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Results for the lowest (Schulz) autodetaching state of He™ [15(2s)?] are reported. The calculation
utilizes the full projection-operator formalism as explicitly developed by Temkin and Bhatia [Phys.
Rev. A 31, 1259 (1985)]. Eigenvalues, & =(® | QHQ | ®), are calculated using projection operators
Q depending on increasingly elaborate target wave functions going up to a 10-term Hylleraas-form,
and a configuration-interaction total wave function ® of 40 configurations. Results are well con-
verged, but our best value is ~0.13 eV above the experimental position at 19.37 eV. We conclude
that the shift (A) in the Feshbach formalism gives a large contribution (relative to the width) to the
position E, (=& +A). An appendix is devoted to the evaluation of the most complicated type of

three-center integral involved in the calculation.

I. INTRODUCTION

Electron resonances can conveniently be studied using
the Feshbach formalism.!? Recently, an explicit form of
resonant projection operators, P and Q (=1-—P), for
(N +1)-electron systems has been derived.>*> In the
present paper, these operators are used to calculate the
QHQ eigenvalue corresponding to the lowest e ~-He reso-
nance, the 15 (2s)?:2S Schulz resonance.*

In Sec. II the Rayleigh-Ritz variational calculation of
the QHQ eigenvalue spectrum is discussed. Results ob-
tained using five different approximations for the helium
target state are reported in Sec. III. In the Appendix, de-
tails of the methods used to solve three-electron Hylleraas
integrals are presented.

II. VARIATIONAL CALCULATION
OF THE QHQ EIGENVALUE SPECTRUM

In the projection-operator formalism, the energy of the
15 (25)%2S resonance of He™ is the sum of the lowest QHQ
eigenvalue plus an energy shift arising from the interac-
tion of the QHQ eigenstate with the continuum. In this
paper, the Rayleigh-Ritz variational principle is applied to
the QHQ eigenvalue problem

(®|QHQ | )
(®|Q|®)

After reviewing the form for the projection operators, P
and Q, we shall derive an expression for the action of Q
on a three-electron doublet spin eigenstate, ®(2S), i.e.,
Q | ®). Calculation of the QHQ matrix elements is then
discussed.

1) =0. (1)

A. Pand Q operators

We confine ourselves to the 1s(25)%2S resonance of
He~. The projection operator P has the form?

P=P,+P,+P;, (2)

where

P;=Pi(x,x3,x3) (3a)

‘ ) )
=o(r'?)) |14+ (o(r'?),
Ag—1

a

i=123. (3b

We use the notation defined in Ref. 3, although some defi-
nitions will be repeated here for clarity. ¥y(r'") is the
channel wave function obtained by coupling the 'S helium
ground state to the angular momentum and spin of an a-
spin s-wave electron. For this (2S) case

a(l)
V'(41r)

The x; are the totality of coordinates (spin and space) for
electron i; r'? is defined as the collection of coordinates
for the N +1 electrons with only the radial coordinate of
the ith electron, r;, missing. (Throughout the text in-
tegrations in the bras and kets are only over those coordi-
nates which are explicitly arguments of the functions
therein.) The helium ground state is the product of a
symmetric, normalized spatial function and an antisym-
metric, normalized singlet spin function

2)B(3)—p(2)a(3
PR e)): )‘/i B(2)a(3)

Polr'V)= Po(x2,X3) . 4)

®o(2,3) . (5)

The functions v,(r) and constants A, in the above form
for P;, Eq. (3b), are determined from an auxiliary eigen-
value problem which can be reduced to an equivalent but
much simpler equation®

valr )=y [7 f(ry | raoglra)ridry (6)
where f(r, | r,) is defined by the equation

1
flryr)=2m [ golri,ry,01)d cos(8,) (61,=%,%) .

