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A model of a coupled atom—quantum-field system is presented, consisting of a time-independent
Hamiltonian and a realistic dynamical initial condition. The Hamiltonian describes a fixed bound
atom coupled to the complete electromagnetic field. The initial condition is a consistent quantum-
mechanical description of an atom in the exact ground state of the coupled atom-field system, on
which is superimposed an approaching quasiclassical excitation of the field which will cause the in-
teresting dynamical processes later on. Tools are presented for the manipulation of this model, with
emphasis towards series expansions of all relevant quantities suitable for small strength A of the
atom-field coupling and (potentially) large magnitude a of the coherent field excitation, such that
the “influence of the coherent excitation on the atom” (i.e., the product Aa) remains constant as A
tends to zero. The following results are obtained, at the lowest nontrivial order in A, in an approxi-
mation suitable for times much shorter than any radiative lifetime of the atom: (a) The change in
free-field energy due to the interaction with the atom is exactly compensated at all times by the
change in bare-atom energy plus the atom-field coupling energy. This checks the consistency of the
proposed scheme. (b) The frequency distribution of this change in free-field energy has a (somewhat
unexpected) component, with a smooth spectrum, spreading over the whole width of the spectrum of
the exciting pulse, in addition to 8 and dispersive singularities centered on the atomic transition fre-
quencies. This frequency distribution is discussed in detail and its features are illustrated by a num-
ber of figures, in a simple case, numerically tractable. (c) The heterodyne detection of the radiation
emitted by the atom is investigated, with emphasis on the issue of causality and propagation of light.
Strict causality is obtained, without further approximation, in a model with an atom-field coupling
involving the field at a single point and a detector similarly sensitive to properties of the field at a
single point. This result breaks down if one uses nonlocal approximations such as the rotating-wave
approximation or a detection observable E~(r)-E*(r). Finally, an appendix is devoted to the use, in
quantum mechanics, of bases moving with respect to each other.
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I. INTRODUCTION

Time-dependent quantum theory is still far from being
as well understood and developed as the quantum theory
of stationary situations. This reflects the formidable diffi-
culty of dynamics in general (particularly for systems in-
volving a field and/or a large number of particles), and
also the scarcity of time-dependent experimental results
requiring precise quantum theory for their interpretation.
Even such a basic and apparently simple model as the in-
teraction of a fixed bound (i.e., not ionized) atom with the
quantized electromagnetic field presents considerable dif-
ficulties when one undertakes to predict its dynamical
behavior entirely from the exact quantum equations of
motion.

A first source of problems is the initial condition for
which no satisfactory general solution is available. For
instance, (a) assuming the irradiation of the atom station-
ary for a long time (i.e., removing the problem at
t— — o) is not directly compatible with the study of the
decay of an excited state by spontaneous emission, (b)
turning on the atom-field interaction adiabatically does
not fare better, and (c) approximations like “the atom in a
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bare excited state and the field in its ground state at
t =t,” are very rough descriptions of any realistic situa-
tion and do not correspond to any physically plausible
past for ¢ <t,.

A second source of problems is particularly acute when
one deals with irradiation pulses of high intensity; either
one describes the field classically with the advantage that
the corresponding Bloch equations for the atom easily
predict the strongly nonlinear short-time response, and the
major drawback that radiative effects (such as spontane-
ous emission) are absent from such a model in which they
can only be simulated by the ad hoc incorporation of
phenomenological damping terms, or one uses a properly
quantized description of the field and faces serious diffi-
culties in discussing the strongly nonlinear behavior of the
atom by time-dependent perturbation techniques (even for
short times).

A third source of problems, of a more fundamental
type, arises in the discussion of the long-time behavior.
For instance, little is known, entirely from first principles,
about the asymptotic situation of a coupled atom-field
system with persistent irradiation or the transient ap-
proach to it. Even in the absence of irradiation, the stan-
dard solution is still the approximation proposed by
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Weisskopf and Wigner! in 1930 (and its variants), which
does not lead to a systematic perturbation scheme.

In this and a subsequent paper, we present a model of a
coupled atom-field system which alleviates the above-
mentioned problems of quantum dynamics. The model
consists of a time-independent Hamiltonian and a realistic
dynamical initial condition, with well-defined expansion
parameters. The Hamiltonian describes a bound N-level
atom, at a fixed position in space, interacting with the
complete electromagnetic field. The initial situation is a
consistent quantum-mechanical description of the “naive”
idea of an atom in the exact dressed ground state of the
coupled atom-field system, on which is superimposed an
approaching quasiclassical (also called coherent) excita-
tion of the field which will cause the interesting dynami-
cal processes later on. This initial situation is easily gen-
eralized to the thermal equilibrium state of the coupled
atom-field system, again with superposition of an ap-
proaching quasiclassical excitation. The main parameters
are the strength A of the atom-field coupling and the mag-
nitude a of the coherent-field excitation. We shall con-
sistently treat A as a small expansion parameter, and let a
increase when A tends to zero in such a way that the “in-
fluence of the coherent excitation on the atom” (i.e., the
product Aa) remains constant.

In this paper we present the model together with some
tools for its manipulation and a detailed discussion of its
short-time behavior, using fairly standard quantum
mechanics. The examples show that this, indeed, provides
a particular, usable solution for the “first source of prob-
lems” (initial condition) mentioned above and also, for
times much shorter than all radiative lifetimes, for the
“second source of problems” (classical versus quantized
field. Of course, the short-time expansion techniques
could be pursued to higher order, but this would rapidly
lead to forbidding complications.

In a forthcoming paper we shall show how this model
can be treated with nonunitary transformations (in “Liou-
ville” or operator space) of the type introduced by Prigo-
gine and his co-workers.”? The second law of thermo-
dynamics, which remains the guiding principle for the
long-time behavior of complex systems, is incorporated in
the construction of these basic “star unitary” transforma-
tions. The method leads to a transformed evolution equa-
tion for the transformed density operator in which dress-
ing, decay, and excitation are disentangled. Using this
equation one obtains satisfactory results for times com-
parable to the lifetimes of atomic excited states, hence
providing a solution to all three sources of problems men-
tioned above. We hope to present specific predictions for
situations of actual experimental interest in further publi-
cations.

In Sec. II of this paper we first define the notation for
the Hamiltonian and basis states, and recall some proper-
ties of the quasiclassical states of the field. Next we use a
time-dependent unitary transformation [denoted M (#)], in
the way indicated by Mollow,’ to disentangle the quasi-
classical field pulse from the rest of the problem. The re-
sult is a transformed state of the system from which the
(potentially large) field pulse has been removed, and a
transformed equation of motion with a generator of the
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motion containing a time-dependent term describing the
coupling between the atom and the classical-field pulse to-
gether with all the terms in the original Hamiltonian. The
time-dependent term is proportional to the product Aa of
the strength A of the atom-field coupling by the magni-
tude a of the field pulse. Hence this term can be kept
constant, possibly describing a large effect of the field
pulse on the atom, even in the limit of A—0, by suitably
increasing a when A decreases.

The first significant use of this transformation M () is
to provide an explicit quantum-mechanical expression for
a realistic and stable initial condition valid for all times
before the beginning of the overlap between the atom and
the classical field associated with the quasiclassical excita-
tion of the quantized field. Let us emphasize that the uni-
tary transformation actually describes the quasiclassical-
field excitation, hence this transformation depends upon
the initial situation for the field and not upon the bare-
atom Hamiltonian or the atom-field coupling. Let us also
note that, in its present form, the whole procedure used
here hinges on a transformation which is defined only for
quasiclassical excitations of the field.

From this point on the discussion in our forthcoming
paper will involve nonunitary transformations and strong-
ly deviate from the more conventional techniques used in
the rest of this paper.

In Sec. III we set up a perturbative scheme for solving
the transformed equation of motion obtained in Sec. II, in
which the “unperturbed” starting point is the exact solu-
tion of thé corresponding Bloch equations (classical-field
approximation) and the “perturbation” is a transformed
version of the atom-field coupling Hamiltonian. For this
we use two additional time-dependent unitary transforma-
tions to successively ‘“eliminate” the motion due to the
bare-atom and free-field Hamiltonians, and the motion
which would take place in the classical-field approxima-
tion. The result is a transformed equation of motion with
a generator of the motion proportional to the strength A
of the atom-field coupling, and a transformed state which
is close to the ground state of the free field and bare atom.
This combination is very suitable for using the standard
expansion of the transformed state (described by a density
operator for convenience) as a power series in A; such an
expansion is very useful for times much shorter than any
radiative lifetime of the atom as, in such conditions, one
can restrict oneself to the first few terms as in standard
perturbation theory.

As an illustration of the use of the proposed procedure,
we have examined a few examples in the perspective of a
strength A of the atom-field coupling tending to zero
while the magnitude a of the (quasiresonant) field pulse
increases in order to keep Aa constant. The first example,
in fact a check on the consistency of the procedure, rests
on the fact that the basic Hamiltonian Hg of the model is
time independent, hence the quantum average energy
(Hg) is an exact invariant of the motion and this must
also hold true for each term in a series expansion in
powers of A. In Sec. IV we first show that the leading
term (in a?, hence in A~2) of such a series expansion is the
time-independent energy of the unperturbed field pulse.
At the next nontrivial order (in A°), some care is required
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in the discussion to show that the changes in bare-atom
energy and in atom-field coupling energy are exactly com-
pensated at all times by corresponding opposite changes in
free-field energy. This result holds in situations in which
the properties of the atom may have very fast time depen-
dences, hence indicating that the heuristic notion of “wide
energy level” which is often associated with fast evolu-
tion, is in no way required for a satisfactory interpretation
of exact calculations.

In Sec. V we examine the frequency distribution of the
change in free-field energy caused by the atom-field in-
teraction, again in a short-time approximation which ig-
nores spontaneous emission. For an experiment of the
type sketched in Fig. 1 this would be the difference in the
response of the “high-resolution spectrometer” to a pulse
with and without atom, for pulses much shorter than the
radiative lifetimes of the atom (and neglecting the fraction
of spontaneous emission which hits the spectrometer). In
the approximation of weak pulses, which leave the atom
almost unaffected, the spectrum of the absorbed radiation
has the anticipated structure of one 8 function at each un-
perturbed atomic-transition frequency, with the coeffi-
cients which would be given by Fermi’s golden rule.
However, for pulses which strongly affect the state of the
atom, two qualitatively new components of the “absorp-
tion spectrum” appear: one with a continuous frequency
distribution spreading over the whole width of the pulse
spectrum, and one with dispersionlike singularities cen-
tered on each & function. In the particular cases where
the pulse leaves the atom “exactly” in an eigenstate of the
bare-atom Hamiltonian, the singular spectral features are
exactly zero, leaving only the continuous component. For
large pulses, the various spectral features can be positive
or negative, and the energy moved by the atom from one
frequency range to another in a single short pulse can be
larger than the maximum energy stored by the atom itself.
This somewhat unexpected spectral behavior is illustrated
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FIG. 1. Sketch of the fast-pulse experiments for which the
theory is discussed in this paper. The high-resolution spectrom-
eter measures the pulse spectrum and the spectrum of the ener-
gy exchanged between the atom and the field modes which con-
tribute to the coherent pulse. The fast detector measures the
beats between the radiation emitted by the atom and the
coherent reference radiation (7).

by a number of figures, which have been worked out nu-
merically for a simplified model with a two-level atom.

In Sec. VI we briefly discuss the heterodyne (also called
phase-sensitive) detection of radiation emitted by the atom
in the context of the experimental setup roughly sketched
in Fig. 1, where the relevant output is now the average
counting rate of the “fast detector.” The phase-sensitive
detection technique provides detailed information about
the nondiagonal part of the atom reduced density operator
(in a representation which diagonalizes the bare-atom
Hamiltonian), and is, in this respect, complementary to
the direct detection of spontaneous emission. We have
also examined the issue of causality and propagation of
light for phase-sensitive detection with a point atom and a
point detector. The result of our calculations is that the
detector output at time ¢ depends only upon the state of
the atom at the single time ¢ — At, where At is the propa-
gation delay from atom to detector, provided that the
atom-field coupling involves the field at a single point and
that the detector is similarly sensitive to properties of the
field at a single point. This gratifying exact result breaks
down if one uses a nonlocal approximation of the electric
dipolar atom-field coupling such as the rotating-wave ap-
proximation, or if one replaces the (local) electric field
operator E(r) by its (nonlocal) “components” E*(r) or
E~(r) in the construction of a model for the photoelectric
observable.

In Appendix A we give some details about the coherent
states of a single harmonic oscillator and propose a basis
of orthogonal states which is very suitable for the discus-
sion of states close to a coherent state. The particular
case of a two-level atom is discussed in Appendix B, and
miscellaneous calculations are collected in Appendix C.

Finally, in Appendix D, we discuss the use of bases
moving with respect to each other in quantum dynamics,
and the relations between mobile bases and interaction
representations.

II. DESCRIPTION OF THE MODEL
A. Hamiltonian and sketch of the initial condition

The model presented here consists of a quantum state
space, a time-independent Hamiltonian, and an initial
condition. The state space and Hamiltonian describe a
bare and bound atom with a nucleus at a fixed position in
space, the complete electromagnetic field, and an atom-
field coupling. The simplest initial condition corresponds
to the naive picture in which the atom and the field in its
vicinity are in the ground state of the coupled atom-field
problem, whereas the distant field contains a (perhaps
large) quasiclassical excitation which will interact with
the atom later on. In Sec. IID this naive picture will be
formulated in a consistent quantum way.

The quantum state space for the coupled atom-field
system (labeled by the index S) is the tensorial product of
the state space for the isolated atom (labeled by the index
A) with that for the unperturbed field (labeled by the in-
dex F) which, itself, can be represented as a tensorial
product of state spaces for each individual field oscillator
(labeled by the oscillator index k). For clarity, all quan-
tum objects such as bras, kets, operators, and traces, will
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usually be labeled to indicate the relevant quantum space,
To avoid too clumsy notations, the operators a; and ay
will be tacitly extended to the whole field whenever neces-
sary (by tensorial multiplication with the unit operators
14+ for all the other modes k' of the field), and the indices
F, A, and S will be dropped when this does not cause am-
biguity.

The Hamiltonian Hg of the coupled atom-field system
can be written in the form

Hg=(1,8Hop)+(Ho4®1p)+AVs , (2.1

where ® denotes tensorial multiplication and 1, and 15
are unit operators (respectively for the bare-atom and un-
perturbed field state spaces). The unperturbed field Ham-
iltonian Hy is given by

Hor=3, fiorala , (2.2)
k

1
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where a,:r and a; are the usual boson creation and annihi-
lation operators for the field oscillator with label k, and
the zero-point energy has been omitted. The bare-atom
Hamiltonian is given by

H04=2ﬁwi]i)44(il ’ (2.3)

where i=1,2,..., labels the eigenstates of the bare
atom. In this paper, we shall implicitly ignore the ionized
states of the atom, hence use the fiction of a bare-atom
state space of finite dimension spanned by bound states.
For further simplicity we shall often assume that the
ground state of H, is nondegenerate (and label it i =1).
We shall usually approximate the atom-field coupling by
an expression linear in the ¢; and a;,

AVs(r))=AZ S (Viij(ra) | i) 4 ali | ®ax+Vigj(rg) | j) 4 ali |®a]}

k ij

=AZ 3 ()4 48 | @[Vi(rar+Vag(radall} , 2.4)
k ij

where the complex quantities V};;(r ) are functions of the
(fixed) position r, of the atom and the real number A is
introduced for further use as an expansion parameter in
perturbation calculations. For the time being, the
“strength” A of the atom-field coupling may be replaced
by unity. For instance, the linearized electric dipolar ap-
proximation for AV is given by

A.Ved’s(rA)=—)\.#¢A'EF(I'A) s (2.5)

where pu., is the atomic electric dipole operator and Ep
the electric-field operator [see (2.7)], and the magnetic di-
polar interaction of a spin with the radiation field is
described by

A,de,s(l',q )= —MmA 'BF(IA )= —AYﬁIA 'BF(I'A ) ,
(2.6)

where u,, 4 is the spin magnetic moment operator, %I, the
actual spin angular momentum operator, By the magnetic
induction operator [see (2.7)], and ¥ the magnetogyric ra-
tio. In (2.5) and (2.6) the dot indicates scalar product in
configuration space and tensorial product of quantum
operator spaces. The particular case of the “two-level
atom” is discussed in Appendix B.

The quasiclassical excitation, which is the time-
dependent feature of the initial condition at the initial
time t; is completely specified by the corresponding classi-
cal field af,(t;), which is chosen to be exactly zero in the
vicinity of the atom. The notations f(r,z) and f(¢)
symbolically stand for the E and B, fields at time ¢ and,
respectively, at point r and at all points in space. The real
number a is introduced for further use as an expansion
parameter in perturbation calculations. For the time be-
ing, the strength a of the irradiation field may be replaced
by unity.

