PHYSICAL REVIEW A

VOLUME 34, NUMBER 6

DECEMBER 1986

Brief Reports

Brief Reports are short papers which report on completed research which, while meeting the usual Physical Review standards of
scientific quality, does not warrant a regular article. (Addenda to papers previously published in the Physical Review by the same
authors are included in Brief Reports.) A Brief Report may be no longer than 34 printed pages and must be accompanied by an
abstract. The same publication schedule as for regular articles is followed, and page proofs are sent to authors.

Relativistic correction to equilibrium bond lengths for heavy, almost spherical molecules

N. H. March
Theoretical Chemistry Department, University of Oxford, 1 South Parks Road, Oxford OX1 3TG, England, United Kingdom
(Received 10 June 1986)

The relativistic correction to the limiting bond length found by Pucci and March for heavy, al-

most spherical molecules typified by the series CH,, . .

., PbH, is calculated as a function of the

fine-structure constant a by means of relativistic Thomas-Fermi theory. The correction is found to
remain nonzero in the limit as the atomic number of the central atom X in the XH, series tends to
infinity. However, putting a= ,—;7, the numerical change in bond length is extremely small.

I. INTRODUCTION

Recently Pucci and March! have shown that for the
molecules XH, and other related tetrahedral and octahe-
dral systems, the equilibrium bond length R, tends to a fi-
nite limit as the atomic number, Z, say, of the central
atom X tends to infinity. Their work was nonrelativistic
and used the self-consistent Thomas-Fermi theory which
is valid in the limit as the number of electrons in the mol-
ecule tends to infinity. However, for heavy molecules
such as they considered, relativistic corrections are expect-
ed to enter the theory, and the purpose of this note is to
present the results for the bond length R, as a function of
the fine-structure constant a=e?/#ic obtained by combin-
ing the relativistic Thomas-Fermi theory of Vallarta and
Ro3sen2 with the one-center molecular model of the writ-
er.

In this model the potential energy ¥ (r), measured rela-
tive to the chemical potential u, can be expressed in the
dimensionless form

z
y-—V:—-rlezdi(x) , (1.1)

where x measures the distance r from the central nucleus
X through

r=bx, b=(3/32%*"2m%ay/Z)>, ag=1/me?.
(1.2)

The dimensionless “screening function” ¢(x) satisfies now
the relativistic Thomas-Fermi equation

dzé é3/2 _¢_ 32
dx? = X172 1+Ax
A=(4/37a?Z8 . (1.3)
34

This equation (1.3) must be solved in region 1, defined
by 0<r <R, for ¢,(x) and in region 2, r > R,, for ¢,(x),
subject to the condition that there is a discontinuity in
electric field across the surface charge distribution at
R,=bX,, given by’

da¢: 44
dx dx

Z,

=, (1.4)
X, XeZZ

x,
where Z e is the total nuclear charge on the outer atoms,
i.e., 4e for the series XH,.

Senatore and March* have shown that there is an exact
solution of Eq. (1.3), which tends to zero at infinity, hav-
ing the form

¢2(x)=#f(x/x4) , (1.5)
x
and since ¢ itself is continuous at X, we can use Eq. (1.4)
to obtain the derivative (d¢,/dx)x, .

Making use of the Hellmann-Feynman theorem, we can
write at equilibrium?

x |2 _gx=22 (1.6)
¢l dx |x, TRz, )
where d is a geometrical factor, having the values
v6
=3— 1.7
d=3 24 (L.7)
for tetrahedral molecules and
d= 1+4v2 +4v72 (1.8)

24

for octahedral molecules.
Inserting Eq. (1.5), valid as X, tends to infinity, into
Egs. (1.4) and (1.6), we find for R,, as Z, becomes large,
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[f(se)+sef"(s )]
(1-d)Z,

This equation (1.9), when combined with the series solu-
tion for f(s) in Eq. (1.5) calculated explicitly by Senatore
and March,* constitutes the main result of the present pa-
per. The aim of Sec. II is to describe on this basis the
variation of the equilibrium bond length R, with fine-
structure constant a.

X3 =4x144 Z,, s.=A/X}. (1.9)

II. RELATIVISTIC CORRECTION
TO LIMITING BOND LENGTH

If we had set @ =0 at the outset, then the function f(s)
in Eq. (1.5) would be replaced by unity and Eq. (1.9) leads
back immediately to the result of Pucci and March.! Our
object here is to discuss the variation of R, with the fine-
structure constant a.

Following Senatore and March* we write a new in-
dependent variable ¢ =a;s, with a;=3x123/76. Then
f(s)—F(t) and we have

Fin=3 for" @.1)
n=0

with the coefficients given explicitly up to n=13. In
terms of t,=a,s,, Eq. (1.9) now becomes

a3y (4/3m)" 2?1 -d)Z,

2 F(t,)+1,F'(t,)]= 76

(2.2)

The function F(t) has, in fact, a simple pole at*
t.=0.958 38 or s, =0.014 050.

We have calculated values of the left-hand side of Eq.
(2.2) for a series of values of t. For XH, molecules, with
Z,=4, and d given by Eq. (1.7), a numerical example is
t=0.1, when the left-hand side of Eq. (2.2) has the value
0.22. This corresponds to an (unrealistic) a=2 and an
equilibrium bond length R,=3.8 A. It soon becomes
plain that for the true value a=5, the relativistic
correction to R,, though nonzero in the limit when the
atomic number of the central atom tends to infinity, is nu-
merically entirely negligible, and that the limiting bond
length of Pucci and March! remains fully quantitative in
the presence of the relativistic corrections predicted by the
Vallarta-Rosen statistical theory. Though results have
been obtained by Dirac-Fock theory which lead to small
reductions in R, due to relativity,” we expect the predic-
tions of relativistic Thomas-Fermi theory to yield the
correct limiting bond length in the limit considered here
in which Z, tends to infinity. No such limit would exist
in Dirac-Fock theory, so comparison is obviously preclud-
ed.
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