7

In this paper the resonance was calculated with a

variety of approximate target wave functions, the most so-

phisticated of which were Hylleraas functions up to de-
gree o,
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i =
Uman=0]  Cppy I.m n _~—Yi" =72

@ol1,2)= rirarise

{I+m +n=0) (877'2)1/2
+[rior]. @)
The auxiliary eigenvalue equation for the four-term

{w=1]} target function has been discussed previously.’
For arbitrary o, f(r, | r,) of Eq. (7) is given by

Firilm=  § Gy yr+2
11 r)= n+2 [(ri+r;
{(I4+m+n=0}
“|’l‘“"2l"+2]
Xe“?’l’l—?’2’2+[rl(_>r2] . (9)

The eigenvectors and eigenvalues associated with v, can
be determined from a second variational principle®

(Ua(rl)fa(rl;rZ)va("Z))
(val(rvg(r)

=0. (10)

With the expansion (¥ and y, being the same as in ¢g)

< (@) ~7
=3 ridiye

n=0

rdiPe ), (11)

for the eigenvectors, the variational principle determines
the linear coefficients. Sum rules® on the eigenvalues ob-
tained from (11) yield five-place accuracy. Longer expan-
sions were tested and produced little improvement in the
sum rules and no appreciable change in final QHQ eigen-
values. Thus, although our solution of (6) is not exact, we
can consider it exact for practical purposes.

In nonrelativistic calculations, a spin-free formulation
of the eigenvalue problem can be constructed.® Let p, be
a spin-free projection operator

®o(2,3) va(ri ) Cug(ry) | @o(2,3)
= s 12
PG > AP R < Van o 12

for a three-electron system. Define p, and p; analogous-

|

ly. We make the following assertion: The action of P on
a three-electron doublet spin configuration |®,)
equivalent to the action of p=p,; +p,+p3 on |®,),ie,

p‘Cpn):Pl(Dn)' (13)

(The whole wave function | ®) is understood to be a sum
over configurations | ®,).) The assertion can be proved
by explicitly performing the spin integrations on the
right-hand side (rhs) of Eq. (13), and comparing the result
to the left-hand side (lhs).

Since P and Q are complementary operators, Q has the
form

Q=1—(P,+P,+P;). (14)

Here, and for the remainder of the text, upper case P’s
and Qs will be used to denote the spin-free projection
operators.

B. Projection Q | ®,)

Let S(1), U(2) and W (3) be one-electron spatial orbi-
tals. In the spin-free formalism, a doublet spin configura-
tion formed by coupling electrons 1 and 3 to a singlet is
represented by the sum®

[®,)=|S(HUQRW3))+ | W(DHU(2)S(3))
—[UMS@W3))— |UMW2)S(3))  (152)
=[I—(1)]I+BD][S(MHURIW3)) .  (15b)

(Whenever S, U, and W all differ, a second independent
doublet eigenstate can be formed by initially coupling
electron 2 to either of the other two electrons to form a
singlet or by initially coupling two of the electrons to a
triplet.) Here the identity operator is I, and (ijk - - - n) is
the permutation operator which takes i into j, j into
k,..., and n into i.

Since @o(1,2) equals @y(2,1), it is clear that
(@o(1,2) | [I —(12)]=0; thus utilizing Egs. (12) and (15b),
it follows that P;|®,) vanishes. This implies P |®, )
can be written

P|®,)=(P,+P,)|®,) (16a)
®0(2,3) > Va(ri))va(ry) |71 @0(2,3)  @of3,1) Vo (7)) (volry) |/ @o(3,1)
1 1
Van |2 T o ( Vian) | Vi ) t2 75 ( Vi |1 %)
(16b)
Using Eq. (16b), expand | ®, ) as in Eq. (15a) and gather terms to obtain
@o(2,3) Vo (r)) (vglry) S(1) a2,
P|d,)=|—7—)]1
| @n) V(41r)>[ 2 Aa—1 f V(4ﬂ')
@o(3,1) Va(ra)){valry)
- \3(4_m> +§—2A_a:—1—2- 2 | (oo | UW) =255+ X)), (17
where the last two terms represent cyclic permutations of the explicitly given term (in the notation of Ref. 3), and
(@o| UW) = [ ¢o(2,3) U)W (3)d’r,d’r; . (18)
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Since Q equals 1 — P and the terms in parentheses in Eq. (17) are related by an interchange of coordinates 1 and 2,
Q | ®,) can be expressed in a simple form,

Q| ®,)=[I—-UDII+BDI|SMURIW3)) +75 | @o(3,1)F7(2))(@o | UW) — | @o(3,1)%(2)){po | WS)
+3 @3, D#(2)) o | SU)], (19)
where we have defined the projected orbitals .#(1) by

1 s(1) va(ry) va(r1)S(1)
L= dt .,
=T J V{4m) ’1+§ V{am) J (xa_m/m‘)d m

with similar definitions for % and #".

