

ZR'(P, Jgklj J;gJ,'k'lj'J)
=2% g C(JjM,m; JM)C(Jj''M, 'm';JM)

Q fdxi fdx2 ' fdx~+i gpss I (xl )gkil~(xl) g q gj,~,(xl )gk il ~ (xl ), j+i . (6}
(~.) rql t t t

Here the C's are Clebsch-Gordan coefficients written in the notation of Ref. 10; x; stands for the coordinates, spatial and
spin, of electron i; x; designates the coordinates of all N + 1 electrons except electron i; %p J ~ (x; ) is the initial wave
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function of the target ion and uklI (x; ) is the impact electron wave function

uk'. (x ) =FkI (r) g C( ,
'

I—m,mi jm')YI,(8,$)5(m,
~

o ) .

In applying Eqs. (5) and (6) we wiB generally choose i =N + 1 and j =
¹

III. HYDROGENIC IONS

Since we intend to express the cross section for excitation to highly excited levels or ionization in terms of a cross sec-

tion with the same form as a hydrogenic ion cross section QH we first consider the case of hydrogenic ions, where N = 1.
Then

q'pJsr(xiv+i)=un i J m (xi)=Re i «i} g « ihmsaml 'i.mu)Yi ~„(IIi 0'i+(m~ loi) ~

Nl~, t8@,

The interaction r i2 can be expanded in the standard form in terms of Racah tensors

co r
CA( 1 ).CA(2 )

r12 A, or

Then Eq. (5) applied to this case can be written in the form

ZR~(n, lj,klj J;n,'I'j,'k'I'J)=2+D~(n, l, kl;n,'I,'k'I'}& ,' Ij, ,' jl—JM
~

—C"(1)g~(2)
~

—,
'
I,'J,'-,' Ij''JM &,

A, =O
(10}

where the angular matrix element is readily evaluated using standard irreducible tensor techniques, as given for example

in Ref. 10 and the Appendixes of Refs. 11 and 12,

ja ~ Ja
' Ii. i IJJ—M

I
&'(I } &"(2)

I
-'I'i' —' I'J'JM

& =( 1} '—' ' J &-'I.J.IIC"II i I'J.' & & i IJ IIC'll i Ii''& .

Here

J2 2 J&
(12)

Ii A, li
&IillC'III&&=( —1}'l(2Ii+1)(2Iz+1)1'" (} (} () ~

The D" in Eq. (10) is the radial matrix element

D (n, l, kl;n,'I,'k'I')= dri ri dr2r2R„ I (r, )Fkl(rz) &,R,i, (r, )Fk i(rz) .
r

(13)

(14)

The exchange part of the reactance matrix obtained by applying Eq. (6) to the case of hydrogenic ions becomes

ZR'(n, l,j,kjlJ;n,'I,'j,'k'Ij'J)

=2 g C(j,jm, m;JM)C(j,'j'm, 'm';JM) fdxi Jdx2u„'I ~ ~ (xi)ukIJ~(x2) u„,l, ., (x2)ukl J'~(xi) . (15)
P8g, 28,

u a a u r~2 alaja

There is the problem with Eq. (15) that irreducible tensor techniques cannot be applied directly to it because they require
that the electrons be ordered in the same way in the initial and final states and also coupled in the same manner. Howev-
er, this is easily remedied by interchanging the order of u, i. .. .(xz} and ui, rj' (xi ) and then using

+a lu Ja Etta

~ I

«i'i'm'm';JM}=( —1}' CVi''m'm';JM) .

Then applying Eq. (9) to (15}and using the same procedures that lead to Eqs. (10) and (11)one obtains
T

~ r

Ja
ZR'(n, l,j,klJJ, n,'I'j,'k'Ij''J) =2( 1)' ' ' gE"(n, l,—kI n; I,'k'I') ' ' . '&i II@ lli'&& JIIC Ilj' &

(16)
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where

r
dr 1 I dr2 r2+ I (r 1 )+kl(r2) g +k'I'(r 1 )~ ~ ('(r2)

0 0 "a a A, +1 n'l'

and we have used the abbreviated form

&jiIIC'llj2 &
—= & —,

' IijiIIC'll —,
'
I2jz & (19)

Now we apply Eqs. (10), (11),and (17) to Eqs. (3) and (4). Then this is applied to Eq. (2) with g; =2j, +1 to give for the
Z-scaled hydrogenic ion cross section

Z QH(nuluju nu'Iu-ju }

2
~ q eg

sma0 00 Ja ~ Ja
g(2J+1)g g D~(n, l,kl;n,'I,'k'I') ' ., J . '&j, llC~I lj,'&&jllC~llj'&

J~J

Ja ~ J—( —1)~J ~E~(n, l, kl;n,'I,'k'I') ' ., J . '&j, I
IC~Ilj'& &jl IC~llj,

'
&

Ja & J

2

(20}

where we used the fact that ( —1) ' =1 because both J and j+j,' are integers. Of course, only a few values of A,
2J+2(j+j' )

contribute to Eq. (20) due to the presence of the 6-j symbols there and in Eq. (12).
As noted previously, it is our intention to show that the cross section for excitation to a very high bound level or ioni-

zation of any complex ion can can be expressed in the form of Eq. (1) modified to contain a branching ratio factor
(which will be unity in some cases). In order to do this with exchange included it is necessary to perform the summation
over J in Eq. (20). In doing this we use the relation'0

Ju ~ Ja Ja
g(2J+1) '

.,
j,'
J . 2K+1

in evaluating the terms proportional to D D, a similar relation with j,' and j' interchanged in evaluating terms propor-
tional to E"E and the relation

Jo
g( —1)'(2J+1) ' .,
J ,J

Ju Ju

J J,'
(22)

in evaluating the terms proportional to D E . The result is

2

Z QH(n, I,J, n,'I,'j,')= -. g g [D (a I.kl'aulak'I')&jaIIC Ijla &&j IIC"Ilj'&I
H au a au a (2 ~ +1)E(Ry) 2 +1

j~j

g ( —1) & +~+~ D~(n, l,kl;n,'Iuk'I')E (n, l,kl;n,'I,'k'I')
A, =O A,'=0

x ' ' ~. &j.llC llj'&&jllC llj'&&j. ll 'llj'&&jll llj'&
Ja Ja

+ X 2~
1IE'(a.l.kl &'I'k'I')&j. IIC'Ilj'&&jllC'llj'&l'

A, =O + (23)

Often one is not interested in the value for j,' and hence sums over j,'. The detailed result is obtained by substituting
for all the &j& I I

C
I Ij2 & in Eq. (23) using Eqs. (19) and (12) and then performing the summations over j', j,', and j using

Racah algebra very similar to that used in Sec. IV in obtaimng Eq. (43). One obtains
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gZ QH(n, l,j, n-,'I,'j; )=Z QH(n, l, n,-'I,')
Ja

16n

(2lg+1}E(Ry) ii i 02 +1
[D~(n, l, kl;n,'I,'k'I')(I,

f
[C~i il,

' }(IifC"ii '}]2

g ( —1)"+"D (n I kl;n'I'k'I')E (n I kl;n'I'k'I')
A, =o A, '=0

[E~(n, l, kl;n,'I,'k'I')(I, /[C"//I')(I//C~(fl, '}] . (24)QCQoQ

Of course, this result for Z QH(n, l, -n,'I,') can also be ob-
tained with a completely 1.$ coupling treatment. For ex-
ample, it can be obtained by performing the summation
over I. values in the expressions for the collision strength
or cross section given in Ref. 8 after using Eq. (55) of that
reference and noting that Eq. (13) applies for the
(I,

~

(C~~ ~I,
" }'s in Eq. (24). It should be mentioned that the

hydrogenic collision strengths in Ref. 8 as well as those
for transitions to more highly excited levels given in Refs.
13 and 14, are defined to include the spin statistical
weight factor of 2 so that in using Eq. (2) to obtain the
cross section from their values for Z QH one should use

g; =(21,+ 1).
In using the above results given by Eqs. (20), (23), and

(24) in later sections we assume they have been calculated
using the nonrelativistic Z scaled radial matrix elements
D and E obtained with the assumption. that both bound
and free electrons see the sarqp nuclear charge Z. Then
the D~, E~, Z QH become independent of Z.

IV. IONS %PITH CLOSED SUBSHELLS
IN ADDITION TO THE ACTIVE SUBSHELL

hereafter we can ignore them. A consequence of this is
that the form of the results given by Eqs. (20), (23), and
(24) apply for ions with a single active electron outside
closed subshells, as well as hydrogenic ions. Of course,
the accurate radial functions and hence the D 's and E 's

will differ from the hydrogenic ones due to the presence
of the inactive electrons, but we will neglect this differ-
ence except to take it into account by dividing by the
square of an effective nuclear charge number Z,ff. Then
the cross section for a complex ion with a single valence
electron is given by

Q(nalaJa nulaJa )= i [Z QH(nalaJu na aJa )] ~

Zeff

where Z QH is given by Eq. (23). Of course, a similar re-
sult applies for n, l, -n,'I,' transitions with the quantity in
the braces replaced with that given by Eq. (24), or for ion-
ization with this quantity replaced with the Z QH for
ionization. These are all examples of Eq. (1) for the case
that w = 1. We next consider the case that there are addi-
tional electrons in the active subshell and work out the re-
sults apphcable when jj coupling is assumed.

