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A general quantum theory of nonlinear mixing in multimode fields is formulated. The theory is
valid for arbitrary media and thus includes various diverse cases such as those corresponding to non-
linear mixing in multilevel systems, optical fibers, etc. Thus Zeeman coherence effects are automati-
cally included. It is applicable to both degenerate and nondegenerate mixing experiments. The
theory is in terms of two distinct sets of correlation functions of the polarization operators. One set
of correlations is related to the nonlinear susceptibilities. The other set has no counterpart in semi-
classical theory and is related to the quantum-mechanical fluctuations of the polarization operator.
The general structure of the evolution of the density matrix of the generated fields is discussed. The
quantum statistics of the generated fields can be studied in terms of the Wigner distribution function
which is explicitly evaluated. Higher-order squeezing characteristics of the field are discussed.
Conditions under which the quantization of the semiclassical equations is adequate are examined.
The application of the quantum theory to nonlinear mixing in two-photon media is also presented.
The theory is also capable of accounting for the interparticle correlations.

I. INTRODUCTION

The classical theory of four-wave mixing and, more
generally nonlinear mixing is well understood.! The
third-order nonlinear susceptibilities X*Nw,,0,, —®,),
X3 @y, —0y,0,), and X*Nw,, —w,,w,) and linear suscep-
tibilities X'"(@;) and X"(w,) determine the structure of
the generated fields. For resonant systems it may be
necessary to include saturation effects by calculating the
analogous intensity-dependent susceptibilities.?~® The na-
ture of the medium enters through these susceptibilities
and the knowledge of susceptibilities is sufficient for
studying the characteristics of the generated waves. How-
ever, for studies of the statistics of the generated fields
one needs to have a quantum theory of nonlinear mixing.
The quantum theory is interesting not only in its own
right but is also needed in studies on the fundamental
characteristics of the radiation fields such as squeez-
ing.7~1° Several groups have already made important
contributions to the quantum theory of four-wave mix-
ing.!'=1* Our objective is different here and we present a
theory with the following specific questions in mind:
How does one formulate a quantum theory which is gen-
eral enough to include four-wave mixing in a variety of
resonant and nonresonant media? Is the quantization of
semiclassical equations of nonlinear mixing adequate?
Can the quantum theory be completely formulated in
terms of the nonlinear susceptibilities or does one need
other characteristics, hitherto unknown in the semiclassi-
cal theory? One would expect that quantum fluctuations
associated with the medium will enter in any quantum
theory. This is because the semiclassical theory is a
mean-field theory and it uses a mean-field characteriza-
tion of the material medium in terms of the susceptibili-
ties.
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The purpose of this paper is to present a general formu-
lation of the quantum theory of nonlinear mixing. Our
theory is in terms of the nonlinear susceptibilities and a
set of correlation functions of the polarization operators,
and it includes both the cases of degenerate and nondegen-
erate mixings. Such correlation functions can be calculat-
ed for specific systems. We present the general structure
of the density matrix of the generated field. This is in-
dependent of the nature of the medium in which nonlinear
mixing takes place. Thus questions on the photon statis-
tics of the generated field can be answered.

The organization of this paper is as follows. In Sec. II
we formulate the general theory of nonlinear mixing in
multimode fields. No approximation is made regarding
the strength of the pump field, whereas both the probe
and the generated fields are assumed to be weak. The
weak fields are treated perturbatively [cf. Eq. (2.14)]. In
Sec. III we obtain the dynamical equation describing non-
linear mixing for the case when each of the fields is a
single-mode field—these results translate easily to the case
of nonlinear mixing with traveling waves. In Sec. IV we
discuss the physical meaning of various coefficients in the
density-matrix equation. In Sec. V we present the com-
plete solution for the density matrix of the generated
fields. This is done via the Wigner distribution func-
tion,* which can be used to discuss statistical aspects of
the generated fields. If initially the generated and probe
fields are in coherent states, then at time ¢ the Wigner
function will be Gaussian in two complex field ampli-
tudes. Such Gaussian Wigner functions are shown to be
especially useful in the context of higher-order squeez-
ing!® of the fields. In Sec. VI we show how the coeffi-
cients in the basic density-matrix equation can be obtained
for a class of important systems: (i) two-level transitions,
(i) transitions in V systems, and (iii) optical fibers. In
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Sec. VII we present the quantum theory of nonlinear mix-
ing in two-photon media.!® In a second paper of this
series of papers we will present numerical results on the
quantum theory of nonlinear mixing in three-level sys-
tems. We will discuss the quantum theory of optical
phase conjugation in a third paper. Optical phase conju-
gation typically involves standing waves and thus a com-
plete quantum theory of phase conjugation has to use a
multimode description of the type presented in Sec. II of
this paper.

II. QUANTUM STATISTICAL THEORY
OF NONLINEAR MIXING

In this section we develop a very general quantum
theory of nonlinear mixing. In our theory the role of the
different types of nonlinear susceptibilities can be clearly
seen. In addition, the quantum theory will involve certain
strictly quantum-mechanical correlation functions which
will not have any classical counterpart. We will treat the
pump field as a prescribed classical field and its depletion
due to the interaction with the medium will be ignored.
The probe field and the field generated in the process of
nonlinear mixing will be treated quantum mechanically.
The fields interact with a number of atoms distributed
over the cell volume. We assume that the time scales as-
sociated with the atomic dynamics are much smaller than
those associated with the field dynamics. Our approach
will consist of finding the dynamical equation for the den-
sity matrix of the probe and generated fields.

