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%'e investigate the linear response of a nonrelativistic hydrogenlike atom to a harmonic uniform
electric field, which is switched on adiabatically. For the electron initially in an arbitrary bound

~

nlm ) state, the first-order correction to the wave function has been written in terms of a vector
function w„~ . %e report an exact closed-form expression of the vector w„I that we have derived

using the Coulomb Green's function. Our general analytic results prove io be useful in a systematic
study of turbo-photon processes involving the hydrogen atom.

I. INTRODUCTION

The problem of deteiiiiining the linear response of the
hydrogen atom to a monochromatic electromagnetic plane
wave was investigated by Podolsky' soon after the
creation of quantum mechanics. Assuming a stationary

~
nlm ) state as the initial atomic state, the specific ques-

tion was how does one get an analytic expression of the
corresponding first-order perturbed wave function. The
electric dipole approximation (DA) to Podolsky's problem
consists in calculating the linear response of the hydrogen
atom to a harmonic uniform electric field. This is the
subject considered in the following.

In his paper, Podolsky has treated only the ground-state
case in the DA, expressing the first-order correction g'ili
to the wave function as an infinite series of orthogonal
functions, the Coulomb Sturmian functions. With his
noncompact result Podolsky has obtained the dynamic di-
pole polarizability of the hydrogen atom in the ground
state.

Much later, a simple closed-form expression of f'iixi has
been derived by Luban, Nudler, and Freund. The
hnear-response function for the ground state has been
given as an integral representation, strictly valid for field
frequencies below the first excitation frequency. This re-
sult has been extended to higher frequencies not, however,
exceeding the photoionization threshold.

It is worth mentioning that for the hydrogen atom in
the presence of a static electric field, Jhanwar and Meath~
have derived a compact expression of the first-order
correction to arty energy eigenstate

~
nlm ). Using these

corrections they have written general formulas for the
atomic static dipole polarizabilities.

All the quoted results' have been obtained by solving
appropriate inhomogeneous differential equations with
adequate boundary conditions.

Recently me have reconsidered the linear-response
problem, using the Green's-function method. In the
ground-state case we have taken into account retardation,
giving the exact solution of Podolsky's problem. In the
same work we have derived the DA corrections i'„'P cor-
responding to the excited states anth n =2 and 3.

Meanwhile, we have generahxed our DA results to any

excited
~

nlttt ) state. The analytic formulas obtained are
very convenient for calculating the matrix elements of
two-photon transitions. In analytic work, this method
has never been used as yet, although in numerical work
the calculation of the first-order perturbed wave func-
tions, as a first step for evaluating two-photon matrix ele-
ments, has been applied for a long time.

The purpose of this paper is to present our general non-
relativistic DA formulas for the linear-response functions

The method of derivation relies on the consistent
use of the Coulomb Green's function. Mathematical de-
tails are omitted and will be given in a separate paper. An
alternative method of derivation, using Podolsky s dif-
ferential equations, ' will be also described elsewhere.

In Sec. II we point out that the correction P„'t' is en-
tirely determined by a vector function w„i which in its
turn includes two radial scalar functions 8P„tt (l'=I+ 1).
In Sec. III we write the functions 3F„tt as closed-form in-
tegral representations, while in Sec. IV they are expressed
in tetms of Humbert functions Pi. In particular, we ex-
amine the result corresponding to the ground state. The
detailed expressions of the functions 85'„tt for the excited
states with n =2 are also given. In Sec. V the static limit
of the linear-response problem is briefly discussed. Sec-
tion VI summarizes the results and stresses their impor-
tance for applications.

II. THE FIRST-ORDER CORRECTION P'„'i'

AND THE VECTOR FUNCTION w„)

The unperturbed system is an electron in the Coulomb
field of a point nucleus of charge Ze. The external per-
turbation is a weak electric field

N'(t) = N'ocos(art),

that me describe by the potentials

The corresponding interaction Hamiltonian (with the A
term neglected) is
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where m, is the electron mass, and P denotes the momen-
tum operator. We suppose that the electric field is
switched on adiabatically, i.e., for t &0 the operator (3) is
multiplied by a factor exp[(e/A)t], with @~+0eventual-

ly. In the remote past ( t~ —oo ) the atom is assumed to
be in a stationary ( nlm ) state,

The vector function w„l is defined by the equation
faun'I'm'

I Punlm )
Wnlm(Qtr)= aj g un'I'm'(r) ~nns (6)

where the summation is extended over all the energy
eigenstates (bound and continuum) of the electron in the
Coulomb field. The parameters Q, and Qz in Eq. (5) are

P'„~' (r, t)=exp — E„—t u„s„(r) . (4)
Qi ——E„+Are+i e, Qz ——E„Irlco—.