In treating complex ions, those with more than a single
bound electron, we assume that the usual procedure is fol-
lowed in which the wave functions for complex iona are
built up of single electron orbitals of the form of Eq. (8}.
These and the orbitals for the free electron given by Eq.
(7) are assumed to be normalized and orthogonal. Then it
is easily seen that nonvanishing matrix elements mill
occur only when the same electrons occur initially and fi-
nally in each inactive closed subshell. Of course, there
will be many terms of this kind resulting from permuta-
tions of the electrons between the different subshells, but
this is exactly canceled by the normalization factors in the
target ion wave function. Thus, the form of the results
for inelastic scattering is completely unaffected by the
presence of closed subshells of inactive electrons. Hence,

A. Results in jj coupling

It is well known' '" that for two equivalent electrons
an antisymmetrical wave function is given by

%(n, l j,J,M, ~xixp)

Xu„ I J,(x&)u„ I J,(xi) . (26)

Although this appears to have the form of an unsym-
metrized function, the Clebsch-Gordan coefficients insure
antisymmetry. Similarly, for three equivalent electrons an
antisymmetrized wave function is given by

%(n Ij J M,
~

xixi)x=ig(j, J~jij J ) g C(Jij Mim3 ,J M )%(n I j J'~Mi ~xix2)u„ i J,(x3),
JI Ml, m3

(27)

where 0'(n, l j,J,Mi
~
xix2) is given by Eq. (26) with J, and Mi replacing J, and M, and the (

~ ] ) are coefficients of
fractional parentage (Cfp). Although Eq. (27) has the appearance of an unsymmetrized function, it actually is complete-
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ly antisymmetric in all three electrons due to the properties of the Cfp and the Clebsch-Gordan coefficients. One can
continue this procedure for any number w of equivalent electrons so the completely antisymmetrical wave function for w
equivalent electrons in a subshell a can be written

ql(n, l j,a,J,M, Ixixz x )

g (ju alJ1 I 1j.a.J.) g «Jij.Mim. ».M. )q«. l.j. 'a»iMi Ixix2 xtu —1)un I j m (xw)
Jl,al MI, m

where the electrons are in the definite increasing order 1, 2, 3, . . . , w, but the Cfp and the Clebsch-Gordan coefficients
maintain antisymmetry. In Eq. (28) the symbol ai represents any additional quantum numbers, such as the seniority
number, required to completely specify a state when there are several states with the j, ' configuration having the same
Ji value. An analogous statement applies to a, and the j, configuration. The functions in Eq. (28) are assumed to be
orthogonal and normalized, which requires that the Cfp obey the relation

g (j. 'aiJi
I Ij."a.J.)(j. 'aiJi

I Ij."a'J.)=~, . (29)

The final antisymmetrized wave function for the case of excitation of one of the equivalent electrons in the n, I,j,
configuration to an excited state n,'1j',' is also of the form of Eq. (28) with the following exceptions: (1) the Cfp and
summation over Ji and ai is omitted, (2) an orbital u, , replaces up) f j,(3) one must include an antisymmetrized

"ala Jama "a aJama'

sum over all the pic sible states with any of the w electrons being in the excited level, (4) and then in order to have a nor-
malized function one must multiply by the factor (w) '~ . Thus, the final state wave function can be written

0( nglgj~ aN Jg n~lgjg J~Mg I
xix2 ' ' ' x~ )

g ( —1) g C(J,"j,'M,";J,'M; )+(n, l j, 'a,"J,"M,"
I xixp xp i,xp+i x~)u„,i. .. .(xp),

w Naia Jamap=i M" m'a' a

(30)

where the w —1 electrons in %(n, lj, a,"j,"M," Ixix2 xp i,xp+i x„) are in the definite increasing order 1, 2,
3, . . . , w with, of course, the value p omitted. Since, as noted previously, additional filled subshells of inactive electrons
make no contribution, we can apply Eqs. (28) and (30) as the initial and final target ion wave functions to Eq. (5) with
N =mand i =m+1,
ZR (n, l,j,a,J,kjlJ;n, l,j, 'a,"J,"n,'I,'j,'JNk'I'j'J)

g (j, 'aiJi
I Ij, a,J, ) g C(JjM, m;JM)C(Jj''M,'m';JM)

w Ji,ai M, m,

C(Jij,Mim, ;J,M~)C(J~j,'M,"m~',J,'M,')fdxi f dx2 fdx
N), m,

lpM, m

xq'*«. Isa 'aiJiMi Ixix2. xN i»n'. i.j.m-. (x~»kijm(x~+i)
& Pro

X g( —1) W(n, lj, 'a,"J,"M," Ixix2 xp i,xp+i x )u„,&.j. .(xp)uk' j' (x +i) . (31)
@=1

Due to the orthogonality of the u functions one sees that
only terms with q =p can contribute. Although the initial
target ion function given by Eq. (28) has all the electrons
in the definite increasing order 1, 2, . . . , w, it is actually
an antisymmetric function due to the properties of the
Cfp, as noted previously. Thus in evaluating Eq. (31) we
can permute the coordinates in the initial target ion wave
function so they are in the same positions as they are in
the final target ion wave function in determining the con-
tribution of each term in the summation over p. This in-
troduces a phase factor (—1) p that exactly cancels the

effect of the similar phase factor in Eq. (31). Then the
sum over p gives m contributions all with the same value
and the total value for ZR is equal to the right-hand side
of Eq. (31) with the sums over p and q removed, the phase
factor omitted, both p and q set equal to w and the result
multiplied by w. Also, since both the initial and final to-
tal system functions have the electrons in the same order
1, 2, 3, . . . , w +1 and the same type of coupling, we can
use irreducible tensor techniques to evaluate this result for
ZR . After again using Eq. (9) with w and w +1 replac-
ing 1 and 2, respectively, we have
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ZR"(n, lj,"a,J,kjlJ;n, lj, 'a,"J,"n,'I'j,'J,'k'Ij''J)

=2vi0 g (j a, 'aiJi
~ Ij a J )gD (n I kl, n'I'k'!')

A, =O

X &jg rxiJi Jg JgJJM
~

C (lU)'C (M +1)
~ j~ ct~J~j~J~j JM), (32)

where D is given by Eq. (14). Now using standard formulas as given in Ref. 10 or the Appendixes of Refs. 11 and 12,
one has

&j,
" 'a, ,Jij,JjJM ~C~(i0) C (w+1) ~j, 'a,"Jj,'J'j'JM)

J, A, J,'
'r "J"J'J.' & &jIIC'Ilj'& (33)

in which

and the &j i ( ~

C"
( ~j2) are given by Eqs. (19), (12), and (13). Thus

ZRd(n, lj,a,J,kEjJ;n, l j, 'a,"J,"n,'I'j,'J,'k'Ij''J)

(34)

A, =O

J, lt, J,' j, A, j,'
x[(2J,+1)(2J,'+1)]'" ' J ''J. J- J '&j. II@"IIJ'&&jllC'llj'&

In applying Eq. (6) to obtain ZR' for this situation we again let N =i0 and choose i =t0+1,j = i0. Then only the
term q =i0 contributes and we get a result of the form of Eq. (32) except that E~ given by Eq. (18) replaces D~ and in
the final state wave function it is state j,' that is a function of particle ui+1 and state j that is a function of w, while in
order to apply irreducible tensor techniques the electrons in the final state must be in the same order 1, 2, . . . , ic, w + 1

that they are in the initial state. Thus we must recouple in order that we have both the same coupling scheme and the
same order for the electrons in initial and final states. This is accomplished by using the standard recoupling formu-
la10—12

J,
'

~ j." a,"J."j 'J2j.'JM
& .J,' (36)

Then proceeding in an exactly analogous way as in obtaining Eq. (35) we obtain

ZR'(n, l j,a,J,kjlJ;n, lj, a"J,"n,'I'j,'J,'k'Ij''J)

=2~iv (j, 'a,"J,"
~ Jj, a,J, ) gE (n, l, kl;n,'I,'k'I')

A, =O

Xy( —1) ' ' ' ' ' (2J, +l)[(2J +l)(2J'+1)]' 2

J2

J," j' J2 J, A,

J j,' J,' j,' J
The summation over J2 can be performed and the product of three
rearranging them and using the formula"

ja ~ j

6-j symbols expressed as a 9-j symbol by slightly

J," j,' J,' J,
g( —1) '(2J2+1) '

