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The retarded nonrelativistic Schrédinger Green’s function for an electron in crossed electric and
magnetic fields is derived here in closed form. The electric and magnetic fields are taken to be spa-
tially uniform but the electric field may have arbitrary time dependence and arbitrary orientation

with respect to the constant magnetic field.

The determination of the Schrodinger Green’s function
for an electron in crossed spatially uniform electric and
magnetic fields was addressed by Schwinger! in a relativ-
istic analysis for time-constant fields using a proper-time
technique. Furthermore, Feynman and Hibbs® have also
discussed the equivalent nonrelativistic path integral for
uniform and constant electric fields. More recently such
high electric field Green’s functions have been brought to
take on nonlinear transport problems by Thornber’ and
Jauho and Wilkins* with provision for time variation of
the electric field. In seeking to generalize the nonrelativis-
tic retarded Green’s function to include uniform magnetic
fields of arbitrary strength and orientation relative to the
electric field, we have found it simpler to rederive the
nonrelativistic Green’s function in crossed fields directly
rather than take a nonrelativistic limit of the crossed field
Green’s function determined by Schwinger relativistically.
This nonrelativistic derivation is reported here, following
Schwinger’s techniques closely, for electric field of arbi-
trary time dependence crossed with a constant magnetic
field.

The nonrelativistic retarded Schrodinger Green’s func-
tion for an electron in an externally impressed uniform
electric field E(¢) having arbitrary time dependence
crossed with a constant uniform magnetic field B of arbi-
trary orientation, is defined to satisfy the equation
(fi=c =1 throughout this report)

[ia/at—-Zp(x,t)]G(x,t;x',t')=53(x-—x')8(t —t') (1)
with #(x,t)=11>/2m —pgo-B+eV(x,t), where V(x,t)
=—E(t)'x and MI=—iV—eA(x) with A(x)=+BXx.

[0=(01,02,03) denotes the Pauli spin matrices, and y, is
the Bohr magneton.] For ¢>1t/,

[ia/0t —2(x,t)]G(x,t;x',t')=0

and the retardation condition is characterized by
G(x,t <t';x',t')=0 so that iG(x,t=1"";x";t')=8%(x—x').
Employing matrix notation with respect to position space
indices (but not time indices), we have G(x,z;x',t')
=(x|G(t,t)|x') and H#(x,0)8(x—x)=(x|H(1)|x')
and for ¢ > ¢

[id/0t —H()]G(1,t)=0 2)
subject to the retardation condition i@(t:t’+,t’)=l.
The formal solution of Eq. (2) is given in terms of the
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time development operator

iG(t,t")=U(tt')=

t A
——zf’,dtH(t)”Jr :
where denotes time ordering. Denoting the time-
developed positional states as |x(#))=U(z,0)|x), we
have G (x,t;x’,t')=(x(¢)| x'(¢')) and (id/3t)G(x,t;x’,t')
=(x(¢)| H() | x'(')) which yields

(8/0)[G(x,t;x',t')]/G(x,t;x',t")
=—i{(x(1)] H [ x'(t)) /{x() | x(t) ,

exp

whence

G(x,t;x',t')=K(x,x',t')

x() [H@) [x'(1")
(x(0) [ x'()) ’

X exp ——ifdt< (3)
where K(x,x’,t') is independent of ¢, and is to be deter-
mined from the initial retardation condition. Following
the techniques of Ref. 1, our program to evaluate Eq. (3)
will employ the Heisenberg operator equations of motion
for %(1) and fi(¢), and will use the solutions to ehmmate
the explicit appearance of fi(¢) in favor of %(¢) in H(s).
Setting ¢’ —0, one must then commute X(¢) to the left of
R(0) factors in H(t) using the canonical commutation re-
lations, and finally the time integrand of Eq. (3) may be
determined exp11c1tly with the use of (x(2) | ®(1)=(x(#) | x
and R(0) | x'(0)) =x" | x'(0)).