In dipole approximation, the interaction of the atoms
and the fields can be written as

Hi=— [P()Er,0d’~ [ P()}E(rnd’r . Q1)

Here, P(r) is the polarization operator associated with the
medium. The pump field E,(r,?), which is treated semi-
classically, is taken to have the form

E,(r,t)=¢,(r)e " +c.c. 2.2

The polarization operator can be expressed, in terms of
the dipole operator d(i) associated with an atom located
at R, as

P(r)= Y 8(r—R"?¥)d"? . (2.3)
13

The probe and generated fields are represented by the
operator E(r,?). If the probe field has the frequency w,,
then the generated field will have frequency 2w —w;. In
such a case the field E(r,#) will have frequency com-
ponents w,,20 —w;. We are interested in resonant situa-
tions and therefore we would derive results valid to all or-
ders in E,. For resonant situations we can make the
rotating-wave approximation. We introduce positive and
negative frequency parts of various fields and the polari-
zation operator. The rotating-wave approximation simpli-
fies (2.1) to

Hi=— [ d P~ (0 [Ef (r,)+E*(r,n0]+He  (24)
Note that B, has a time dependence e ~**, whereas in the
interaction picture the operator P~(r) has the time depen-
dence
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P(r,)= 3 8(r—R)d% | a)(B|e T . (2.5

ia,B

The eigenstates of the atom are represented by |a) and
wqp gives the energy separation between the levels |a)
and |B). The summation in (2.5) is over all values of a
and S such that w,g> 0.

The density matrix p of the coupled atom-field system
obeys the equation

Qﬂz—';_[HOA +Hop+Hy,pl+Lyp, (2.6)

ot

where Hor (Hy,) is the unperturbed Hamiltonian of the
field (atoms). The Liouville operator L, represents the
relaxation operator for the atoms. It should be borne in
mind that L, is a function of atomic operators only. The
losses in the system due to spontaneous emission and col-
lisions are contained in L,. Since we are dealing with
resonant situations, it is possible to make canonical
transformation so that the transformed density matrix
satisfies the equation

QE':_é[ﬁA +H 4r,p1+L4p 2.7

ot
where H 4y represents the interaction of the medium with
the quantized probe and generated fields

ﬁAFz_' fd3rP"(r)ei“"-E+(r,t)+H.c. (2.8)

Here, H, includes the contribution from the interaction
with the pump field. In the absence of the interaction
with the probe and generated fields, the atomic dynamics
is given by the equation for the atomic density matrix p 4

d i ~
3ePa=—ZHaPal+LaPas - 2.9)
Solution of Eq. (2.9) yields the known results'”!® on the
behavior of the atomic system interacting with a pump
field. In what follows we assume that the solution of Eq.
(2.9) is known. Let 5 be the steady-state solution of
(2.9).

We will now derive the dynamical equation for the field
density matrix pr defined by

Pr=Trp. (2.10)

In what follows we drop the tildes from various quanti-
ties. To obtain the reduced equation for pr we use the
projection operator techniques.!” Let 22 be the projection
operator defined by

P =p\PTry - . 2.11)
We next write (2.7) as
%)
—é’t’— =L p+.L 4p(tlp (2.12)
which can be further transformed to
%%' =ZLpl0p, pr=e T4,
(2.13)

fkp(t)=e_y"tf,u:(t)ef‘t .

Using (2.11) and the standard projection-operator tech-
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niques we can obtain a closed equation for pr. We also
make the following approximations: (i) The probe and the
generated fields are so weak that it is sufficient to retain
terms up to second order only in .% 4, and (ii) the time

aPF
ot

—[Tr,

4rOPp Ty L yp(t —1)p 1pr(0)
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scales of interest are much slower than the time scales as-
sociated with the atomic dynamics, so the Markovian ap-
proximation can be made. The resulting equation for pr
is then found to be

t
— = [Tr4 L (0 Jpr+ lim [ L AT Trs L 4 (0Lt =P
t— o

(2.14)

which, on using the properties of trace and the steady-state nature of p{’ (i.e., .Z 4p's’ =0), reduces to

P
*’37:; =TI'A fAF(t)P(,?’PF

+ lim fotd‘r[TrApr(t)ej AT L bt =1 Opp(t) —Tr L e (P Tr 4 L 4t — 7)Y pr(1)] .

t— o0

(2.15)

All the trace operations in (2.15) can be carried out if we introduce the correlation functions for the atomic polarization

operators defined by
Cop(r)= lim (G,(t+7)Gg(1)) ,
t— o0

where G, is one of the atomic polarization operators. The correlation function C,g can be calculated in terms of e

and p(,?) by using

Copl) =Tr(Gge " "Ggp'd)) .

Using (2.8) and the properties of the trace, one can show that

TrAfAF(t)p(,?’pp=-;~ fd3r[(P“(r))-ei“'E+(r,t)+(P*’(r))e“i“”-E”(r,t),pp(t)] .