J
J j,

J2 J,"
~ Jt JgJ = 'Jo
a

Ja

(38)
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Now we apply this to Eg. (37) and then substitute that as
well as Eq. (35) for ZR into Eqs. (4) and (3). Then we
sum over J,' since, as noted in Sec. I, one is generally not
interested in results for specific final total angular
momentum of the target ion in the case of excitation to a
very highly excited level. In evaluating the contribution
proportional to D"D that arises in squaring the reac-
tance matrix elements we first perform the summation
over J and then the summations over V and J,' using the
standard relations"

J,
g(2J+1)
J .J'

J' Ja J," Ja

Ja J
J,' J

while in evaluating the terms proportional to D E we
rearrange the first 6-j in Eq. (35) and the 9-j in Eq. (38)
and then use the relation"

J,
g(2J+1) '

.,
J

J,' J, A,
' J,'

j, ,j J J . 2K+I
(39) Ja

( 1)2i
J

Ja

Ja

Ja
g(2J,'+1) '

J,
Jl

Jg

Ja" Ja
1

2j, +1 (40)

E E we use the

Ja Ja

(41)
(2A, +1)(2j,+1) '

In evaluating the part proportional to
orthogonality relation for 9-j symbols

Ja' J. Ja

g(2JN+ 1 )(2J+ 1) j,' j l{, j,'
IJ,J J' J ' J'

a J a

where the phase factor can be ignored because A, is an in-
teger. With slight rearrangement the second of these 6-j
symbols is seen to be the same as the second 6-j in Eq.
(35). Thus, we can again perform the summation over J,'
using Eq. (40} in evaluating these terms. It should be
mentioned that in performing the summations leading to
Eqs. (39}—(42) we could ignore the phase factors because
it is quite easily seen that after use of Eq. (38) the phase
factors in Eqs. (35) and (37) differ only by 2j' and are
both integers. Thus collecting results we have

QZ2Q(n, l,j,a,J, n, l,j, -'a,"J,"n,'1,'j,'J,')
J'

8(2J, +1)
ur[(j, 'a,"J,"

I Ij, a,J, )]
2j, +1

r

[D'«.l.kl n'1'k'1') &j.I
IL'I Ij' & &J II@'llj'&7'

i,=0 2~+ 1

JP

00 00 Ja ~ J—2+ g ( —1)2J+~+~D~(n, l,kl;n,'1,'k'1')E (n, l, kl;n,'1,'k'1') ' .
A, =O A,'=0 a

&«J. I I
c'I I)a & &J I

lc"
I
IJ'& &J. I I

c'I
I
j'& &jl I

c'
I lj' &

+ g [E"«.l.kl;n;1;k'1') &J.II&"Ilj'&&JIIC"IIJ' & j'
)„c2A, +1

(43)

Comparing this with Eq. (23) we see that after slight rearrangement of the 6-j in Eq. (43), the parts being summed over 1,
I', j, and j' are of exactly the same form. However, the D and E" actually differ from those pertaining to hydrogenic
ions due to the screening of the nuclear charge by the inactive electrons. As in the case of Eq. (25), we take this into ac-
count approximately by dividing by a Z,rr in obtaining Q. Then substituting this into Eq. (2) with g; =2J, +1 one sees
that

QQ(n. l.j.a.J.-n.hj. a"J"n'4J'~ )=~[(j. a"J"
I fj.a.J.)l'

&
[Z'QH(nazi. -n'1'j')) .

a
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Of course, if one is not interested in the particular value forj,' and sums over it, Eq. (24) applies so that Z2QH(n, 1, n,-'1,')
should be used for the Z QH in Eq. (44). Similarly, since ionization is like excitation summed over J,',j,', and 1,

'
plus a

range of n,
'

values, the same form given by Eq. (44) applies for ionization with Z QH for ionization used on the right-

hand side. One sees that the branching ratio factor is simply the Cfp squared in these cases. In fact, Eq. (25) can be re-

garded as a special case of Eq. (44) in which both the Cfp and iv are unity. Other cases where the Cfp is unity and hence

the results reduce to the form of Eq. (1) are when u =2 and when iu is the value required to fill the subshell. If one were

not interested in the particular final state of the core and hence summed over a," and J," one sees from Eq. (29) that Eq.
(1) would always result.

B. I.S couphnl results

We now consider the situation in which LS coupling rather than jj coupling is usel for the target ion. In this case,
where the spins of all bound electrons are coupled together to form total spin S„the 1,'s are coupled together to form
total orbital angular momentum L, and then S, and L, are coupled to form J'„ the equation replacing Eq. (28) for the
initial state with ic equivalent electrons is

+(n, l, aNS, L,J~M, ~xix2 . x~)

(1, 'aiSiLi
I Il, a,S,L, ) g C(S, L, Ms Mt, ;~,M, )

MS,M~

X g C(S~ ,
'
Msim—~;S,MS, )C(L il, ML imk„L, ML, )

X'p«. 4" 'aiSiLiMsiML, ilx»2'''x~ i». in„~ (x~)

(1, 'aiSiLi
~ Jl, a,S,L, )

~
n, l, 'aiSiLin, l,a,S,L,J,M, ) .

S, ,I.&,a&

(45)

Again as in Eq. (28) the electrons are in the definite increasing order 1, 2, 3, . . . , ia, but the function is nevertheless an-

tisymmetrical due to the properties of the Cfp and the Clebsch-Gordan coefficients. The function u„ I, (x) in Eq.
(45) is given by Eq. (8) with the Clebsch-Gordan coefficient and the summation over m~ and mi, omitted. For the final
state for excitation to a very highly excited level we will want to couple the spin and orbital angular momentum for this
excited orbital to form j,', that is we use u, I. . . in place of u, I, , , Thus, the final target ion wave function is

Ply' J~Nlo Ny lg 0!I

%(n, l, 'a,"S,"L,"J,"n,'1j','J,M, ) xix2 xl )

C(J,"j,'M,"m,';J,'M,' ) g C(S,"L,"Ms',ML'„J,"M,")
Ms', ML'

X ~ g( —1) +(n, l, 'a,"S,"L,"Ms',MI.', ~x&xi x~ i,xJ, +i x )
N p

Xu„,l, . (xp),"o aJNma
(46)

where, as in the analogous Eq. (30), the iu —1 equivalent electrons are in the definite increasing order
1,2, . . . ,p —i,@+1,. . . , ic. However, the coupling in Eq. (46) is different than in Eq. (45) so that to use the techniques
of irreducible tensors we must transform Eq. (45) so that it is coupled in the same manner as Eq. (46). Thus, using the
standard recoupling formula"

Si Li Ji

~
n, l, 'aiSiLin, l,S,L,J,M, )= g [(2S,+1)(2L,+1)(2Ji+1)(2j,+1)]'~ —,

'
1, j,

S~ L~ J,

X
~
n, l, 'a,S,L,J,n, l j,J,M, ) (47)



BRANCHING RATIOS FOR EXCITATION TO HIGHLY. . .

»P(n, l, a,S,L,J,M,
~
xix2 x )

'aiSiLi
I I laauSuL. )

S) L ) Jt
X g [(2S,+1)(2L,+1)(2Ji+1)(2j,+ I)]'~ —,

' I, j,
S, L~ J~

X g C(Jij,Mini„'J, M, )
m, ,m,

X g C(S]L1MslMLi J1Mi) p(n Iu alS1L1MslML11 xix2 x»u —1)uu I 1 u» (x»u}
M~1,ML 1

(48)

where the electrons remain in the definite order 1, 2, 3, . . . , m. We can then proceed as in the jj coupling case. In fact
the arithmetic is essentially identical because it is only the inactive electrons that are now coupled in a different manner.
Thus, the only differences are that we have the extra recoupling factor of Eq. (47), we have the additional Kronecker del-
tas 5s s„5~ ~„ in the analog of Eq. (34) and we have the additional summations over Si,Li and over j,. When we

square the matrix elements, the latter results in Eq. (40}being replaced with

J' J.i

J' J" J J' J" J ( 9)
»

a

Also in one of the 9-j symbols of Eq. (41) the j, should be replaced with j,i, which leads to a factor 5J 1, on the right-

hand side. This and the similar factor in Eq. (49) are then removed by the summation over j, i. Thus the result obtained
in place of Eq. (44) is

QQ(na Ia a,SaL,J, n, I, 'a-,"S,"L,"J,"n,'I,'j,'J,' )

=ic[{Ia aa'Sa'La'
I IlaaaSaLa)]

S,"

Xg(2$, +1)(2L,+1)(2J,"+1)(2j +1) ~ —,
'

Ja

L," J,"

I, j, z [ZiQH{n, laj, -n,'I,'j,')] .
Zeff

L, J,
(50)

If we are not interested in the value for j,', as would probably usually be the case, we sum over j,'. Then, as in Eq. (44),
Z QH(n, l, -nal,') replace» Z QH(n, l,j,-nal,'j,'). Also for the case of LS couphng one might not be interested in the
~alue for J,", the total angular momentum of the remaining core. Thus, if one sums over J," after summing over j,', one
sees from the analog of Eq. (41) that the suinmation over J,"and j, remove the 9-j factor in Eq. (50) so the result reduces
to a form similar to Eq. {44),

Q(n, I, a,S,L,J, n, I, 'a,"S-,"L,"J,"n,'I,'j,'J,' }=Q(n, la a,S,L, n, I, 'a,"S,"L-,"n,'I,')
Ja'Ja*Ja

= w[(l, 'a,"S"L,"
~ I I, a,S L, )] [Z QH(n, I, n,'I,')]. '(51-)

Zeff

Of course, as in the case of Eq. {44), the results given by
s. (50) and (51) also apply for ionization when the

Z QH for ionization is used on the right-hand sides. It is
interesting to note that the results for ionization agree
with the corresponding formulas of Bely and Schwartz, ~

their Eqs. (16) and (15), except that they do not explicitly
utilize a Z,ff, as we do.