B. Quasiclassical (“coherent”) states
of the unperturbed field

We consider an unperturbed classical electromagnetic
field with a linear and conservative set of equations of
motion with constant coefficients and no source (this in-
cludes the specifications about boundary conditions). The
state of this classical field can be completely specified (for
all positions r accessible to the field and for all times ¢) by
the electric field E(r,?y) and the magnetic induction
B,(r,2p), both at the single time ¢,. In Coulomb gauge,
an alternative complete specification is provided by the
(real) function A,(r,ty) and its time derivative
0A(r,t9)/0ty. As a preparation for quantization, we fol-
low standard practice and introduce a discrete basis of
(complex-valued) normal modes of the classical field, la-
beled by an index k and such that the unperturbed classi-
cal field at any time ¢ is given by

E (r,t)=Re Y, {ex(r)ay(t)}
k

=3 > (ex(Dag(t)+ek(naf ()},
k

(2.7)
B.(r,t)=Re Y, {be(r)a(t)}
k

It

5 3 {br(r)ag () +bi(r)ag(t)} .
k

We shall not further specify this basis here in order to re-
tain the possibility of describing the (linear) optical instru-
ments used in the experiments (mirrors, lenses, polariza-
tion analyzers, etc.) by the corresponding basis of normal
modes of the field. The complex numbers a; () evolve in
time according to*

ar(t)=ap(tyexp[ —iwi(t —1t)] , (2.8
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with real positive frequencies w; /2, and the total field
energy E is given by

Ecl= Eﬁwklakiz . (29)
k

The set of complex numbers {a; ()} provides an alterna-

tive complete specification of the classical field.

A very important tool in the discussion of such a classi-
cal field is the classical-superposition principle. Namely,
if the fields f ,(r,2) and f ,(r,?) both satisfy the equa-
tions of motion and boundary conditions, then the field
Sa,1(5,8)+ o 2(r,1) also does.

In the standard quantum description the unperturbed
field Hamiltonian (omitting the zero-point energy) is
given by (2.2) and the quantum observables for the electric
field and the magnetic induction are

Er(n)=1 3 {ex(r)ax+ef(r)a]} ,
k

(2.10)
Br(r)=1 3 {be(r)a, +bi(r)a]} .
k

This quantization procedure ensures that, for any quan-
tum state of the unperturbed field (this includes fields
known only in a statistical way), the quantum averages
(fr(r))(2) of the field operators exactly satisfy the classi-
cal equations of motion and boundary conditions. The
notations fz(r) and fr symbolically stand for the pair of
observables (2.10), respectively at point r and at all points
in space.

To any given unperturbed classical field f(z), we can
associate a single, well-defined “quasiclassical” (or
coherent) quantum state of the field, which we shall
denote | f4(t)) g, by the requirements that (a) the quan-
tum average field is equal to fu(#), ie.,
RN =p{fa(®) | fr(r) | fa(D) ) p=Fa(r,2) at all posi-
tions and times, and (b) the quantum average field energy
(Hr) has the minimum value compatible with the given
average field. These requirements are satisfied by the
state

[fcl(t)>p= ' {ak(t)} )p= r[ |ak(t))k , (2.11)
k

where [[, indicates an infinite tensorial product,
| ai(2))y is such that

(2.12)

and the set of complex numbers {a,(t)} specifies the clas-
sical field f4(¢) in the sense of (2.7). If the above require-
ments are used to specify a density operator, the result is
the pure state | fq(t))p p{fa(t)]|.

The extension to quantum theory of ideas borrowed
from classical theory of fields (such as the classical super-
position principle), and the manipulation of quantum
states which are exactly or approximately quasiclassical,
are greatly simplified by the use of the “displacement”
operator introduced by Glauber,” which we shall denote
M. To any given unperturbed classical field (), one as-
sociates a unitary displacement operator Mp(f4(t)) de-
fined by

Mp(fcl(t))=Mp({ak(I)})= HMk(ak(t)) ,
k

ag | () =ar(t) | ar(t) )

(2.13)
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where
(2.14)

As discussed in more details in Appendix A for a single
oscillator, the displacement operator provides a simple
tool for constructing coherent states from the ground state
| 0) ¢ of the field,

| fa®)p=Mg(fa(t)) |0)F ,
t (2.15)
[ fa(D)p p{fa(D) | =Mp(fa(D)) | 0)p pCO| ME(fu(t)) ,

and has the simple symmetries

M (ai () =explax(Daf —af(Da;] -

M7 (fa(0)=MIf () =Mp(— () (2.16)
and M(0)=1p, and the group property
Mp(fo 2 Mp(fo,1)=Mp(fo 2+ fa)expligy) , (2.17)
where the real phase

Pu=—71i % (g, 20k, 1 — @k, 20, 1) (2.18)

only causes minor inconveniences which completely disap-
pear in a density-operator formalism. We have dropped
the time variable in expressions valid at all times, in
which all quantities are taken at the same time and no
time derivative is involved.

Useful properties of the unitary transformation M are

Mk(ak(t))akM,I(ak(t))=ak —ag(t),

tot } . (2.19)
My (ai(t))agMp(a () =a; —ai(t) ,

and similar relations with the roles of M and M inter-
changed using (2.16) or (A7). These relations can be ex-
tended to any function g(ak,a;z ) which can be expanded
in a power series [see (A12)], and to the complete quan-
tum field space [see (2.13)]. As an example, combining
(2.10) and (2.19), we obtain

Me(f OV EMIf () =fr—Fa(O)1F . (2.20)

A straightforward quantum version of the classical-
superposition principle for the classical fields f;;, and
fa,2 is obtained by combining (2.15) and (2.17),

| fa2+fa X far+farl
=Mp(fa2+fa) |0 r pO| MM fas+far)

=Mp(fa) | fardrefar | MIfay) . @220

The coherent state associated with the classical superposi-
tion f2+fq,1 is generated by the M transformation as-
sociated with one of the classical fields (f;,), acting on
the coherent state associated with the other classical field
(fa,1). A useful extension of this idea is obtained by
starting with any quantum statistical state p,r of the field,
in which the (quantum statistical) average field will be
denoted by

(PN =Tre{frp1F} »

and acting on this state with the unitary transformation
MEg(fq,2). In the resulting transformed state, the average
field is given by

(2.22)
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Tre{feMp(fa )P ieME fa )} = e+ Fas - (223)

Clearly, the transformation Mp(f,) superimposes the
classical field f, on the previously existing quantum
average field (fr);. Note that if p,r is not a coherent
state, then Mp(fc]z)plpMF( fa,2) is also not a coherent
state.

Next, we briefly examine the time dependence of Mr(?),
where the explicit reference to the classical field will be
omitted for simplicity. Combining (A13) and (2.13) we
see that My (¢) satisfies the evolution equation

o M () =[Hor(1), Ms(0)]
Further discussions of time evolution will be simplified by
the introduction of the unitary evolution operator
Qrl(1,1,) for the unperturbed field, defined by*®

(2.24)

iﬁ%QF(t’t0)=HOFQF(I;to) with Qp(tg,to)=1, (2.25)
or equivalently by
Qr(t,tg)=exp[ —i(t —tq)Hor/#] . (2.26)

The solution of (2.24) can be written in various forms,

Mp(t)=QFp(t,to)Mp(to)QF(to,t) , (2.27)
Me(t)Qp(t,tg) =0Fp(t,to ) M£(ty) , (2.28)
[HOF,MF(t)]QF(t,tO)=Qp(t,t0)[HOF,MF(to)] . (2.29)

Similar relations hold with Mp(t) and Mg(ty) replaced,
respectively, by Mp(t) and Mp(to) more relations of the
same type are obtained by multiplication by Qr(#y,?) from
the left and from the right and wuse of

Qr(t,t0)0Fr(tg,t)=1f.

C. Disentangling the quasiclassical-field pulse
from the rest of the problem

Using the naive picture for the initial condition present-
ed at the beginning and at the end of Section II A we anti-
cipate that the field will remain for a long time “close” to
the quasiclassical state |afy(#))r. This suggests using
the unitary transformation

Ml =1,0MNaf ())=1,8Mc(—afy(1)

in the way shown by Mollow,’ to “remove” the undis-
turbed coherent excitation af(t) from the field [see
(2.23)], hopefully leaving the field close to its ground state
and, hence, easier to discuss.

The transformed quantities will be indicated by a bar
above the symbols, and defined as follows: for kets and
bras,

| T)s=Mi(t)|1)s, s(T|=s(t|Ms(t),

for operators involving a single time ¢ or no explicit time
dependence,

(2.30)

(2.31)

Rs(t)=MI()Rs(HMs(2) (2.32)

and for operators connecting two times (e.g., evolution
operators),
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Us(t,t0) =MD Us(t,t0)M5s(to) (2.33)

with Mg(¢) given by (2.30). Whenever a relation between
the original quantities involves neither time derivative nor
time integration, it holds also between the corresponding
transformed quantities. For instance, if pg(t)=Us(t,1)
ps(to)Us(to,t), then pglt)= Us(t,to Ps(tg)Us(tg,t).

The original equation of motion

iﬁ%ps(t)=[Hs,ps(t)] (2.34)

for pg(?) leads to the transformed equation of motion

iﬁ—%ﬁs(t)=[Hs+M V(8)— Ve),ps(0)] (2.35)
for ps(t) [see (2.24), (2.1), (2.32)].

In many respects, the “bar” transformation introduced
here is analogous to the standard transformation to an in-
teraction representation used to remove parts of the Ham-
iltonian from the transformed equation of motion. How-
ever, there are also significant differences: the bar
transformation removes the coherent excitation of the
field from the transformed state of the system, but the
corresponding unitary operator Mg(t) is not associated
with a large part of the Hamiltonian evolution operator,
hence no large part of the Hamiltonian is absent from
(2.35).

When the atom-field coupling is given by (2.4), the sup-
plementary term A[ Vs(t)— V] which appears in the gen-
erator of the motion of pg(¢) has the very simple form [see
(2.19) and (2.4)] of a time-dependent operator acting in a
nontrivial way on the bare atom only,

A(I_’s(t)—Vs)=)»a2{ fl.)A 4$J ' V,‘j(l',g,l‘)}@lp
ij

=A[V() =V, ®1f, (2.36)

where the complex functions of time
by

V,'j(l'A,t)z 2 [ V]:u(l'A )ak(t)+ ij,'(l'A )a}:(t)] ’
k

Vij(r4,t) are given

(2.37)

and the notation [¥(t)— V], indicates an operator pro-
portional to a and acting in the state space of the atom
only. The operator A[V(t)—V], is exactly the time-
dependent term which would be introduced to describe the
atom-field interaction in the conventional semiclassical
description in terms of a quantized atom and a classical
field. As an example, in the linearized electric dipolar ap-
proximation (2.5), one has

A‘[T/ed(rA’t)_Ved(rA)]A="_;"”eA'Ecl(rA’t) . (2.38)

If the atom-field coupling is nonlinear in the field, the
operator A[¥s(t)— V] is slightly more complicated than
(2.36), and is no longer the semiclassical atom-field cou-
pling. For instance, in atomic spectroscopy, the term
quadratic in the field has a coefficient of the order of the
fine-structure constant whereas the term linear in the field
is of the order of the square root of this small constant.
Using A to denote this square root, we can write the
atom-field coupling under the form sz=)\Vs,l+A.2VS,2,
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where A Vg, is the term linear in the field discussed above
and A’V , is quadratic in the field. The contribution of
the term A*V, to A[¥s(t)— V5] involves terms linear in
the field operators a; and a,:r , with a coefficient A(Aa), in
addition to terms of the semiclassical type (i.e., acting
nontrivially on the bare atom only), with a coefficient pro-
portional to (Aa)?.

As no approximation is involved in going over from
(2.34) to (2.35), the generator of the motion of pg(#) still
contains the complete quantum-mechanical atom-field in-
teraction problem, although the semiclassical coupling of
the atom with a time-dependent classical field appears ex-
plicitly in (2.35).

During all time periods in which the unperturbed clas-
sical field f(r,t) is exactly zero in the region of space oc-
cupied by the atom, the “supplementary term”
A[Vs(t)— V] given by (2.36) is also exactly zero. This
property still holds for couplings which are nonlinear in
the field. Hence, during these time periods, gs(t) evolves
exactly as if the (perhaps large) quasiclassical excitation
afq(r,t) of the field was absent, and f(r,?) itself appears
only in the unitary transformation Mg(z) which leads
back from pg(t) to ps(t).

The standard basis for the present problem is obtained
by tensorial multiplication of the basis of eigenstates of
the bare-atom Hamiltonian by a basis of eigenstates of the
energy for each normal mode of the field,

i fme}ds=1i)4® IT Imede - (2.39)
k

When matrix elements of “bar-transformed” operators
[see (2.32)] are needed in this {i,{n;}} basis, the following
identity may be useful:
sCi% (i} | Rs(0) i {mi})s
=s(i",{ni} | IMIORs(OMS(8)] |4, {m ) )s
=[s(i" {ni} | MYOIRS(NMs(0) | i {mi) )]
(2.40)
where the new basis formed by the Kets

{Mg(2) |i,{ni})s]} is the extension to the case of atom
and field of the basis discussed from (A17)—(A19).

D. Realistic, stable initial conditions

For all times t; during the initial idle period, the ab-
sence of overlap between the atom and the classical field
pulse f(r,z) implies that the term A[ Vg(t)— V] in (2.35)
is exactly zero, hence the equation of motion for pg(¢;) is

3 (2.41)

When the initial idle period is also one of rest, during
which the only thing that “happens” is the propagation of
the quasiclassical pulse excitation of the field, then pg(¢;)
is time independent during this period.

The simplest stationary solution of (2.41) is

pst)=1G)ss(G| ,

where | G)g is the exact ground state of the complete

i (1) = H,pst)]
i

(2.42)
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Hamiltonian Hj for the coupled atom-field system. This
ground state is close to the tensorial product of the
ground state | 1), of the bare atom with the ground state
| 0) r of the unperturbed field. More accurate expressions
for |G)s can be obtained by perturbation techniques.
Going back from ggs(t;) to pg(t;), we can write the initial
condition corresponding to (2.42) under the form

ps(t)=Ms(fa(t)) | G)ss(G | Mi(fa(t,)),

which describes a situation in which the field is close to
the quasiclassical excitation | fq(#;))r r{(fa(t;)| and the
atom is almost in its bare ground state; the only deviations
are the direct radiative effects of the atom-field coupling
which already exist in the absence of the approaching
quasiclassical excitation. Expression (2.43) for pg(¢;) is an
exact solution of the equation of motion (2.34) during the
initial idle period, and the strong time dependence of
ps(t;) is quite natural because it describes the propagation
of the quasiclassical excitation of the field.

An atom can be prepared in the stable initial condition
described by (2.42) and (2.43) by first being left alone
without any irradiation for a period much longer than any
of its radiative lifetimes, before being subjected to the
coherent radiation which will cause the interesting
dynamical processes.

If the whole experiment, including the long preparation
period, takes place in the presence of blackbody radiation
at temperature T, then the relevant stationary solution of
(2.41) is the equilibrium density operator

Ps(t;))=[1/Z(T)]exp(—Hs/kgT) ,

where kp is Boltzmann’s constant and the partition func-
tion Z(T) is given by Z(T)=Trg{exp(—Hgs/kgT)},
hence the state of the system during the initial idle period
is given by

ps(t:)=Mgs(f,(t; ) (1/Z(T))
X exp( —Hg /kg TIMI(f (1)) .

(2.43)

(2.44)

(2.45)

E. Removing H,, and Hor
from the equation of motion

For the rest of this paper, it will be convenient to re-
move the unperturbed Hamiltonian (Hy,®15)4(1,
®Hyr) from the equation of motion by going to the usual
“interaction representation” based on the unitary operator

Os()=0,4()®Qr(t) , (2.46)
where*

Q(t)=exp[ —i(t —to)Ho,/#]
and6,7

Qr(t)=exp[ —i(t —to)Hop/#] . (2.47)

The new transformation will lead from the bar quantities
to the “tilde” quantities, much in the same way as
(2.31)—(2.33) led from the original quantities to bar quan-
tities. For instance, the transformed density operator is
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Ps(0=04(1)ps(1Qs (1)
=0l M Ip(t)Ms(1)Qs(1)

and obeys the transformed equation of motion

(2.48)

iﬁ%ﬁs(t)=[kl75(t)ﬁs(t)]
=[{AQI(VsQs(t)

+AQIO(Ts(6)—V5)Qs(1)},Bs(D], (2.49)

from which Hy,, and H,r have been removed. The
transformed initial condition (2.42) during the whole idle
period is

ps(t)=0J(t)[ | G)s 5¢G |1Qs(8) . (2.50)

Both terms in the curly brackets of (2.49) are time
dependent. As it does not involve My, the first term is in-
dependent of the state of the field. The second one is dif-
ferent from zero only during the overlap of the classical-
field pulse f,(r,?) with the atom.

III. SHORT TIMES, WEAK-COUPLING A,
ARBITRARY EXCITATION STRENGTH Aa:
A CONVENTIONAL SCHEME OF SUCCESSIVE
APPROXIMATIONS

In the remaining part of this paper we will discuss a
successive approximation scheme, suitable for short times
(i.e., much shorter than the radiative lifetime of the atom),
weak coupling A, but arbitrary excitation strength Aa. In
order to avoid unessential complications we shall consider
a coupling linear in the field and the simple initial condi-
tion (2.42) involving the ground state of the atom-field
system. The results for a two-level atom will be given,
and further discussed in Appendix B.

