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Kinetic phase transitions in a surface-reaction model: Mean-field theory
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A kinetic model for irreversible surface reactions, recently proposed by Ziff, Gulari, and Barshad,
is studied in the site and pair approximations. The latter approach predicts the phase diagram
correctly, and yields quantitative predictions which are in very close agreement with simulation, in

the vicinity of the first-order kinetic transition.

Kinetic or nonequilibrium phase transitions' are of
growing interest in physical and biological sciences.
There has been considerable progress toward understand-
ing such phenomena, but a general theory has yet to be
developed, and so studies of simple models can be quite il-
luminating. Many of the models proposed in this context
are of a mean-field character, in that the quantities of in-
terest are average densities. A kinetic model recently pro-
posed by Ziff et al. is of particular interest in this regard,
since spatial inhomogeneities are not averaged out, and
long-range correlations may in principle be generated in
the course of the evolution. If long-range correlations
play an important role in the dynamics, one would not ex-
pect mean-field theory to describe the phase diagram ac-
curately. In this paper we will show that the kinetic phase
transitions observed in simulations of this model may in
fact be understood on the basis of a mean-field approach.
After a brief review of the model (a more complete discus-
sion will be found in Ref. 3), equations of motion in the
site and pair approximations are derived, and the resulting
predictions for the phase diagram are examined.

The model introduced by Ziff and co-workers describes
certain aspects of the reaction CO(ads)+0(ads)~C02,
where the qualifier "ads" denotes a species adsorbed onto
the surface of a catalyst. The catalyst is modeled as a
square lattice; each site may be empty or occupied by an
oxygen (0) atom or a carbon monoxide (CO) molecule.
CO molecules arrive at the surface at a rate yco alld,
upon encountering a vacant site, immediately adsorb. 02
molecules arrive at the rate yo ——1 —yco and adsorb if
they encounter a nearest-neighbor pair of vacant sites.
(Molecules incident upon occupied sites are reflected from
the surface. ) Once a molecule settles on the lattice, it
remains fixed: Surface diffusion and desorption are ig-
nored in this model, which is therefore intrinsically ir-
reversible. The only dynainic process occurring on the
lattice is the oxidation of CO. When a CO molecule ad-
sorbs, if any of its four nearest neighbors is occupied by
an 0 atom, the CO and 0 react to form C02. Upon ad-
sorption of an 02, the molecule dissociates so that the two
0 atoms are fry to react independently. If either 0 atom
finds itself adjacent to a CO, a C02 molecule is again
formed. C02 molecules are assumed to leave the lattice
immediately, so that production of C02 opens up sites for
possible absorption. A fully occupied lattice is said to be
"poisoned, "since no further evolution is possible.

Ziff and co-workers observed three steady-state regimes
or phases in the model: for 0 &yco &y„and 0-poisoned
phase; for yi &yco &y2, a reactive steady state in which
COi is continuously produced; and for yco &y2, a CO-
poisoned phase. The transition from the 0-poisoned
phase to the reactive phase is continuous, or second order,
while the transition from the reactive to the CO-poisoned
phase is first order.

Site approximation. In order to analyze the kinetics of
the surface reaction model, it is useful to distinguish the
following five processes:

(1) 02~,
(2) 02~, CO&t,
(3) 0,&,2CO, t,
(4) COt,
(5) COL, C02t.

(Occurrences of process k will be referred to as "k
events. ") In a l-event, for example, and 02 molecule ad-
sorbs at a pair of nearest-neighbor vacant sites, with both
0 atoms remaining on the surface, there being no CO
molecules at any of the six neighboring sites. Let No and
%co denote, respectively, the numbers of sites occupied
by 0 and by CO, let Nz —N No —Xco de——note the num-
ber of vacant sites (in a lattice with a total of N sites), and
let x;:Ã~/N denote —the corresponding concentrations.
In the site approximation we estimate the rates of process-
es 1—5 on the basis of the x;, ignoring all spatial correla-
tions. Thus the probability of finding a nearest-neighbor
pair of vacant sites is taken to be xa. Approximating the
rates of processes 1—5 in this manner, one readily derives
the following equations of motion for the concentrations

0
=2yoxa(1 —xco) —ycoxa[1 —(1—xo) ],3

dxc 2 3 4

dt
= —2y oxtt [ 1 —( 1 —xco ) ]+ycoxtt ( 1 —xo ) (2)

xB 1 x0 x'co and yo ——1 —yco Subtraction
yields

d (xo —xco)
dt

=23'o&B —Pco&B

so that in the steady state either xs ——0 (poisoned surface)
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Pco
Xg =F.