V. EFFECTS OF A PARTIALLY FILLED
INACTIVE SUBSHELL

We next consider the case that an additional partially
filled subshell of inactive or spectator electrons is present.
We call this subshell b and assume it contains rn electrons
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with a total angular momentum Jb. The initial total an-

gular momentum J, of the active subshell a containing w

electrons is coupled to Jb to form initial total angular
momentum Jb, for the target ion. In the final state of the
target ion the highly excited electron in state n,'I,'j,' has
its angular momentum j,' coupled last so we couple J,",
the total angular momentum of the remaining w-1 elec-
trons in subshell a, to Jb to form Jb,

'
and then couple j,'

to this to form a total angular momentum J,' for the final
state of the target ion. Perhaps this could more appropri-
ately be'called Jb„but we will continue to use J,' to indi-
cate the total angular momentum of the target ion in the
fmal state in all cases. In order to use irreducible tensor
techniques the coupling must be of the same type for ini-
tial and final states so we transform the coupling of the
initial state using the standard recoupling formula"

I
Jb{JljaJa }JbaMba } g( 1) [(~b i+1)(2Ja+1}]'"'

Jb ba b 1
bl

where Jb i is formed by coupling Ji to Jb and Ji has the saine meaning as in Eq. (28). Then the arithmetic proceeds as
before in obtaining Eqs. (43) and (44) except for the presence of the extra recoupling term in Eq. (52) and the fact that in
the analogs of Eqs. (32), (33), and (34} the inactive parts j, aiJi and j, aaJaii of the initial and final wave functions
are replaced with (jb abJb)(j," 'aiJi)Jbi and (jb abJb)(j, a,"J,")Jb,', respectively. This leads to the extra Kronecker
delta 5 „ in the analog of Eq. (34). In addition, Jb, and Jb', play the roles of J, and J," in the Racah algebra that

Jb&Ju

leads to the analog of Eq. (44). We should also mention that if we had not assumed the same ab Jb for the inactive sub-

shell b in the initial and final states, this would have been insured in the analog of Eq. (34) by an extra factor 5, ,5J J, .~b~b b b

Thus, carrying out the Racah algebra, which is the same as previously, one obtains in place of Eq. (44)

QQ((nblb jb ~bJb)(n, l j,"rz,J, )Jb, -(nblbjb rzb Jb)(n, l j, rz,"J,")Jb, n,'1'j,'J,')
J'

j, J," J,
=w[(j, 'aa'Jaii

~ ]j,aaJa)] (2Jb,'+1)(2Ja+1) '

J J„' 2 [Z QH(n, l j, n,'l'j,')]-. (53)
b ba ba Zaff

As usual, if we sum over j,', then Z QH(n, l, n,'l,'} r-e-

places Z2QH{n, l j,-n,'l,'j,'). Also, if this is replaced by
Z QH for ionization the result applies for the ionization
cross section for the case that the remaining next higher
stage of ionization is in the same state as the core in Eq.
(53). If one sums over the total angular momentum Jb', of
the core, the extra recoupling factor in Eq. (53) as com-
pared with Eq. (44) is seen to be removed by using an
equation analogous to Eq. (40).

Now we consider this situation when LS coupling is
used for the target ion. In the final state the spina of the
w —1 remaining electrons in subshell a are coupled to-
gether to form total spin for the subshell S,". Those of
the rn electrons in an inactive subshell b are coupled to
form total spin Sb for that subshell. Then Sb and S," are
coupled to form Sb,'. Similarly, the orbital angular mo-

menta are coupled to form total orbital angular momenta
L," and Lb for subshells a and b, which are then coupled
to form Lb' . Then Sb,

'
and Lb, are coupled to form total

angular momentum Jb,
' for the core. Finally this is cou-

pled to j,' to form the final total angular momentum J,'
for the target ion. For the initial state the coupling is
similar except that subshell a has w electrons with total
spin S, and orbital angular momentum L„which are
coupled to Sb and Lb of subshell b to form Sb, and Lb, .
Finally these are coupled together to form initial total an-
gular momentum Jb, for the target ion. In order that the
coupling be of the same type for the initial state as the fi-
nal state it is necessary to use the analog of the rex:oupling
formula used in Eq. (52) for both spins and orbital angu-
lar momenta. Specifically,

~
Sb(Si —,S, )sb,Lb(Lil, L, )Lb,Jb Mb )

~b 1 ~~b1

)Sb+Si+1/2+Sb +Lb+Li+i +Lb

S, S.
X[(2Sbl+1)(2S.+1)(2Lbl+1){2L.+l)]i/2 S S S L L Lb ba b 1 b ba b 1

&&
I SbSiSbi , Sb„LbLiLbil, Lb, Jb—,Mb, }, (54)

where Sb, and Lb i are formed by coupling Si to Sb and Ii to Lb, respectively, and Si and L, have the same meaning as
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in Eq. (45). In addition, we must still use the analog of the recoupling in Eq. (47) so that the spin —, and I, are coupled
to form j„while Ssi and Ls i are coupled to form Js i, which is then coupled toj, to form Jl~. That is we must use

I SsSiSsi 2S—~,LiLiLsilaLI Js Ms ) = g [(2Sso+ l)(2La + l)(2Jsi+1)(2j, +1)]'
~&i J'a

Lb]

X '
2 I 1 '

~ SQSiSQ)LbL iLQ /Jb i I.j.Jsa~~ & (55)

Then proceeding as previously, except that in analogy to the discussion leading to Eq. (53) we have a larger inactive part
which leads to additional factors 5 „,5 „and 5 „,we obtain in place of Eq. (50):

QQ((nslPa&Si, Ls)(naia aaSaLa)Ss, Ls,JI~ (nslP-a&SsL&)(n, l, 'a,"S,"L,")Si"Li'„'J~n,'I,'j,'J,')

=~[(&a a,"S,"L,"
~ ]I,"a,S,L, )]2

Xg(2'" +1)(2S +1)(2Ls' +1)(2L +1)(2' +1)(2Ls, +1)(2Ji" +1)(2j +1)
&a

2

S~ S~

Sb Sb, Sb'

Lb,
'

Jb,
'

I ja [Z QH(n, l,j, n,'1,'j,')] -. (56)
Zeff

Of course, if we sum over j,', as will usually be desired, Z QH(n, l, -n,'I,') will replace Z2QH(nal ja-nalaja'). Also if we
do not care about the value for the final total angular momentum of the core Jg„as will often be the case when LS cou-
pling is used, then the summations overj, and Js,' remove the 9-j symbol and give

Q((n&ls asSsLs)(n, l, a,S,L, )SI Ls, -(nslPasSsLs)(n, l, 'S,"L,")Sg,LI" n,'I,')

=ic[(l, 'a,"S,"L,"
~
Il, a,S,L, )] (2','+1)(2$,+1)(2Ls,'+1)(2L, +1)

'2

S, S, I, L," L,
X 'S S S" L L L" 2 [Z QH(naia-naia)l .

b bu ba b be ba Z eff

If we also summed over Ss,
'

and Lg the result would
reduce to that given by Eq. (51). Also the results given by
Eqs. (56) and (57) apply for ionization if Z QH for ioniza-
tion is used on the right-hand side. In this case the results
agree with the results given by Eqs. (18) and (17) of Bely
and Schwartz for the corresponding transitions.

It should be noted that the results given by Eqs. (53),
(56), and (57) apply whether subshell b is a lower subshell
than a so its angular momenta are coupled first to form
Sb„Lb„Jb„etc., as we have assumed, or subshell b is a
higher subshell so that according to standard practice its
angular momenta are coupled second. The only effect is a
phase factor that vanishes after squaring the matrix ele-
ments. However, in the latter case one mould probably
write J,s instead of J~, etc.