(2.16)

Lyr

(2.17)

(2.18)

It is important to note that expectation values like (P*) are nonzero as the atoms are driven by a coherent pump field of
frequency w. In fact, (P*(r)) gives the atomic system’s response at frequency w. Such a response depends on all orders
of the applied pump field. In view of the structure of Egs. (2.15), (2.17), and (2.18), we also introduce the correlation
function

AgplT)= tlim [{(Ga(t +7)Ga(1)) —(Gult +1))(Gp(1))] . (2.19)

Detailed calculations using Eqgs. (2.8) and (2.15)—(2.19) then lead to the following density-matrix equation for the field

9pr _

— L 3 - plotrp+
Fr r [ @*r(P(0)-e"[E*(r,1),pr]+H.c.

1 = . .
- [ [dir [y [ 7 drle B (1,0, (1t —m)e = ~"pp dF +(ry,15,7)
—prE[ (ry,t —1)e T =D 4 F H(ry, 1), — 1)+ Ejt (03t — T)ppe’@ =7

X A T(ry,15,7)—prE;t (£y,t —T) A7 H(ry1y, — 7)™ 7]

+(w——wand +<——) |, (2.20)

where the last term in the square brackets represents the
same previous terms with the appropriate variable and su-
perscript changes made. Here the summation over the re-
peated indices i and j is implied. The atomic correlation
functions appearing in Eq. (2.20) are defined by (2.19), i.e., The density-matrix equation (2.20) describes the propa-
by gation of a multimode field through a nonlinear medium.

Ajf(ry,r,7)= Jim [(PE(r, 740 (1,0)

—(PE(rLt+7) (P (r,0)]. (221
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The nonlinear medium itself is interacting with a strong
pump field. In order to extract the equation relevant for
four-wave mixing, we make use of the coherent nature of
the radiation generated in four-wave mixing. We thus
have to make use of the phase-matching conditions. If
the pump and probe fields have, respectively, wave vectors
k, and k,, then the coherent signal is generated in the
direction 2k—k,=k.. Thus to obtain the dynamical
equation describing the generation of coherent radiation
we carry out spatial averaging, i.e., we drop all the rapidly
varying spatial terms from Eq. (2.20). The final equation
obtained by spatial averaging can be written down only in
special cases, since one needs to know the r dependence of
various atomic correlation functions, which in turn de-
pends on the interparticle distribution function and on the
traveling or standing-wave nature of the pump field.

III. FORWARD FOUR-WAVE MIXING

We now use the general theory of Sec. II to obtain the
dynamical equations for the fields produced in the config-
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pump wave is a traveling wave, the density-matrix equa-
tions for the atomic system show that?°

ikt 43%0,0,7)
A7 T, T)=4570,0,7),
(P (r))=(P~(0))e kT,

Let k, be the wave vector of the probe and let k. be the
wave vector of the generated radiation. We write the elec-
tric field operator as

++
A= (r,1,7)=e

(3.2)

ik, - r—iw,t

+€.bB.e * <,

ik r—iwgt

E'*(r,t)=PB,€,ae (3.3)

where €, and €, are, respectively, the unit polarization
vectors associated with the probe and generated fields; a
and b are the photon annihilation operators for the two

modes, B~ —iV2rfiw/V and V is the quantization
volume. On substituting (3.3) and using the structure

(3.1), (3.2) of the atomic correlation functions, and the
phase matching condition

uration involving forward four-wave mixing. The pump 2k=k, +k; , (3.4)
wave is a traveling wave with wave vector k, ie,
ep(r)=spe“‘". We further assume that the different  the basic equation (2.20) reduces to
atoms are uncorrelated, i.e., 3 3 5
PF PF PF
= — = |7 - , 3.5
z; (0,10 7) =8(ry — 1) A5 *(ry,1y,7) (3.1 Y A |rwn 3 |nia (3.5)
otherwise the dens1ty-matr1x equation (2.20) will involve
the interparticle correlation g(r,r’). Moreover, since the where
1
9 N ©  io—a,)
T | = (BBt en) [T e T e )
—BiBiIb ator) [T dre T eyt A *(m)
(w—eo,)T
+B:BiLatppb ) [7 dre’ T ene At (=)
+ﬁ:ﬁ:[bt,ppa1] fOoed i(lw— w)f; :,A++(— ) e—it(Zw—wx-mc)_*_H.c. , (3.6)
dpr N w (@—a;) _
| =g (18 et [ dre T a0
@ ( )
- IBC[z[bf,pr] f() dre e T:l un+ (7)
o —ilo—wy) _
+|B:|a"spral [ dre” T eheg it (=)
2rt ®© —il(@—w )T _« AT _ H 3.7)
+ 1B |16 prb] [ dr emeg i T(—m)+He. |, :

where N is the total number of atoms in the sample

volume. In deriving (3.6) and (3.7) we have used the prop-

erty
AFH(—n)=[47"(D]* 3.8)

of the atomic correlation functions. In the density-matrix

I

equation (3.5) the terms (dpy/0t)rwy describe the four-
wave-mixing process involving two photons of the pump
and one photon from each of the modes @ and b. The
terms (dpr/0t)nLa describe the changes in the charac-
teristics of the field modes a and b due to the linear ab-
sorption and emission processes in the presence of a pump



wave. Note that these two processes in the semiclassical
theory will be described by the four-wave-mixing suscepti-
bilities X*N(w,0, —w;), X*(0,0, —w,), and the saturated
absorption susceptibilities. The latter susce?tlbilitits in
the simplest situations are related to X N, —w ,@y )y
XN, —w,0.). We will see that the quantum theory not
only involves such nonlinear susceptibilities but also a set
of other characteristics of the atomic system that have no
classical counterpart. It should be borne in mind that the
steady-state traveling-wave situation is obtained by replac-
ing t by z/c.