Then the first-order correction to the wave function (4),
given by time-dependent perturbation theory, has the

We notice that the linear-response function (5) is com-
pletely determined by the vector function w„l .

Equation (6) can be written alternatively as

w„l (Q;r)= —f d3x'G(r, r', Q)p'u„, (r'),

)& N'0 [eXp( i tot)W—nlm(Qi, r)

exp—(itot)w„I (Qi, r)] .

where G (r,r'; Q) is the Coulomb Green's function.
Using the definition (6) we decompose the vectors w„l

in terms of vector spherical hartnonics,

VFlg
w„l (Q;r)=nm

1/2
1+1 r 1

21 +1 +n I I+i(Q r)+I+i im +r 2+1

' 1/2
r+n I I —1(QI") il —I lm r

For i =0 only the first term exists, sa that

l7tl~,
wnoo(Q;r)= (4lr) '~29k„D, (Q;r)

T
(10)

The radial funCtiOnS S'nil(Q;r) in pqS. (9) and (10),
( i'= 1+1, if i )0, and i'= 1, if i =0), have the following
expansion in terms of Coulomb radial eigenfunctions:

R„"I = dr r R„ l(r)R„I(r) .
0

~nation (14) displays some analytic properties of the
radial functians 80@I in the complex Q plane, namely,
their behavior in the vicinity af the poles Q=E„.~O
(It'XII), and the compact expressions af Im8F„II along
the cut O,=E gQ.

n'l'

85'~I (Q;r) = ~, R„ I (r),Qnl

n' n

with
III. THE RADIAL FUNCTIONS A„gg
AS INTEGRAL REPRESENTATIONS

Q„"I = f drr R„l(r) +

and

XI+I I= —(1+1), i&0,
1~0.

1+X] ) R~(r), (12)
We have found a closed form of the functions

87~I(Q;r) using Schwinger's integral representation of
the Coulomb Green's function in momentum space. '

This starting point was adopted for the first time by
Gavrili" and proved to be very efficient in the study of
two-photon processes.

We have first calculated the function

The sum in Eq. (11) is extended over energy eigenvalues:
negative values E„,with n'~l', and the positive values.
For E ~ 0 the energy eigenfunctions are normahzed in the
energy scale. An alternative form of the expansion (11) is

n1R„(3t nil (Q;r) =rR~(r) —(E„—Q) ), R„ I (r),
gg'

where we have used the standard notation

i, I
W(q, A,,Q;r)—= —f d x'G(r, r', Q) —,exp —q r' — Ar'—

r'
I

(16)

depending on the real parameters q and A, ~O. Then, by
suitable operations, we have derived the functions (11)
from their "generating function" (16). The explicit rela-
tionship between 3F„ll and P, as well as the details of the
calculation, will not be presented here. We have eventual-

ly found the following integral representation of 3F„II".
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APE (Q;r) =(2n„)'/
2slii e'T

(0+ )

X dp p bgtp(p~rir)
1

n+r (—n r—}p Xr
+exp

n, 7

(17)
I

where n„=—Z/nao, ao is the Bohr radius, and

X=—( —2m, Q)'/ (ReX) 0), X

A „,=n +v+(n r)p—,

(18)

1 (n +I)!
(21'+ 1)! (n —I —1)!2n

' i/2

S,T

X [d„'I'M, p(1' n, 2I—'+2;2n„r„,)+d„') 'M, p(l'+2 n, 2l'—+2;2n„r„,)], (20)

with P denoting the confluent hypergosmetric function,
and

4n
2K r2K'&rn, ~= ~5, —T N, f'

d„' +"t=(n+I+1)(n+I+2},
l —1, 1

dn, t

I', —1 I', 1
dn, I = d I t ~—

(21)

(22)

bioi ——2 r 2n(r .7/2

1,r
(23)

Equations (10), (17), and (23) then give our previous re-
sult

One notices that the two confluent hypergeometric func-
tions in Eq. (20) are in fact proportional to Laguerre poly-
nomials of the variable (21). lt is remarkable that the gen-
eral formulas (17) and (20) are valid for any value of the
parameter ~, i.e., for any field frequency.

We shall now discuss in some detail the ground-state
case. By taking n =1 in Eqs. (20)—(22) one finds

219/2 2

bi is
—— r ~ (2n2r )

2"/ 3r(1—p ) 6p[2 r+(2+v—)p]
b&io= in r 5 2K2r

3 2,.

