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Threshold phase shifts (or equivalently, quantum defects at the series limit) are calculated within
the framework of the Hartree-Slater (central-field) approximation for positive atomic ions with nu-
clear charge number Z & 37. The results are displayed in isoelectronic (the number of electrons, N,
constant), isonuclear (Z constant), and isoionic (Z —X constant) pictures. The systematics of the
threshold phase shifts are delineated, and the utility of each of the pictures is discussed. The possi-
bilities and pitfalls of interpolation to generate new data are also discussed. This paper represents
the initial report of a systematic investigation of ionic properties.

I. INTRODUCTION

The advent of heavy-ion accelerators and of beam-foil
spectroscopy has given a great impetus to the theory of
both electron collisions and spectroscopy of atomic ions.
Furthermore, the physics of some highly stripped ions
finds application in controlled thermonuclear research
and astrophysics. The recent heightened interest in this
general subject has stimulated us to extend our ongoing
study into the systematics of the properties of neutral
atoms to the relatively unexplored area of atomic ions.

We stress the point of view, based on extensive experi-
ence with neutrals, particularly in the context of
quantum-defect theory, ' that diverse observable data
can be usefully represented in terms of a limited set of key
numerical parameters (e.g. , phase shifts, oscillator
strength densities, and amplitudes at the nucleus). The
variation of such parameters from one ion species to
another lends itself to easy and instructive mapping using
realistic atomic models. By so mapping these parameters
throughout the entire periodic system and for all ionic
charges, we hope to establish trends that will form a reli-
able basis for predicting unmeasured properties of ions.
Moreover, this survey is useful for establishing to what
extent such well-known spectral features as Cooper zeros
and shape resonances, so important in neutral atoms,
control the spectral behavior of ions.

Any property of ions can be considered as a function of
two variables, the nuclear-charge number (or atomic num-
ber) Z and the number of electrons X. Therefore, our
data can be analyzed in terms of at least three alternative
pictures: isoelectronic (N kept constant}, isonuclear (Z
kept constant), and tsotontc (z =Z %+ 1 kept constan—t).
Note that the spectroscopist calls z the order of the spec-
trum and that an electron at large distances sees a
Coulomb potential due to the net charge ze. Each of these
pictures brings out different aspects of the variation of a

given quantity over Z and N.
The isoelectronic picture is the most straightforward

from a computational view point and is widely used. In
addition, it is closely related to the 1/Z expansions.
Each of the properties approaches the known hydrogenic
values asymptotically when plotted against 1/Z
(1/Z~O). The isonuclear picture simplifies the variation
of ionic properties from one order of the spectrum to the
next. Further, the isonuclear picture is the most suitable
for certain applications. For example, if we consider a
given impurity contamination in a fusion plasma, the
many ions of that impurity nuclide which are relevant
constitute an isonuclear sequence. This is also true for as-
trophysical applications. The isoionic picture maintains a
constant asymptotic potential ze /r —seen by an electron,
and focuses on the interplay between increasing Z and in-
creasing N. This provides a framework for the transfer of
the extensive experience with neutral atoms, z = 1, gained
by traditional spectroscopy and collision physics.

At an ionization threshold there is a union between
discrete states, usually characterized by their quantum de-
fects and treated by spectroscopic methods, and continu-
um states, usually characterized by their scattering phase
shifts and treated by collision theory. Quantum-defect
theory' shows, among other things, that these two man-
ifolds of states are smoothly connected when the data are
suitably renormalized. This reveals the Rydberg series to
be an appendage to the continuum so that the most basic
wave-function parameters, viz. , phase and amplitude, vary
smoothly through threshold. In particular, the quantum
defect pt at the limit of the Rydberg series and the zero-
energy scattering phase shift 5t (with respect to the
Coulomb phase) are related simply by

ny t(n ~ Do ) =5t(E =0),

where l is the orbital angular-momentum quantum num-
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ber, and n is the principal quantum number. In ap-
proaching the problem of mapping out the behavior of
phase shifts as a function of both atomic number and ion-
ic charge, we decided to begin by limiting the scope of the
study to a single standard energy. We have chosen as our
standard energy the ionization limit where the asymptotic
kinetic energy E of the one-electron states equals zero.
Consequently, our discussion pertains directly to proper-
ties of nearby states both below and above the threshold
for ionization.

