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New results for doubly excited 'S' autoionizing states of helium atoms converging on the N =2 to
X =6 He+ thresholds are calculated by use of a method of complex-coordinate rotation. Resonance
parameters (both energy and width) obtained by using Hylleraas-type wave functions with 308 terms
are compared with the recent close-coupling and hyperspherical-coordinate calculations.

We report new results for resonance parameters for
some doubly excited 'S' states of He associated with the
Nth hydrogenic thresholds, with 2&N&6. The reso-
nance parameters are calculated by using the method of
complex coordinates with Hylleraas-type wave functions.
We report these results so we can make an assessment on
the accuracy of the recent calculations of the doubly excit-
ed He atoms. ' There is, of course, continuous interest to
investigate atomic resonance phenomena of two-electron
systems including the recent theoretical studies of elec-
tronic motions for the doubly excited electrons, and the
underlying symmetries of two-electron Hamiltonians.
On the computational aspects to calculate resonance ener-

gy positions associated with high excitation thresholds by
using the hyperspherical coordinates, Matsuzawa and co-
workers have calculated some doubly excited 'S' reso-
nances for H and He with principal quantum numbers
up to N=6. They have found that the accuracy of their
He results below the N=4 threshold are within 3% of the
accurate complex-coordinate calculations (autoioniza-
tion widths were not calculated in Ref. 2, however). The
objectives of the present work are to report new complex-
coordinate results for resonance parameters for He up to
the N 6 He+ threshold, and to assess the accuracy of the
results in Ref. 2. The present results are also compared
with those of the recent algebraic close-coupling calcula-
tions for resonances below the N=2 threshold.

Accurate ab initio calculations are also needed for in-
vestigations of the grandparent models for doubly excited
states. In such a model, the two electrons are treated as a
single entity under the influence of the bare nucleus (the
grandparent). The energy levels of the doubly excited in-
trashell states {the two electrons occupy the same shell)
can be fitted to a Rydberg-like sequence in a screened six-
dimensional Coulomb potential in hyperspherical coordi-
nates converging to the two-electron breakup ionization
limit. Due to the lack of experimental data for the highly
excited states, the present accurate results associated with
high excitation thresholds would help the verification of
such a model.

The wave functions used in this work are of Hylleraas

type,
ql=+Ck „exp[—a(r, +r2)]ri2[rirz I'00(1)I'00(2)

X r 2r, I'oo(2) I'oo( 1)],

where ( k +n + rrt) & co, with co a positive integer. Up to a
total of N=308 terms (co=13}Hylleraas-type wave func-
tions are used in this calculation.

The theoretical aspect of the complex rotation method
has been discussed in previous pubhcations and will not
be repeated here. Instead we only briefly describe the
computational procedures. First, we use the stabilization
method to obtain optimized wave functions in which
complex-coordinate calculations will then be carried out.
The use of the stabihzation method as a first step for the
method of complex-coordinate rotation has been demon-
strated in a recent review. Once the stabilized wave func-
tions for a particular resonance are obtained, a straight-
forward complex rotation method is applied, and the so-
called "rotational paths" are examined. The final reso-
nance parameters, both resonance positions and widths,
are then deduced from conditions that a discrete complex
eigenvalue was stabilized with respect to the nonlinear pa-
rameters in the wave function [Eq. (1}],and with respect
to 8, the so-called rotational angle of the complex
transformation r~r exp(i8). The use of this method has
been very successful for calculation of resonances for
L=O and L= 1 states of two-electron systems below the
N=4 hydrogenic thresholds. We now extend this
method to calculate resonances up to the region below the
N=6 threshold.

It should also be noted that the advantage of using the
method of complex-coordinate is that resonance parame-
ters can be obtained by using bound-state type wave func-
tions and no asymptotic wave functions are necessarily
used. Such an advantage becomes apparent when we are
calculating a resonance in which many channels are open.
Calculation of resonance positions and total width for a
many-channel resonance is as straightforward as that for
an elastic resonance.