In order to understand the various terms in the basic
equation (3.5), we transform it in such a way that the
symmetrized correlation functions and the correlation
functions involving the commutator of the atomic opera-
tors at different times appear. Therefore, instead of Eq.
(2.19), we introduce the correlation functions

Caplr)= lim ([Golt +7),Gp(D]) = —Caol—7),  (3.9)

aﬁi Bs BcN

== (Q M (—iv)Mal [ prl1+C H(—ivla’ (b

ot 242

S (—iv)[b", (@ pr) e
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~(iv)[b', {b,pr} )+ H.c. ,
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QqplT)

= lim ({G,(t +7)—(Gqult +7)),G (1) —{Gg(1)) })

t— o

=Qps(—T7) (3.10)
so that

Ap(T)=[Cop(T)+Qqap(7)]/2, (3.11)

Aga(—7)=[Qap(T)—Cqop(1)]1/2 . (3.12)
Let us also introduce the notation

Ps-,t' =P+'£.:c’ P, =(Ps.,{; )*,

CHH(n)=([P}(1),PF(O)]) (3.13)
and let 2,,3(2) be the Laplace transform of A4,g(7)

Aupl)= [ dre " Aq5m) . (3.14)

Straightforward but long calculations then show that the
Eq. (3.5) can be written as

+or} 140 & ¥ (—iv)[b ' [aprl]

—itRo—o;—w,)

(3.15)

2
|stﬁ| (0 & ~(iv,)a" [a,pr]1+C & ~(iv,)a (a,pr} )
2
c N A ~
_—l—BE’:zlz——(Qc‘:'(ivc)[bt,[b,PF]]'i'Cct

where we have also introduced the detunings of the probe
and the generated fields by

(3.16)

Ve=0—@¢y Vs=0—Q .

We show in the next section that the correlation func-
tions C;f *, etc., have a simple interpretation in terms of
the nonlinear susceptibilities. The functions Q appear
only in the quantum theory and are connected with the
fluctuation properties of the atomic system. The func-
tions Q do not appear in the mean values of the field am-
plitudes. For example, one can show that the mean-value
equation for b is

BSBCN ’\
#

18N
#

If we compare (3.17) with the corresponding classical
equation we see immediately that c X*(—iv,) is related
to the four-wave-mixing susceptibility. The function
¢ F~(iv,) is related to the net absorption and dispersion
in the medium at the frequency of the generated wave.

We conclude this section by examining the conse-
quences of dropping the Q terms from the master equa-
tion (3.15). This would enable us to compare the results
of our theory with those obtained by the quantization of

1->e —it2o—w,—o,)

(b)=—

FH(—ivy)a

CE(iv.)(b). (3.17)

[

the semiclassical equations of nonlinear mixing. We also
ignore the terms involving the correlation functions C ~
and C,',F ~, i.e., we assume that the absorption in the medi-
um can be neglected. On setting 20 =w; +o,, we then
obtain

%’-’ti_ B‘B° = (Ll C T (—iv) +C AT (—iv)]
+(a'prbT—b topa’)
X[C EH(—ive)—C EH(—ivy)])
+H.c., (3.18)

which in the case of degenerate four-wave mixing further
reduces to

a .
_if;.tf_=_%[xaTb*,pp]+H.c. , (3.19)
% %k
N .
K=—-@%—ic £H0) . (3.20)

Our analysis thus shows that an effective Hamiltonian
H =xa'b +xk*ab (3.21)

can be used to describe degenerate four-wave mixing in a
nonabsorbing medium, provided we drop all the terms
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connected with the fluctuations in the medium. Our
analysis further shows that an effective Hamiltonian
description can be used for the case of nondegenerate
four-wave mixing, provided the dispersion of the suscepti-
bilities X*(w,0,—®’) is not important, i.e.,
Cr¥(—iv,)=CF*(—ivy). Since, in general, both
dispersion and absorption effects are important, an effec-
tive Hamiltonian description for four-wave mixing is
inadequate.