Calculations have been performed, employing single-
channel central-field wave functions, for s, p, d, and f
waves with Z&37 and all states of ionization, i.e.,
1 &z &Z. In Sec. II a brief review of the theory is given.
Section III presents and discusses our results in each of
the pictures described above. The final section gives a
summary and conclusions.

II. BRIEF REVIE% OF THEORY

The threshold phase shifts were obtained by calculating
the continuum wave function at zero energy and using
standard methods to extract 5t(0) (=mpt). ' ' Specifi-
cally, the method described in Sec. VIII of Ref. 9 was
used to obtain phase shifts accurately Ha. rtree-Slater
(HS) wave functions were used in this study. ' " The HS
central-field model was used since it is quite amenable to
large-scale calculation. In addition, HS functions have
been shown to be reasonably accurate for the neutrals;s 9

the accuracy can be expected to be even better for positive
ions.

To understand this point, consider the potential for
electrons in an ion of atomic number Z and X electrons,
1.e.,

creasing Z. Since this second term, the noncentral in-
terelectron repulsion, is precisely the part of the potential
which is being approximated in the central-field model, it
is apparent that the approximation gets better as Z in-
creases and the nuclear attraction dominates. %e thus ex-
pect our results for highly charged positive ions to be
quite accurate.

Note that within the framework of our calculations nei-
ther multiplet splitting nor spin-orbit effects are included.
Therefore, our results should be viewed as representing an
average over the multiplet and fine-structure components
of a configuration.

It is true that the single-channel central-field approxi-
mation is not the most advanced method for treating
atomic dynamics, but the results one obtains from it are
often extremely useful and indeed help one understand
major features of atomic spectra. Indeed, the work of
Manson on neutral atoms has proved valuable as a start-
ing point of the interpretation of many experimental data.
The present paper is an extension of that work to stripped
ions, for which the single-channel approximation should
be even more realistic for reasons discussed above. For an
open-shell system, sometimes spectra are influenced by
configuration effects and channel-coupling effects, which
are beyond the scope of our calculations. Yet, to begin a
serious analysis of those effects, one must have full infor-
mation about results from a single-channel treatment. In
this sense, the present paper provides a groundwork for
more advanced studies.

III. RESUI.TS AND DISCUSSION

Threshold phase shifts (or equivalently, quantum de-
fects at the series limit) have been calculated for s, p, d,
and f waves for all the positive iona of all of the atoms
with atomic number Z & 37. For purposes of comparison,
the neutrals have been included as well. For each atom
and ion, we treat the motion of an electron in the field of
the ground state core-

For a fixed N, it is clear that the 1/Z coefficient of the
second term in large parentheses in Eq. (2) causes it to de-
crease in magnitude relative to the first term, with in-

A. Isoionic picture

A selection of the quantum-defect results are shown in
the isoionic picture (z =Z N+ 1 =const) —in Fig. 1. The
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FIG. 1. Isoionic pictures of the zero-energy phase shift in units of m (quantum defect pI at the series limit}. The Roman numerals
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variation of each of the p&'s with Z for the neutrals
(z =1), or the first spectrum, is seen to be rich in struc-
ture. This structure is associated with the chemical prop-
erties of the elements. For the second spectrum (z =2),
this structure persists, but to a much lesser extent. For
z & 3, on the other hand, Fig. 1 shows that this rich struc-
ture has completely disappeared.