2(1—yco)
(4)

(We shall denote steady-state values by overbars. ) Insert-
ing Eq. (4) into Eq. (2), one finds that in the reactive
steady state xco satisfies

( Y+xco) +(1—xco) —1=0 .

For small values of Y there are two solutions, x & and x &

(X& &x& ), in the interval [0,1], which coalesce when
Y =0.638986, corresponding to yco ——y, =0.561013, and

xco ——0.166011. The reactive steady state exists only for
yco gy„and so y, marks a spinodal point. Numerical in-
tegration of Eqs. (1) and (2) reveals that for yco &y„
starting from an empty lattice, the system attains a reac-
tive steady state, with Xco——X&. For yco &y, the final
state is poisoned, with almost all sites occupied by CO.
(About 0.2% of the sites are occupied by 0 atoms in this
state. ) The values X~ ——Y, xco ——x & comprise an unstable
steady state: Starting from xi' ——Y and xco ——x&+e
(with e a small positive number), the poisoned state is
reached; the initial condition x~ ——F, xco ——x &

—e
evolves to the reactive steady state.

While the reactive phase remains viable up to yco ——y„
we may expect it to become progressively less stable as the
spinodal is approached. One expects that for some

y2 &y„ there is a first-order phase transition in the sense
that the poisoned state is more stable than the reactive
one. In contrast to the situation in equilibrium thermo-
dynamics, the relative stabihty of phases cannot here be
determined from a free energy. We adopt instead the in-

herently kinetic criterion proposed by Ziff et a/. They
determined the phase boundary by considering the evolu-
tion from an initial state in which half of the lattice is
completely covered by CO, and the other half is vacant.
The phase boundary y2 is defined such that for yco «Yz,
this initial condition evolves to a reactive steady state,
while for yco&y2 the system poisons with CO. The
simulations reveal a first-order transition at yco ——y2
=0.52S+0.001. In an analogous manner, we locate the
phase boundary yz' by determining whether Eqs. (1) and
(2) attain a reactive or a poisoned steady state, when ini-
tially xco ——xii ———,. This yields a first-order transition at
y2' ——0.4787, about 9% below the simulation value.
(Note, however, that the site approximation does not dis-
tinguish between the segregated initial conditions em-

ployed in the simulations and an homogeneous mixture of
vacant and occupied sites, so that the initial conditions for
theory and simulation are not precisely equivalent. )

The key qualitative failure of the site approximation is
its prediction of a reactive steady state for all yco in the
range (O,yz"). In the simulations the reactive steady state
is observed only for yi &yco &yi, with y, =0.389+0.005;
for yco ~y~, an initially empty lattice evolves to an 0-
poisoned state. y& marks a second-order kinetic phase
transition: x, and the rate R of CO2 production increase
continuously from zero as yco is increased above y, . In
the site approximation, 0-CO nearest-neighbor pairs (for-
bidden in the model), are in effect tolerated, due to the
neglect of spatial correlations. This leads to an overesti-
mate of the stability of CO-bearing phases, so that the

second-order transition observed in simulation is absent,
and the transition to the CO-poisoned phase is predicted
to occur at a smaller yco value than is observed in simu-
lation. The insensitivity of the site approximation to the
composition of nearest-neighbor pairs is also responsible
for the small fraction of remnant 0 sites in the CO-
poisoned phase: True poisoned states obviously consist of
a unique species.

Pair approximation S. ince the shortcomings of the site
approximation appear to be due largely to neglect of the
prohibition against 0-CO nearest-neighbor pairs, it is
natural to examine the pair approximation, which is the
next in a series of progressively more accurate (and more
complicated) cluster methods. There are five allowed
nearest-neighbor or bond types, so that at this level of
description the evolution is governed by a set of four cou-
pled equations for the bond concentrations.