(20)

C. Matrix elements of QHQ

An old configuration-interaction (CI) program’ was modified so as to perform projection-operator calculations. In ad-
dition to the standard CI matrix elements, the new version of the program evaluates the projected overlap and Hamil-
tonian integrals (R, T, and V are another triple of spatial orbitals occurring in ®),

G,=(R(MTWVBI+UNI —2D] | po(3,1)%(2)) , (21a)
H =(R(WDT2W)I +(U3)]I—2D] | H | po(3,1)F(2)) , 21b)
Hy=(F2)po(3, DI —(2D] | H | g3, (2)) , (21¢)

T
where & can be any one of &, %, or ¥, and similarly during the variational process, the integrals
& can be any one of similar integrals involving R, T, or

V. The Hamiltonian is given by (va(2) | R (2)|vp(2)) , (24a)
1
H=h(W+h@+h3)+ 4141 (22) (¢o(3,1) (D +h(3)+—— ¢po(3,1)>. (24b)
Fia  Tra3  ri ris
with
) (va(2)po(3, DI —(2D)] | H | @o(3,1)0p(2)) ,  (24c)
h)=—3Vio= . 3
W=—aVi—" @3 \he HP terms in QHQ
Since the target and kernel eigenfunctions remain constant h(2)v,(2), (25a)

TABLE 1. Full and quasi-projection-operator energies (&, #) in eV for the lowest e ~-He resonance,
He [1s(25)%2S]. Calculations are based on a 40-term configuration-interaction wave function.®* One

hartree is taken as 27.211 608 eV.
Target Energy Quasi-projection Full projection results
Target —Eo @—-Eo g—Eo g—Eo
Closed shell 77.489 19.366° 19.593¢ 18.067¢
Open shell 78.251 19.385° 19.666 18.908
|1s1s'| 4+ |2p2p | 78.782¢ 19.388 19.615 19.382
4-term Hylleraas 78.9666 19.381 19.496 19.448
10-term Hylleraas 79.0091 19.379 19.504 19.499

Exact target energy,® E;=79.0150 eV
Experimental resonance,! & —E;=19.367+0.007 eV

*The terms included in the CI wave function were | (2s2s)1s |, |(1s2s)3s |, |(2s3s)1s |, |(1s2p)2p |,
|(1s2p)3p |, |(1s3p)2p |, |(1s3p)3p |, |(1s3d)3d |, |(2s2p')2p'|, |(252p)2p'|, |(252p')2p |,
[(2s2s")3s |, |(2s'3s)2s |, |(25'2s")3s |, [(3s2p")2p’|, |(2p"2p)3d |, |(2p3d)2p’|, |(2p'2p")3d |,
|(2p'3p)3d |, |(3p3d)2p’|, |(2s'2s')2s|, |(1s2s)4s|, |(2s4s)ls|, |(2s4s)ls|, |(3s3s)Is|,
|(1s2p)dp |, |(1s4p)2p |, |(1s4d)3d |, |(1s4d)4d |, |(1s4f)4f |, |(1s2s)5s|, |(2s5s)s ]|,
[(1s2p)5p |, |(1s5p)2p |, |(1s3s)ds |, |(3s4s)ls|, |(1s3p)dp |, |(1s4p)3p |, |(352p)2p’|, and
|(3s2p")2p |.

®In Ref. 8, a hartree was assumed equal to 27.207 eV. Also, the quasi-resonance values reported here
were obtained with different orbital exponents.

°This value was obtained from the open-shell limit; cf. Ref. 5.

dReference 9.

¢C. L. Pekeris, Phys. Rev. 112, 1649 (1958).

fReference 11.
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[H—h(2)]g(3,1), (25b)
and the PHP terms in QHQ
2o(3, D)= g0(3,1) , (26a)
ra
@o(2,3)Hey(3,1) , (26b)

can be evaluated prior to optimization of |®). Details of
the evaluation of three electron Hylleraas integrals as
occurring, for example, in Eq. (24¢c) are presented in the
Appendix.