A. The traditional classical field approximation
(Bloch equations without relaxation)

In the traditional classical-field approximation the ef-
fect of the classical field on the atom is taken into account
as a time-dependent contribution to the Hamiltonian of
the atom, whereas all effects of the atom on the field are
ignored: Lamb shift, spontaneous emission, any reaction
of the atom on the exciting field. In the present model,
with linear atom-field coupling, this corresponds to keep-
ing the term A[¥s(t)— V], which is proportional to Aa,
in the generator of the motion of pg(t) or gg(#) [see (2.35)
and (2.49)] and dropping the isolated term involving AV,
which is independent of the magnitude a of the classical
field. In this approximation, taking into account (2.36),
where [V(t)— V], is an operator acting only in the atom
space, (2.49) becomes

%ﬁs(t)=[QI(t)M P()—V) Q.0 155501, (.1)

where the superscript B stands for “Bloch equations
without relaxation” (a similar notation will be used for
average values of observables) and the stable initial condi-
tion before the atom—classical-field overlap is given by

ifi
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PRe)=p2t)=(]1), 4(1])&(|0)p£(O]). (3.2

The above two equations are derived from the exact
equations (2.34) and (2.43) by an ad hoc procedure, one
consequence of which is to make the generator of the
motion of p5(¢) time dependent so that the average “ener-
gy” evaluated with p2(¢) is no longer an invariant and
conservation of total energy loses its role as a simple, gen-
eral property. As we shall show in Sec. III B a more ac-
ceptable approach is to use a perturbation scheme in
which A tends to zero and a to infinity in a correlated
way such that the excitation strength Aa remains finite
and constant. Such a systematic procedure indeed leads
to very satisfactory results in its limited range of validity
(i.e., short times). Nevertheless, we shall briefly discuss
the solution of (3.1) and (3.2) because this provides a satis-
factory solution for the evolution of the atom reduced
density operator and useful tools for further calculations.

Like the generator of the motion in (3.1), the
evolution operator  Bg(t,t;), such that g %)
=Bs(t,to)ﬁg(to)Bs(to,t), is the tensorial product of an
operator acting only on the atom by the unit operator 15
for the field

Bs(l,t0)=BA(t,to)® 1g, (3.3)

where*

m%BA<z,to)={QI(:)A[T/(:)~V]AQA(z)}BA(t,tO‘) (3.4)
and B,(ty,t9)=1,. Furthermore, starting with the fac-
torized initial situation (3.2), the density operator will
remain factorized at all times,

et =pEe(|0)r£(0])

=[Q}(1p3 (104 (1]1&( |0 £(O])
and

iﬁg;ﬁA<t)=[QI<t)M7m—V)AQA(t),ﬁA(t)]

and
Palt)=|1),4 4(1] . (3.5)

The tilde transformation used here for operators acting
in the bare-atom state space is defined by A ,(f)
=0l (0A4,(1)Q4(1).

In most cases of practical interest in pulse spectroscopy,
the generator of the motion in (3.4) does not commute
with itself at different times, so that solving this equation
is not an easy task. This generator of the motion is Her-
mitian at all times, hence B ,(#,¢y) is unitary and has all
the usual properties of evolution operators. Useful tools
for approximate evaluations of B,(t,¢y) are provided by
numerical methods (in the case of finite time intervals and
atom state space of finite dimension) and by the Magnus
transformation.? The simple case of a two-level atom is
discussed in Appendix B.

B. Iterative procedure for weak coupling A,
short times, and arbitrary excitation strength Aa

The solution of an equation of the type (2.34), (2.35), or
(2.49) by the conventional short-time expansion limited to
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a few terms is a useful approximation only for time inter-
vals during which the corresponding density operator nev-
er deviates much from its initial condition. For (2.49) and
(2.50), in which the generator of the motion still contains
a term proportional to the excitation strength Aq, this re-
stricts the usefulness of such an expansion to irradiations
which have little effect on the state of the atom (hence to
small values of Aa) even for pulses much shorter than the
radiative lifetime of the atom. This limitation to very
weak irradiation pulses can be overcome by a further
time-dependent unitary transformation which removes the
atom—classical-field coupling from the generator of the
motion. A suitable unitary operator Bg(t) is constructed
from the “single-time” version®’ B,(t) of the evolution

operator defined by (3.4),

Bs(t)=B,()®1F , (3.6)
where*

i#2 B ()= {QLOMT(—V]4Qa(}Ba(r)  (B.T)

ot

with B4 (¢p)=1,.
The transformed quantities will be denoted by a caret
above the symbol. For instance,

ps()=Bl(t)ps()Bs(1)
=Bl(nQd(1)ps()Qs(1)Bs(2)
=Bi(nQI (M (1)ps()M3(1Qs(1)Bs(2) ,
Vs(t)=Bl(Q () Vs(Qs(0)Bs (1) .
With the linear atom-field coupling (2.4), ps(¢) obeys

the equation of motion [see (2.49)]

iﬁ%ﬁg(t)=[LB}(t)Qg(t)VSQS(t)Bs(t),ﬁs(t)]. (3.9)
Note that the generator of the motion in (3.9) is not
AVs(t). For a reference time t, for Bg(t) in the initial idle
period, B,(t;)=1, and the stable initial condition (2.42),
(2.50) has the simple form

Ps(t;)=03(t)PosQs(1:)= Q1) | G )5 5(G | Qs(t;) .

(3.10)
A strong irradiation of the atom (i.e., Aa large) causes a
fast time dependence of the unitary operator Bg(¢) during
|

pE0=0ltp 05t +(1/if) [, [BYQHVsQs(Bs(1),p¢ ~ e dr

where t; is chosen in the initial idle period. Using (2.41)
and (3.10), one can easily verif 9{ through derivation of
(3.18) with respect to ¢;, that pg" is a function of ¢, but

not of ¢;.
Going back to the tilde version, we have
g))(t)"Bs(t"‘O’Bs(t)—pg(t) [see (3.1)—(3.5)]. Hence,

the starting point p§” of the proposed iterative procedure
is the traditional classical-field approximation, and
higher-order terms in (3.11) can be seen as correcting for
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the overlap between the irradiation pulse and the atom,
but the large parameter a does not appear in a multiplica-
tive way in the generator of the motion of ps(z). Hence,
this generator of the motion is of the order of magnitude
of the strength A of the atom-field coupling at all times,
and a short-time expansion of the solution of (3.9), limited
to a few terms, will be satisfactory at least for time inter-
vals At such that AAr is small. If no strong irradiation
takes place during the time interval, it is well known that
this range of validity extends to At much shorter than the
radiative lifetime, i.e., A2At small.

In the conventional technique for short-time approxi-
mation, the solution of (3.9) and (3.10) is a formal series
expansion in the (small) strength A of the atom-field cou-

pling,
psO=pL+Ap O+ ABP )+ -+ -, (3.11)
with [see (2.42)]
Pes=1G)ss(G | =pGs+ApGs+Ap s+ -
(3.12)

The usual perturbative expansion of the ground state
| G)s of the complete Hamiltonian Hg in powers of A,
assuming a nondegenerate ground state |1), for the
bare-atom Hamiltonian, leads to

PR=(11)44(11)8(|0)z£(0]), (3.13)
and to a first-order term
pas=p WS+ wi'p Gy, (3.14)
where
W”)—EEﬁ(Tj_ﬁ—lj)“(H@al. (3.15)
Combining (3.9) to (3.13) we obtain
PE=(11)4 4(1])®(|0)s£(O]) (3.16)

and, for n > 1, the recursion relations
mg 5U(1) = [BHOQNOVs0s(0Bs(1),5 V(D]

(3.17

which can also be written in integral form as

(3.18)

the error made by not properly treating the field quantum
mechanically in the first place.

When ps(t) is known, average values of observables can
be evaluated from the relation

(Cs M )=Trs{Csps()} =Trs{Cs(t)ps(t)} ,  (3.19)
and may also be expanded in powers of A,
(CYn)= 3 Am(C)™1) (3.20)

m
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with m taking integer values. However, great care must
be exercised in going over from the formal series expan-
sion (3.11) of ps(¢) to an expansion of the type (3.20) be-
cause the large parameter a, which appears in many
caret-transformed observables combines with the small
parameter A to give the constant excitation strength Aa.

IV. ENERGY BALANCE UP TO ORDER A

The Hamiltonian of our model, as given by (2.1), is
time independent, hence the probability distribution in to-
tal energy is time independent and, in particular, the aver-
age total energy

(Hs)(l)=( 143H0F>(t)+(HQA®1p)(t)+<Vs)(f)
4.1)

is a constant. As an illustration of the use of the iterative
scheme, we now evaluate in some detail all the traces and

|
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integrals needed to check that
(HS >(M)(t)= ( IAQH()F)(M)(I)
+(Hoa®1p) ™)+ (Vs)™(r)  (4.2)

is indeed exactly constant for all values of m up to m =1,
for a linear atom-field coupling.

In these calculations we make extensive use of the cy-
clic invariance of the trace and of the factorization prop-
erties (2.30) for Ms(2), (2.46) for Qs(1), (3.3) for Bg(2),
and (2.36) for V(t)—Vs. One should also keep in mind
that the single-time operators Qg(¢) and Bg(?) still involve
to parametrically and that ¢, and ¢; are both assumed to
be in the initial idle period. Moreover, in the calculations
involving H,r, we have repeatedly used the commutation
properties of My, Qr, and Hyr which are given in Appen-
dix C1.

We begin with (H,,®15)(2).

The contribution K,
arising from p ¥,

K =Trs{BI(QI M () (Ho 48 1) Ms()Qs()Bs(1)( | 1) 4 4{1|® | 0Y £ £(0])}

=Trs{HosQ4()B(1)| 1) 4 4(1|B1(0Q} (D& [0)f (0]}

=TI'A{H0Apﬁ(t)} =<H0A >B(t) s

(4.3)

is the average atomic Ham:ltoman in the traditional classical-field approxlmatlon The contribution arising from 5§ ()
is identically zero because p $e) is lmea: in a; or a,I , and the caret version of (Hy,® 1) acts on the field as 1. Con-

tributions from higher-order terms p
A™(H,,@®1p)™()=0, for m <0
(Hy® lp)(o)(t)= (Hy, YB(2) ’

A Hy®1)V(1)=0.

” (¢) will be of order A" with n > 1. As a conclusion,

(4.4)

Next we evaluate (AFg)(¢). The contribution K, arising from "fgm (taking into account that Vj is linear in a; or ak)

K, =Trs(APsp )

=Trs{BHOQI D [A[Ts(t)— Vs]+AVs}Qs()Bs(t)( | 1) 4 4(1]|® |0)r (0] )}

=Trs{A[ V()= V]p5()® |0) £ (0] } = (A[ V() — V], YE(0) , 4.5)

is the average atom-field coupling in the traditional classical-field approxlmatlon This is a quantity of order Aa, hence a
contribution to (¥ )(z). The evaluation of contributions to (AVg )(?) arising from further terms ps Xt) is simplified
by writing AVg(t) again as A[Vs(t)— Vs1+AVs. For n odd, the contribution is only from AV and is of order AntL
whereas for n even the contribution is from A[ Vs(t)— V] and is of order (Aa@)A™. As a conclusion,

A™(AVs)™(t)=0, for m <0
(AVs)Y V)= (A V() — V], )YE() , 4.6)
A{(AVs)(e)=0

Finally, we evaluate {1,®Hor)(¢). The contribution K3 from 3¢,

K3=Trs{Bi(0QIOM()(1,8 Hop)Ms()Qs()Bs(1)( | 1) 4 4(1]® |0)£ (0] )}
=Trs{ |1)4 4{1|®HoeMg(1)|0) ¢ p(O| M)} =0? 3 fiwy | @ | %, 4.7)
k
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is exactly the average energy which the field would have if
the atom was absent. In the present notation this term in
a? appears as “of order A~%” hence a contribution to
(1,@Hop) ~2(1).

The contribution K4 to (1,8 Hoz)(t) from the initial
value p§(z;) in (3.18) for p§ (1) is

K4=Trs{ BADQIOMI(1)(1,,8 Hop)Ms(1)Qs(1)Bs (1)
X QN | 1)4 4(1|® |0 (O] (WEN!
+H.c.}Qs(t)} ,

where W§! is given by (3.15). As shown in Appendix C2
this can be written as

Ky=Trs Eﬁwk[alz'*'al‘c(ti)][ak+ak(ti)]
k
X[ 1) 44(1]|® 10YF eO| (WS +H.c.]
=)»a2[—Vk11a;(t,-)+c.c.]
k

(4.8) =—(A[V(;) = V] )2 .
|

(4.9)

This is minus the average atom-field interaction energy at time ¢; in the traditional classical-field approximation, hence

K;=0. (4.10)
The contribution K5 to {1,®Hr )(¢) from the time integral in (3.18) for 5§ (¢) is given by
Ks=(1/i#) ft:dt’Trs{B;(t)Qg(t)M;(t)(lAeHop)Ms(t)Qs(t)Bs(t)
X [BI(t)Qd (") AVsQs(t)Bs(1), | 1) 4 4{1|® |0)s (O[]} . (4.11)

The mtegrand in the integral over ¢’ can be recast as a sum of derivatives with respect to ¢’, the equations of motion of
Mg(t) and 55 (1) [see (2.24) and (3.5)] being used to this aim. As (2.24) involves [ Hop,M F(t)], a first very useful step is
to replace HopME(t) by Mp(t)Hop+[Hor,Mp(1)] in (4.11). The contribution of Mg(#)Hr to the trace is zero because,
for this term, the My operators cancel and Vs remains the only nondiagonal field operator in a representation which di-

agonalizes Hyr. After some algebra (see Appendix C 3), one obtains

Ks= [ dr'Tes{Ba(t)|1) 4 441 lBI(t')@Mp(to)|O)FF(O|M,,t(to)Qg(t’)g,—[Ms(t’)}\VSMS*(;'H.LVS]QS(t')} _

The next step is to introduce the operator V(t)— Vs with
the help of relation (2.30) wunder the form
MF({aak(t)}) Mp({—aak(t)}) which implies that in-
terchanging My and M is equivalent to a change of sign
of the parameter a. After some algebra (see Appendix
C4), one then obtains

Ks——f dt—(V(t) V)5

f dr’ ——(HOA)B(t ). (4.13)

The order in A of the contnbutlons to (1,®Hyp)(t)
arising from a general p (t) can be evaluated easﬂy by
noting that MF(t)HOFMF(t)—- o ﬁwk[akak +alaga
+ axal)+a? | |2] Contributions in a? arise only
from n=0 because p $(t) is traceless for n>0. For n
odd, the oontribution is only from the term in a and is of
order A"~!. For n even (larger than zero), the contribu-
tion is only from the term aja; and is of order A". As a
conclusion,

}»—2( 1A®H0p>('2)(t)=a22ﬁmk lak lz ,
k

A 1,0Hy) " ()=0

(1,8Hop) ()= + (Ho )2(t;)— (Ho . )2(1)
—([V()-V1)80,

A{1,®@Hyp) V(1) =0

(4.14)

(4.12)

|

Collecting relations (4.4), (4.6), and (4.14), we can easily
check that the average value of the energy of the atom-
field system is indeed exactly time independent at each or-
der in A up to the highest order (i.e., m=1) for which de-
tailed calculations are shown. Of course, this detailed ver-
ification of (4.2) provides only a check of the soundness of
the model, iterative scheme and series expansions, and not
a check about the general features of quantum mechanics.
However, the way in which various contributions to total
energy conspire to keep it constant is not trivial and will
now be discussed briefly.

The leading term in the series expansion of the average
energy in powers of the small strength A of the atom-field
coupling is the (time-independent) unperturbed field ener-
gy a* 3, #iwoy | @y |2 The fact that this term is of order
A2 is quite natural in the present approximation scheme
in which the small A and the large a are related by the re-
quirement that the strength Aa of the atom-field coupling
is a constant.

The next nontrivial contributions to the average energy
are the terms of order A%, i.e., independent of A. In a typi-
cal experiment, the coupling of the atom with the irradia-
tion field is much smaller than the bare-atom Hamiltoni-
an; more precisely, (1/#){[V(¢)— V], )2(t) is much small-
er than the Bohr atomic frequencies w; —®;. As a conse-
quence, for irradiations which strongly affect the state of
the atom (i.e., the atom reduced density operator), the
contributions of order A’ to the average energy involve
terms of two different orders of magnitudes. The larger
terms (Hg, )2, involving the Bohr frequencies, corre-
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spond to the idea that any energy gained by the bare atom
is exactly taken from the field energy. The smaller terms
([V(t)—V]4)?, in Aa, show that the same idea also holds
exactly for the atom-field coupling energy, also at order
A%, of course.

Finally, we emphasize that the relevant contributions of
order A° to the average free-field energy (1,®Hop) arise
from the term 5§, of first order in A in the power expan-
sion of the transformed density operator. This is clearly
due to the presence of multiplicative factors a in the
transformed version (C2) of the free-field Hamiltonian.

V. SPECTRAL DISTRIBUTION OF THE ENERGY
EXCHANGED BETWEEN THE ATOM
AND THE COHERENT FIELD PULSE,
UP TO ORDER A

A. Frequency distributions

In order to display frequency as the essential parameter,
and ignore the detailed mode structure of the field as
much as possible, we introduce a time-dependent frequen-
cy distribution J(w,t) for the field energy, defined for
®>0, by lumping together the average energies
(1,®@%wala; )(t) of all the field modes in each small
frequency interval (0,0 + Aw),

J(,0)=3 (1,8%w.aia; ) (1)8(w—wy)
k

— : i
_MAI.};I—EO (1/Aw) > (1,@aia; (1)

k (0 <o) <o+bw)

(5.1

where the last summation is over all modes k for which
o <oy <o+ Aw. Clearly, J(o,t) is such that

[T ndo'= 3 (1,8H00aa)0),

k (0 <@)

(5.2)

where the summation is over all modes k for which
oy <. Following the same procedure as for all other ob-
servables, we shall express J(w,t) as a series expansion in
powers of A,

J(o,t)= 3 A" ™(a,1) , (5.3)

valid for short times [see the discussion between (3.10)
and (3.11)].