IV. PHYSICAL INTERPRETATION OF THE
ATOMIC CORRELATION FUNCTIONS C AND Q

In order to understand the meaning of the quantities C
and Q which appear in the quantum theory, we examine
the dynamical equation (2.7) with the assumption that the
field E*(r,?) is a given field with wave vector q and fre-
quency (, i.e.,

J

Tr[i)‘(t)G] =ei(m—ﬂ)t

£
#
£

—ilo—Q)t
+e™!
fi

The induced polarization is given by
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Et(r,t)=ge’9" ¥ H.c. (4.1)

Here € is a given prescribed quantity. Thus instead of
(2.7) we now have

ap = | = ~
ot = pHATHEPIHLAP 4.2)
where p is the atomic density matrix and
Hyp=— [ d’r P-(r)ef@ 1% +iare L Hoe, 4.3)

We next investigate the linear response of the system to
the applied field . Note that before the application of the
field €, the atomic system is in a state p(,?) such that

Lap? = 1H.p01=0. 4.4)

Using (4.2) one can show that the linear response of the
dynamical variable G at time ¢ can be written as

f d3r fow dr( [G(T),P"(r).E] >eiq'r—i(w—ﬂ)r

J ¥ [ an(1Gin),PH(r)-e* e —iarrito-nr 5)

P(r,t)=e ~''Tr[pP*(r)]+H.c. , (4.6)
which on using the result (4.5) becomes
P(r,)=e 0| — | ["dr [ dr ((P*(r,7),P~(r;)-e] e Tle 1o
+e~ieman || [Tdr [ @Pr([PFnm),PHr)-et])e T Mo Hee, (4.7)

If the different atoms are uncorrelated than (4.7) can be
simplified by using Eq. (3.2) and the definition (3.9) with
the result

i

Pi(r,0)=e "M+t | | H(i(0—Q))ng;

L

40—t +i(2k—q)ry,

XC}FH(—i(w—Q)ef +H.oc. , 4.8)

where n is the density of atoms. Note that the first term
in (4.8) gives the response of the system at the applied fre-
quency Q. Thus if X;;(Q) is the susceptibility of the sys-
tem, then we can identify
Xy(@)="2C F ~(i(0—0) . 4.9)
It should be borne in mind that X ;;(Q) depends on all the
powers of the pump field of frequency w. If the pump
field is zero, then X;;({2) reduces to the usual linear sus-
ceptibility of the system. In the language of conventional

[

nonlinear optical susceptibilities, the intensity-dependent
X has the expansion

X(Q)=Xx{}(Q)

0
(2n +1)
“+ zlxialﬂl”.an nj(ﬂ,w,——(o, . e ,Cl),—(l))
n=

X I €qa,(@)ep (@) . (4.10)

n

The second term in (4.8) gives the induced polarization
at the frequency 20 —. Such an induced polarization
has the form of a plane wave in the direction 2k —q.
Thus this term corresponds to four-wave mixing. If the
correlation function C FH(—i(w—Q)) is computed to
second order in the pump field ¢,, then we can obviously
identify

(& )al€y )X fapj (0,0, — Q)= —C FH(—i(0—Q))n .

i
#

(4.11)
In the more general case the four-wave-mixing susceptibil-
ity depends on all the powers of the pump field and hence
can be written in a form analogous to (4.10):



34 QUANTUM THEORY OF NONLINEAR MIXING IN MULTIMODE FIELDS: ...

n+3
%-nC"'J“(—z 0—Q))= 2 X,,Z,;B;"lg)'

We have thus established the relation of all the atomic
correlation functions involving the commutator of the
atomic operators to the intensity-dependent susceptibili-
ties of the atomic system.

The quantities Q are more difficult to interpret. How-
ever, it is well known that the inelastic scattering from a
quantum-mechanical system driven by an external field is
determined by the correlation functions of the form
(PN (r,r)P* (1,0)) — (P (r,7)){P*(r,0)). Atomic

J

9pr B;B:N

at
|Bs |*N

Qi (—iv)+Q EH(—iv)+C

+ [0 £~ (ivy) Mt )](11,0)¢1,0
27 ss —Cs  (ivs s 0] —

| B. | *N

+ Py [Q X,

Thus for short times, the probability that a photon of the
mode a grows from vacuum is related to the real part of
0 I liv, )—C $~(iv,). The off-diagonal elements of the
field depend on the correlations like Q ;' *(—iv,). Equa-
tion (4.13) leads to nonvanishing of the expectation values
like (ab). Such nonvanishing expectation values in turn
lead to the simultaneous production of photons in modes
a and b.

|

$(20,2)= Tr[pp [ d*ad*Bexp{—[a(z} —ah)—a*(z,—a)+ Blzf —bH—B*z—)]} | ,

anﬁnj(w,w,—ﬂ;w, -0

H(—iv.)+C EH(

)—C %~ (iv)](]0,1)¢0,1| — | 0,0)¢0,0| )+ H.c.
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o0, —0)Eg(0)eg @) [ €4, (0)ep (@) . 4.12)

[

correlations of the form (P'~(r,7)P(r,0)) determine
the anomalous correlation functions? of the field radiated
by an atomic system. Thus the quantum-mechanical
character of the field radiated by a system driven by a
field of frequency w is determined in terms of the atomic
correlation functions Q. This can also be appreciated by
looking at the short-time solution of (3.15) for an initial
vacuum state of the field

—iv)]]1,1)¢0,0|

[0,0)¢0,01)

(4.13)

V. SOLUTION OF THE MASTER EQUATION (3.15)

In this section we present the general structure of the
solution of (3.15). It proves convenient to work with the
Wigner distributjon function ¢(z,,z,) associated with the
density matrix pr. Formally the Wigner distribution
function'* is defined by