III. RESULTS AND DISCUSSION

In these calculations the 2S resonant state is represented
as a 40-term CI wave function (cf. Table I). Orbitals are
chosen to be of Slater type. For all targets studied, addi-
tional terms were included in the wave function and found
to lower the QHQ eigenvalues by at most a few meV after
the orbital exponents were reoptimized. (Each orbital has
its own nonlinear parameter; thus the total ® has 14 non-
linear parameters, in addition to its 40 linear parameters,
and it represents a high quality variational ansatz for the
accuracies involved here.)

Initially, two different 'S He target approximations
were used—a closed-shell (Eq= —77.489 eV)

—y{ry+ry)

@o(1,2)=N, e , y=1.6875 27
and an open-shell target (Eq= —78.251 eV)

Po(1,2)=Ny (e T T T (28)
with

¥Y1=2.1832, y,=1.1886.

Results are given in Table I together with results from a
previous quasiprojection-operator calculation.® The latter
showed little dependence on target quality. In contrast,
the present QHQ eigenvalue increases by 0.073 eV in go-
ing from the closed- to the open-shell target. This is
caused by kernel eigenvalues (A,) near unity which make
the contribution of kernel eigenfunctions to the eigenvalue
problem significant. If a polarization term [(2p)?] is add-
ed to the open-shell function,’ the target energy drops by
more than half an eV. Again, the change in the quasi-
projection estimate of the resonance position is small
while the lowest QHQ eigenvalue now decreases by 0.041
eV.

Table I also contains results using a Hylleraas-type tar-
get function with four linear terms corresponding to
=1, discussed above, and also a 10-term Hylleraas-type
target, corresponding to w=2. Values of the respective
linear and nonlinear parameters are given in Table II.

The QHQ eigenvalues relative to E, are seen to fluctu-
ate; this suggests that the resonance position might be
better measured relative to the appropriate approximate
J

N, N, N. N N N - - -
— A8 Y VaB YBC Yca  —P4Ta—PBTB—PcC
I= fI'A YB rc TaB TBC "cA4 €

Xd?Ad?Bd?CdrAdrBdrC .

© Y- My R ) YL (R4)YL _m, (R5)Y,
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TABLE II. Optimized parameter set for open-shell Hylleraas
targets, Eq. (27).

w=1 w=2

Y1 2.05 2.05

Y2 1.50 1.75

Coo 6.047 87 6.19724
Cioo —4.40777 —3.31495
Coro 0.99909 3.014 86
Coor 1.602 22 2.049 85
Ca0 —0.87200
Coxo 1.642 49
Cooz —0.35399
Cio —0.19920
Cior 1.55611
Con —0.689 53

target energy, E‘o. When this comparison is made, the
resonance position does indeed vary monotonically, but it
is seen to overshoot the experimental result as the target
state is improved, particularly for a many-parameter Hyl-
leraas form.

Comparing the two types of resonance calculations, one
might be tempted to conclude that the quasi-projection-
operator technique is better than the complete projection-
operator approach. We believe that such a conclusion
would be unwarranted. Although quasi-projection-
operators do have the essential property of yielding a
discrete sgectrum, & a (Of QHQ) in the midst of the con-
tinuum,®? that technique does not yield a rigorous way of
defining a shift, which is necessary for a determination of
the exact position of a resonance, E. =& +A, in the
Feshbach theory. On the other hand, a well-defined ex-
pression for A does exist for true projection-operator cal-
culations, and we believe that the real implication of our
results is that the contribution of A is essential. Further-
more, we believe that such calculations may also allow for
the construction of an optical potential, 7", from which
truly convergent nonresonant phase shifts can also be cal-
culated. (It will be recalled that our quasi-optical poten-
tial calculations did not converge'® even though they were
monotonically increasing with the number of terms in the
ansatz for @.)

In the present case, this would imply that A [which can
be expressed as a principle value involving T'(E’)] is quite
different from the width I' =I'(E, ) which is known to be
approximately'! 0.01 eV in this case. The calculation of
the shift and width is now in progress.

APPENDIX

We shall consider the integral I of three-electron Hyl-
leraas integrals with spherical harmonics, 1 ¥}, included

UMU(?B )YLV—MV(?C )Y[_ WMW(?C )

(A1)
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Basically, these integrals can be divided into two classes depending upon whether or not the integers N 45, Npc, and N¢,4
are all odd. If at least one of these integers is even, then I can be reduced to a finite sum of radial integrals. When all
the interelectronic distances are raised to an odd power, the three-particle integrals will contain an infinite sum over an-
gular momentum states.