The complex functions Gj;(w,t) defined as [see (2.37)
where the explicit indication of the location r, of the
atom has been dropped]

G,j(a),t)= 2 Vk,-ja;(t)ﬁ(a)——wk)
k

= lim |(1/Aw)
Aa—0 k (m<mk2<m+Am)

Vklja;(t) ’

(5.4)

are useful to discuss the first contributions (up to m=1)
to (5.3). The o and wt dependences of these functions are
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factorized [see (2.8)]

—iawty

e Gi(w,)=e" " °Gjla,ty) . (5.5)

Notice that the only nonvanishing contributions to (5.4)
are from those modes k which contribute to the pulse (i.e.,
| ax | #0) and are coupled to the atom (i.e., | Vy;; | 70 for
one pair ij at least).

The functions Gj(w,t) are directly related to the
Fourier transform of the time-dependent Hamiltonian
used in the linearized classical-field approximation.
Indeed, using (2.8) and (2.37), the Fourier transform of the
function Vj;(2) is

[ ae vyt

iot, +o (w—wp )t —ty)
=" [T ar 3 [Viya(tgle! T 0
P

ilo+ap )t —tg)

1.

(5.6)

+ ijia;(to) e

Interchanging the summation and the integral, noting
that, for real values of w, the integrals of the exponentials
give 278(w —wy) or 2m8(w +wy ) and that oy >0 by defi-
nition, and using (5.4), one obtains the relations

[ de vy (et

—ilo|ty

2me Gjl( |(0,,t0), if w<0

iotg

2me °Gjj(w,tp), if ©>0. (5.7

Measuring J(w,t) would involve the use of a dispersive
spectrometer which (in a somewhat idealized picture)
would sort out the incoming field in “frequency bins” of
width Aw and measure the amount of energy received in
each bin. In any conventional dispersive system, a fre-
quency resolution Aw implies a distribution of propaga-
tion times between input and output of width At, with a
lower bound given by AwAt > 1 (this is a rough statement
concerning orders of magnitude for ill-defined quantities
Aw and At). As a consequence of this, the relevant fre-
quency distribution of field energy is J(w,?) for times ¢ as
late as possible after the beginning of the overlap between
the classical-field pulse and the atom. The validity of the
approximations of the present paper, which retain only
the terms (5.11) and (5.13) of J(w,t?), is limited to dura-
tions much shorter than any radiative lifetime of the
atom. However, these radiative lifetimes go to infinity
when A tends to zero so that useful indications will be ob-
tained by taking the limit of J(w,t) for t—+ . Of
course, the 8 and principal part singularities generated by
this limit process may only be taken as an indication
about the presence of fast-frequency-dependent features,
presumably extending over frequency ranges of the order
of the inverse of the radiative lifetimes.

B. Evaluation of J'™ (@, + 0 ) for m <1

Using the same technique as in Sec. IV, one can easily
see that the contributions to the average energy
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(1,@%wgaja, )(1) of the field mode k, arising from the
first terms of (3.11) for ps(¢), can be expressed as
a*#iwy, | ay |2 for n=0 [see (3.16)], and as

K6=—M[Vk“a,:(t,-)+c.c.] (5.8)
and
4 I ’
K;=Aaw;2Im ZVkij f,idt ai(t’)
ij
X{)idaali DB, (5.9

respectively, for the initial value and the integral terms for
n=1 in (3.18). Contributions for n >2 are of order 2 or
higher in A in the present short-time approximation,
hence the contributions to (1 ,®fiw,aza; )(¢) up to order
1in A are given by

A~ Y(0,0)=0, AT Nw,)=0,

AU Vo, t)=a’w lim |(1/Aw) >
Aw—»O

J %0, t)= —Aa[G(@,t;)+c.c.]+ 2 awIm

'ak ‘2 ’
k (@ <oy <0+Ao0)

S Gylanto) [/ dre™ ™|} 4 ali | )"(z')]
ij i

4909

A=2(1 @Fiwgaiar Y 2 () =a oy | ax | *,
A~ ;@ %waiay ) ~P(1)=0,
(1,@%wgata ) O()=K¢+K7 ,

A1 @%wgaga; YV (8)=0 .

The time-independent term of order a? (i.e., of order A~2)
is the unperturbed average energy of mode K. The time-
dependent term K¢+ K3, of order A°, is the energy “given
by the atom to mode k of the field” in a first, short-time
approximation which ignores radiative effects such as
spontaneous emission and Lamb shifts. Equations (5.8)
and (5.9) show that (1, Qﬁwka;ak YO(¢) is different from
zero only for those modes k which contribute to the pulse
(ie, |ax|#0) and are coupled to the atom (e,
| Viij | #0 for one pair ij at least).

Combining (5.1)—(5.10), we can express A™J™(,t) for
m<l1as

(5.10)

(5.11)

(5.12)

=_M[G”(m,to)eiw“—t°)+c.c.]+27\awlm { Zi,j G,-j(w,to) f‘_tdt'eiw"’_to)[< |J)A A(l I )B(t')—8,~j,“] l . (5.13)

The leading term (5.11) in this series expansion is the
time-independent frequency distribution of the unper-
turbed field pulse. The next nontrivial term (5.13), of or-
der A?, is the frequency distribution of the change in free-
field energy due to the interaction with the atom, in a first
approximation valid for times ¢ <, + At, where ¢, is the
beginning of the overlap between the classical-field pulse
and the atom, and At is a time interval much shorter than
any radiative lifetime of the atom [see the discussion be-
tween (3.10) and (3.11)].

We now discuss some of the properties of the limit
J%w,+ o). When (t—ty) is large, the first term in
(5.13) has a fast oscillatory dependence upon w, arising
from the factor exp{iw(t —ty)}. As a result, the average
of this term over any finite frequency interval (which is the
quantity of actual interest) approaches zero when t— +
for any smooth function G;(w,t,). Hence, we can ignore
this first contribution to J'%(w, + o ).

To evaluate the time integral in the second term in
(5.13), we choose the initial time ¢; close before the begin-
ning of the overlap between the classical-field pulse and
the atom, and introduce an intermediate time #; close
after the end of this overlap. The first part of the in-
tegral, over the finite time interval from ¢ to ¢, is a con-
tinuous function of w, appreciably differing from zero
over a frequency range at least of the order of magnitude
of the inverse of the pulse duration (¢;—;). For a pulse
of finite duration, the G;(w,?;) are also functions of o,
with similar limitations on frequency range. Hence, the

r

first part (from ¢; to t;) of the integral in (5.13) will, in
general, contribute a nontrivial continuous function of
to Jw, + o0 ).

For t' > 1, i.e., after the end of the overlap between the
classical pulse and the atom, one has, in the classical-field
approximation,

Clidaaki| Y@
={1j)44€i | )2ts)e (5.14)

In the particular case of a pulse which leaves the atom
exactly in the eigenstate i’ of Hy,, the only average value
given by (5.14) which differs from zero is
(1i") 4 4€i"| YB(t")=1, hence the second part (from ¢, to
t— o ) of the integral in (5.13) is easily evaluated as

(1/iw)(e N8y, —Bij11) -

The terms in exp{iw(ty—19)} in (5.15) give a contribution
to J'%w, + = ), which is a continuous function of @, with
a frequency dependence essentially governed by that of
Gyplo,tg) and Gy(w,tp), and the terms in
exp{iw(t —ty)} can be ignored in the limit t— « because
of their fast oscillatory dependence upon w.

Hence, a first conclusion is that, if a short pulse
transfers the atom completely from the ground state to
any eigenstate of Hy, (in the classical-field approxima-
tion), then the change of the field energy due to the excita-
tion of the atom is continuously distributed over the field
modes in a whole range of frequencies with no singular

—i(wj—w‘.)(x'—tf) )

io(t —tg) eico(tf-to)

(5.15)
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spectral feature at the atomic-transition frequency. Fig-
ures 2—5 (for the angles & which are integral multiples of
m) illustrate this situation for the particular model of a
two-level atom which is discussed in detail in Sec. VD
and in Appendix B. Almost all graphs display positive
and negative excursions of J (0@, + o ) and the curves for
6=7m and 97 in Fig. 5 clearly show that a single atom ex-
cited by a pulse not only takes its excitation energy #iw,
from the field pulse as anticipated, but can also move even
larger amounts of energy from one region of the pulse
spectrum to another.

Whenever the pulse does not leave the atom exactly in
an eigenstate of Hy, in the classical-field approximation,
the present “pure-state” model implies that at least one
pair of complex-conjugate average values
(1704 aCi|)2ts) and (i) 4 4€) | YB(ty) with i), is
different from zero at the end of the atom-pulse overlap.
Using (5.14), the second part (from #; to + o) of the in-
tegral in (5.13) for one of these average values can be
evaluated as

Qt) —4m4m4—0 —— JO(0.+00)
Q,()=0 oo Exchanged energy
Q,(t)_LL
+*1/2 w
<mo*);(t){ 0
-1/2
+1/2
@uf)g(t){ 0 ﬁwy\
:% —t —t—t
() [0}
(nm')g(t){ o—— A N
-2 Jv (W)
>t Normalized

pulse spectrum

FIG. 2. Frequency distribution of the change in free-field en-
ergy J'%w, + ), due to the interaction of a two-level atom
with a short pulse of radiation, ignoring spontaneous emission
(negative excursions correspond to energy absorbed by the
atom). The vertical scales for the exchanged energy and for the
normalized pulse spectrum are such that equal areas under the
curves correspond to equal amounts of energy, and the pulse
spectrum has been normalized to correspond to the energy fiw,
of a single resonant photon. The vectors Aaf(¢) and
(QIQ")2(1) are defined by (B9)—(B12) and (B16), and related by
(B18). The “flip angle” 8 (which is equal to 3w here) is defined
by (B25). In a standard NMR experiment, Aaf}(¢) is the spin
angular velocity as seen from the “rotating frame,”
#(QIQ")2(1) is the average spin angular momentum and XYZ
is the rotating frame with Z parallel to the constant magnetic
field. Before the pulse, the atom is in its ground state. The
techniques used to generate the data are discussed in Sec. VD.
In this figure, a resonant pulse with a Gaussian envelope and
6=3m eventually leaves the atom exactly in its excited state.
Note the smooth, nontrivial frequency distribution of the ex-
changed energy, for a total exchange of energy of #iw, from field
to atom.
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(o)

T J7(w,+00)
Q(t) Exchanged energy
2,(1)=0 37
2,(t)
B w2 ’
alo’ (L){ 0
anjo] o —/
+1/2 s
"3 t 0 t
(id )3( ){-1/2 : Ar,f/\ , .
oo (N . :
(ma’)z(t){ -?/z \/ Jn(w)
¢ Normalized

pulse spectrum

FIG. 3. Similar to Fig. 2 except that, here, a sequence of two
resonant pulses, phase shifted by 7/2 with respect to each other,
eventually bring the atom back exactly in its ground state. Note
that amounts of energy of order fiw, are moved from one spec-
tral region to another, for a total exchange of energy of exactly
zero.

Rabi 505721 A (L)=0
x«nx(t){o
}A«Q,(t)
+1/2
(ma’),':(t){ 0
-1/2 +/2
J Lo }(mu')g(t)
w2-oot Loin
(om')Q(t){ 0 '
_l/z_l. 13 431 A4
IO N

Jm(u),-roo)

Exchanged energy : x1

Normalized
pulse spectrum

x1000
2w

xi

—>
o+ QRabi

W,- RRabi ,

FIG. 4. Similar to Fig. 2 except that, here, a resonant pulse
of constant amplitude and large flip angle 6=20.5X 27 eventu-
ally leaves the atom exactly in its excited state. Note the smooth
frequency distribution of the exchanged energy, with the expect-
ed peaks at the resonant frequency plus or minus the Rabi fre-
quency. For convenience, the wings of the normalized pulse
spectrum are also shown enlarged vertically by a factor of 1000.
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t—++ o0

lim { fd e io(t' —to) —1(a) —ao Nt “f ( I])A A<’ | ) (tf)

= @rr¢ 17)a aCi D20 {780 —(0; —0))+i P[1/{o—(0j—w)}]} . (5.16)

Combining (5.13) and (5.16) we conclude that, for a general pulse, the extension to + oo of the integral in (5.13) can add
a § and a principal part singularity at each classical atomic-transition frequency |w;—w; |,

! io(t'— . '
J %0, + )=2(Aa)Im |0 3, 3, G;j(w,to) f'.fdt'e O 74 i | YR =8y 04]
i !

+ie' ™7 Gla,10)[ € 154 4 1 Y2(tr)—=8y511]
i

+weiw(1f_lo) 2 2 ( !])A P (, l )B(tf){n'ﬁ(a)—(wj _wi))+i@[l/{m—-(w]~ —a)i)] n (5.17)
i j (s

Of course, the “tails” of the principal parts add to the continuous parts of J®(w, + ). Figures 5—7 provide examples

of functions J(w, + « ) showing either type of singularity, or both together, superimposed on the continuous part. Fig-

ure 5 also shows that the amount of energy exchanged in a § singularity can be positive or negative, and may be larger in

absolute value than the excitation energy of the atom.

C. Comparison with standard elementary time-dependent perturbation theory

One of the main assumptions used in the traditional evaluation of atomic-transition probabilities is that the interaction
only causes a very small change in the state of the atom-field system during the irradiation. In the model discussed in
this paper, this condition will be satisfied by taking the limit of weak pulses, i.e., by treating Aa as a small parameter and
retaining only the first nontrivial term in a series expansion of the relevant observables in powers of Aa.

For the frequency distribution of the energy given by the atom to the field, (5.13) mdxcat&s that the relevant term is in
(Aa)? and arises from contributions in (Aa) to { |j) 4 .€i | YB(¢’ )—TrA{ |iYaali |p,4(t )}. These contributions can be
evaluated by integration of an approximate form of (3.5) in which g4 By is replaced in the commutator by its initial value

| Da4(1],

RN = 1), (1] +(1/if) f‘: dt"[QI(MT ") = V) 1Q4(t"), | 1) 4 4{1|1+0((Aa)?) .

As shown in Appendix CS5, this leads to

J0, + 0)=—%w 3, {(4n/#)ra)
J (1)

X | Gjil(@;—e)),t0) | 2
X8 —(w; —»y))}

+0((Aa)’),

where 1y is only a dummy variable as shown by (5.5).
Equation (5.19) agrees with the standard prediction that,
JSor weak irradiation, energy is exchanged between the
atom and the field only at the atomic-transition frequen-
cies. As a further check of agreement, one can easily veri-
fy that the coefficient (47/#)(Aa)?| G ((0;—w1),t0) |
of the & function in (5.19) is exactly the probability of
transition { |j)4 4(j|)2(¢t;) from state |[1), to state
| i) 4, as evaluated from (3.5), to second order in (Aa).

(5.19)

D. Simple examples for a two-level atom

In this section we discuss the techniques and approxi-
mations used to generate the data shown in Figs. 2—7.
The calculations were performed for a two-level atom, us-
ing the techniques and results discussed in Appendix B.

(5.18)

[

The bare-atom Hamiltonian can be written as
H,,=%wolz4, and the generator of the motion for 55(t)
as #il,-AaQd(t), where [see (B15)—(B19)] I, is the
pseudospin associated with the atom, AafM(t) is the
pseudo-angular-velocity describing the action of the clas-
sical field on the atom, and w, is the unperturbed atomic-
transition frequency. We assumed a situation analogous
to NMR of a single spin %, with a near-resonant irradia-
tion, circularly polarized in such a way that Q(¢) lies in
the XY plane [hence Q;(¢)=0] and differs from zero in a
simple and slow way over a time interval (duration of the
pulse) much longer than 1/w,. The time dependence of
Q(¢) is used as a starting point in the calculations, and is
shown in the figures by its real X and Y components.

When Qz(1) and Q. =Qx()+iQy(2) are known, V;(¢)
can be evaluated easily by combining (2.36), (B7), and
(B9), with the result that V()= V5,(¢)=0 and

VT2(1)= Vzl(t)=(ﬁ/2)€
hence Gjj(w,1) is given by (5.7) as G;; =G, =0 and

—iag(t —tg)

Q_(), (5.20)

diram) [ dre' T 0

_ G |a)|,to), if w<0

Ghlw,to), if0>0. (591



> (0-wp)
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0=4mn .gﬁ...f

+—t+t

x1 ~ ‘h(:)‘,__L

Norm. pulse spectr. 8-sing.

FIG. 5. Frequency distribution of the change in free-field en-
ergy due to the interaction of a two-level atom with resonant
pulses with Gaussian envelopes of increasing magnitude (but
constant duration between half-power points). The 8 singulari-
ties in the exchanged energy spectrum are graphically shown as
thick vertical bars, with heights proportional to the integral over
the singularity. The inset shows the normalized pulse spectrum
and the & singularity, for amounts of energy fiwo, and Sfiwo.
Other details are as in Fig. 2.