(5.1)

where f d’a stands for the integration over the whole complex a plane. The basic equation (3.15) can be transformed
into an equation for ¢ by using the following rules of mapping?! associated with Weyl ordering:

t 1., 99 _, 9¢
[a'.p] 2z, [a,p] 2t
{a.p}—2z,9, {a',p)—2224 , (5.2)
[a*,[b*,p]]~»~—L (6", {@p} 1>~ 2= (22,8). ...
The equation for ¢ is then found to be
ai_ HSBL‘ + + _ + + . 82
EY o QO (—iv)+Q X+ (— zvs)]——LaZaazb
~CHH—iv,) & A (—iv) 22— (2279) |e M PO o)
az,,
|Be|>N A, 3% | Be |’N A 3%
(iv, X liv,
277 o 2% 8 202, Ry Q" )az,,az,:‘
|Bs[2 e d |Be |°N A ]
—=C ———Ctliv,) == .c. .
R T g -+ ——C (ive) g (22p8)+-e.c (5.3)
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The equation for the Wigner distribution function has the
form of a linearized Fokker-Planck equation®? in four
variables. The diffusion terms in this Fokker-Planck
equation arise from the nonvanishing of the symmetrized
atomic correlation functions Q. The drift terms are relat-
ed to the nonlinear susceptibilities. It should be borne in
mind that C }*(—iv,)%C % +(—iv,) for the case of non-
degenerate four-wave mixing. Equation. (5.3) clearly
shows that the quantization of the semiclassical equations
is not adequate, for if one had used the semiclassical equa-
tions and quantized them, then all the second derivative
terms in (5.3) would have been missed. It should be
remembered that the Wigner function enables one to cal-
culate the symmetrized expectation values; for example,

a +aa’
<_a__a_‘21'£>= f f d?2,d%2, | 2, | *$(25,2,) -

If ¢o(z,,2,) is the Wigner function at time ¢ =0, then the
general solution of (5.3) can be written as

B zazpot)= [ d’2z; [ d*2ydozi,25)K (24,23,t370,23)
(5.5)

where K is the conditional distribution function associat-
ated with the Fokker-Planck equation (5.3). It is the solu-

tion of (5.3) subject to the initial condition
|

(5.4)

]lezést—(ivs)
L=, 4=-%

7 |B,B.(CEH)*(—iv,)
2 (W =4 +(gha'+2D
N |85 | A0 & ~(ivy) +c.c.]

2D='_—— A A
| B0 EH(—ive) +[0a  (—ive)]}*

These are to be solved subject to the initial conditions ob-
tained from equations like

+ t
(9,)=(Z,)=(a), <¢'11/’7>=<Zaz"‘)=<-aa—_*2-ﬂ>’
2,4 t !za!2+% ZaZp
(P)= Z;l’ (¢ o= 2z |2b|2+% . (5.10)

Note that the solution of (5.9) can also be written as

(W =e*(p)oe ™ +2 [ dret D’ 5.11)
(ab)

<bTb)+';‘

(a'a)++

5.12
(a's") (5.12)
Thus the Gaussian property of ¢ and the matrix e“' and
(5.11) completely characterize the time development of the
density matrix. Explicit results can be obtained by con-
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8z, —z,)8(z, —z;). The conditional distribution as-
sociated with a linearized Fokker-Planck equation is well
known. It is Gaussian in four real variables. It is cen-
tered at the solution of the equations

2
NA
Zo=—BiB 7 Net+—ivozi— }B;l Caliv)Z,
(5.6)
2N
sz_ﬁj—%—6;+(_iv_‘)z: lﬁcﬁ! C;_( Vc)Zb )

subject to the initial values Z;,Z;,. If initially each mode
is in a coherent state | z,) | z, ), then
-2 , Za

¢O(Z,,Zb)=—:7exp( -z, |2—2|Z,, —z,|%.

(5.7)

Using (5.7) and the Gaussian nature of the conditional
distribution, it follows that ¢(Z,,Z;,t) is also Gaussian.
Since any Gaussian distribution is completely character-
ized by the mean values of the variables Z and the fluc-
tuations in them, it is sufficient to solve mean value equa-
tions like (5.6) and the equations for quantities like
(Z,Z,). Let ¢ (¢") be the column (row) matrix with
components Z, and Z; (Z, and Z,). Then from (5.3) it
follows that

B:B:C tH(—iv,)
A (5.8
|Be | 21C &~ (ive)]*
—BIBHQ T (—iv)+0 EH(—iv)]
(5.9)

|B: 130 &~ live) +c.c.]

[

sidering specific examples of the media which determine
the form of the correlation functions Q and C. Numeri-
cal results on the photon statistics will be presented in a
future paper.

If we define 8y as the fluctuation of ¢ from its mean
value

Sy=y—(¢¥), (5.13)
then it follows from (5.10) and (5.11) that
8y Y =LeMe ) 42 [ dret DA . (5.14)

Equation (5.14) shows that the field fluctuations at time ¢
are determined by (i) the growth of the initial quantum
fluctuations of the field, and (ii) the quantum-mechanical
fluctuations associated with the medium (D terms).

Finally, note that in the context of squeezing one needs
to know the fluctuations in the components like (a +a").
These can be directly obtained from the Wigner function.
For example let 4 be the operator
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A=pa+vb, Asz*aT—{—v*bT,
(5.15)
[4,4T=1, |p|*+|v|?=1.