Derivation of the equations of motion proceeds in a
manner similar to that used in the site approximation, but
is now somewhat more complicated. Consider, for exam-
ple, process 1. The rate at which Oz molecules adsorb on
the lattice is yoxii~, where x;i (i,j=8, CO, or 0), denotes
the concentration of i jb—onds. Using simple combina-
torial arguments familiar from polymer lattice statistics,
one finds that the probability for a site to be of type i,
given that one of its nearest neighbors is of type j, is

p(i
(
j)=

J
(6)

P(i =8
~
j=B,i+CO)= 2xgg

2xaa+xao
(7)

The average change in the number of 8 Bpairs attend-ing
a 1-event may therefore be approximated as

(].) 12x+g
hXgg ———l-

2xgg + xylo

[Note that Eqs. (6) and (7},which refer only to pair proba-
bilities, are exact, whereas in writing Eq. (8) we ignore
three-body and higher-order correlations. ]

Proceeding in this fashion, one may derive the rates and
bond-number changes for each process. For processes 2
and 3 it proves useful to distinguish between two sub-
processes, characterized by different EN,J values. Process
2a refers to the case in which the reacting CO lies off the
line joining the sites where 02 adsorbs, while in 21 the

where xj ———,(xJJ+ g,x,i) again denotes the concentra-
tion of j sites. Thus, in the pair approximation we esti-
mate the rate of process 1 as

yoxgii(1 —xsco/2xii )

In each l-event, Nqz (the number of 8—8 bonds) is re-
duced by at least 1, since a pair of empty sites are occu-
pied by 0's. If any of the six nearest neighbors of the
8 Bpair also -happen to be empty, additional 8 Bbond—s
are lost. In process 1 the neighbors of the central 8-8
pair may not be occupied by CO molecules (or else the 0
atoms would react}, so that in this case the probability
that a given neighbor is empty is
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TABLE I. Rates and changes in bond number in the pair approximation.

3a

3b

where

Xoxaa(1 —&)'

Q
4yoxaau (1—u) 1 —u +—

3

1 g(2a)
2

yoxaag (2—~g+ 3 ~ —
3 M + 9 ~ )

2 10 2 4 3 2

I g (3a)

gcoxa(1 —U )

ycoxq [1—{1 —U)4]

9 =xaco/2xa
U =xao/2xa
a =(2xaa+xao)
P=(2xas+xaco)

Xaco —4axaa
Xco
3xaco —6AXBB
2xco

2
xaco
XCQ

3
xaco
XCQ

—12Pxgg

1+3
XQ

~+BO

6o'.( 2xaa —xao )

Scxxaa

~(«aa —xao)

2
XOO —XBO

Xp

—2
xaco
Xco

2
XCG Co XBCO

Xco

2
xcoco —3xaco

Xco
XCOCO —XBCO

Xco
4P(2x88 xBco)

1+6axao

2CXXBP

3(xxao

Xoo

Xo

reacting CO lies on this line; in 3a the reacting CO's are
nearest neighbors, while in 3b they are not (see Fig. 1). To
find the rates for processes 2a, 2b, 3a, and 3b, one parti-
tions the set of all relevant configurations of the B-Bpair
and its six nearest neighbors into disjoint subsets, and
determines, for each subset, the probability of occurrence
and the branching rate for the a and b subprocesses. As
an example, consider the arrangements depicted in Fig. 2.
Configurations of type I (in which the only CO lies off
the line joining the B-B pair), occur (in the pair approxi-
mation) with probability 4u (1—u)' (u =xsco/2x~), and
always result in a 2a-event when an 02 is adsorbed at the
central B-B pair. Configurations of type II occur with
probability 2u (1—u), and result in 2a-events with prob-
ability —,', and in 2b-events with probabiUty —,. (Three ad-
ditional configuration types must be considered in deriv-
ing the rates for processes 2a and 2b.) In the pair approxi-
mation the equations of motion are

~J g g {k)~(k)
dt /J

The rates R' ' and bond-number changes ~,",
' are listed

in Table I.
We now examine the phase diagram in the pair approx-

imation, as determined via numerical integration of the
equations of motion. Consider first the steady states
evolving from an initially empty lattice. For 0&yco
&y'P'=0. 2497, the lattice poisons with oxygen, and as

yco is increased above yI"', xco and R are found to in-
crease continuously form zero. Thus the pair approxima-
tion correctly predicts a second-order transition from the
0-poisoned state to the reactive state, albeit at a substan-
tially smaller yco value than is observed in simulations
(cf. 0.389+0.005). For yI

' &yco &y, =0.561013, a reac-
tive steady state is attained, while for yco &y, the system
poisons with CO. The pair approximation therefore
yields the same value for the spinodal, y„as does the site
approximation.