The structure for z =1 is due to the delicate balance
among the forces acting on an electron: the electrostatic
forces of nuclear attraction and interelectron repulsion,
and the centrifugal repulsion. This causes, among other
things, the special filling of subshells at Z =24 (4s 3ds)
and at Z =29 (4s3d' ) leading to a tighter core (because
31 orbitals are smaller than 4s) and, consequently, to
greater screening of an excited electron. This increased
screening makes the net force on the electron less attrac-
tive, thus decreasing p& as seen in Fig. 1. In addition, pd
is seen to be more or less a step function for z =1 with
steps beginning at Z =18 and 36, i.e., for the noble gases.
These steps are a consequence of the effective d-wave po-
tential which has an inner well and an outer well separat-
ed by a barrier. ' For Z &18, the d waves cannot
penetrate the barrier and therefore do not sample the
nonhydrogenic inner part of the potential. In the outer re-
gion in which the wave function has appreciable ampli-
tude, the potential is virtually hydrogenic. Thus pq is
quite small for Z & 18. By Z =20, the first loop of the d
wave moves into the inner region and )ud rises to almost
unity and again remains roughly constant up to Z =36,
above which the steplike structure repeats itself. The
behavior of the pi's for z =1 over the entire Periodic
Table is discussed in more detail elsewhere. '

For the z =2 results, the dips in pI associated with the
special filling pattern, e.g., at Z =24 and 29, are much
smaller, and the step structure of pd has all but disap-
peared. Both are due to the decrease in interelectron
repulsion, owing to the loss of one electron, which makes
the potential more attractive. Only a vestige of the effect
that led to the anomalous filling remains, and the effec-
tive d-wave potential no longer has a double well in gen-
eral. For z &3, the nuclear attraction dominates the po-
tential and no jump or nonmonotonic behavior is seen as a
result. Further, it is seen that the p, i's are becoming
smaller, with increasing z, which further indicates the in-
creasing dominance of the nuclear attraction and the re-
sulting approach to the hydrogenic behavior. For z =Z,
the one-electron systems, all the jul's, of course, are zero

It is also evident from Fig. 1 that for z =1, the slopes
of the p, i versus Z curves display discontinuities. These
occur when the number of electrons N is 2, 10, 18, and 36,
i.e., for the closed-shell systems. For z =2 one observes
some changes in the slope discontinuities and by z =3 a
new pattern emerges: changes in slope are now seen at
%=2, 10, and 28, but not at %=18 or 36. In other
words, as the stage of ionization increases, the magic
numbers occur no 1onger at the noble gases, but rather at
the hydrogenic closed-shell systems. For example, X = 18
is a magic number for the neutrals, having a filled 3p sub-
shell. In contrast, for multicharged ions with the domi-
nance of the nuclear attraction, the closed-shell system
does not occur until the 31 is also filled, i.e., until N =28.

This is precisely what is seen in Fig. 1. Accordingly, we
would expect that similar behavior will be observed for
ions at X =60 where the n =4 shell is filled. Sample cal-
culations (not shown) confirm this point.

Existing experimental data on atomic ions are distress-
ingly fragmentary. Thus, it is of importance to scrutinize
the possibility of interpolation in the isoionic picture.
Generally, interpolation can be accomplished well only if
the curve is smooth. For z =1 and 2, the p~'s are certain-
ly not very smooth as a function of Z, and thus are not
amenable to interpolation. Fortunately, however, these
are just the cases where experimental data are most abun-
dant. For z=3 and higher stages of ionization, the pi
versus Z curves are smooth except for the changes in
slope at the electron numbers corresponding to the hydro-
genic filled shells. Thus, interpolation can be done
reasonably well between %=2, 10, 28, and 60, but not
across these values of ¹ From the point of view of inter-
polation and systematics of ionic data, then, a high-
priority item should be acquisition of experimental data
for 2-, 10-, 28-, and 60-electron systems.