/4 /4 Exchanged
Dl energy
Q,(t)=0 J(0,+00)
2,(t) i
+1/2 @
(mn');'((t){ 0
-1/2
+1/2 e
(om')?(t){ 0
- ho
+ll;§ f/\o//\ R
<mn')§(t){ 0 // W, ©
v T IE2(w)
Normalized

pulse spectrum

FIG. 6. Similar to Fig. 2 except that, here, the atom is even-
tually left half way between ground state and excited state, and
the exchanged energy spectrum has a dispersive principal part
singularity in addition to a continuous (mainly negative) part.
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-7/2 Exchanged
energy
2,(t)=0 Jw,+00)

()

QL)

+1/2
(nm'):(t){ 0

(mu')e(t){ 0

(mo')‘z‘(t){ 0
-2 I (W)

Normalized
pulse spectrum

FIG. 7. Similar to Fig. 6, except that, here, the exchanged en-
ergy spectrum has all three types of components: § singularity,
dispersive singularity and continuous part. The graphical repre-
sentation of the & singularity is the same as in Fig. 5.

In the present case G,;(w,?) is appreciably different from
zero in a narrow frequency range around w=aw,, and
much smaller outside that range, and G;(w,?y) is very
small for all w.

When Aaf)(t) is known, the equation of motion (B18)
and (B19) for (QIQ")2(¢) can be solved (numerically in
the present case), hence the functions ( |j), 4(i | )5(z)
are known and (5.17) and (5.21) can be combined to evalu-
ate J'%w, + o). Of course, in our numerical calcula-
tions, the smooth part of J'®(w, + « ) is treated separately
from the singularities.

The “pulse spectra” J (=2(,t) have been evaluated
from the given function Q_(z) by assuming that the
relevant matrix elements Vj;; have negligible frequency
dependence over the narrow frequency range of interest
around w,. With this approximation (5.4) and (5.11) show
that J~?(w,?) is proportional to @ |G (w,t,) |2 The
normalized pulse spectra

)

J(—Z)( )= T/
n e (1,@Hop) ¥

JD(w,t) (5.22)

shown for reference in the figures are such that the area
under the J\~?(w) curve corresponds to a total energy
fiwg (note also that the irrelevant time variable has been
dropped). The same vertical scale is used in the figures
for J'%w, + ) and J{~?(w), so that equal areas corre-
spond to equal amounts of energy.

Let us emphasize that, in the present context, the re-
sults shown in the figures do not involve any truncation of
the atom-field coupling Hamiltonian (except for the as-
sumed linear dependence in the field). In the case of more
general (linear) coupling or irradiation, the rotating-wave
approximation would lead to rather similar results for
J=(w,t) and Jw,+ ) for o close to wo, with the
slowly time-dependent truncated quantity Qz(¢), defined
by (B12) in Appendix B, playing the role of £(z).
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VI. PHASE-SENSITIVE DETECTION
OF THE RADIATION “EMITTED” BY THE ATOM

A. A simple model for phase-sensitive detection

The scheme which we shall discuss here is indicated in
the lower part of Fig. 1: radiation emitted by the atom is
superposed with a much stronger coherent “reference” ra-
diation in a detector and, for a photoelectric detector, the
relevant measured quantity is the change in the counting
rate of photoelectrons due to the atom radiation (often
called “beats” between reference radiation and atom radia-
tion).

In spite of much effort and progress, the general theory
of photoelectric detection is still, in many respects, an
open problem.” Following the tradition, we shall replace
this missing theoretical link by a conventional “educated
guess” which, hopefully, is suitable for the problem at
hand. Hence, we shall assume that the average measured
photoelectric counting rate at time ¢ can be predicted by
evaluating the quantum average value

{ Ds )(t)=Trs{Dsps(t)} (6.1)

of a Hermitian “observable” Dy describing the detection
process, for a state of the atom-field system described by
ps(t). As usual, the detector will not be included in the
Hamiltonian Hyg of the system.

In the simple type of phase-sensitive detector discussed
here, the relevant beats are in narrow frequency bands
around the differences (and sums) between the reference
oscillator frequency (w,/2w) and the atomic-transition
frequencies, hence (w,/2w) will usually be chosen very
close to one of the atomic frequencies in order to make
the corresponding component of the beat a slow-enough
function of time to be directly observable. As suggested
by Fig. 1, it will be convenient to assume that the refer-
ence mode r does not interact with the atom [hence
V5ij(r 4)=0 for all i and j in (2.4) and (2.37)] and does not
participate to the pulse, and that the pulse does not in-
teract directly with the detector.

The detector is directly coupled to the field but not to the
atom, hence the observable Dy acts trivially in the atomic
state space,

DS=1A®DF . (6.2)

For simplicity we shall assume that the detector is operat-
ed at such a low light level that the counting rate observ-
able D is well approximated by a bilinear combination of

J

Bs(t)=M;(t)DsMs(t)= 14 @M;(a,(t))DpMp(a,(t))

field operators, which depends on the type, shape, and po-
sition rp of the detector,

Dg(rp)= 2 [Dk;r“(rD)a,Ia,I:—kD,J(*(rD)a,Iak'
kK’

+D& (rp)agal + Dt (rp)agay] -
(6.3)

Using the boson commutation relations, we may write Dg
under the more convenient form

Dplrp)= 3 [Dji-(tp)ajaf +2Dj(rp)ajay.
k, k'
lF ’

+Dgie(tplagap ]+ | 3, Dk~ (rp)
3

(6.4)
where D =+(Dg~ +Dgy) and D =5(D&*
+ Dg¢t) are invariant for permutation of the mode labels
k and k', and Dy =5 (D¢ +Dg't); the Hermiticity of
Dy implies that (Dgk)* =Dz and (D )* =DP, hence
Dy is real. The idealized detector which we consider
here will have a counting rate of exactly zero whenever
the field is exactly in its ground state, hence

[szk—

=0. (6.5)

The reference radiation used in the phase-sensitive
detection scheme will be described as a quasiclassical exci-
tation of a single field mode, with label r (standing for
reference), parameter a,(t), and frequency w,. In order to
avoid ambiguities in the discussion of weak atom-field
coupling (i.e., A—0 with Aa remaining constant), we have
not included the real number a [see (2.30), (2.36), and the
end of Sec. Il A] in the definition of the a(¢) parameter of
the reference mode r. With this notation, the properties
of the detection scheme are not affected by the limit pro-
cess and the disentangling operator Mg(t), originally
given by (2.30), can be written in the form

Ms(t)=lA®MF({aak(t)})Mp(a,(t)) . (6.6)

The assumption that the pulse does not interact with the
detector implies that Dgh =D2 =0 for all modes k
for which |ay(?)|£0 (or, more compactly, that
[ Dp,Mg({aai(t)})]1=0), and hence the bar version of Dg
is

=1,® | 3 (Dizajaj +Dlalar)+2a} (1) 3 (Djzal +D%ar)+ (D [ (01> + D2 | @, (1) |2} 17 |+H.c. (6.7
k

kK’

We can now use the same techniques as in Sec. V to
evaluate the first terms of a series expansion of the
quantum-average value (Dg)(t) in powers of A [see
(3.20)]. Equation (6.7) for Dg(t) does not involve the pa-
rameters A or a, hence

A™(Dg )"™(t)=A"Trs {Dsps(1)} =A"Trs { Dsp P(1)] .

The leading term is easily evaluated because all nontrivial
field operators in (6.7) have an average value zero in the
ground state of the field,
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(Ds)O)=Trs{Dsp "}
={D;[a}()]*+D} | a, ()|} +c.c.
=2D% | a,(ty) |2

+2Re{ D, [al(t9) e 1) (6.8)
The first term in the right-hand side (rhs) of (6.8) is the
expected time-independent rate of photoelectric detection
of the reference radiation in the absence of the atom (i.e.,
A=0). The second term oscillates around zero at twice
the reference-mode frequency, a frequency much too high
for direct observation with present technology for
(@, /21r) in the optical range.

As p§(2) is linear in a; and a,Z, only the terms linear
in a; and aj in (6.7) contribute to A{Ds)"(¢) and this
contribution is Proportional to |a,|. The contribution
Ky to A{Dg)V(¢t) arising from the initial condition in
(3.18) for (1) is easily evaluated, and is exactly zero in
the linearized dipolar approximation (see Appendix C),
hence we shall ignore it here. The contribution to
A{Ds )" (¢) arising from the integral in (3.18) for 5§ (1),
computed in much the same way as ( Hog)(?) in Sec. IV,
can be written as

A{Dg)V(1)—K,
=A2Re [(1/iﬁ)2a,(t0 je'@rtt o)
X f,:d:'z< 1Y 4 4G | YE(e)
ij

X T,'j(l'A ,l'D,t —t') l , (6.9)

where , . _ iy (2 —1)
Tyt 4,1p,t —t') = 3 { —Vig(r)Dyz(xp)le
3 ‘ .
+ Vil D% (rp)e 7y
(6.10)

A{Dg)V(1)=AK (1/8m)Re

Xy —

ij

X | prea 17)8)—2((i | pea | 1)-RIG, R}

where the ellipsis represents similar terms in | R | ~2 and
| R | 73, also involving { |i), 4(j| )%t —|R | /c). At
distances | R | much larger than the wavelengths at the
atomic-transition frequencies, the terms in | R | ~2 and
| R | ~% in the rhs of (6.12) can be neglected.

In typical experimental situations, the time evolution of
p5(2) is caused essentially by Hy,, hence the time evolu-
tion of { |i) 4 4{j | )2 over a few periods is well approxi-
mated by

(1idaali| Yoo

=" T WG DR, (613)

iy a1 Y= R | /o)
dr? 44\ - ¢
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Equation (6.9) expresses the behavior of the phase-
sensitive detector in terms of the quantities
T;(r,,1p,t —t') which are joined properties of (i) the
atom-field coupling Vs(r,), (i) the detection observable
Dg(rp), (iii) the reference mode r, and (iv) the mode struc-
ture of the electromagnetic field which may be strongly
affected by the optical instruments inserted between the
atom and the detector. For practical instruments with
high collection efficiency, good approximations for (6.10)
should be provided by techniques of the type given, for in-
stance, by Kline and Kay.!®

In Appendix C we make an exact evaluation of (6.10) in
the simple case of (a) the linearized electric-dipolar cou-
pling (2.5), (b) a point detector sensitive to the electric-
energy density (with sensitivity K), (c) a free electromag-
netic field (i.e., no optical instrument), and (d) a reference
mode with propagation vector k,, frequency o, /2w, and
linear polarization vector §,. In this computation, the
electric-energy density operator is taken proportional to
the normally ordered version :Eg(r)-Eg(r): of the squared
modulus Eg(r)-Bp(r) of the electric-field operator (i.e.,
the version of Eg(r)-Ep(r) obtained by replacing each
term aza; by azay; we shall indicate this transformation
by writing the operator between colons). The correspond-
ing detection observable,

DF(I'D)=K:EF(I'D)'EF(I'D): , (6.11)

where K is a constant, is Hermitian, bilinear in the field
operators, and satisfies condition (6.5) for zero detection
in the ground state of the field. Arguments for this
choice will be given in Sec. VIB. Using the result (C18)
of this computation, expression (6.9) for A(Dg)V(z) is
easily evaluated as (R=r,—r, is the relative position of
atom and detector and R=R/|R |)

a,(to)(Fiw, /2L3) 2 "o o =Ry 2| R |)

+(-) (6.12)

and the second time derivative at time (¢ — |R | /c) is
well approximated by

—(a),—-w,)z( |1)A A(J | )B(t—‘R |/C) .

The standard photoelectric detectors are unable to follow
time dependences of the electric-energy density at optical
frequencies, hence the scheme discussed here requires ad-
justing w, close to one of the atomic-transition fre-
quencies, for instance (@;—®;) with ©;>w;, in such
a way that the combined time dependence
expliw,t)exp[ —i (w; —w;)t] which appears in (6.12) is
slow enough for actual direct observation. With this tech-
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nique, the time evolution of each term { i), 4{j | }® can
be measured in great detail by suitably choosing o,.

The detection of beats between the atom radiation and a
reference radiation is qualitatively different from the
direct detection of “spontaneous emission”: spontaneous
emission manifests itself from n=2 on in (3.11) and
causes observable effects of order A? in the present short-
time-approximation scheme, whereas A{Dg)"(¢) is an
observable quantity of order A, arising from the term
n=1 in (3.11). Also (ADg)'"(¢) is proportional to the
amplitude |a,| of the reference radiation, hence can be
made large (without affecting the atom in any way) by
suitably increasing |a, |. Note, however, that increasing
|a, | does not improve the detectability of the radiative
effects of the atom because A{Dg)!(z) is superimposed
on the direct detection (Ds)%(¢) of the reference radia-
tion itself, which givw a photoelectric counting rate pro-
portional to |a, | %, hence an rms fluctuation in counting
rate proportional to |a,|. Furthermore, for a point
detector and free field, spontaneous emission is detected
proportional to | R | ~2 whereas (6.12) clearly shows that
the beats are detected proportional to | R | ~.

Performing an experiment in the optical-frequency
range with the type of setup suggested by Fig. 1 would be
very difficult because it would require an exceedingly ac-
curate and permanent alignment of the optical system,
detector and atom to avoid averaging the beats to zero.
However, the beats discussed here have already been ob-
served in the optical range many years ago, using a more
suitable experimental setup.!!

B. Digression about locality, causality,
and propagation of light

In contradistinction with the rest of this paper, the dis-
cussion presented in this section rests on heuristic argu-
ments.

As far as causality and propagation of light are con-
cerned, Fig. 1 suggests the bold idea that the response of
the fast detector at location rp and time ¢ depends upon
the radiation emitted at location r, and time 7 —At
(where At is the delay for propagation of light from r, to
rp), hence depends upon the state of the atom at time
t —At and upon the irradiation field at location r, and
time ¢ —At. However, in a description in which atom and
field are treated as a single system, using the notion of
“state of the atom” may be misleading. The model used
in this paper allows a more cautious formulation of the
idea, which avoids this weakness: if the classical field as-
sociated with the coherent excitation pulse has a sharp
front which crosses the location r, of the atom at time ¢,
the effect of the pulse on the atom should not be felt at
the location rp of the detector at any time earlier than
(t, +At). These simple ideas can be expected to hold in
the above form for a point detector for which the detec-
tion observable Dy is “local at rp” (i.e., involves proper-
ties of the field at the single location rp and not at other
locations), and for an atom-field coupling Vs which is
similarly local at r,. Furthermore, the “bold” idea above
clearly assumes that there is a single propagation time At
from r 4 to rp, as would be the case for a free field in vac-
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uum (or for an ideal optical system imaging r4 onto rp).

Let us briefly examine the question of locality in gen-
eral. For the sake of uniformity of presentation, we shall
use the Schrodinger picture in which the field operators at
fixed locations are time independent. In a Heisenberg pic-
ture all these operators would be at the same time. We as-
sume that the operators Ap(ry) and Bg(r,) are both local,
respectively at r; and at r,, meaning, for instance, that
Ap(r,) describes some physical condition at the particular
location r; (and not at other locations). In analogy with
the well-known situation for the components of the E and
B fields,'? we expect that the local character of 4 and B
implies that

[AF(r,),Bp(ry)]=0, whenever risr, (6.14)

including the particular case [Ag(r),4p(r;)]=0, of
course.

Let us now consider a state pgpp of the field such that,
in a three-dimensional region # of space (and on its bor-
der), the average value of all functions of field com-
ponents have the same value as in the ground state pgr of
the field. Another necessary condition for locality of the
observable Ag(r) is that

Trp{AF(r)pgp}=TrF[AF(r)pGF} ’ (6.15)

whenever r is in Z#.
It is quite obvious that operators such as Eg(r),
{Ep(r)-Ep(r)}, and

‘Bp(r)-Ep(r):=Ep(R)-Ep(R)—1; 3 |e(r)|%,  (6.16)
k

where 3, | ex(r)|? is a c-number, are local in the above

sense and satisfy (6.14) and (6.15). In contrast, the opera-

tors

Ef(r)= ze,:(r)a;{, Ef (r)= 3 ex(r)ay , 6.17)
k k

such that Ep(r)=Ef(r)+Ef(r) and Ef(r)=(EF(r)',

appear as nonlocal (in spite of the typography used).

Indeed, one can show after some calculations that, for a

free field and for two different locations r; and r,,

[BF(r),BE(r)]=1p(fic /m%) | 1;—15 | ~*, (6.18)

in clear contradiction to (6.14). One can also show easily
that the operator Ef (r) does not satisfy (6.15) by consid-
ering the particular quasiclassical state of the free field in
which ay, =(8L /#iw,)!”? for all k pointing exactly in the
+ z direction (in a discrete k space) and 8, =%, and all
other a parameters are equal to zero. The average field in
this state is given by

(Ep(r))=%8(2),

and one can easily verify that other combinations of field
components, such as :Eg(r)-Eg(r): for instance, also devi-
ate from their ground-state value only if r is in the z=0
plane. However, the average value of Ef (r) in this state
is given by

(B () =R{38(2)+(i 2m)P(1/2)} ,

(6.19)

(6.20)

and is clearly different from zero for locations r outside
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the z=0 plane, in contradiction to (6.15).
Coming back to the specific problem at hand, the
linearized electric dipolar coupling

Ved,s(rA )= —HKed 'EF(I'A )

=— 17044 [® |peq | i) Eplry)
i’j

(6.21)

appears as a local operator because it involves the field
only through the local operator Eg(r,). In contrast, the
rotating-wave approximation (RWA) to V4 s(r,), which
amounts to replacing Ep(r,) in (6.21) by Ef(r,) when
®;>w;, and by Er(r,) when 0; <®;, appears as a nonlo-
cal operator because Ef and Ej are nonlocal.