To locate the phase boundary yg', we again examine
the asymptotic behavior resulting from the initial state of
a lattice half filled with CO and half empty. The initial
values xsz ——xcoco ———,

'
(with the other bond concentra-

tions initially zero), faithfully represent the initial condi-

8 C 8 8

B c C B C

C

8 C 8 8 8 C 8 8

8 8 8 8

FIG. 1. Examples of processes 2a, 2b, 3a, and 3b, which are
distinguished in the pair approximation.

FIG. 2. Examples of configuration types relevant to the
evaluation of the rates for processes 2a and 2b in the pair ap-
proximation. "g"denotes a site which may not be occupied by
CO, but is otherwise unspecified. When 02 molecule adsorbs at
the 8-8 pair, configuration I always results in a 2a-event. Con-
figuration II yields a 2a-event with probability 3, and a 2b-

event with probability 3 .
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FIG. 3. Comparison of the theoretically predicted phase dia-
gram (pair approximation) with simulation results. Solid line:
xo, the fraction of sites occupied by 0 atoms in the steady state;
dashed line: xco, the occupation fraction for CO; dotted line:
8, the rate of CO2 production. Curves labeled "P' represent
pair-approximation predictions; "5"denotes simulation results.
Curves to the right of the phase transition at y2 depict the meta-
stable reactive steady state„as given in the pair approximation.

tions employed in the simulations. One finds a first-order
transition at yg =0.52410, in agreement with the simu-
lation value of 0.525+0.001. A comparison of the pair-
approximation predictions and simulation results is
presented in Fig. 3. Evidently, this level of approximation
yields very accurate predictions in the vicinity of the
first-order transition. The accuracy of mean-field theory
in this region may be attributed to the shortness of the
correlation length, as reflected in the small size of the CO
clusters observed in simulations of the reactive steady
state. The divergence between theory and simulation at
lower yco values presumably indicates the importance of
longer-ranged correlations near the second-order transi-
tion. But the mean-field approach employed here does
predict the qualitative nature of the transition correctly:
At the second-order transition, Xco and R increase linear-
ly with yco in theory and in simulation. There is evi-
dence of slowing down at the second-order transition:
The time required to attain the steady-state scales, in the
pair approximation, as

~ yco —y't '
~

' near yI '.
The relaxation time also becomes large in the vicinity of

the spinodal. An example of interesting time-dependent
behavior near the spinodal is shown in Fig. 4, which de-

picts the site concentrations predicted by Eq. (9), starting
from an initially empty lattice. Here yco ——0.5611, just
above the spinodal. In the early stage of the evolution, 02
and CO rapidly adsorb, and attain quasisteady concentra-
tions within a few time units. Over the next 250 time
units 0 is gradually displaced by CO, while xit remains
virtually constant, until a critical value is reached and the
surface rapidly poisons. This sequence of events is a
nonequilibrium analog of the familiar nucleation
"bottleneck" phenomenon. The pair-approximation equa-
tions of motion may prove useful in understanding vari-
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FIG. 4. Solution of the pair-approximation equations of
motion, starting from an initially empty lattice, with

pQQ —0.56 1 1, just above the spinodal value.
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ous dynamical aspects (e.g., transient effects, periodic
operation) of the catalytic process.

The behavior at the point yco ——0 deserves special com-
ment. In this case each 02 molecule which adsorbs
remains fixed on the lattice, so the model corresponds to
the random dimer filling problem. ~ A certain fraction of
sites remain vacant in the final state, since the Or rnole-
cules may adsorb only at vacant pairs. The pair approxi-
mation predicts a maximum occupancy in random dimer
filling of 0.8885, as compared with the best estimate of
0.907. We have also examined the predictions of the pair
approximation for a one-dimensional chain. In this case
the phase diagram is rather uninteresting, since the lattice
is always poisoned by O or CO. The pair approximation
does, however, predict a maximum occupancy of
1 —e =0.864664. . . for one-dimensional random dimer
filling, reproducing the exact value derived long ago by
Flory. 6

The mean-field approach, at the pair-approximation
level, has been shown to predict the properties of the sur-
face reaction model quite accurately, particularly in the
vicinity of the first-order transition. The shortcomings of
the theory in regards to the second-order transition may
perhaps be ameliorated by considering large clusters.
%'hile more complicated than the methods applied here,
such studies would not be impractical, as there are only 12
squares, and also 12 triplets, admissible in the model.
However, the qualitative nature of the transitions is al-
ready clear: The concurrence of simulation and the
present theory implies that they are of the mean-field
type. Kinetic phase transitions in nonequilibrium lattice-
gas models ' are also known to be of a mean-field nature.
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