UI. EFFECTS OF SEVERAL
PARTIALLY FILLED INACTIVE SUBSHELLS

It is easily seen that the results of the previous section,
i.e., Eqs. (53), (56), and (57) are still applicable for any

number of partially filled subshells in addition to the ac-
tive subshell a, if these are all lower subshells than sub-
shell a so their angular momenta are coupled together
first. The only difference is that then Js, Ss, and Ls
must represent the total angular momentum, the total spin
angular momentum, and the total orbital angular momen-
tum, respectively, of all of the electrons in these lower
partially filled subshells, not just those in subshell b.
However, Eqs. (53), (56), and (57) are not general enough
to apply when when there are partially filled inactive sub-
shells that are both higher and lower than subshell a, or if
there are not lower ones, but two or inore higher ones.
Thus we now consider these cases and as usual we first
treat the problem assuming jj coupling.

Specifically we assume that in addition to a lower par-
tially filled subshell b with m electrons, there are two par-
tially filled subshells c and d with r and p electrons,
respectively, that are higher than the active subshell.
That is, they have higher values of nl orj. The total an-
gular momenta of subshells b, c, and d are J&, J„and Jz.
We assume that the initial total angular momentum J, of
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the active suhihell a containing ie electrons is first cou-

pled to Jb to form Jb, . Then J, is coupled to this to form

Jb„and finally Jd is coupled to this to form initial total
angular momentum Jb d for the ion. In the final state
the total angular momentum J," of the remaining w —1

electrons in subshell a is coupled to Jb to form Jb' . Then

J, is coupled to this to form Jb' . Then Jd is coupled to
this to form total final angular momentum Jb' d for the
core. Finally j,', the final angular momentum of the ac-

tive electron, is coupled to this to form total final angular
momentum J,' for the ion. As usual, in order to use ir-
reducible tensor techniques ore must recouple the initial
state so it is coupled in the same manner as the final state.
That is, one of the electrons in subshell a must be coupled
last of all. This requires an initial recoupling as in Eq.
(52) followed by two additional recouplings to push j,
beyond both J, and Jd so it is coupled last. The result is

I Jb(»i.J.)Ja J.J JdJb dlbfa d &

1 )
Jb +Je +Jd +iJu + bu + bac +J l +~b I c + b 1ed

~&i JbIc Joie~

X [(2Jb i+ 1)(2J~+1)(2Jb i, + 1)(2Jb, +1)(2Jbi,d+ 1)(2Jb + I )]'

Jbi

J J J J J J J J J
'

I JbJiJb i&cJb icJdJb i«Ja Jbacd~bacd &

b ba b 1 c bar b 1c d bacd b 1cd

Here Ji has the same meaning as in Eq. (28) and Jb i is
formed by coupling Ji to Jb. Then Jbi, is formed by
coupling J, to Jbi, while Jbi,d is formed by coupling Jd
to Jbi, . Fmally Jb d is formed by couphng j, to Jbi«.
Thus, the coupling is in the same manner as for the final
state so that irreducible tensor techniques can be used.
One might be concerned that a great many terms should
arise in taking the matrix elements leading to the cross
section due to permutations of the electrons between the
partially filled subshells done in such a way that the elec-
trons are in the same positions in the initial and final
states, as required in order that the matrix elements not
vanish. However, as in the case of closed subshells dis-
cussed at the beginning of Sec. IV, the effect of this is ex-

actly canceled by the normalization factors in the target
ion wave functions so it can be ignored. Then the arith-
metic is the same as it was in obtaining Eqs. (43) and (44)
except for the extra recoupling terms in Eq. (58) and the
fact that in the analogs of Eqs. (32), (33), and (34) the

inactive parts j, 'a~J~ and j, 'a,"J," are replaced with
the much larger inactive parts

(ib abJb)(i: 'aiJ»Jbi(i, "a,J.)Jbi (Jdad Jd)Jbi d

(Jb ab Jb )(j. 'a."J.")J/
' (j,"a.J, )Jg.,(j dad Jd )J~d

respectively. This leads to the extra Kronecker deltas

5z z„5z d„5& &„ in the analog of Eq. (34). Also,

J~ and J~ play the roles of J, and J," in the Racah
algebra that leads to the analog of Eq. (44). We note that
if the states of the inactive subshells had not been as-
sumed to be the same in the initial and final target ion
functions this would have been insured by additional
Kronecker deltas in the analog of Eq. (34). The extra
phase factors from Eq. (58) drop out in squaring the ma-
trix elements to obtain the cross section and the result one
obtains in place of Eq. (44) is

QQ((nblbjb ab Jb)(n, lj,a,J, )Jb, (n, l,j,'a, J, )J~(ndldjdad Jd )J~d (nblbjb ab Jb -)(n, l,j, 'a,"J,")J~(n, l,j,'a, J, )

X Ji (ndldJ'dad Jd)Jb' dn,'l,'J",J,')

=~f(i. 'a."J."
I Ij.a.J.)]'(2J~+1)(2J.+1)(2J~.+1)(2J~+1)(2Ji' d+1)(2Jb + I)

J." J, ' j. Jb.
'

Jb,
' j, Jb' lb,c

J J J" J J J" J J J" (59)
b bu ba . c bac kec, d bard hued, Zcg

Comparing this with results for the analogous simpler
cases given by Eqs. (44) and (53) one sees readily how to
generalize to any number of additional partially filled sub-
shells. As noted previously, additional lower partially
filled subshells have no effect if Jb represents the total an-
gular momentum of all of them. For each higher partial-

ly filled subshell an extra recoupling factor enters. For
example if a still higher partially filled inactive subshell e
~ith angular momentum J, were present the result mould
be given by the right-hand side of Eq. (59) with the extra
recoupling factor
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Jty Jbtycd Jbacd
(2Jb d +I)(2Jb d+1) '

J J J-
e btyt. de btycdt. ,

included. Also, if no partially filled subshells lower than
the active one were print one would simply omit the
first recoupling factor in Eq. (59), i.e., the one common to
Eq. (53} and then drop the subscript b on the J's in the
other recoupling factors, or one could omit the last recou-
pling factor and let b and c represent the two higher sub-
shells.

Also from Eq. (59) and the comparison between Eqs.

(53) and (56) one sees how to generalize the results for I.S
coupling given by Eq. (56) to the case of any number of
partially filled inactive subshells being present. All that is
required are two kinds of modification. One of these is
that the recoupling factor involving a 9-j symbol, which
comes from the necessity to recouple the initial spin and
I, value for the active electron to form j„must involve
the angular momenta for the entire core and initial ion.
For example, for the case of two additional partially
filled, higher inactive subshells c and d one should make
the replacement

Si' L b' Jb'

(2Sb, + 1)(2Lb, + 1)(2Jb', + 1)(2j,+ 1) —,
' I, J,

Sb &b

Ja

~bacd I'hued ~heed

'~

I.i' d Jb' d

~(2S~+1)(2K~+1)(2Jb' d+1)(2j, +1) (61)

The other required modification is that for each addition-
al higher, partially filled subshell of inactive electrons one
adds two recoupling factors of exactly the same form as
the corresponding one entering Eq. (59) for jj coupling ex-
cept that the total angular momentum quantum numbers
are replaced by corresponding spin quantum numbers in
the one case and orbital angular momentum quantum
numbers in the other case. Of course, for LS couphng
there are generally considerably fewer subshells than for jj
coupling because they are defined by only nl values in-
stead of nlj values. Hence, it is much less likely that one
will need to go beyond use of Eq. (56) than that one will
need to go beyond Eq. (53}to formulas such as Eq. (59).

As in all the simpler cases considered in previous sec-
tions, Eq. (59}and the even more general formulas for jj
and I.S coupling just discussed apply as well when one
sums over j,' except that QH(n l, -n,'I,') then replaces
QH(n, l,j, n,'I,'j,'). Als-o the formulas apply for ioniza-
tion if the QH for ionization is used for QH on the right-
hand side. Also, as in the simpler cases, the formulas
simphfy if one sums over qiumtum numbers of the final
core (next higher stage of ionization in the case of ioniza-
tion). In fact, if one sums over all of them down to and
including J~ in the jj case or I.," and S' in the LS case
Eq. (1) results. Of course, in order that one can perform
such summations, it is necessary that the hydrottenhhe
cross section on the right-hand side be independent of the
final core state. In general, this is only approximately
true. For example, both the ionization formula of Lotzi i
and that given in Refs. 1, 4, 6, and 7 depend on the ioni-
zation energy, which differs slightly for the different core
states.