The moments of A can be written in terms of the Wigner
function as
J

(A+A"—(A+aD) = [ [ d°Z,d*Zy$( 20,22, +vZy —plZ,) —V(Z, ) +c.c.)" .

Using our earlier result that ¢ at time ¢ is Gaussian if ini-
tially the field modes were in coherent states, we can
reduce (5.17) by using the moment theorem for Gaussian
distributions. We then obtain

((A+AT—(4+4T))™)
_ 2n!
2t

The result (5.18) can be used in the considerations of
higher-order squeezing. If a field is in a coherent state,
then the 2nth-order moment also obeys the property (5.18)

(A+AT— (A +4a)m)

(A+AT—a44"))" . (5.18)

=22,,’;!!((A +A A+ AT, (519
Hence, if
(A+4"—(a+aT)?)
<{(A+4+—(A+4Y ), (520)
then
((A+AT— A+ <A+ 4T (4441 .
(5.21)

It follows from the above that if the variable (4 +47) is
squeezed to second order, then it remains squeezed to all
even orders. We have thus proved a general result in the
quantum theory of four-wave mixing. The second-order
squeezing can be studied using the result (5.14) and the
easily proved relation

(A+A " —(A+aT)2)=2|u | X(5¢,8¢})
+2|v| 89,893 )
+2uv{(8y,8¢3 )

+2u*v* (8,5¢7 ) . (5.22)

VI. SPECIFIC EXAMPLES

The general theory given in Secs. II and III is valid for
a wide class of systems in which nonlinear mixing can be
studied. Different systems will lead to different coeffi-
cients in the dynamical equation (3.15) as the correlation
functions C and Q will depend on the nature of the medi-
um, the nature of the optical transitions, and the charac-
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((A+a" = [ [ d°2,d°Zy$(Z,,2,)
X(uZ, +vZy+c.c.)” (5.16)
and hence
(5.17)

I

teristics of the pump field. These correlation functions
can be explicitly evaluated in special cases and we now
consider several important ones.

A. Two-level optical transitions

Let us consider the quantum theory of four-wave mix-
ing in a medium of two-level atoms with frequency
separation wy. This is the case most extensively stud-
ied®!1=13 both theoretically and experimentally. The po-
larization operator, for an atom located at the position R,
can be written as

P(r)=dS*8(r—R)+H.c. (6.1)

where S, its adjoint S, and S?=+[S+,S "] satisfy the
commutation relations for spin-+ systems. We do the
calculations in a frame rotating with the frequency w of
the pump field. The dynamical equation (2.9) for the
atomic system can be written in the matrix form as

%%=A!//+I, Py=(St)e R0 yy=yi,

¥3=(S?), I,=I,=0, I,=7/2T, , (6.2)
*TLZ_HA 0 2ig*
4= 0 “le‘—m —2ig |,
ig —ig* _._7{_1
A=wo—0, g=%. (6.3)

Here T, and T, are the longitudinal and transverse relax-
ation times and 7 gives the equilibrium value of the atom-
ic inversion in the absence of the pump. By using the
quantum regression theorem all atomic correlation func-
tions can be computed in terms of the solution of (6.2).
We give results for various correlation functions in terms
of the steady-state solution

Y=—A"I (6.4)
and the elements of the matrix U defined by
Uz)=(z—A)"". (6.5)

Our calculations show that
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0 fr@)=(erd)* (e, d)* 3 Up(2)(1 =291y, — 2U58h2, — 2003); , (6.6)
C :;+<z)=(ss-d)*(e,-d)*;l Uy (2)(293,0, —1hy); 6.7)
05 ()= |&;-d |23 Unlz) =201, 1 =219, — 2193, 6.8)
Ci(n=¢g-d|? 1;9, U, (2)(0, —243,,); - (6.9)

Thus all the coefficients needed for the quantum theory of four-wave mixing in a two-level medium can be explicitly ob-

tained.

For many practical purposes® it is sufficient to do a third-order calculation in the applied (pump and probe) fields.
Hence, we give explicit results for the atomic correlation functions to second order in pump fields:

020 |_ A driedrst | g1 ! 1]
Cit (z+iA+1/Ty) | (1/T,+iA? 0 +(2+1/T1)(z+1/T2~iA) n
1 ’ (6.10
t T T/ T, il |7 || 10
2!12 g 2
04 () & |? TV AW 2|g |2 1
= = 2 - (z+1/T2+iA)—‘l }
Ci | G+UT+in) || | 4]g]'T, (z+1/T)) -7
T,[A2+(1/T,)]
+ (1/T—iA)™! 1’,7 (6.11)

These expressions simplify considerably for degenerate
four-wave mixing in a medium which only has radiative
relaxation (p=—1, 1/T,=2/T,)

0440)| 2g%e,d)*(e.d)*
CEHO) | [(1/Ty2+A2)(1/T,+iA)

2
X | T,(iA+1/Ty) | » (6.12)

—1
0: 0| _ledl ([ _siglt )y
C=0)| (/T,+iA) (1/T,%+42 | 11]°
(6.13)

Thus for large detunings AT, >>1, the fluctuation Q.f *
can be ignored. Moreover, real Q 7} (0)~O(1/AT,)?
and hence can also be ignored. In such a case the dif-
fusion [Eq. (5.9)] is negligible and the field fluctuations
are given by the first term in the solution (5.14).