(26)

I

1 )rz ) 1/V 2, while above the threshold ri becomes pure-
ly imaginary and ri decreases monotonically from 1/v 2
to zero. Equation (24) is vahd both below and above the
threshold.

For real values 0&x(2, the integration path in Eq.
(24) may be reduced to the interval [0,1] on the real p
axis. Then, with the change of variable
p=[(1+x)/(

~

1 r~ )][s—/(s+1)] (v+1), we get the in-
tegral representations given by Luban et al. [Eqs. (20) and
(23) of Ref. 3]. The quoted formulas, unlike our result
(24), hold only below the first excitation frequency,
cori ——(Ez —Ei )/A, where 1 (ri (2 and 1)rz )2/W7.

As a further example, we list the functions (20) for the
first excited states, with n =2,

'-'+"+'"
2a1

—— vp 2r K2r

irn~ 2 (2K i )
wahoo(Q;r)=,/i r re

2 siil ir1

p exp
'0+' p' ' 2(l r)p Xr-

l, r 1,w

]hn2
(2air ) (27)

(24)
To Qi and Qi having the expressions (7} correspond ri
and r2 defined by Eq. (18). At frequencies below the ioni-
zation threshold, co„i——

~
Ei ( /A, one has 1 & ri & oo and

IV. THE EXPLICIT FORM OF THE RADIAL
Pt@CCTIONS 8F zgi

Equations (17)-(22) 1~~ to the following compact ex-
pression of the function 8P „tt

..

(Q ) (2 )'" " '"+ '-

(21'+ 1}! (n —I —1)!2n

' 1/2

)r —xr/s
@+1 & (n+ )n+~+i

X g d„";-'(n —r}'-'(n+~}'+'
k =-1,1

Xfn I'+1 ~; n —v+1+k, l'—+1+k n, 21'+2;I'+—2
Pl

(n +~)' n —~ ~ 2n
2K~ rs 2K~ r

2n (n r) 2~ n—
(28)



In Eq. (28) P& is a generalized hypergeometric function
with five parameters and four variables, defined by its ex-
pansion into a double series of Humbert functions Pt,

P H(a;bi, bz, b', c;x ~,x2,x,y)

We note that the third parameter in the functions PH
occurring in Eq. (28) is a negative integer or zero. It fol-
lows, according to Eq. (29},that the function 9F„0 can be
expressed in terms of a finite number of Humbert func-
tions Pi depending on the variables

(u)„+„(bi)„+„x~2y"

„0„0 (c)„+„(b')„p!v! Pl —T
9)i 2K~ P2' 2v

(31}

Xgi(a+p+v, b, +p„c+p+vx&,x) We write now the detailed expressions of the functions
8P „0 for the ground state ( n = 1),

g9}

(a)„ is Pochhammer's symbol and the function Pi is the
sum of the double power series

]/2 7 2
8P ioi(Q;r) =xi

2—f' 1+7

2+ f'

Xr
exp

a oa (g) „(b) xm yn
Pi(a~b~c;x~y)= g0„0 (c) +„rn! n! '

which converges when
~

x
~

g 1.'i

(30) X2s,ry, (2—r, —1 —~, 3 —r;g, ,g, ),

and for the excited states with n =2,

(32)

9t io)(Q;r) =s21/2 &

2+ v"

' 3+7'
Xr

exp — 2K2r

(2+r)'
X Qt(2 —r, 2 r, 3—r—;pi, ri—2)+ Q)(3—r, —1 —w, 4—r;gg, ri2)

2a2rg i{3—r, 2 r, 4 —r,g—2, ri2)—
3—1

' 3+7

(33)

3F2i2(Q;r) =~2t/2 3»'4 3—~ 2+~
' 3+v

3Fgio(Q;r) =a'2i/2
3' 4 2+&

Xr
exp — (2s,r) P,(3—v, —2—~,4—r;g„ri, ), (34)

48' 3r{2+r)'
X — y](1—1r, —2 —7,2 —7;$2,rj2)+ yi(3 —7; T,4 7;gi, r/—i)—

1 —f 3—T

(2+v)—6(2s;r) +,(2—r, —2 —r, 3—~;g,,ri, }+

16+ (2ir~r ) P i(3 r, 2 r,—4 r—;g„—ri2)—3—v' (35)

Equations (32)—(35) result from Eqs. (28) and (29); how-
ever, some transformations are needed in order to get Eq.
(35}.