VII. NUMERICAL EXAMPLES
AND FINAL COMMENTS

All of our principal results given by Eqs. (44), (50), (51),
(53), (56), (57), and (59) have been expressed in the form

Q=ic(9F) i (Z QH)
1

Z tdf
(62)

where SF is the branching ratio. From our recent work in
Ref. 15 and in references given there, it appears to work
quite well for excitation to low levels to express the cross
sections or collision strengths in terms of Z scaled hydro-
genic results and effective Z's when Z/N )2. For ioniza-
tion"b it appears that this can be done for even slightly
smaller Z/N and this might also be true for excitation to
very highly excited levels, which together with ionization
are our cone@as here. However, we should point out that
all that is really required for our results for the branching
ratios to be valid is that the cross section used on the
right-hand side of our formulas have the form of a hydro-
genic cross section. Thus, the Z,fr (Z QH) could be re-
placed with a cross section Qg in which the radial matrix
elements, the D" and E given by Eqs. (14) and (18), that
enter the expression for the cross section mere obtained by
a much more sophisticated approach such as use of the
distorted-wave method for the free-particle wave func-
tions and the Hartree-Fock method for the bound-state
functions. In fact, both bound and free radial functions
could also include relativistic effects. On the other hand,
our formulas were derived specifically for "direct" excita-
tion or ionization. That is, indirect processes such as
inner-shell excitation followed by autoionization were not
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(3p P)(3d P) S

—(3p ' L,")(3d P) Lb,
' „n,'I,' (63)
J~

and give the results for each of the possibilities for the
quantum numbers of the final core. Then we will see that
the sum of the values for the 9P for all of these cases
equals unity, as expected. In the present case involving
LS coupling and two partially filled subshells Eq. (S6) ap-
plies. In (63) the inactive subshell is higher than the ac-
tive one; however, as noted previously, Eq. (56) applies no
matter which of the subshells is the higher one. Since

Ls, ——0, the 9-j symbol in Eq. (56) collaPses to a 6-j sym-
bol

1

2

Li' Ji'

1, j,
Sb, 0 J~

considered. These indirect processes can make very signi-

ficant contributions in some cases, such as ionization of
Na-, Cu-, and Zn-like ions' which contain one or two
electrons outside large filled shells that can contribute to
inner-shell excitation followed by autoionization. Of
course, this contributian should then be included, but in
these examples the final ion is in such a simple configura-
tion that only one state is possible so the branching ratio
in the sense used here is unity.

Now we apply the formulas obtained for the branching
ratios (9P} to a few specific cases. In doing this we choose
cases in which the 6-j symbols and 9-j symbol simplify
somewhat so a computer is not required to evaluate them.
First we consider the set of transitions

summation over j„which removes the 6-j symbol in Eq.
(64) by the analog of Eq. (40). Also since L& —0, we have

I, L," L, &I -I &L. L.b~s Ia

Lb 0 Lb (21, +1)(2L,+1) (65)

Thus collecting results and using the fact that 1,=L, =1,
S, =Ss, ———,', and S& —1 we obtain for the branching ratio

1 S2 0 2

~=(&) —,(2','+1)', „'5 „, ,S~
(66)

(3p' P}(3d 3P) Si/2 —(3p 'P)(3d2 P) 'P „n,'1,'

—(3p 'P)(3d2 P)'PJ„n,'1,'

—(3p 'D)(3d P) P~„n,'1,'

—(3p4'S)(3di3P) 3P „n,'1,' (67)

where 4' is the coefficient of fractional parentage. It is
well known that the three possible sets of values for S,"
and L," for the p configuration are (1,1), (0,2), and (0,0)
with corresponding (4 ) equal to —,', , —,', , and —,', . For the
latter two cases with S,"=0 one sos that the 6-j symbol
squared in Eq. (66) reduces to 5 „,/6 by using the analog

of Eq. (65). For the case that S,"=L,"= 1, the 6-j symbol
limits Ss', to the values 0 or 1. In the former case the 6-j
squared again reduces to —,

'
and in the latter case it has the

value —,'. Thus applying these values to Eq. (66) we obtain
for the four possible kinds of transitions

Ji' Si' Li'
(64)

(2Li" +1}(2'.+1} 2 ju

We have implicitly assumed that Eq. (56) has been
summed over j,' in writing Eq. (63). Hence QH(n, l, n,'1,')-
has replaced QH(n, l,j,-n,'1,'j,'). Thus we can perform the

the values H' =(2JI~ + 1)/15, 2(2Ji' + 1)/45,
(2''+1)/27, and (2' +1)/[S(27)], respectively. If we
sum each of these over the possible Jb,

' values to get re-
sults corresponding to the fourgossible energy terms of
the final core, we get 9P = 135, i5, i55, and ii5, which do
add to unity, as expected. In this case the value of ic in

Eq. (62) is 5.

Next we consider an application of Eq. (59). In doing this we will use the notation

(I [(niilQJQ)J (n, l,J, )q ]q (n, l,J, }J I/ (nalaJu}J~)z~

for the initial state and similar notation for the final state. We consider specifically the set of transitions

(68)

(I[(3pY~}l/2(3pT~}3/2]i(3d 2 4I2(3d 2 }2}0—(I[(3p z }i/2(3p i },'-l,„-(3d i }zI,- (3d i )2},-,&alaja (69)

Due to the fact that Js„~——0, the last 6-j symbol in Eq. (59) collapses. Thus applying the analog of Eq. (65) and insert-

ing the given numerical values for the unprimed quantum numbers, we get for the branching ratio in this case

3 II 3Ja

98=12(2','+1}(2Jb' +1) ',
1 Jj'

2

„[&]'. (70}
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1 7
aild (71)

Although only the value —,
' is allowed for the total angular

momentum of the core in this case there are several possi-
ble values for the other core quantum numbers allowed by
the 6-j symbols. For each of these possibilities the corre-
sponding branching ratio given by Eq. (70) is quite readily
obtained using the 6-j formulas for the special cases that
one entry has the value 1 or —,

'
and also using the tabulat-

ed values for the V given, for example, on pp. 520 and
540 of Ref. 11. We group the results in three categories:

(i) J,"=0, Ji' =—,', J~———,
' and —,

' for which the corre-

sponding branching ratios are

the branching ratios apply for radiative transitions as well

as collisional transitions. In Appendix 8 it is shown how
to apply our formulas for branching ratios when an alter-
native coupling scheme, such as that of Hagelstein, ' is
used in determining the intermediate angular momenta.
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(ii) J,"=2, Js', ———,', Js' ———,', —,', —,
' „and —', for which the

corresponding branching ratios are

9 8 1 d16
50' 50' 3y50' 50' (72)

(iii) J,"=2, Jg, = —,', Jg„=—,', —', —', , and —, for which the

corresponding branching ratios are

1 7 3 4
6X50 ' 6~50 ' 50 ' 50

(73)

If one sums up all of these values for the branching ratios
corresponding to all the possibilities for the final core
quantum numbers, the value unity is obtained, as expect-
ed. In this case the value of ie in Eq. (62) is 3.

Finally we note that two Appendixes have been includ-
ed. In Appendix A it is shown that the results we have
obtained apply as well if collision cross sections are re-
placed with corresponding radiative cross sections on both
sides of the equations. In other words all our results for

I

APPENDIX A

Here we demonstrate that the branching ratios obtained
for collisional excitation to high levels and ionization also

apply for photoexcitation to highly excited levels and pho-
toionization.

Analogously to the case of collisional transitions we
will consider specifically photoexcitation to a highly excit-
ed level, but it will be seen that the branching ratios ob-
tained apply as well for photoionization in which the final
state of the ion is the same as the final state of the core in
the case of excitation.

It is well known that the photoexcitation cross section
for a transition ij is proportional to the radiative oscilla-
tor strength f(ij}and that this in turn is related to the
radiative line strength S(i-j) by the formula

(A 1)

where the transition energy b,E is in rydbergs. In particu-
lar for the transition P,J,-PtJ,' in an ion with N bound
electrons, where P, and J, have the same meaning as pre-
viously in Eqs. (3)—(7},the line strength is given by

N

S(P,Jg-PgJ,')= y„ fdx& fdx& fdx~ 1(p~jtt(x]x2 x+) g r, f&J,~,(x,x, x„)
M, M' q=l

(A2)

It is convenient in evaluating this equation to express the position vector r ~ for the qth electron in terms of the spherical
Racah tensor of order 1

r
q r, c"'(q) . —

Then

S(ptJt-gg Jg)= g fdx] fdx2 ' ' fdx~tpp g ~ (xixi ' ' x~) g rqCk (q) 'I/lg i p(xixi ' ' x~)
Mg, Mg, k q=l

(A3)

(A4)

First we consider the hydrogenic ion case, where %=1
and Eq. (8) applies. Then Eq. (A4} reduces to

SH(nalaJa nalaJa)

=(n, l, (
r

~
n,'1,')

X g ) ( —21,jam, )
Ck"

) ,' 1j','rn,')
)
i, —(A5)

( n, l, (
r

~
n,'1,') =f dr r R„ i (r)R, (r) .