B. Isonuclear picture

Another way to look at these results is in the isonuclear
picture, where Z is held constant and the pl's are plotted
against z. Selected results in this picture are shown in
Fig. 2. For all Z, p, and p& decrease monotonically as z
increases; pq and pf are decreasing for large enough z,
but not necessarily for small z. Of course, pi=0 for
z =Z (the one-electron ions), and thus we know that pi
must be decreasing for large enough z. At low z, the ris-
ing or falling behavior of pd depends on the potential in
each case, which determines whether or not the d wave
penetrates the ion core at threshold. The pf always rise
for small z in all cases considered. This is because the f
wave is kept from the ion core at z =1 by the centrifugal
barrier. VA'th increasing z, the nuclear attraction becomes
more dominant and the f wave penetrates the non-
Coulomb region of the potential, giving rise to an increas-
ing pf. Thus, the results presented in the isonuclear pic-
ture are explained in the same way as in the isoionic pic-
ture.

Note that the isonuclear results also show the discon-
tinuities in slope at the hydrogenic magic numbers. This
is most pronounced for the higher i's. In fact, pf for
Z =37 shows a change in sign of the slope at %=28
(z =10). Aside from these points, the curves are quite
smooth for z) 3, indicating that interpolation should be
quite easy between the magic numbers.

C. Isoelectronic picture

This is usually a representation of atomic properties
that shows the smoothest behavior as a function of the
atomic number: the number of electrons remains constant
and the increased nuclear charge simply pulls all the elec-
trons closer to the origin. This general property has made
the isoelectronic behavior a favorite subject of theoretical
studies because in many computational schemes the for-
malism may be kept exactly the same for members of a
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p I (Z,z) in Fig. 4. The pictures discussed in Secs.
IIIA—IIIC represent various ways of intersecting these
three-dimensional surfaces with a plane. These surfaces
reflect the qualitative behavior of the pl rather than the
details.

Comparing the three surfaces in Figs. 4(a)—4(c), it is
clear that, for a given (Z,z), pl decreases with increasing
I, i.e., pl &pi+&. This is a consequence of the repulsive
centrifugal potential fi l(1+1)/2mr, which makes the
effective potential less attractive with increasing angular
momentum.

The outstanding substructures on the surfaces in Fig. 4
are the creases along the isoelectronic paths N
=Z —z+1=10 or 28, the hydrogenic magic numbers.
As discussed above, these electron numbers correspond to
the closing of the I. and M shell, respectively, within the
hydrogenic ordering of subshells, and do not correspond to
the most stable neutral electron numbers of 10 and 18.
This closed-shell stability will be reflected in many other
atomic parameters that will be discussed elsewhere. Ions
in these isoelectronic sequences represent the starting
points for upturns in the function p, i(Z,z) with increasing
Z. This is most clearly observed in the 1=1,2 surfaces
and is due to the starting of a new shell in the core which
adds to the phase-shift- (quantum-defect-) producing
capacity of the potential. Because of the generally larger
penetration of lower-I wave functions, reflected in their
larger quantum defects, the magic-number crease is less
pronounced for low I than for high 1. The crease is most
dramatic at the E =10 isoelectronic cut for /=2, where

p~ remains vanishingly small until the n =3 shell begins
to fill. Owing to the large centrifugal repulsion for I =2,
d waves have significant penetration only as close to the
nucleus as the M shell. Consequently, the core must con-
tain an M electron before the I =2 phase shift departs ap-
preciably from the hydrogenic limit. In contrast, substan-
tial departure of pf from zero is delayed until Z —z & 60,
which accounts for the absence of an I =3 surface.

E. Comparison with experiment

0 (0 20 50

FIG. 4. Quantum defects vs atomic number Z and ionicity:
(a) s waves, (b) p waves, (c) d ~aves. The dotted hnes trace the
locations of ions with a hydrogenic magic number of electrons.