Although methods for calculating integrals above have been given,'® we have found them to be numerically unstable
or inefficient. We therefore rederive them here in a form which is particularly well suited for numerical evaluation.

The interelectronic distance can be expanded using Sack’s formula'*

N
ras’= X Ry 1, rasrs)PL (R4 Tp) (Ngp>—1) (A2)

Lup
where Py (x) are the Legendre polynomials and

(=N o (L =N/DA=(N+1/2) o 4 san paas
Ryp(ry,ra)= (1/2); ? TUL +3/2), rs rett (A3)

r, and r_ are defined as the greater and lesser, respectively, of », and r,, and (x); is Pochhammer’s symbol. P Al-
though lengthy, the angular integration is straightforward, from which one obtains

I =(_1)MRMu+My
X 3 > (—1)Mes

Lap:LpciLey | MapMpcMcy

X 2 d(LA yLR ,LAB: “"MA, —‘MR, '-MAB )d(LALSLCAMAMQMCA )
L,M,

X 3, d(Lg,Ly,Lpc,—Mp,—M7,—Mpc)d(LgLyL ;sMpMyM 45)
Ly, Mg

X 2 d(L¢,Ly,Lcy,—Mc,—My,—Mc,)d(LcLyLpgcMpMyMpc)
LoMg

N, Np NCR R R
X f’A rg rc Ry o1, (rasr8)Ry, 1, (rg,rc)RN L., (rcs7 4)
—DP AT —PpTp—PCT,
X e PATATPETBTICICq, drpdrc . (A4)

The Gaunt coefficient appearing above is defined in terms of the Wigner 3-j symbol'2

B L LyLy L L,L
(1M, M3)/2(2L1+1)1/2(2L2+1)1/2(010203)<MI‘ Agz&g)_ (AS5)

d(L1L2L3M1M2M3)E(—1)
As stated above, if N g, Npc, or N¢, is even, the angular momentum sums remain finite. A basic integral of the
form

© N —(4d,+A,+A4;) o Ny, —(Ady+A3) o Ny —A4
0N1N2N3= 0 rlle ! 2 3N fO (r1+r2) 2e 2 32 fO (r1+r2+r3) 3e 3r3dr3dr2dr1 (A6)
must be calculated. These integrals are known to be integrable whenever the integers N;, N,+N,+1, and
Ni+N;+N;3+2 are all non-negative. In practice, however, the three-electron Hylleraas problem does not require
evaluation of the most general o integral. We consider two cases which together encompass all necessary forms.

Case I. N|,N,,N;>0. For these integrals, the analytic expression for o is stable and easily determined,
(Ny+Ny+N3) s (—N3); (A + A+ 4;3)
(A4 Ayt Ay TN+ S (=N =N, —N3); AL+

ONNN3=

N4 Ns—=i (N, —N3+i)y (A, +A,+A4,)"
h=0 (_NI“N2—N3+’.)}| (A2+A3)h+l

X (A7)

Case II. N;, Ny+N;3;+1, Ny+N,+1>0, and not case I. Whenever N, or N3 are negative, the analytical expression
for the o integrals tend to be numerically unstable. For case II, the following numerically stable approach was derived.
Replace the r; variable in Eq. (A6) with x =(r;+r,)/(r,+r,+r3) and exchange order of integration to obtain

o ——flx_N’*Z fooere-(,41+A2+A3/x)r|f°°
NiNN3= Jo o ! 0

Ny +N3+1, =4y +4

(ri+r,) 3/’mzdrzdr,dx . (A8)

After integration over r, and r3, a one-dimensional integral that can be evaluated with Gaussian quadratures remains,
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o _ f XNHLNPLINPLN3+l (=N;—N;—-1); (Ayx +A;)" " ldx

N|N,N; = — .
1723 0 ~, (=N{—N,—N;-1) (A1x + A% +A3)N'+N2+N3+2 i
The sums in Egs. (A7) and (A9) are numerically stable because all the terms are of the same sign.