Taking B along the x; axis and E(¢) arbitrarily orient-
ed, we denote vectors as V=(V,¥,) where V,=(V,V;)
and V| =V¥;. Thus H (t) takes the form

fy2 52

G AL Py - -

and the canonical commutation relations are given by
[xHrPH]—l’ [xlmanln]_iamn; [Hlmanln]=ieme
where F=iBo, and F~'= —io,/B. Forming the Heisen-
berg equations of motion, we have

dﬁl JPZN A e A . dPH

dt m dt
&, i, 4%, P
T [H(t) xl]——m— I s m (6)
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The equation for dfi L/dt is readily solved by setting Substituting Eq. (7) into Eq. (6) for dX, /dt, one may in-

fi (t)=exp[(e /m)Ft]3j(t), with the result tegrate directly to obtain the solution for %,(¢) in terms of
~ ermiFt [ & o te/mIFT _ H 1(0). Alternatively, this result may be used to express
A (0=e' /™" [[,0)+ [,dTe~/MFeB@ | . ) f1}(0) in terms of %,(1) as

J

f,(0)=eF(e'e/mFt_1)-! (8)

A A 1 to_ stz _ = =
R(D—R,(0—— [(dTe'/™FT [ dTe'/m TR, (D)

Using the fact that F=iBo, and noting that o, is idempotent (@3=1), we have exp[+(e/m)Ft]=exp(+io,w.t)
=cos(w,t)*io,sin(w,t), where o, =eB /m is the cyclotron frequency. Consequently Egs. (7) and (8) yield

lazw t

1A A 1 I . I j =
—p-! xl(t)—xl(O)—Tn—detemzw fodte 2%, (7)

PN i t et o —i T _ .
f,(r)=e""2 fodte 'azw‘eEl(t)+zmmcaze (e

9)

A corresponding treatment of T’H (¢), which does not involve the magnetic field, yields

) ' t_prt. = =

P,.(:):l [m[£|,<t>-£”<0)]+ezf dtE(t)—e [ dtf'thHm] . (10)
In order to proceed with the constructlon of H (t) we need [II ()+P ||(t)]/2m Since we deal with forms such as
fi 1(t)—g(02)V | it is useful to note that fi2 1 =V 18(— 02)V | (since o, is antisymmetric under transposition) whence
we obtain

fi}(0)= [ d7 [ dr'eE,(Dexplioyo. T—t)]eE, (")

= J, 0 1 pPLIO20, 1
m2wl

+m{’if(z)-;—if(O)—z’il(t)-’il(O)-t-[’x‘l(t)-il(0)~il(0)-’il(t)]]
2
[0 : - ’ " "
W‘f dtf dtf dt’ f dt"eEl(t)exp[tazwct I+t'—t")]eE, (")

mao

mf dTeE,(T)exp —ioyw, (T+1/2)][%,(2)—%,(0)]
[4

mao}

to_prt .= :
_mfodtfotdtefil 3 exp[—tazwc(t—t (X (1) —%,(0)]

mf dt’ fdzf d7eE,(t")explioaw,(T—T+1'—1/2)]eE,(7) . (11)

Here
[R(D—-%, (0 P=7% +x1(0)——2xl( )R, (0)+[X,(£)-R,(0)—%,(0)-R,(2)]
and the commutator required to bring X,(¢) to the left of X,(0) may be evaluated using Eq. (8) in the form

i0'2

R0(0=8,(0)— —2(e"7' 1)~ 1fi,(0) + - fd‘ o [ (4T eI R, (@) (12)

c

whence the equal time canonical commutation relations yield

[X(0)%,(0) =% (0)X (D)]=— sin(w,t) . (13)
The result for fl ) is
fii()= [ d7 [ dr'eE,(Dexplioyw. F—1)]eE,(t') + m0: 2 220)— 28 (0%.(0)— —H—sin(o.1)
= 020, (T— I Y —x —2%,(2)-%,(0)— sin(w
HIZ @ H et e BAtIeRpl e ST dsink(ege/2) TN T me, T

mfd fdtf dt’ f d:"eEl(t)exp[mzwc? T+t'—1")]eE, (¢")
(4

maow,

mf dTeE,(Dexp[ —io,w (T+1/2)][X, () —%,(0)]