For several isoelectronic sequences, we have compared
calculated quantum defects pi with values derived from
spectroscopic data. ' 2 Tables I—V illustrate some ex-
amples. It is elementary to convert a spectroscopic term
value to the quantum-defect value p~(n) at each principal
quantum number n. When the data are available for a
series of terms with varying n for a fixed 1, it is usually
easy to determine the limit pI as n~00, to a precision
better than shown in Tables I—U. Generally the data for
several n values suffice for the purpose.

As Table I shows, the calculated p~ for the sodium se-
quence agree within 0.02 for all I. The agreement is a lit-
tle poorer for I =2, but the calculated values still serve as
an excellent guide to the trend of spectroscopic data. For
1 =3 the difference between calculated and experimental
values is exceedingly small ( (0.004). In terms of percen-
tages, on the other hand, there are sometimes substantial
differences particularly for the lower Z's where pf is
exceedingly sma11.
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TABLE I. Quantum defects for the sodium-isoelectronic sequence (X= 11). To derive experimental
values of pI, w'e have used spectroscopic data given by Refs. 13—27 and by Lindgard and Nielsen, Ref.
28.

Spectruin HS calculation

1.359
0.867
0.0069
0.00005

Experiment

1.35
0.85
0.012
0.001

Remarks

1.082
0.717
0.038
0.0005

1.07
0.70
0.045
0.003

Al III

Si Iv

Pv

SvI

13

16

0.910
0.613
0.075
0.002

0.790
0.S37
0.100
0.003

0.700
0.478
0.114
0.005

0.629
0.431
0.119
0.007

0.90
0.60
0.073
0.006

0.78
0.51
0.089
0.006

0.69
0.45
0.097
0.008

0.61
0.41
0.099
0.008

Cl vII 0.572
0.393
0.120
0.008

0.57
0,318
0.092
0.008

Ar vIII 18 0.525
0.361
0.118
0.010

0.52
0.35
0.10
0.006

0.485
0.334
0.115
0.011

0.48
0.32
0.096
0.011

0.450
0.311
0.112
0.012

0.44
0.30
0.093
0.012

0.421
0.291
0.108
0.012

0.395
0.273
0.104
0.013

0.42
0.28
0.094
0.010

0.39
0.26
0.085
0.010
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TABLE I. ( Continued).

Spectrum

VXIn 13

HS
PI

calculation

0.373
0.258
0.100
0.013

Experiment

0.38
0.25
0.080
0.05

Remarks

Scanty experimental
data

Cr XIV 0.352
0.244
0.097
0.013

0.36
0.24
0.077
0.008

Mnxv 15 0.334
0.231
0.093
0.013

0.34
0.23
0.08
0.007 Scanty experimental

data

Fe XvI 26 0.318
0.220
0.090
0.014

0.32
0.21
0.076
0.012

TABLE II. Quantum defects for the magnesium isoeiectronic sequence (N =12).

Mg I

HS calculation

1.54
1.03
0.029
0.0003

Experiment

1.60
1.13
0.28
0.05

Remarks

Al II 13 1.215
0.851
0.109
0.003

1.26
0.90
0.20
0.02 Series perturbation

Si III 1.022
0.726
0.162

1.05
0.77
0.22

prv 15 0.888
0.635
0.182

0.89
0.67
0.16

0.788
0.565
0.186

0.83
0.64
0.20

Cl vI 17 0.710
0.510
0.183

0.74
0.59
0.17

K VIII 0.594
0.428
0.170
0.027

0.595
0.42
0.17
0.029
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TABLE III. Quantum defects for the aluminum isoelectronic sequence (N =13}.