Use of the Wigner-Eckart theorem' gives

( , l,j,m, [
C' "

) ,' 1,'j,'—rn,')—
j, I j,'=(—1) '

(A6)
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(AS)

Then Eq. (5) reduces to

~H{n.I.J.-n' I.'J.') ={&n. l. I
r In'I'&& j.ll&'"Ilj'&)'

where &j, llC'"llj,'& is given by Eq. (19) with A, =l. After
Eq. (A7) is substituted into Eq. (A5) one can factor out
the 3-j and use the formula'

Ja I Ju

. k

I, 1 I,'

g(2j,'+1) ' .,
Ju 2 Ja

to obtain

~H(n, l,j,-n,'I;j,')
ja

=f8(n, l, -n,'I; )

'2

1

21, +1 (Al 1)

Applying this to Eq. {Al) with g; =2j, +1 we have

fH(n, l,j, n,'I,'j,-')

(&n.l. Ir In'I'&& j.llC'"IIJ'&)'.
3 2j, +1

If one neglects the slight dependence af hE on j,', this
equation can be summed over j,' to obtain j'H(n, l, -n,'I,').
In doing this we use Eqs. {19)and (12) with A, = 1 and then
make use of the equation"

where & I, Ill,
' "I

I I,
'

& is given by Eq. (13) with A, = l.
Next we consider the case of photoexcitation from a

subshell a containing w electrons. For the same reasons
as discussed at the beginning of Sec. IV the presence of
additional closed subshells has no effect an the form of
the results obtained. In this case the initial and final wave
functions of the ian are given by Eqs. (28) and (30) so the
matrix element entering Eq. (A4} becomes

fdic,

fax, "fdic„p,,„(x,x, " x„) gree"(q) ()&z,~,(x,xq xN)
q=1

g (j, 'a,J, I Ij.a.J.)

X g C(Jij,Mim~;S, M, )C(J,"j,'M,"m,';J,'M,'}

+2 +e ~a~NJa 1~1~1 +1+2 +m —1 ~n I j m +u qck
q=1

X g( —1)~ g(n. INJ.
" 'a.J.M. I

xix2 xp —i xp+I xw)
p=1

Xu„iii.i )(xp) .
NN CJN28a

(A13}

By the same arguments as given beneath Eq. {31}one sees that this matrix element is given by the right-hand side with

p =q =w, the summation over p and q omitted, the phase factor omitted, and the result multiphed by w. Then since the
electrons are in the same increasing order 1, 2, . . . , w in both the initial and final states and are coupled in the same
manner irreducible tensor techniques can be used to evaluate the result. Now substituting this into Eq. (A4) with
M, =M„M,'=M,' we have

S(n, l,j,a,J,-n, l,j, a,J,'n,'I,J,J, )

'aiJij.J.M. I
O'I"(w)

I ja 'au'Ju'J' JaMa & {A14)
M, M', k ~I &I

Again ~e use the %igner-Eckart theorem'

&J. 'a,J,J.J.M. I C,'"(w)
I
J-. 'a."J."J.'J.'M.&-

J, 1 J~
=(—1) ' ' k, &j, 'a,J,j,J, IIC'"(w)l jI, 'a,"J,"j,'J,' &, (A15)
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where the matrix element on the right-hand side is given by Eq. (34) with A, = l. Thus applying all this to Eq. (A14), fac-
toring out the 3-j symbol and then using the analog of Eq. {AS) we have

S«ala Ja"aaJ.-nag Ja

If we sum this over J,', as generally desired for excitation to very highly excited states, the 6-j symbol is removed by use
of Eq. (40) and applying the result to Eq. (Al) with g; =2J, +1 we obtain

~(n, lj,a,J,-n, lj, 'a,"J,"n,'I'j,'J,')= . w[(j, 'a,"J,"
) Jj a,J, )] ((n, l,

~

r
~

n'1,')(j,~)C'"[[j,'))

=w[(j, a,"J,"
~ Ij,a,J, )] fg(n, l j -n,'1'j,'), (A17)

where Z SH is given by Eq. (A9) with Z-scaled hydrogen-
-ic radial functions used in evaluating the matrix element
given by Eq. (A6) and is independent of Z. However, as
discussed for the collisional case beneath Eq. (62), this is
not necessary and a more sophisticated approach such as
use of Hartree-Pock functions can instead be used in
evaluating the (n, l,

~
r

~
n,'1,').

Similar to Eq. (62), where we could have used Qg in
place of Zerr (Z QH), we can in general write for radia-
tive transitions to highly excited levels

f=w(»fg (A19)

where, as in the case of Eq. (62), the final total angular
momentum J,' for the ion has always been summed over.
One sees that for the case represented by Eq. (A17) the 9P
is simply the square of the 4', which is the same as for
the analogous colhsional transition represented by Eq.
(44). In fact, as we will now discuss the branching ratios
for radiative transitions always have the same values as
for the corresponding collisional transitions regardless of
the complexity of the transition. This occurs because all
the extra factors in the more complicated collisional tran-
sitions represented by Eqs. (50), (53), (56), (57), and (59)
are recoupling factors that entered because it was neces-
sary to recouple the initial ion wave function so that it is
coupled in the same manner as the final ion wave function
in order that irreducible tensor techniques could be used.
The same is true for the radiative transitions where the

where f/) is a pseudo hydrogenic ion oscillator strength
given by the same form as Eq. (A10}. However, the &&
used in fg is the actual transition energy, not the hydro-
genic ion one, and the radial matrix element used in deter-
mining fg also generally differs from the hydrogenic ion
one. This occurs because the radial functions in Eq. (A6)
will in this case be different due to the screening effect of
the other bound electrons. In analogy to the colhsion case
we could scale out the major Z dependence in evaluating
the radial matrix elements and utilize an effective Z so
that fg is given by

fg(n, l,j,-n,'1,'j,' )

[Z SH(n, l,j,-n,'1,'j,')] (A18)
hE 1

3 2j, +1 Z2tr

X((n, l,
/

r
/
n,'1,')(j, //C'"/j/, ')) (A20)

Then when one sums over J,' using the analog of Eq. (40)
the 6-j symbol is removed, and applying the result to Eq.
(Al) with g;=(2' ~+I) one obtains Eq. (A17) except
that in place of the Ã squared the branching ratio has the
same, much more comphcated value as in Eq. (59) for the
analogous collision transition. Of course, if one sums
over j,' as will often be desired, fg(n~l, -n,'1,') which has
the form given by Eq. (A10), replaces fg{n,l,j, n,'1'j,'). -
Also, since photoionization cross sections are continuous
across the bound-free threshold with photoionization
cross sections and the latter are like the former summed
over many 1,

'
values, it is apparent that a relationship like

that given by Eq. (A19}applies as well with photoioniza-
tion cross sections replacing f values on both sides of the
equation.

APPENDIX 8

It is well known that for very complex ions there are
many possible ways to couple the angular momenta to
form intermediate angular momenta before obtaining the
total angular momenta in either IS- or jj-coupling
schemes. In the most common or standard approach for
LS coupling' one first obtains total L and total S for
each subshell. Then one couples the subshell I.'s together
successively, one at a time, until the total I. for the atom
is obtained. A similar procedure is used for the S's and

same atomic wave functions apply and one must evaluate
the generalization of Eqs. (A13)—(A17). In evaluating
these, where the analog or generalization of Eq. (34) with
A, = 1 applies, essentially the identical discussion is applic-
able as that leading to Eqs. (50), (53), and (59). Thus, for
example, for the case that one additional lower partially
filled subshell and two higher partially filled subshells of
inactive or spectator electrons are present the right-hand
side of the generalization of Eq. (A16) is given by the
right-hand side of Eq. (59) with the replacement

Zeii (Z QH)

Ju & Ja~(2' g+1)(2J,'+1) '
J,
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finally total L and S are coupled to form total J for the
atom. Similarly for jj coupling one forms total J for each
subshell and then couples these together successively, one
at a time, until the total J for the atom is obtained. This
standard scheme is the one followed, for example, in the
widely used set of programs of Grant and co-workers.
It is probably most common because it is the easiest
scheme to use in writing a completely general set of pro-
grams. It is this standard scheme for both LS and jj cou-

pling that we assumed in deriving our branching ratio for-
mulas. However, a more physical scheme is to couple all

the angular momenta of the subshells of a shell together
and then couple these together to get the total angular
momenta for the atom. It is essentially this scheme that
has been used recently by Hagelsteinz'i and it appears to
have quite wide usage, especially at the U.S. National La-
boratories. Hence, we consider in this appendix how the

quantum numbers in our branching rates formulas must
be reinterpreted when Hagelstein's coupling scheme is fol-
lowed. This will have the added benefit that one can then

see how to interpret the quantum numbers in our formu-

las in applications to essentially any other coupling
scheme as well.