The usual rough caricatures for the photoelectric detec-
tion observable are proportional to the electric-energy den-
sity. Of course, Ex(rp)-Ep(rp) is not a suitable observ-
able because of its (location-independent) divergent aver-
age value in the ground state of the field. One way out of
this difficulty is to subtract the offending ground-state
average value from the operator, as shown by equation
(6.16), hence leading to the proposal Dpg(rp)
=K:Ep(rp)-Ep(rp):, much in the same way which leads
to the Hamiltonian Hp=,, ﬁwka;ak for the free field
itself. This proposal is local at the single point rp.
Another way out of the difficulties with Ex(rp)-Ep(rp) is
to replace it by Ex(rp)-Ef (rp). However, as indicated
above, this replacement leads to a proposal for Dg(rp)
which is not local at rp.

It is very gratifying that, in the framework of the
present model and to first order in A, exact causality [see
(6.12)] is obtained without any approximation when the
atom-field coupling Vs(r,) and the detection observable
Dp(rp) are both local, and the field propagates freely in
vacuum. Equation (6.12) is even in agreement with the
bold version of causality described at the beginning of Sec.
VIB. This result, however, should be taken with caution
because it was obtained in a first approximation in A
which is still very close to classical physics. It is also gra-
tifying to verify (after some calculations) that replacing
Veq,s(r4) by its RWA, or using a Dp(rp) proportional to
Er(rp)-Ef (rp), or both, destroys this exact causality, as
expected for nonlocal interaction or detection. The same
relation between exact causality and the choice of interac-
tion and detection observable has been obtained by de
Haan'? in a different context.
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APPENDIX A: QUASICLASSICAL STATES
OF A SINGLE HARMONIC OSCILLATOR

1. Generalities and “displacement operator”

The state of a classical harmonic oscillator of frequency
/21 can be completely specified by the complex number
a(t) which evolves in time according to

a(t)=alty)exp[ —iw(t —1y)], (A1)

and is defined such that the oscillator energy is given by
Ecl=ﬁa) I a(1) , 2.

To each classical state, specified by a(t), we can associ-
ate a quasiclassical or coherent quantum state |a(f)) by
requiring that (a) the quantum average annihilation opera-
tor (a(t)|a |a(t)) is equal to a(t) and (b) the quantum
average energy has the lowest value compatible with the
first requirement. These requirements imply that

ala®))=al)|al®), (A2)

and, if we omit the “zero-point energy” from the oscilla-
tor Hamiltonian

H =#wa'a ,

the quantum average energy {a(t)|H |al(t)) is equal to
the classical energy.

Quasiclassical states can be constructed from the
ground state |0) by the action of the Glauber® displace-
ment operator M,

|al(t)) =M(a(t))]0) ,

(A3)

(A4)
where

M(a(t))=exp[a(t)a’—a*(t)a] . (A5)

We shall now collect some properties of M(a(?)) which
can be derived easily with the help of the rich set of
theorems and methods given by Louisell.'* The displace-
ment operator is unitary,

MY a)=MYa(), (A6)
has the simple symmetries

MY a(t)=M(—a(1), M(0)=1, (A7)
and the group property
M(a,(1))M(ai(t))=M(a,y(t)+a,(t))expligy) , (A8)
where @, is a real, time-independent phase

Pn=—silayal(t)—as(ta (1] . (A9)
Useful commutation properties of M are

[a,M(a(t))]=al(t)M(alt)) ,

[a",M(a(t)]=a*(OM(alr) , (A10)

[afe,M(a(t)]=[a(t)a+a*(t)a
— |a(t) | )M (a(2)) .

The first two relations of (A 10) can also be written as
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M(a(t)aM (a(t))=a —al(2) ,
Ma)aMi(a(t)=a"—a* 1),

and similar relations with the roles of M and M inter-
changed using (A7). Following the lines indicated by
Louisell,!® the above results can be extended to any func-
tion g(a,a ') which can be expanded in a power series,

M(a()g (a,a MY (a(t)=gla —a(t),a’'—a*1) .

(A11)

(A12)
A little algebra shows that

59 M(a(t)=[H,M(a(1)] .

EY (A13)

2. “Large” and “small” operators, states close
to a coherent state | a(t))

With the notation || |¢)||>*=(¢|¢) for the square of
the norm of a ket, one can easily show that

llla —a]|a®)]*=0, |la |a®}|]*=|aln)|?

(A14)

for a normalized ket |a(?)) [i.e, {(a(?)|a())=1]. In
this way, when acting on the coherent state |a(t)), the
operator [a —a(t)] appears as the zero operator and the
operator a as of order |a(¢)|. If these operators act on a
state | @(¢)) (not necessarily coherent) which is close to
| a(t)) in the sense that || | (1)) — |a(?))]]| << 1, a —alt)
will appear as a very small operator and a will still appear
as of order |a(t)|. Conversely, when acting on a state
which is close to the ground state |0), @ —al(t) appears
as of order |a|, and a as very small. We have found
these remarks helpful in sorting out contributions involv-
ing various powers of |al(?)|.
The obvious relation

1)) — | a®))[)2=[IMN (@) | (1)) — | a())]]]?
=||MYa(®) |@p(t))— |0)||* (A15)

shows that if | @(2)) is close to the coherent state | a(?)),
then MT(a(1)) | p(1)) is close to the ground state |0).

3. A convenient basis for states close to | a(z))

The representation and manipulation of states which
are all close to some known quasiclassical state | a(t)) are
simplified by the use of a basis which is constructed by
the action of the unitary transformation M(a(?)) on the
usual basis {|#n)}, which diagonalizes the occupation
number operator N =ala. Starting from

ala|n)=n|n), n=0,1,2,..., (A16)

we multiply both terms of this equahty by M(a(?)) at the
left, insert the unit operator 1=M Ya()M(alt)) at the
left and at the right of a, use (A11), and obtain the rela-
tion

{[a’—a*(O][a —a()]}[M(a(t) |n)]

=n[M(a())|n)]. (A17)
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Hence, the kets M(a(t))|n) are the eigenkets of the
Hermitian operator

[af—a*(O][a —a(t)]=M(a()NM(a(r)) ,

and the corresponding eigenvalues are the non-negative in-
tegers. The eigenstate of [a'—a*()][a —a(t)] with the
eigenvalue O is the coherent state | a(?)).

Further insight in the relations between the kets | n ) of
the usual basis and the kets M(a(t)) | n) of the new basis
can be gained by starting from the well-known relation

[n)=(n)""%a")|0), (A18)

multiplying both sides at the left by M(a(t)) and using
(A10) to obtain

M(a(t) | n)=(n)""a'—a*()]"M(a(1)) | 0)
=n)""[a"—a*O]" | aln) .

Clearly, going over from {{n)} to {M(a(?))|n)} only
requires replacing a by a —a(t), a’ by a’'—a*(1), and the
vacuum state |0) by the coherent state |a). In this re-
placement, the commutatxon properties of the basic opera-
tors are not changed: [a,a']1=1=[a —a(t),a’—a*)].

Going over from the usual time-independent basis to a
time-dependent basis such as {M(a(?))|n)} calls for
some precautions and gives some new possibilities which
are discussed in Appendix D. For the convenience of the
reader we mention that, using the notation of Appendix
D, with { | n)} as basis ¢ and {M(a(t))|n)} as basis b,
one has the relatlons Wi (t)=M(a(t)) and D.(t)
=H —M(a(t)HM '(a(1)), with H given by (A3).

If one prefers to avoid the use of a time-dependent
basis, the time-independent basis {M(a(ty))|n)} still
provides a very useful tool.

(A19)

APPENDIX B: TWO-LEVEL ATOM

In this appendix we shall use the fiction of a two-level
atom to illustrate some features of our model in a simple
case.

1. The bare two-level atom

Let the two orthogonal and normalized kets | 1), and
|2) 4 form a basis in the two-level atom ket space. From
these two kets we can construct a convenient set of four
orthogonal Hermitian operators, which spans the corre-
sponding four-dimensional operator space, as

La=11) 441 +12) 4 4€2],

Ia=30| 1) 0 42|+ | 2) 4 £€1]),
Iy =iy (| 1) 4 4€2| = |2) 4 4C1]),
Iza=5012) 4 42| = | D)4 4€1]) .

This set contains the unit operator, and the other three
operators have the same simple commutation relations as
the Cartesian components of angular momentum (divided
by #), hence can be considered as the components of a
pseudo-angular-momentum #I,, for a pseudo-spin-7 asso-
ciated with the atom in some abstract XYZ space. In gen-

(B1)
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eral, this abstract space has nothing to do with the usual
configuration space in which one describes such things as
positions of atoms, polarization and propagation of fields
etc.

Any operator is completely specified by the coefficients
of its expansion as a linear combination of the operators
of a set such as (B1), and vice versa. For instance, the
density operator p 4(¢) describing any quantum-statistical
state of the two-level atom can be expressed as (using the
relation Tr {p,}=1)

pA(t)=%[1,4 +4(1,)()1,], (B2)
in terms of the real vector
<IA )([)=TI'A{pA(t)IA} ) (B3)

and any Hamiltonian H ,(¢) for the atom can be expressed
as

H =[5 Tr (H )} 114 +[2Tr {H(I4}11, .
(B4)

With this notation, and using the relation!®
[I4-a,I,-b]=i(aXb)I, valid for any c-number vectors
a and b, where X denotes a vectorial product, the quan-
tum equation of motion i#3dp 4(t)/3t =[H 4(t),p 4(¢)] can
be written as the equivalent relation

'5;(14)(t)=(2/ﬁ)TrA{HA(t)IA}X(IA ey, (BS)

which only involves real c-number vectors of XYZ space,
and describes a rotation of vector (I )(z) at the instan-
taneous angular velocity (2/#)Tr {H,()I4}. It is a re-
markable feature of the two-level model that exact
quantum-statistical predictions can be obtained from such
a simple and easily visualized classical calculation.

In the case of the time-independent bare-atom Hamil-
tonian H,,, it is convenient to take the ground state of
Hy, as | 1) 4 and its excited state as |2) 4, and to choose
a zero of energy halfway between the two eigenvalues of
H,,, so that

Hy=%wolz, , (B6)

where wo=w,—w, is a positive angular velocity. We also
introduce the convenient operators

I+A=IXA +iIYA= 12>A A(l I and I_.A=(I+A)T .
(B7)
2. The coupled two-level atom and field system

For the two-level atom expression (2.4) for the linear
atom-field coupling becomes

AVs(r)=11,8A S [Vio(rsax+ Violryai]
k
+12481 3 [Viv(ra)ag+ Viy(rg)a]]
k
+1,,80A 3 [Vir(ra)ax+ Viplr,)ai]
k

+I_ @A S [Vir a+Vig(ral], (B8
k
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where the first two terms are the contributions of i =j
while the last two are the contributions of i=4j in the
summations over atomic states.

In the linearized electric-dipole approximation all ¥y,
and Vy are identically zero and Vi and V,y are related
by Vir =Viy. In the case of NMR, V., is identically
zero and the other three coefficients are typically of the
same order of magnitude for each mode k, with a notable
exception for modes which are circularly polarized in the
XY plane (see below). The subscripts R and ¥V stand for
the traditional denominations “real” and “virtual.”

Using (B8) we have

AQINO[Ps(t)— V5 10s(1)
=#l, - AaQ(t)® 1 p +AhaQy(t)] 4@ 1F ,

(B9)
where
Qo()=(1/28) S, Veoah(to)e' ™~ tcc.,  (BI0)
k
and the pseudo-angular-velocity Aa{)(?) is given by
AaQ(t)=AaQg(t) +AaQy(t)+Aay(t) , (B11)

where Qg (1), Qy (1), and AQy(¢) are real vectors of XYZ
space, with components given by

Q’R +(t)=QRx(t)+iQRy(t)

oy —wp)(t —tg)

=(2/ﬁ)2 VkRa;:(to)e N
k

Qy+(t)=ﬂyx(t)+layy(t)
—ilog +ag)t —1ty)

=(2/%) 3, Vivay(tole ,
¢ (B12)

iop(t—1tg)

Qyz(t)=(1/ﬁ)2 kaaz(to)e +c.c.,
k

Qrz()=Qy7(1)=Qux()=Qyy()=0,

(c.c. means complex conjugate). In these relations, all
quantities of the type Vig, etc., are tacitly evaluated at the
location r, of the atom.

Using (B9), the equation of motion for gs(¢) becomes

iﬁ%ﬁs(t)=[ (AQI(DV50s(1)

+ Al AaQ()® 1},p5(2)] . (B13)
[The last term in (B9) leads to a vanishing contribution in
the commutator in (2.49)].

The initial condition, given by (2.50), is easily obtained
explicitly, to first order in A, using (3.12), (3.14), and the
fact that (3.15) becomes here

—Viv
W(1)= I
% ﬁ(wo+a)k)

4 (Viv —Vio) /2
Ficoy,

+
+4®ay

(11Y4 4€1])®a] |.

(B14)
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3. The classical-field approximation

Using (B9)—(B13), the equations of motion (3.1) and
(3.4) can be written in the compact forms

m%p‘,m:[ﬁh AaQ(1),55(0]

iﬁ—g-t-BA(t,to)=[ﬁIA-A.aﬂ(t)+ﬁ}»aﬂo(t)l,,]BA(t,t0) .

(B15)

The behavior of the solutions can be visualized easily by
introducing the real vector of XYZ space

(QIQM)YB(1)=(Q, (11,0} (1))2(2)
=Tr, {p4(0Q4(D1,Q] (1)}
=Tr (g1}, (B16)

where (QIQT)2(¢) is a shorthand notation. When pf is a
pure state (i.e., a projector), the length of the vector is 3.
Smaller lengths correspond to mixed states and lengths
above % are impossible. The density operator is given by
[see (B2)]

pE=2[1,+4(QIQ" (1) 1,], (B17)

and the equation of motion for (QIQ')2(z) is the Bloch
equation without relaxation,

4. (010"(n=hafnx (QIQ"0, (B18)
where the time derivative is for an observer which moves

with the XYZ frame of reference. The initial condition
(3.5) takes the form

(QIQN)2(1)=—-32,

where the caret denotes a unit vector.

Equation (B18) describes the motion of the classical
vector (QIQ")2(¢) as a rotation at the known angular
velocity Aaf2(¢) with respect to the XYZ frame. Solutions
of (B18) and (B19) have been discussed extensively in the
literature of NMR and quantum optics, so that only a few
remarks will be made here.

In a typical experiment in pulse spectroscopy, the pulse
is approximately at the resonance frequency @, of the
atom, its duration is much longer than the atomic period
2m/w, and the strength of the atom-pulse coupling is
much smaller than the bare-atom Hamiltonian (.e.,
Aa | Q(t) | <<wq at all times). Under these circumstances
QR (2) varies with time at frequencies much lower than w,,
Qy(2) oscillates at frequencies close to wy and —w,, and
Qy (1) oscillates at frequencies close to 2wy and —2w,. As
a consequence, a useful (although sometimes misleading)
approximation for the solution of (B18) for not-too-long
times can be obtained by first dropping the “fast oscillat-
ing” parts @y and @y of €@, and then solving (B18) with
Q(t) replaced by the remnant Qg(z) of this truncation.
Usually this makes the equation soluble analytically, or, at
least, amenable to numerical methods. If the above ap-
proximation [i.e., keeping only Qz(#)] is not accurate
enough, it can be improved in a particularly efficient way

(B19)
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by using the Magnus transformation.® Of course, the

rotating-wave approximation would also replace () by
Qr(t), but this procedure would involve a major trunca-
tion of the atom-field coupling Hamiltonian itself, with
far-reaching consequences (see Sec. VI). These remarks
also apply in the case of a multilevel atom.

4. A simple example from Zeeman spectroscopy

Let us briefly discuss the application of these ideas to
the case of NMR of a single spin +, in which XYZ space
and ordinary configuration space are directly related. The
spin Hamiltonian can be written as —y#lI 4-(By+B(?)),
where 7 is the magnetogyric ratio of the spin, By is the
constant magnetic induction which is the source of Hy,,
and B(#) is the irradiation magnetic induction at the lo-
cation of the nucleus. In order to satisfy (B6), the unit
vector Z must point in the direction of the vector —yB,,
so that wp= ——yBo-z is positive. The supplementary term
A[Vs(t)—Vs], which appears in the equation of motion
(2.35) of pg(t), is given here by —y#il,-B,(t)®1r. The
following relations are helpful in going over to the tilde
version (3.1) of the equation of motion:

QMO 1 404 ()=1I sexp tiwg(t —15)] ,
QI (M, Q4(0=1z,,
LBy =314 4Ba_()+I_4By, (1]
+1z4Byz
with
B+ (t)=Bux(t)+iByy(t) . (B20)

The angular velocity Aaf)(z) can be evaluated from the re-
lation

Ol () —yAL, By} Q4 (8) =1, -Aaf(2) .