13

HS calculation

1.697
1.230
0.0736
0.0008

Experiment

1.77
1.34
0.059
0.036

Remarks

Si II 1.336
0.986
0.225

1.40
1.04
0.24

15 1.125
0.834
0.266

1.17
0.89
0.20

0.980
0.727
0.266

0.97
0.80
0.25

Scanty data

Clv 0.871
0.647
0.256

0.93
0.76
0.27

Scanty data

Ar VI 0.786
0.584
0.243

0.84
0.6
0.3

Scanty data

The agreement of the calculated values with experiment
improves with increasing z =Z %+ 1 so lo—ng as z is not
very large. This is so because, with increasing z, the
dynamics of electron motion is more and more dominated

by the central force, and thus becomes simpler; then, the
H$ potential model should be better applicable for larger
z {until relativity effects become appreciable}. Yet, at very

high stages of ionization {e.g., for z greater than 13 in the
sodium-isoelectronic sequence), the agreement dete-
riorates, most likely because spectroscopic data tend to be
progressively scarce and thus uncertain. In other words,
the H$ results are probably more reliable than current ex-
perimental data for those high-z values.

Table II shows selected data for the magnesium

TABLE IV. Quantum defects for the potassium isoelectronic sequence ( N = 19}.

Spectrum

KI

HS calculation

2.177
1.712
0.595
0.0006

Experiment

2.18
1.71
0.27
0.011

1.811
1.451
0.719
0.010

1.81
1.45
0.63
0.027

Sc III 1.532
1.229
0.611
0.019

1.57
1.27
0.61
0.05

Scanty data

Fe VIII 0.969
0.779
0.437
0.111

0.8
0.4
0.12

Data unavailable
Scanty data
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TABLE V. Quantum defects for the calcium isonuclear sequence ( Z =20).

Cai 20

HS calculation

2.346
1.871
0.909
0.002

Experiment

2.42
1.93
0.95
0.09

Remarks

1.811
1.451
0.719
0.010

1.81
1.45
0.63
0.027

1.472
1.173
0.560
0.019

1.39
1.24
0.30
0.0045

Beginning of the
open-shell core,
and thence multiplet
structure

Ca iv
1

2

1.256
0.994
0.487
0.044

1.30
0.95

Average over multiplets

Data unavailable

Ca vIII 13 0.659
0.490
0.218
0.051

0.19
0.02

Data unavailable

0.550
0.396
0.163
0.029

0.56
0.40
0.16
0.034

10 0.451
0.311
0.112
0.012

0.44
0.30
0.093
0.012

isoelectronic sequence. One sees here the same general
trends as with the sodium isoelectronic sequence. The cal-
culated quantum defects for I =0 and I =1 are fairly
c1ose to experiment even at z =1 and 2, and are excellent
for z & 3. The calculated values for I =2 also agree well
with experiment at z & 3. Finally, we observe that the de-
gree of overall agreement between the calculation and ex-
periment is about the same for the magnesium isoelectron-
ic sequence as for the sodium isoelectronic sequence. This
is somewhat surprising because one ~ould expect better
agreement for the sodium isoelectronic sequence, for
which the notion of the single-channel quantum defect is
better applicable.

When there are two or more dectrons outside the ion
core, the comparison is not quite straightforward because
of the multiplet structure of energy levels; a full analysis
of spectroscopic data would require a multichannel treat-
ment. We have compared the calculated p~ values with an
estimate of the mean value of the quantum defect over the
multiplet members. More specifically, when the term
values for all the multiplet members are known, we first
deduced the quantum-defect values for each member, and

then calculated the mean of them with the statistical
weights of the members. After we carried this out for
several values of n in a given series of 1, we determined
the quantum defect at the series limit. Sometimes not all
the multiplet members have been identified, espo:ially for
higher principal quantum numbers n, which are most per-
tinent to the quantum-defect determination. In this case,
the mean value of the quantum defect for the multiplet
had to be guessed from fragmentary data, as we indicate
in the remarks of Tables I—V. We also note in the re-
marks those cases where there are signs of series perturba-
tions and other reasons for uncertainties in the derived
quantum-defect values.