In Hagelstein s scheme, in which jj coupling is used,
two "excited orbitals" or subshells are aBowed with total
angular momenta Jx, and Jxi. These are coupled togeth-
er to form J». This is then coupled to the total angular
momentum of the "core," J „,to form the total angular
momentum of the atom, J„,~. In his earlier work the
core consisted of the E and L shells (those with n = 1 and

2), as shown in Fig. 1 of Ref. 21. More recently this has
been expanded to include the E, L, and M shells, as
shown in Fig. 1 of Ref. 22. It is important to note that
the use of the word core here is Hagelstein's usage and

this differs from our usage in the main body of the
present paper, where we used core to refer to all but the
active electron. In Hagelstein's core the total angular
momentum J„ij for each of the subshells nlj with the
same nl value are coupled together to form J„i. Then all

of these with the same n value are coupled together start-

ing with the highest I value to form J„. Finally the J„are
coupled together starting with the lowest n to form J„„.
This is depicted in Fig. 1, which is like Fig. 1 of Ref. 22.
Actually, spectroscopic notation is used so that the J„are
represented by J», Ji, , and Jbr for n =1, 2, and 3, respec-
tively, and, for example, J,ij is represented by J3gf3/2
when n =3, I =2, and j =—', . It is of interest to note that
Hagelstein's scheme is a better scheme than the standard
scheme in the sense that mixing effects are probably
smaller in most cases so that use of our formulas, in
which mixing effects were neglected, is probably more ac-
curate. Of course, when mixing effects are included re-

sults for cross sections are independent of the coupling
scheme used.

We now indicate how our formulas for branching ratios
can be applied to Hagelstein's coupling scheme. In doing
this we first note that the details of how the angular mo-
menta Jb, J„and Jd in recoupling formulas such as Eq.
(58) were obtained does not matter in the derivation of our
branching ratio formulas. All that counts are the values
for the angular momenta with which j, must be re:oupled

OOFY

t
Jic

JK JL

l

Jx( Jxa

JRpl/2 Jtpg/g

apl/I Sp5/Q

343/R 345/g

in order that it be coupled last like the j,' in the final state.
Thus instead of corresponding to the total angular mo-
menta of subshells b, c, and d, as we assumed, Jb, J„and
Jg could each be the result of coupling the angular mo-
menta of several subshells together, as will frequently be
the case when our formulas are applied to an alternative
coupling scheme such as Hagelstein's. Indeed, as noted at
the beginning of Se:.VI, even for the "standard" coupling
scheme we used in deriving our formulas, Jb should be
the total angular momentum of all the subshells for which
the angular momenta have been coupled before that of
subshell a (in the usual procedure this would be all lower
subshells than a). Thus, keeping this in mind it is really
quite easy to see what the J values in our branching ratio
formulas should represent when these formulas are ap-
plied to any particular coupling scheme. %e now illus-
trate this by applying our formulas to the various specific
possibilities when Hagelstein s coupling scheme given in
Flg. 1 1s used.

First we consider excitation or ionization of a lsi&z
electron. This is the only subshell in the E shell and its
total angular momentum is J». Thus J» plays the role of
J, in Eq. (59), which is directly applicable in this case.

FIG. 1. Angular momentum coupling scheme used by Hagel-
stein in Ref. 22. The 1sl/2 orbital is described by Jg, and the
L-shell orbitals or subshells have J values J2z]/2 J2p]/2 and

J2~3/2. The two 2p orbitals are coupled together to form J2p,
which is coupled with the 2s orbital to form JL. The K- and

I.-shell moments are coupled to form an intermediate momen-

tum J~l. The M-shell orbitals, which have angular moments

J3„J3p1/2 J3p3/2 J3$3/2 and J3gf5/2 are coupled together as
shown in the figure, with intermediate moments J3p J3D J3pp,
and JM. The K- and L-shell coupled momentum Jqr is coupled
with JM to form the core moments J„„.Two excited-state or-

bitals are included {J~~ and J~2) snd are coupled to form J~.
The core electrons and the excited electrons are coupled to form

the total atom angular momentum J„, . Note that the usage of
"core" here is Hagelstein's, which differs from that used in the

main body of the present paper.
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Since JI, is the first angular momentum coupled to J», it
plays the role of Jb and J»i plays the role of Jb, . The
next angular momentum coupled to this is J~ so it plays
the role of J, and J„„plays the role of Jb . Finally,
since J» is coupled to this, it plays the role of Jz and
J„, plays the role of Jb q. Of course, for the final state
corrcspoIldlIlg idcIltlflcatloIls apply between our double
primed J's and Hagelstein's quantum numbers.

Excitation or ionization of a 3s»2 electron is very simi-
lar. The total angular momentum for this subshell is JI„
which then plays the role of J, . This is first coupled to
J2PD to form JM so JIPD plays the role of Jb and JM
plays the role of Jb, . Then JM is coupled to J»L to form
J„„soJ»L, plays the role of J, and J~„again plays the
role of Jb„. Finally J» again plays the role of J~ and

J„, plays the role of Jb
Excitation or ionization of one of Hagelstein's "excited

orbitals" is a somewhat simpler case. If the active elec-
tron is one initially in the X 1 subshell, then, of course J» I

plays the role of J, . Since it is first coupled to J»2 to
form J», one sees that J»2 plays the role of Jb and J»
plays the role of Jb, . Since J» is coupled to J„„to form
J,«, one sees that J „plays the role of J, and J„,
plays the role of Jb . There is no additional angular
momentum playing the role of Jq so the factor

Ja Jbac Jbuc
(2Jb' g+1H2J b+1) 'J J J„' (Bl)

d bacd hoed,

in Eq. (59) should be omitted in this case. Of course, if it
is an electron in orbital X2 that is active, the roles of J» I

and Jxq are reversed.
Excitation or ionization of a 2si/2 electron is more

complicated. In this case the generalization of Eq. (59)
given by the discussion surrounding Eq. (60) applies. Of
course, J2, plays the role of J„and since it is first cou-
pled to J2P to form Ji, one sees that J2P plays the role of
Jb and JL, that of Jb, . Since this is then coupled to J» to
form J»i, , one sees that Jtt and Jxi, play the roles of J,
and Jb . The next coupling is with JM to form J „so
that JM plays the role of J~ and J, „that of Jb ~. Final-
ly J„„is coupled to J» to form J„, so J» and J„,
play the roles of J, and Jb d, .

Excitation or ionization of a 2pi/2 2p3/2 3pi/2 3p3/2I
313/2 or 31,/2 is still more complicated because in addi-

tion to the factor given by Eq. (60), one must expand Eq.
(59) to include a factor

tl 2
Ja JIIde JIacde

I+1)(2JbessI +1)
f bacdef baedef

(32)

First we assume that the active electron is a 2@~/2 elec-
tron. Then by analogous reasoning to that used in the
previous examples J2p f/2 J2p3/2 J2p J2, JL, Jg, Jgl
JM, J „,J», and J„, play the roles of J„Jb, Jb„J„
Jb „Jg, Jb g, J„Jb d„Jf, and Jb d,f respectively.
When instead a 2ps/2 electron is active the roles of J2P I/2
and J2P 3/2 are reversed. For excitation or ionization of a
3p 1/2 electron J3p 1/2 ~ J3p 3/2 ~ J3P~ J3D~ J3PD~ J3s~ JM ~

JILL, , J„«, J», and J,«m play the roles of J„Jb,Jb„J„
Jb,„Jg, Jb„g, J„Jb„g„Jf,and Jb, ~f ~ Of course, if in-
stead a 3p3/2 electron is active, the roles of J&P»2 and

JIP 3/2 are reversed Fi.nally for excitation or ionization of
a 3d3/2 electron J3d 3/2 J3d 5/2 J3D J3P JIPD J3s JM
Jtti Jgors J» and Js«m Play thc roles of Je
Jb, Jd, J~d, J„Jb„d„Jf,and Jb, deaf respectively, and,
if a 3ds/2 is active instead, the roles of J&zs/2 and J&~s/2
are reversed.

Actually in most cases these formulas will greatly sim-
plify because some subshells or shells will be completely
filled or empty so that the corresponding J value is zero.
Then the corresponding recoupling factors, which have
the form of Eq. (60), (Bl) or (32), will drop out. This is
expected physically and is seen from the property of the
6-J symbol,

J& J2 J3
0 J4

'2
&Ijs Jsjs

(2j2+1)(2ji+1) (33)

Finally we note that the branching ratio formulas we
obtained for LS coupling are very similar to those for jj
coupling, but more lengthy because one has a set of recou-
pling factors for both L's and S's like those for the J's in

jj coupling (also there is an extra 9-j factor, but this does
not involve the intermediate angular momenta). Thus,
one can apply essentially the same reasoning as done
above for jj coupling to reinterpret the quantuin numbers
in our LS-coupling formulas when an alternative LS-
coupling scheme is used in obtaining intermediate quan-
tum numbers.
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