Making use of Eqs. (29} and (30), the function (28) can
be written as a double power series. The resulting expan-
sion is particularly useful in deriving approximate formu-
las valid at low field frequencies. One can also take ad-
vantage of it in a numerical evaluation of the functions

nil"

V. THE STATIC LIMIT

The analysis of the linear response at low frequencies
requires special caution. VAthout going into details, ~e

P'(r, t) = —I'0 rcos(cot}, A'=0, (36)

and carrying out the corresponding gauge transformation
of the wave function. Nevertheless, in our general calcu-
lation we have preferred the gauge {2), because it
originates in the one mth retardation included and intro-
duces the basic functions w„&

Secondly, as pointed out by Chung, ' conventional per-

only mention here the taro steps to be made in order to get
correct wave functions in the low-frequency range.

First, Eqs. (3) and (5) show that perturbation theory us-
ing the gauge (2) fails as co~0. It is easy to overcome this
difficulty, replacing the gauge (2) by the following one,
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The significance of the prime on the sum over the energy
eigenvalues is to exclude the contribution of the level E„.
The angular dependence of the vectors {37}is similar to
that described by Eqs. (9) and (10),

v„'I (Q;r}=—
' 1/2

I+1
21 +1

IM Ii+i(Q'r)VI+ilm r
' 1/2 'll

t r
~nII i(Q,'r)~-I ilm

P

I
21 +1

(I &0), (38)

turbation theory does not exhibit the right static limit in

the excited-states care. Accordingly, it is necessary to "re-
normalize" the wave function (see also Ref. 14), and to
use, as proper initial states, the energy eigenstates in para-
bolic coordinates.

When taking into account the above-mentioned points,
we have to replace, in characterizing the hnear-response
functions, the vectors (6) by the similar ones

'( Iln'I'm'
I rilnlm )

u. l. (r) .

v' 00(Q r) =(4I«) ~ W' ci(Q;r)
r

(39)

n0'

M n=z„

R~'
=~'nII {E.«}=i.' ~'I(r) .

n„' En —E.
(41)

Therefore, when Q is close to the energy E„,the function
Anil {Q;r)has the behavior

+nil (En+'5Q ) +nil'(En «)+~nil'(En, 'r)5Q

+O((5Q) ) . (42)

Making use of Eq. (28), written as a series, we have de-
rived the following compact expression of the radial func-
tion (41):

The radial functions W„'ll {Q„'r} in Eqs. (38) and (39)
(I'=I+1 if I &0, and I'=1 if I =0) have the eigenfunc-
tion expansion

gnl
W„II(Q r)= ~&'' R p(r)

n' E —0
From Eqs. (14) and (40) we get

(2ltn } 1 (n +I)!E„E„" — 4
~ E„~ (21'+ 1)! (n —I —1)!2n

' 1/2

e " (2lt„r}' g C„' I "p(l'+1+k —n, 2l'+2;2a„r)
k= —2

(I'=I+1 if I &0, and I'=1 if I =0), (43)

C„'+I' ————,
' (n +I + l)(n +I +2)(n +I +3), C„' I

' ————,
' (n +I +1),

C„' I "=(n +I + 1)(n +I +2)(n +I +3), C„' I
"——n —I +2,

C„I ' =(n +1+1)(n —I —1)(21+5), C„l ' ———(2l —3),
C„'I ——C '„I (k=1,2) .

In their work Jhanwar and Meath have calculated the
z-axis component of the vector v~m(En;r), which deter-
mines the linear response of the atom to a static uniform
electric field. Our sum rules, Eqs. (43) and (44), are
equivalent to their results, contained in Eqs. (19), (20},
(23)—{28),(31), and (32) of Ref. 4.

%'e have presented in this paper the solution of
Podolsky's problem in the dipole approximation, for an
arbitrary ) nlm& state. The linear-response correction
|t'„'I', Eq. (5), is completely determined by a mathematical
object that we have studied, namely the vector function
w„l, defined by Eq. (6}. Its expansion in terms of vector
spherical harmonics [Eqs. (9) and (10)] has coefficients
proportional to the radial functions 3Pzp, Eq. (11). Our
main results are the integral repreentation of the func-

tions nlI [Eqs. (17) and (20)] and their explicit expres-
sion (28}.

FinaBy, we emphasize the importance of the vectors
beyond characterizing the linear-response wave

functions. Our Eqs. (9), (10), (17), and (20) allow
straightforamrd calculation of the Kramers-Heisenberg
matrix element for hydrogenic atoms. s We think that
with our results, two-photon bound-bound, bound-free,
and free-free transitions in the DA can be treated in a
general and unitary manner. %ork on these lines is in
progress.
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