Table III shows comparison of the calculation with ex-
periment for the beginning members of the aluminum
isoelectronic sequence. Again, the agreement of the calcu-
lated values with experiment is fair for z =1 and 2, and
becomes closer for higher z. In this connection, we note
the following two points. First, the idea of the single-
channel quantum defect is a too-simplistic approximation
for the three-electron configuration 3s nl in general, and
especially for lower z. Second, the quantity and perhaps
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the quality of experimental data tend to deteriorate for
higher z; indeed, the HS values are probably powerful in
predicting pi for z & 4 and for n greater than about S.

Table IV shows a very limited selection of data on the
potassium isoelcctronic sequence. The agreement between
the calculation and experiment is fair or good for z) 2,
whenever we can find experimental data. This isoelec-
tronic sequence is characterized by the configuration
3p nl, and thus should be well described in terms of the
single-channel quantum-defect theory. Therefore, our cal-
culation should be reliable for predicting term values for
higher z. For instance, our quantum defect values for
Fe vitt should serve as a powerful guide for locating unob-
served energy levels.

There is a notable discrepancy for the pq values for K I.
Indeed, this discrepancy is the largest we have ever found
during the comparison between theory and experiment.
Indeed, we have been aware of the peculiarity of this par-
ticular case, from studiesz 3' on other properties. The
discrepancy arises because the effective potential for the d
wave in the field of the neutral potassium has two shallow
wells separated by a maximum. As a result, the zero-
energy wave function, as evaluated in the HS model,
represents an intermediate between an inner-well state and
an outer-well state. Therefore, a slight modification of
the effective potential would result in a large change in
the phase shift, or the quantum defect. In conclusion, the
HS potential used in our calculation is somewhat too at-
tractive, and thus leads to the excessively large value of
the quantum defect.

Finally, Table V shows the comparison of our calcula-
tion with experiment'9 for the calcium-isonuclear se-
quence. For z =1 and 2, we see the same trend as noted
before. Indeed, the entries for ltd=19 (z=2, Can) are
the same as in Table IV. When we look at data in the
isonuclear sequence, we find that the agreement of our
calculation with experiment does not steadily improve
with increasing z. At z=3 (CaIII), the agreement is
much poorer than at z =1 or 2. This is well understand-
able once we recall the electronic shell structure. At
z =3, the relevant electron configuration is 3p nl; in other
words, at z =3 one begins to see the open-shell ion core,
which leads to multiplet structure of energy levels. As a
consequence, the notion of the single-channel quantum
defect becomes less applicable here than for z =1 (3p nl )

or for z =2 (3psnl)
At z =8, the agreement of our calculation with experi-

ment becomes good again. Here the electron configura-
tion is 2p 3s nl, and therefore the single-channel

quantum-defect theory again applies. For z =9, the elec-
tron configuration is 3p 3sn/; for z =10 it is 3p nl.
Therefore, our calculation should be more and more real-
istic. Indeed, the data shown in Table V are consistent
with this expectation, and attest to the correctness of our
interpretation.

IV. FINAL REMARKS

The systematics of threshold phase shifts for s, p, d,
and f waves for positive atomic ions with Z(37 have
been elucidated. The isoionic and isonuclear pictures
bring out aspects of the systematics that are not apparent
in the traditional isoelectronic picture; most notably, the
rich structure of the periodic system, associated with the
chemical properties of the neutral atoms, rapidly disap-
pears in going to multicharged ions, and the magic num-
bers associated with increased stability change from the
noble-gas electron numbers 2, 10,18,36,54 for the neutrals,
to the hydrogenic 2, 10,28,60 associated with the filling of
shells of principal quantum numbers n =1,2, 3,4. The
utility of these other pictures is thus evident.

In the comparison of our results with experiment, we
have noted irregularities in experimental quantum defects
for high members of certain Rydberg series. These irregu-
larities, which show up most clearly when the data are
presented as quantum defects, are likely due to external
perturbations such as collisions and electromagnetic
fields. In these cases, we feel that the theoretical quantum
defects may be used to obtain more accurate term values.
With this purpose in mind, a comprehensive tabulation of
the quantum defects discussed in this paper is presented
separately.
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