Table I shows results of doubly excited resonances of
He and associated with %=2, 3, 4, 5, and 6 He+ thresh-
olds. The %=5 and 6 doubly excited states results are re-
ported for the first time, as well as some of the higher-
lying states associated with the %=2, 3, and 4 thresholds.
Each state in Table I is classified by a set of quantum
numbers (L, S, m, EC, T, N, and n), where L and S are the
total angular momentum and spin, respectively, and m the
parity. The quantum number X denotes the Xth thresh-
old of the He+ ion below which resonances lie, and n has
the usual meaning for a given Rydberg series. The condi-
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tion of n is n )N .Quantum numbers K and T are ap-
proximately good quantum numbers, and are the results
of investigations by use of a group theoretical method. '

They are obtained by diagonalizing the square of
~
A, —A.2 ~, where A, and A.2 are the Runge-l. entz vec-

tors for electrons 1 and 2, respectively. The physical
meanings for K and T can be described briefly as follows,
K is related to —(cos8&z), where 8&z is the angle between
the position vectors of the two electrons. The larger the
positive K, the value of —(cos8,2) is closer to unity. The
two electrons in this situation are located near the oppo-
site sides of the nucleus. The quantum number T de-

scribes the orientations between the orbitals of the two
electrons. For example, a state with T=O implies that the
two electrons are movIag oa the same plane.

In the table we also compare with other recent theoreti-
cal results. For the resonance below the N =2 threshold, "
we compare with the 14-state close-coupling calculation. '

The agreements for the K= + 1 states are generally good.
But for the K= —1 states we notice that some differ-
ences' do exist. It is believed that the present results are
quite accurate. The differences for the K = —1 states can
be understood as follows: according to the tri-atomic-
molecular-model of the doubly excited states in He,

TABLE I. Doubly excited 'S' resonant states in helium belo~ the %=6 hydrogenic threshold. Both
energy positions and widths are expressed in rydbergs.

Present work
ry2

Other calculations'
I'/2

1

1

1

—1

—1

—1

1.555 736
1.17979
1.089 75
1.243 855
1.096 171
1.055 42

0.004 53
0.001 35
0.00045
0.000 215 6
0.000078
0,00005

1.555 6
1.17973
1.089 74
1.241 032
1.095 753
1.055 2S

0.004 58
0.001 38
0.00049
0.000231
0.000082 7
0.000052

2
2
2
0
0
0

—2

0,707074
0.562 1SO

0.51190
0.63491
0.526 77
0.493 51
0.514743 2

0.003 004
0.001 50
0.000 83
0.006 67
0.002 4
0.001 14
0.000 020 9

0.705 80
0.557 59

0.61437
0.51502

0.51028

3
3
3
1

1

1

—1

—1

—3

0.401 99
0.33145
0.301 6
0.375 69
0.31385
0.29098
0.336 527
0.294 55
0.282 15

0.001 95
0.001 20
0.000 8

0.00491
0.002 75
0.001 54
0.002 17
0.000 83
0,00004

0.402 43
0.330 38

0.366 54
0.30624

0.326 55
0.289 19

4
4

2
2
0
0

—2

0.258 83
0.21928
0.2004
0.246 59
0.21003
0.23045
0.19928
0.204 75

0.001 378
0.001 01
0.00068
0.002 69
0.001 82
0.003 60
0.001 98
0.001 02

0.260 55
0.221 01

0.24205
0.205 18
0.223 50
0.194 12

S

5
3
3
1

1
—1

0.180S

0.156 1

0.173 77
0.1508
0.165 15
0.143 9
0.1S444

0.001 0
0.000 7
0.001 8
0.001 3
0.002 33
0.001 8
0.001 4

0.181 68
0.157 23
0.17143
0.147 87

'The %=2 results are from the algebraic close-coupling calculations in Ref. 1. The X =3—6 results are
from the hyperspherical calculations in Ref. 2.
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E= —1 and T=O states correspond to the case when the
two electrons (on average) are located on the same side of
the nucleus and are moving on the same plane. The use of
Hylleraas-type wave functions in which the r&2 coordi-
nates are explicitly used, apparently, is able to incorporate
effectively the correlation effects between the two elec-
trons in the region where r&2 is small. The differences be-
tween the complex-coordinate and close-coupling results
suggests that it would be of interest to extend the 14-state
close coupling for such k =—1 and T=O states.

For the resonances associated with the %=3, 4, 5, and
6 thresholds, we compare resonance positions with the re-
cent hyperspherical-coordinates calculations. In Ref. 2,

however, no resonance widths were calculated. It is seen
that the results reported in Ref. 2 are accurate to within
4%. It is also noted that the results in Ref. 2 are less ac-
curate for the states with negative K values. This again
refiects the difficulty to incorporate the full correlation
effmts when the two electrons are located at the same side
of the nucleus. The use of r ~2 terms explicitly is an effec-
tive way to incorporate such effects for the regions when
p't2 1s small.
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'2The differences in resonance energy are less than 0.3%.