In the projection calculation of the Schulz resonance, the three-electron integrals for which N 5, Npc, and N, are all
odd involve only s orbitals,

(A9)

1 Ny Ny No Nyg Npe Ney —pory—pprs—per
IO=————(4 3 frA‘rBBrccrAgﬂngch,fAe ATATEBBTECCdy (drgdredr 4drgdre . (A10)
T

Although the method derived here for evaluating the three-electron integrals is generally valid, we will restrict our dis-
cussion to I integrals. For these integrals, the angular integration simplifies considerably and Eq. (A4) reduces to

Ny Ny Ne —pri—parg—pere & RNl astB)RN, 1 (rg,re)Ry 1(re,r4)
IOZ frA rp rc € 2 2
L=0 (2L +1)

drAdrBdrC . (A11)

In the standard method!* of performing these integrals, the sum over L is truncated and each L integral is evaluated
analytically. Unfortunately, the convergence can often be slow and the sum has to be evaluated each time an orbital’s ex-
ponent is altered. We present an alternative method that alleviates both of these problems.

At first, consider the region r4, <rg <rc. If Ry is expressed in a form which makes clear the L dependence

(=N—-1)yy J—-N/2) n_
RNL(r],r2)=(2L+1)§ ST (J+3/2)L,-1§ (L+2‘”rl;+2" (A12)

then I, over this region equals
(=Ngp—1y,, (=Npc—1)y,. (=Ncg—1)y_,
(2 4+ 1) (2Jgc+ 1) (2Jcq+ 1N

Io(4 <B <C)= 2

JaIBcYca
2
© rc g rA — —_ —_ N, +2J ,,+2J, No+N, =2, +2J
% fo fo fo W = le P4T4—PB"B PC’C’_AA AB CArBB AB~ “ ABT“'BC
]
— N,,—2J
révc*'NBc Upc+Ncy CAdy drpdrc (A13)
where
W(x)=W (N 4p,Npc,Nca;J ap-Jpc:JIcasx)
(Jqp—N,5/2); (Jpc—Npc/2)y (Jcq—Ncyq/2)

AB AB L BC BC L CA CA L (2L +1)XL ) (A14)

TS T U+3/2 Upc+3/2)  WUea+3/2);

Change integration variables to r =r¢, x =r 4 /rc, and y =rg /rc and rearrange the order of integration, then I has the
form

(=Nup—1)y,, (=Npc—1)y,. (=Ncg—1)y,
(2J 48+ 1) (2Jpc+ 1) (2Jcqa+ 1)

If4 <B<CO)= 3

JapIBcIca

1 1 o ( —
P X +ppy +pc)r N, +2J p+2J-y Npg+N 2J g +2J,
X fo f fo W(x)e A Pp C X A AB CAy B AB AB BC
X

rNA +Np+Nc+Np+Npc+Ncy+2

X drdydx . (A15)
Integration over r and summation over the six spatial regions then yields the final expression for I,

Io=(N4+Np+Nc+N p+Npc+Ncy+2)!
(=Ngp—1)y,, (=Npc—1ay,. (—=Nca—1)y_,

* (2 ap+ 11 (2Jpc+1)! (2cq+1)!

JaBJIBcIca

xNA +2"AB+2‘,CAyNB +N 45— 45+ pc

(pax +ppy +pc)

X foldx W(x)fxl

Ny+Ng+Nc+N, p+Npc+Ncy+2

F(25) 4 (#2S) 4 (A<>B) +(B<>C) +(C>A) |dy . (A16)
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The integrals over y can easily be evaluated analytically; to avoid additional complexity, the general antiderivative has
not been explicitly written.

The expression for Iy, Eq. (A16), has an extremely important feature—the infinite sum over angular momentum is in-
cluded in the orbital exponent independent W functions, Eq. (A14). This implies that if a fixed-point numerical integra-
tion routine such as Gaussian quadratures is employed to perform the integration over x, the infinite sum can be includ-
ed in the fixed weight factors. Of course, these modified weight factors do have to be determined for each (J 45,J5c,Jc4)
triple. However, the different W functions are usually not independent, and recursion relationships between them can be

derived.

*Sachs/Freeman Associates, Inc., 1401 McCormick Dr., Land-
over, MD 20785. Present address: Spectral Sciences Inc., 111
South Bedford St., Burlington, MA 01803.

Permanent address: Office of Naval Research, 800 N. Quincy
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