A particularly simple situation arises when B(?) re-
sults from the amplitude modulation of a wave of con-
stant frequency, circularly polarized in the XY plane,

B, (8)=Bax(t)+iBgy(t)

i i0(t—tg)
=h(t)e'%e o

(B21)
where h (2) is the modulation amplitude, ¢ is the phase at
time ¢y, and wZ is the angular velocity of rotation of
B, (¢) around Z (with the sign of w giving the sense of ro-
tation). Then, £(¢) is given by

ilo—ap)t—tg)

AaQ  (t)=—yh(t)e'%e )

Qz()=0. (B22)

In the simple case where @ =wq and A () is any real func-
tion,

AaQ(t)=—vh (D), (B23)

whfre the time-independent unit vector é‘:z—-f( cos@
+ Y sing, lying in the XY plane, describes the phase of
the irradiation field, the exact solution of (B18) satisfying
(B19) is
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(QIQN) 2(1)+i(QIQT)2(t)=(i /2)e'sinb(1) ,

(B24)
(QIQN) (1) = —Fcosb(1) ,
where the angle 6(¢) of rotation around @ is given by
o=, ' _yhhdr . (B25)

When 6=(w/2+nw) for any integer n, the vector
(QIQ")2 lies in the XY plane, hence the two atomic
states are equally populated and the quantum average of
|2)44€1| is maximum in absolute value. When
6=(w+2nm), the atomic populations have been inter-
changed and, when @=2n, the atom goes back to its ini-
tial situation.

When ws#w,, an exact analytical solution of (B18) is
available in a few other particular situations.!” In all oth-
er cases, approximations have to be used (including nu-
merical methods).

In this example, one sees clearly that the simple form
(B23) of Aa)(t) results from a realistic (although particu-
lar) choice of the bare atom (NMR) and of the exciting
classical field £ (r4,t) and is not the consequence of some
truncation of the atom-field coupling Hamiltonian such
as, for instance, the rotating-wave approximation (RWA)
in which all terms for the atom-field coupling Hamiltoni-
an Vs [see (B8) for instance] involving ¥y or Vi are re-
placed by zero. This remark is well illustrated in the case
where the field [see (2.7)] described by (B21) involves a
single mode k', circularly polarized and propagating
parallel to the Z direction for a plane wave. Then k(1) is
a constant for all times. If we compare (B12) and (B22),
keeping in mind that w, and wy-= |@| are both positive
whereas the sign of » indicates the sense of rotation of
Re{by(r)ai (1)}, we conclude that V=0 if the field
rotates in the same sense as the free precession of the spin
(wg positive) and that V;.x =0 for the opposite sense of
rotation, in agreement with the well-known selection
rules.

In the case of NMR there is a direct relation between
XYZ space and ordinary inertial configuration space,
which can be visualized in two useful ways. In the first
visualization, the XYZ frame rotates w1th respect to the
inertial frame at the angular velocity wOZ of the free pre-
cession of the spin, #{QIQ1)3(z) is the averaged spin an-
gular momentum as seen from from the rotating XYZ
frame, and —(1/y)AaQ(t) is the magnetic induction

B, (). In the alternative visualization, the XYZ frame is
at rest with respect to the inertial frame, %#(I)2(¢) is the
(averaged) spin angular momentum so that ﬁ(QIQ*)B(t)
is #(1)2(¢) rotated back at the angular velocity —woZ to
undo the effect of Hy,, and —(1/y)Aaf2(?) is the mag-
netic induction B (¢) similarly rotated back at the angular
velocity —a)oz.

|
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APPENDIX C: MISCELLANEOUS
CALCULATIONS

1. Commutation properties of Hor, Mp(t), and Qf(?)

The commutation properties (2.27)—(2.29) involvmg the
time-displacement operator Qr(t,2o) can be rewritten™
similar relations involving the single-time operator Qp(t),
keeping in mind that Qg(?) still depends on ¢, parametri-
cally and that (2.27)—(2.29) remain valid if ¢ and ¢, are
interchanged. The result is the following (the operators
U,r introduced in Appendix D have not been written ex-
plicitly because they are irrelevant when all bases used are
immobile with respect to each other):

Me(t)Qr(t)=Qr(t)ME(ty) ,
OHOMEp(t)=Mg(t,)Q}D) ,
[Hop, Me()1QF(8)=Qp(t)[ Hop, ME(t,)] ,
QN O Hop, Mp(1)] =[Hop, Mi(t5)1QH(0) ,

and similar relatlons with Mp(t) and Mg(ty) replaced,
respectively, by Mp(t) and Mp(to)

2. Derivation of (4.9)

(C1)

We start from (4.8) and use the commutation relations
(C1) for the operators Qr, Mg, and Hyr to move succes-
sively the operators Qg(t), Bg(t), and Qs$t ) to the left
until they cancel with their counterparts Qg(#), Bs(t), and
Qs(t;). As a result, the operator outside the inner curly
bracket can be written as

1, @M}t ) HopMp(t;)

=1A®2ﬁwk[a;+a;u,.)][ak+ak(t,.)] . (€2
The only remaining operators whlch do not act trivially in
the atomic state space are W§! and (W} (") hence only
the terms j =1 in expression (3.15) contribute to the trace.
The only nonvanishing contributions to the trace over the
field state space arise from the product of each a; from
( Wé”) with the corresponding a,:r from (C2), and similar
combinations for ‘”, with the result that (4.8) can be
written under the form (4.9).

3. Derivation of (4.12)

We start from (4.11), replace
Me(t)Hor+[Hor,Mp(t)] and use

HopMF(I) by

Tr{E[F,G]} =Tr{G[E,F]} . (C3)
As explained in the main text, only [HOF,MF(t)] gives a
nonvamshmg contribution. Moving B}(¢') and

QA(t ) through the long string of field operators, one ob-
tains

—(1/i#) [ dt'Trs(B4(£) | 1) 4 4{1| BL(118 | 0)5 40|

X [1,8 QHOMLO[ Hop, Me(1)]QF (1), 03 (1A V5 Qs (t)]] . (C4)

To go from this to (4.12), write the outer commutator explicitly, use the commutation relations (C1) repeatedly to
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move My and [ Hyr,MF] close to AV, insert the unit operator 1=M ;Mp =M, FM,T- when necessary, use (2.24) and note
that Vg is time independent (hence 3A Vg /3t'=0).

4. Derivation of (4.13)

Usmg (3.12), (2.32), and (2.36), the right-hand part of the operator m the trace in (4.12) can be written as
Qs(t ){3[ — Vs(t')+Vs1/3t'}Qs(2), whlch can be further written as 8{ s(t [Vs(t')—Vs1Qs(t')} /8t’ plus terms in-
volving time derivatives of Qg and Qs Using (2.36) and (2.46), the result is

K5=f,:dt'Tl's [BA(I')I 1) 4 41 [BI(!')@ |0)r (O]

x | — 20t Pst') — Ve)Qs(t)} +(1 /i QI (M Ts(t) — Vs)Qs(t'), Hos® 1+ 1,48 Hop] ] ]

ot

(CS)

The contribution of the first term in the inner large braces is evaluated easily by taking the operators B 4(¢') and B; (¢)
inside the derivative with respect to ¢’ and showing that the correcting terms cancel. Then one is left with the first term
in (4.13). The contribution from the second term in the inner large braces is shown to be equal to the second term in
(4.13) by noting that the terms involving 1 ,® Hr cancel in the commutator, using (3.5) and (2.36).

5. Derivation of (5.19)

Equation (2.36) for A[¥(¢)— V'], shows that the only contributions of order Aa to 574(¢') are of the types |j), 4(1]|
and | 1), 4(j |, and, using (3.5), one obtains for j=1,

D a8 DEEO=Tea (5 Dy 44 | QaeB5)
=(Aa)e f'—fo)(l/iﬁ)j’: dt,,ei(wj—wl)(g”__to)

—i(wj—a))

Vit")+0((Aa)?) . (C6)
N((gfing that ( |7) 4 (1] Y2(t")={{|1)44€j | YB(¢)}*, and using (5.13), we can now write the contribution in (Aa)? to
J'%w,t) in the form Ky,
‘ . ' —i L " ’ . — "__
K8=2(Aa)2w(1/ﬁ)lm —iGjl(a),to)Li dt’e'w(t to)e ioj—a)(t'—15) J't: dt,,el(mj )t to)le(t,,)

2

J(#1)

, t io(t'—ty) i@;—w)t'—tg) —ilw;—o )" —tg)
+iG jlo,t) [, drre™™" TV TN [ gyug THA T o V,,-(t")} (ey))
i i

Expression K can be evaluated in the limit t— o by the
following procedure: (i) write the double integrals as an
outer integral over ¢ from ¢; to ¢t and an inner integral
over t' from t” to ¢, (ii) evaluate the inner integral which
is easy because the ¢’ dependence is through exponentials
only, (iii) take the limit of the inner integral for t—
with the usual result

iogt" ilo—wyt’
lim f dte " e 0

t— o

=" (78w —w)+i P[1/(0—wp)]} , (C8)

where 2 denotes a principal part and w may be (0; —w;)
or (w;—wj), (iv) use (5.7) to evaluate the outer integral in
which #; may be replaced by — « because the V;(¢) differ
from zero only during the overlap between the atom and
the classical-field pulse, (v) note that » and (w; —w,) are
non-negative quantities. This leads to (5.19).

6. Exact evaluation of (6.10) for a particular
choice of interaction, detector, and optics

We evaluate here the function (6.10) in the particular
case described in Sec. VI, immediately before (6.11).

When the field evolves in empty space with periodic
boundary conditions in a cube of side L, a convenient
basis of normal modes is given by linearly polarized plane
traveling waves with real polarization unit vectors $;,

ex(r)=ey, (r)=(fiw, /2L3) B e'* ", (c9)

where wy=c | k|, the x, y, and z components of k are in-
tegral multiples of 27/L, and k and the two correspond-
ing 8y are mutually orthogonal.

Combining (C9), (2.10), (6.4), and (6.11), we obtain

Dy (1p) =K (/8L wgan) By Spe ~ <2

—i(k—Kk')r
.Ak,e 14

" (C10)
DYys (rp) =K (#/8L>)wyy) /8,8 )

Combining (C9), (2.10), and (2.5), we also obtain, for the
linearized electric-dipolar coupling,

Visij(r4)=—(#/8L>)" (e,

—ik-r,

X alJ | ea |1) 4 8ce ’ (C11)
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with Vy; =0 because all diagonal matrix elements of p.,
are equal to zero in a representation which diagonalizes
H,,. A first consequence of this last property is that the
contribution Ky to A{Dg)'(¢) arising from the initial
contribution in (3.18) for ps''(¢) is exactly zero for the
electric-dipolar coupling because Dg=1,® Dy acts trivial-
ly in the atomic state space. A second consequence is that
all contributions with i =j in (6.9) and (6.10) are equal to
zero.

To evaluate the sum over k, we introduce a frame of
reference based on the orthogonal vectors U, V, and R
(and the corresponding unit vectors fJ, '\\’, and f{) defined
by

R=rD°‘rA ’
U=<i |”'eA |]>—ﬁ(<' I”’eA ,J)ﬁ) ’
v=%,—R@E,-R)-06,-0),

(C12)

in which the direction of vector k is specified liy ihe usual
pol/a;u' angles 6 and ¢, such that k-R=cos6,
k-U=sinfcosp and k-V=sinfsing. Using (C10) and
(C11), we can write (6.10) in the form
T;(ry,rp,t —t')

=K(#/8L3Hw,)" /% "D

szk 2((’ “"eA ,])ak)(grﬁk)
k s

ik-(r —rD)eiwk(t—t')

X(e c.c.), (C13)

where the reference mode has propagation vector k, and
polarization unit vector 8,. Using the mutual orthogonal-
ity of k and the two corresponding polarization unit vec-
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tors, one can show easily (using these three directions as a
system of coordinates for instance) that the sum over po-
larizations in (C13) is given by

K10= 2 (<l “‘eA lj>'§k)(§r'§k)
s=1,2

=i | prea |18 — (i | pea | 1) BB, %), (C14)

where k is a unit vector pointing in the direction of k.
Using the UVR frame of coordinates, (C14) can be writ-
ten as

Kio="i |pea |7 )8 —(cos®P((i |poq |j)-RIE,-R)
—[1—(cos0)*1{(cos@)*({i | oy | )-0)E,-0)

+(sin@)X((i | ey |7)-V)E,- V)

+(), (C15)

where the ellipsis contains terms in sing, cosg, and
sing cosg, and the specification of k appears only in the
angles 6 and @.

In the limit of L — o we can now replace the sum over
k by an integral over the continuous variable k and
proceed with the evaluation of Tj; as given by (C13) and
(C15). The integral over @ is trivial and the integral over
cosf is easily evaluated. In the evaluation of the integral
over | k |, use is made of the relation w; =c | k |, and the
dummy variable @ can be equal to w; or to —w,. The in-
tegral over | k | will be separated in three parts, accord-
ing to the dependence in |R | = |rp—r,|. The contri-
bution in | R | ~3 involves an integral of the type

+o iop(t—t) —iw(t—1t") 2 { i
d k| |k |%ope ™ ™ —e TR ) (el K| IR _g—f 1K1 IR)
Jo dlkl 1k o Glk| R
——(2i/|R IS)f+°°dw(eim(!—t'—[R | /e) _gialt—r'+|R | /c))
=—(4mi/|R |>)[8(t —t'— |R | /c)—=8(t —t'+ |R | /e)] . (C16)
The contributions in | R | ~2 and | R | ~! involve similar integrals which are easily evaluated with the help of the rela-
tion
n n o . + .
aan[zﬂa(y)]= aa,.f+ doe =i"[ "7 dpareir (C17)
y y e et
for n =1 and 2.

Combining the above relations from (6.11) on, we obtain, for a free electromagnetic field,

—ik, 1

Tyt 4,5p,t —t')=K (#iw, /2L*)"X(i#i/32m)e

2 2
X | —(1/¢|R |) Eat—zﬁ(t—-t'—— IR |/c)-53;;5(z~z'+ |R | /c)

XU | fea 17)8,)=2(Ki | ey 17 )-RIB,-R)}
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2 _a__ ¢ _i Py
(1/¢ |R | )[atau '~ |R | /e)= 250t t+|R[/c)}

—(1/|R |){8(t —t'— |R | /c)=8(t —t'+ | R | /c)}

XL | phea |7)8)=3(Ci | e | J)-R)B,-R)} l )

Let us stress that the calculations that lead to this result
involve no approximation, and that the 8 functions (and
their derivatives) in (C18) are obtained without any
ad hoc extension of integration range or neglect of fast
oscillating terms.

APPENDIX D: THE USE OF TIME-DEPENDENT
BASES IN QUANTUM MECHANICS

It is traditional in classical mechanics to use a frame of
reference specially adapted to the problem at hand, or
even to discuss various aspects of the same problem using
different frames of reference moving with respect to each
other. Of course, this procedure introduces the minor
complication that the time derivatives of nonscalar quan-
tities depend upon the frame of reference used, but this is
often compensated by considerable simplifications of the
equations and improvements in the qualitative under-
standing of phenomena. Surprisingly, a similar procedure
is almost never used, in the strict sense, as far as the state
space of quantum mechanics is concerned, in spite of the
fact that “absolute rest” is not a valid concept in quantum
state space any more than it is in ordinary configuration
space (if we use two inertial frames moving with respect
to each other for the description of a position observable,
the two corresponding bases in quantum state space ob-
tained by the usual quantization procedure also move with
respect to each other). However, we have found “mov-
ing” bases in state space quite useful and this appendix is
devoted to an elementary discussion of some of their
properties, in the simple case of discrete bases.

1. Representations

As a starting point, we choose a basis b in ket space,
which is a collection of normalized kets | b;(¢)) which, at
any time ¢, satisfies the orthonormality condition

<b,'(t)|b]‘(t))=8,',j ’ (Dl)
and the closure relation
> b)) (bi(t)| =1, (D2)

where 1 denotes the unit operator. If we take a ket |(¢))
and multiply it from the left by the closure relation (D2),
we obtain the relation

[¥(8)) =1 |¢(t))=z | b;(2)){b;(2) | (2)) , (D3)

which expresses (“represents”) |i(t)) as a linear com-
bination of the b basis kets | b;(#)). This procedure is

(C18)

easily extended to linear operators A4 (¢) involving a single
time. Such operators are defined by the linear relation be-
tween |¢¥(1)) and |@(2))=A(t)|¥(t)) for any |¥(2)).
When a basis { | b;(¢))} has been chosen in ket space, it is
convenient to use the corresponding single-time level-shift
basis { | b;(#))(b;(¢)|} in operator space. A representa-
tion of operator A (¢) as a linear combination of the basis
operators | b;(2)){b;(t)| is easily obtained by multiplying
A(t) with the closure relation (D2) from both left and
right,

AWM= | b)) {bj() | {b;(t)| A (D) | b;(D)) .

iJ

(D4)

The extension of this procedure to Liouville operators (or
superoperators) involving a single time, and further on, is
straightforward.

Time displacement operators, like evolution operators
for instance, deserve a somewhat more elaborate treat-
ment. Such operators K (¢;,ty) are defined by the linear
relation between the ket | (zy)) at time ¢, and the ket

|¢>(t1))=K(t1,to)!1ll(t0)) (DS)
at the different time ¢,, for any ket |¥(zy)). In this case
it is convenient to construct from the basis { | b;(¢))} of
ket space a “time displacement level-shift” basis
{ | b:(21)){b;(to) |} in operator space, and a representa-
tion of K(t,ty) is easily obtained by multiplication from
the left with (D2) at time ¢; and from the right with (D2)
at time #,

K(tl,to)=2|bi(11))<bj(to)l <bi(t1)|K(t1,to) | bj(to)> .
ij

(D6)

The extension of this procedure to Liouville operators
(“superoperators™), and further on, is also straightforward
(note that the maximum number of different times in-
volved increases by a factor of 2 at each step of such an
extension).