614 BRIEF REPORTS 34

me

mfdtfdteEl(t)exp[—mzwc T—D][R.()—%,(0)]
sin*(e,

m_f dr' f dtf dteEl(t )exp[zaza)c(t—t-{—t —t/2)]eEL(t (14)
A similar treatment of P ﬁ( t), which does not involve the magnetic field, yields (note that [X(2),X(0)]= —it/m)

N 2 - _  _ )2 = _
Pn=m22 |23 +22(0)—2% ,,(t))’c\”(O)—it/m-{»-’%z— [fothfO'dTEn(T)] _%[f,l(t)_;?”(o)]fotd?fo‘d?E”(T)

2me

+

2
xH(t)—xH(O)—-—f dtf th”(r)]fdz E,(t')+ [ fo'dt'E”(t')] : (15)

H(#) may now be formed from Eq. (4) using Eqgs. (14) and (15). The time integrand of Eq. (3) involving
(x(0) | H(t) | x'(2')) 7¢{x() | x'(£'))

may then be determined [using the fact that X(¢) has already been systematically commuted to the left of X(0) factors]
employing the relations (x(z)|%(z)=x(¢)|x and %(0)|x’(0))=x"|x’(0)). With this we find the Green’s function for
uniform electric field having arbitrary time dependence crossed with a constant magnetic field of arbitrary orientation to
be given as (¢ >0, set ' —0)

G(x,t;x',t'=0)

=K(x,x )t~ Vexp [_ifotdt[ f dtf dt'eE (T)explio,w (T—1t')]eE (¢')
mao?

t e o

8sin“(w.t/2)

(x;, —x})*— sin(w,t)

(4

(1)2

+mf dtf dtf dt’ f dt"eEl(t)exp[tcrzwc(t—i-t —T—t")]eE (¢")

o,
"~ 2sin(w,t/2)

2

f dteE (T)exp[ —ioy0 (T+1/2)](x; —x})

W t_ T = = . - = ,
_mfodtfodteEl(t)exp[——-taza)c(t——t)](xl-—xl)
e fdt fdtf d7eE,(t"exp |io,0, ?—?-H'—é eE,(?)

T 2m sin(w,t/2)

+m

(x| —x|
2t Il |I

] S dtfdzE,,(t)] 28 (xy—xip [, 47 [ dTE,®D

+§ Xy —x|— fdtf th”(t)]f drE, (¢’ )+ [f dr'E (1 )] —poBo;—eE(1)x ”

(16)

Of course the retarded Green’s function has G(x,t <0;x’,t'=0)=0. The time-independent constant K(x,x’) is deter-
mined by magnetic gauge considerations similar to those of Refs. 1 and 5, with the result

K(x,x')=cexp[lie/2)x,-BX x| —ip(x)+id(x')],

where ¢(x) is an arbitrary gauge function. It is to be noted that K(x,x’) embodies all of the (x; +x}) dependence associ-
ated with the lack of spatial translational invariance induced by the magnetic field. Other (x, +x}) dependence arises in
conjunction with the electric field. Finally, the constant ¢ is determined by the initial condition
G(x,t=0%;x",t'=0)=—i8(x—x').

In the special case of time-independent constant and uniform electric as well as magnetic fields, the Green’s function
for arbitrary orientation takes the form (¢ > 0;¢t'—0),
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172
mao,

47t sin(w 1 /2)

im
2T

G(x,t;x',t'=0)=

X exp{(ie /2)x;-BX X —i¢(x)+id(x')—(ie’E3t /2mw,)
+(im /2t)(x — x| )} —(ie2E}t3 /24m ) + (ie /2)E-(x+x')t
+(ie2E? 2mo,)a(t)+ipoBost —(ie*E? /8m)B(t) +(imw, /4)cot(w 1 /2)(x, — x| )?

+[(iet/mwl)—(ie*t /2mo,)cot(w.t /2)](x, —x})-E, X B} , (17
where
t
a(t)= [ dt 1 cotlw,1/2) and B(1)= [ dt1*/sin(w,1/2) .

For special cases in which either one or the other of the electric and magnetic fields vanishes, this reduces to the
well-known results of Refs. 2—5.
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