2. Immobility as seen from a basis

Quite naturally, a ket |¢(z)) is called immobile (or
constant) as seen from basis b if all the projections of
| #(2)) on this basis are time independent. Hence, any ket
| ¥(£)) which is immobile as seen from basis b can be ex-
pressed in the form
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[9()) =T | b:;(2)){b;(2) | P(2))
i
=2 I bi(t))(bi(to) l ¢(lo)>

=U,(t,t9) | ¢(t0)) , (D7)

where ty is some fixed time, and the unitary time dis-
placement operator

Ub(t,to)=2 | b;(2)){b;(2o) | (D8)

has all the usual properties of evolution operators, includ-
ing the group property for connected time intervals

Ub(t,to)—‘—‘Ub(t,t])Ub(tl,to) (D9)
and the relations
{Up(t,20)} T ={Uy(1,20)} ' = U (t0,2) . (D10)

A trivial example of immobile kets as seen from basis b is
provided by the basis kets | b;(z)) themselves. Obviously,
if one uses two bases which are mobile with respect to
each other, a ket which is immobile as seen from one basis
will, in general, be mobile as seen from the other basis.
Similarly, a linear operator is called immobile or constant
as seen from basis b if all its matrix elements in the basis
are time independent, and examples of such operators are
given by

A'(t)=Uy(t,t0)A ' (tg) Uy (2y,2)
and (D11)
K'(t,t')=Uy(t,t5)K ' (29,t1)Up(2y,1') ,

where t and t’ are variable times and ¢y and ¢, are fixed
times. Again, the extension of this idea to Liouville
operators, and further on, is straightforward. Note also
that for scalar quantities (numbers) the notion of immo-
bility is much simpler and does not depend upon the
choice of basis.

3. Time derivatives as seen from a basis

In the perspective of the use of bases which are mobile
with respect to each other, the naive definition of the time
derivative of a ket as a limit of ( | @(¢ +At)) — | @(2)))/At
for At—0 has to be supplemented with a procedure for
comparing (subtracting) kets at two different times. A
natural way out of this problem is to subtract kets which
are both defined at the same time (7 + A?) and to interpret

| @(#)) in the above formula as the ket which would be
obtained at time (# +At) if the ket |@(?)) remained im-
mobile as seen from basis b during the time interval ¢ to
(¢ + At). With this procedure the time derivative of a ket
as seen from basis b is given by

9
at

IqJ(t))— lim (1/A0)] | @t + A1)

——U,,(t+At,t)|<p(t))]

_z ; bl(t)) ~ (0] @l1) (D12)
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where the time derivative of the ket has to be indexed by
the relevant basis whereas the time derivatives of scalar
quantities, such as scalar products or matrix elements, are
not indexed because they do not depend upon the choice
of basis.

The same problems arise with the definition of time
derivatives of bras, operators, Liouville operators etc., and
the procedure described above leads, for example, to the
following definitions of time derivatives as seen from
basis b:

3 3
W b(cp(t)! —-?(b,(t” at(<p(t)|b,-(t)) ,
{-af-’; A= |b:(0)b;() | 5= (b(t)lA(t)lb(t))
’ H (D13)
3 K(bio)= 3 0 byt
at Iy
3
><—a—t(b,-(t)|K(t,to)[bj(to)) ,

K(t10)

‘a° b °

—-2|b(t))(b(to)} (b(t)lK(tto)Ib(to)>

It is worth noting that, if the time derivative of a scalar
quantity is evaluated from the separate time derivatives of
the components (bra, operators, ket) of the scalar quantity,
care must be taken to evaluate all the time derivatives of
nonscalar quantities as seen from the same basis. For in-
stance,

[¥(2))

%(¢(t)l¢(t))=

— | (@]
b

+(p(1) | H (D14)

laﬁ(r))]

4. Quantum dynamics as seen from different bases

We shall consider two bases. The first is basis b, with
orthogonality and closure relations given by (D1) and (D2)
and the characteristic evolution operator U,(t,t,) given by
(D8). When seen from basis b, the operator Uy(t,¢,) is in-
dependent of time and behaves like an identity operator.
However, when seen from any basis ¢ which is not immo-
bile with respect to basis b, the operator U,(t,¢,) is a
time-dependent evolution operator. The second basis is
denoted ¢, with orthogonality and closure relations analo-
gous to those of basis b, and a characteristic evolution (or
time displacement) operator

Ult,tg)=3, | ei(0))ci(to) | . (D15)

The relation between the two bases can be described
completely by the single-time unitary operator
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Wbc(t)=2 | bi(1)){c;(2) |

=Uy(t,t0) Wi (o) U (2o,1) , (D16)
such that, for any j, | b;()) =Wp(1)|c;(¢)). If we inter-
change the roles of the two bases, we can deﬁne the
unitary operator W ()=, | c;()) (b;(1) | —Wbc(t)
Another convenient tool for describing the relative motion
of the two bases is provided by the operator D, (t) defined
by the set of differential equations

ifi| — (D17)

| b;(1)) =Dy (1) | bj(2))

for all values of j. This operator has the dimension of en-
ergy and is Hermitian because the kets | b;(¢)) are nor-
malized at all times. If we interchange the roles of the
two bases, the corresponding operator D, (f) can be
evaluated by the following procedure: (i) write (D12) with
any | ¢;(1)) playing the role of | ()}, (ii) use (D14), with
time derivatives as seen from basis ¢, to evaluate the time
derivative ~ of  (b;(¢)|c;(¢)), (Gi) note  that
[3/3¢), | c;(1)) =0 and use the adjoint of (D17). The re-
sult is

i | 2| 6)(0) = —Dyelt) [ ;1))
b

E (D18)

for all values of j, hence, D, (t)= —D,.(t). Using similar
techniques one obtains the following differential relations:

)

ifi 'a'—t Ub(t,to)=Dbc(t)Ub(t,to), (D19)
i# % Wy (£) =Dy (D Wy (2) , (D20)

c

which have to be supplemented with the initial conditions
Uy(to,tg)=1, and Wj.(t,) known at some fixed time ¢,.

Finally, still using the same techniques, the following
relations are easily obtained between time derivatives as
seen from the two bases b and c:

ifi 56; ll(lt))-—lﬁ[ | ¥(2)) —Dp(2) | Y(2)) ,
b

i gat- (1/)(t)|—tﬁ[ <¢(t)|+(1/l(t)|Dbc(t)

i#| 2| a=in| 2| 4—[Dp,4(0], (D21)
a |, A, bt ’

. d d

in| K(zto)—zﬁl ]K(t,to) Dy (DK (1,t,)
at ot

| 9 KB

if K(t,ty)=iti K (t,t0)+K (1,t9)Dp(2y) .
ato b a() ¢ ‘

In order to display some simple and obvious uses of
Egs. (D21), we choose basis ¢ as a conventional basis in
which the state of a physical system, described by | g(?))
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or p(t), evolves according to the usual Schrédinger or von
Neumann equation of motion,

i 2| ) =H® | o)
or |,
or (D22)
i# | 2| p(=[H(1),p(0)]
at cp - P

where the Hermitian operator H (¢) is the Hamiltonian of
the system. The complete specification of a physical situ-
ation requires some additional information which may be
supplied, for instance, by the state of the system, | @(#y))
or p(ty), at some fixed time #,. With this initial condition
a formal solution of (D22) can be written in the form

|@(1)) =U(t,t5) | @lty))

or (D23)
p( t)= U(t,to)P(to)U(to,t) ,

where the unitary evolution operator U(t,t,) describing

the motion of the system is the solution of the differential
equation

i# Ul(t,tg)=H (t)U(t,tg) (D24)

ar |,

with the initial condition U(#(,t5)=1. Note that the
operator U(t,ty) is a property of the physical system
which is not related to any specific basis; it is only the
particular form (D24) of the equation of motion of
U(t,ty) which is expressed in a particular basis.
In order to prepare motivations for the coming discus-
sion we shall decompose the Hamiltonian as
H(t)=Hy(t)+[H(t)—Hy(1)] . (D25)
In a first type of problem, the interesting properties of
the system as seen from basis ¢ are obscured mainly by
fast time dependences generated by a large and trivial part
H(t) of the Hamiltonian. By analogy with the situation
in classical mechanics, one suspects that these fast time
dependences will not be “visible” any more if the system
is seen from a basis b which moves with respect to basis ¢
according to the dynamics generated by Hy(z). Such a
basis b is easily constructed from basis ¢ by choosing
basis vectors | b;(#)) which move with respect to basis ¢
in the same way as the kets describing the state of a virtu-
al physical system with Hamiltonian H(z). Comparing
(D17) and (D22) we see that such a basis b obeys (D17)
with
Dy (t)=H(1) . (D26)
Hence the equations of motion (D22) and (D24) can be

rewritten with time derivatives as seen from basis b [see
(D21)] in the forms
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i | 2| |w0)=(HO—Ho0)} | $(0)
at |,
i# —837 p(t)=[H (1) —Ho(0),p(0] , (D27)
b
i# | 2| Ultytg)= {(H(O—Ho(0U11,)
ar |,

which clearly show that the fast time dependences gen-
erated by the large term H(¢) are not visible any more
when the system is seen from basis . Furthermore, if the
initial situation is known at time ¢, it will often be con-
venient that the two bases b and ¢ coincide at time ¢?,
hence W), (t) will be the solution of the differential equa-
tion

i EY

(D28)

Wie () =Ho() Wy(1)
c

with the initial condition W, (t5)=1.

In a second type of problem, the interesting properties
of the system are also obscured by the complexity of the
initial situation (at time ?y), as seen from basis c¢. This
type of problem can be solved or mitigated by choosing a
basis b in which the initial situation is simpler. If the ini-
tial situation is specified by |(ty)), a very suitable basis
b would have |¥(zy) as one of its basis kets at time .
Of course, such a choice for basis b does, in general,
prevent the unitary ‘“basis changing” operator W, .(t)
from being equal to 1 at any time, but this is a minor de-
tail. After having solved the problems with the initial
condition by a proper choice of W (), one is still free to
solve further problems with fast time dependences by a
suitable choice of Dy, (t) as discussed above.

5. Interaction pictures (or representations)

The appealing simplicity of the equations of motion
(D27) and of the corresponding initial situation may be
utterly deceptive because these describe the state of the
system as seen from basis b, whereas almost everything
else in the problem (initial conditions, Hamiltonian, ob-
servables, etc.) is usually known in its form as seen from
basis c. Hence, actually working in basis b very often im-
plies many changes of basis to express kets in terms of
{|b;(2))}, operators in terms of {|b;(1)}{b;()|} or
{ | b:()){b;(ty) |}, and great care to keep track of the
basis in which each time derivative, ket or operator is ex-
pressed.

These deviations from tradition, and inconveniences in
notation, can be avoided, without losing the advantages
provided by the use of a suitably chosen basis b, by the
standard procedure called “going over to an interaction
picture.” This procedure can be visualized in the follow-
ing geometrical way: at each time ¢, we lock all the
relevant objects (kets, bras, operators, state of the system,
etc.) to basis b, then we (instantaneously) move the basis
and locked objects until the basis coincides with basis ¢
(transformation W, does exactly this), and we call each
moved object the interaction picture of its unmoved coun-
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terpart. More explicitly, if we denote interaction pictures
by a tilde above the symbol, the correspondence is the fol-
lowing for kets, bras and operators:

| =Wt | @),

(@) | ={@(t) | Wye(2),
AD=WLOADOW, (1),
K(t,t0)=WL(DK (,t0) Wy (o) .

(D29)

By this procedure, the interaction picture objects as seen
from basis ¢ have the same appealing simple behavior as
the original objects seen from basis b,

ifi (% | 9(2))=(H(t)—Ho()} | (1)),
i# % O =[H ) —Hy0,50] , (D30)
ifi % Ult,te)={H(t)—Ho1)} U(t,t,) .

The unitary transformation W (¢) used in (D29) satisfies
(D28) with an initial condition W, (¢y) chosen to suit the
initial condition of the physical system. In this way, a
single basis (c) is used and there is no need to index time
derivatives according to the relevant basis. This is the
procedure used in this paper (except in this appendix, of
course).

Summing up, the use of moving bases and that of in-
teraction pictures appear as two very closely related ways
for disentangling the discussion of problems in quantum
dynamics in a succession of steps. The interaction-picture
technique avoids the multiplicity of bases and enables one
to perform the quantum calculations in the conventional
way, at the price of introducing transformed versions of
the state of the system and of all dynamical operators.
Conversely, using bases moving with respect to each other
avoids the multiplicity of transformed versions of each
ket, operator, etc.

6. Further remarks about situations involving more
than a single time

In the perspective of using a multiplicity of bases mov-
ing with respect to each other, one must be extremely
careful in dealing with situations involving more than a
single time. As an illustration of this idea, we shall now
come back to the two related objects of this type explicitly
discussed so far: time displacement operators and time
derivatives as seen from a basis.

Time displacement operators K(t,,t5) were defined
by the linear relation (D5), namely, |@(f;)
=K (ty,tg) | (1)), between any |(ty)) and the corre-
sponding | @(¢,)). In this linear relation, the two times ¢,
and ?, do not play equivalent roles: K(#,,zy) is defined
only in the perspective where the object on its right is at
time ¢y and the object on its left is at time ¢,. We have
systematically reflected this dissymmetry in the typo-
graphical order of the time arguments of the operators.
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A minor source of ambiguity arises with the inverse or
the adjoint of a time displacement operator. The adjoint
is defined by taking the adjoint of both sides of (D5),
namely, {@(t;)|={(lto)| {K(t1,t0)}". Clearly, the ad-
joint of K (t;,to) is defined with ¢, on the right and ¢, on
the left so that, if we give this adjoint the name K’ and
use the standard typography for the arguments of K', we
shall write {K(¢,,t9)} =K'(to,t;). Of course, it is tempt-
ing to replace the prime by a dagger in this last formula
and to define the new notation K (to,tl)—{K(tl,to)}
However, we felt that this natural notation would conflict
too much with traditions, hence we have not used it in
this paper. In practice, we avoided ambiguities by almost
never using adjoints of such operators.

An equivalent situation arises with the inverse of
K(t,,t5), defined by the relation 1={K(t;,t,)} !
K (t,,tp), in which the identity operator behaves as an
operator involving the single time ¢,.

Let us now examine, as an example, the differential
equation

ifi ar (D31)

9—] &) =Gy ()| £(2)) ,
b

where no particular assumption is made about G,(t), so
that | £(z)) does not, in general, describe the state of any

) ym t tl
K(hto)=1+ 3 (1/i) Jdn [, dn

Of course, if G,(¢) is not Hermitian, then, in generali,
K (t,to) is not unitary in the sense that its adjoint and its
inverse are not equal.

If the operator G,(t) satisfies the commutation relation

[Up(22,81)G(2,)Up(21,2,),Gp(25)]=0 (D34)

for all values of ¢, and ¢, in the range between ¢, and ¢,
then (D33) is “easily” evaluated as

K (t,10)=Up(tt0)exp {(1/i%) [, dt, Uplto,1,)Gi (1))

XUb(tl,to) (D35)

where the quadrature is to be evaluated in a first step, and
the exponential of the result taken in a subsequent in-
dependent step. If condition (D34) is not satisfied, the

1, _
S A Up(tt)Gy 1)Uy (11,8)Gy(8)
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physical system. G,(?) is given an index b to recall its
particular role in basis b. As a preparation for solving
this equation by iterative techniques, we shall first rewrite
(D31) and its initial condition | £(zy)) as an integral equa-
tion, using the definition of the time derivative given by
(D12). The result is

| E(2)) =Uy(t,29) | E(tg))

+(1/iﬁ)f,;dt'U,,(z,z')G,,(z')|§(z')> . (D32

We note that the left-hand side (lhs) and each term in the
sum (and integral) in the rhs of (D32) are kets which are
all defined at the same time ¢, with the required changes
in time provided by the characteristic evolution operator
U, for basis b. The presence of the operator U, in (D32)
may seem superfluous in the perspective of a calculation
performed in basis b. However, (D32) as it stands is a
general, base-independent relation in which Uy, is the rem-
nant of the fact that G,(¢) is the generator of the motion
of |£(t)) as seen from basis b.

Pursuing the calculation in the standard way, we can
express the evolution operator K (t,t,) for | £(¢)), defined
by the requirement that |£(2)) =K (t,ty) | £(2y)) for any
| £(20)), in the form

Ub(tn—l’tn)Gb(tn)Ub(tmto) .

(D33)

[

usual problems of time ordering arise. The lhs of (D34) is
a satisfactory expression, in the viewpoint of this appen-
dix, of the usual idea of the commutator of a time-
dependent operator with itself taken at two different
times; we note that it is an operator acting at a single time
(t, in this particular case), and that it depends upon the
basis used to relate the situations at the two different
times. Of course, the same situation exists for the com-
mutator of two different operators taken at two different
times.

In the main part of this paper, care has been taken to
systematically denote single-time operators with a single
time argument and time-displacement operators with two
time arguments, but the precautions shown in
(D32)—(D35) have not been taken, so that all relations in-
volving more than a single time (or time derivatives) are
valid only as seen from the standard basis in which the
Hamiltonian is the operator of the motion.
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