B. Three-level optical transitions— V system

There exists considerable work on four-wave mixing in
a medium in which optical transitions can be modeled as
three-level transitions.>*® The semiclassical theory is in
terms of the nonlinear susceptibilities, whereas the quan-
tum theory requires the additional knowledge?® of the

T
correlation functions Q*¥, etc. In the following we treat

the important case of the ¥ system.* The A system is
very similar. The ladder system is discussed in Sec. VII in
connection with two-photon media.

Let us consider the transitions |j=0,m =0)
< |j=1,m==1) in a three-level system due to the in-
teraction with a linearly polarized pump field. The linear-
ly polarized pump field can be decomposed into right and
left circularly polarized components

E(t)=(5egEg +veL Ep Je'¥ R cc. (6.14)
We further assume that the signal wave is a right circular-
ly polarized wave so that g, =€g. In such a case the gen-
erated wave is left circularly polarized, i.e., €, =¢€;,. We
have taken the strengths of the left and right circularly
polarized components to be different so that the case of
light with arbitrary polarization can be handled. The di-
pole moment operator for the atomic system can be ex-
pressed as

d=d13ER|1><3|+d23EL|2>(3|+H.C. , (6.15)
where the states are labeled as | 1), |2), and |3) ie,
ID=|j=lm=1), |2)=|j=1lm=-1), [3)
=|j=0,m =0). Let E,; and E, be the energies of the
states |1) and |2) relative to the state |3). The
density-matrix equation for the three-level system in-
teracting with the pump field (6.14) can be written in the
matrix from as*
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b=Ay+I, Yi=py, Yr=pr $3=pa1, Ya=prse' @R, Y=y, Ye=py,r=ppe’ @R, Yy=y3,

=274 0 Y ilge| —ilgL| 0 0 0
0 — (T2 +2i8) 0 ilgr| 0 0 0 —ilgL|
4| 2l i|gr| 0 —(T3+i8+iA) 0 ilg| 0 0
—2i g | 0 —i|gr | 0 —(T3—id—iA)  —i|g.| 0 0 ’
0 0 0 0 0 =272 i|gr| —i|grl
—i|grl| —i|gL| 0 0 0 —2i|gr| 0 —(Fy3+i8—iA)
0
0
> E,+E d,;'E di;-E
—i|gL | 1+£; 23" ER 13 E2
I= . , 8=(E{—E,)/2%, A=wy—o, _=_— =——— =, 6.16
+i g | (E1=Fa)/ @oT@ Go=TTon 0 BR A B % )
0
_’: |8r |
+i|gr|
|
In these equations I';; is the relaxation rate of the off- PP =P *Hlep=d3y |3)(2] ,
diagonal element p;;. These relaxation rates include con-
g Pij PP =P*eel =dh [3)(1] . (6.18)

tributions from phase-changing collisions. The rate of ra-
diative decay of the state | 1) (|2)) is taken as 2y, (2y,).
Note that 28 gives the Zeeman splitting between the levels
|1) and |2) and w, gives the position of levels | 1) and
|2) in the absence of the magnetic field. The polariza-
tion operator for the ¥ system is

P =dhel |3)(1] +dbel |3)(2] 6.17)

All the correlation functions relevant for the quantum
theory of four-wave mixing in a ¥ system can be calculat-
ed using Eq. (6.16) and the quantum regression theorem.
We quote the results. Let 1 be the steady-state solution of
(6.16), i.e.,

Yy=—A"I, (6.19)
and let U(z) be the matrix (6.5) with 4 now given by

and hence (6.16). Then our calculations lead to the results
J

Q;+(Z) * g%

&4+ () =d3dl; 3, Un(2)[(£14,0,£97,0,9, £ (1 — b —),0,0,9,); — 2q¢¢4] , (6.20)
sc 1

0+ (2) .

64—-—(2) =d23d232 U71(z)[(0’0’¢5’i'/’z:o:d’&(1_¢1_¢6)i¢6’0)1_2q¢1¢8] ’ (6.21)
ss I

Q5@ | _ a1

&t [T Z U@ 594,005, £45,0.06 (1=~ o)~ 2q¥1b1] . 622
cs I

01 (2 )

et |~ [dis | ? Ua(2)[ (¥5,95,0,1 — 91 — P £¢1,0,0, £¢3,0);, — 29 ¢ 5] . (6.23)
cc

Here the parameter q is to be set zero (one) for the corre-
lation functions C (Q). Moreover, in Egs. (6.20)—(6.23)
the upper (lower) signs are to be taken in calculating the
functions Q (C).

With the knowledge of the correlation functions
(6.20)—(6.23), the quantum theory of four-wave mixing in
V systems is complete. The correlation functions for the
quantum theory of four-wave mixing in the A system can
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be evaluated similarly. Numerical results in these two
cases will be discussed in a future paper.

C. Four-wave mixing in an optical fiber

Recently, there has been considerable interest in the
production of squeezed states of the radiation field using
four-wave mixing in an optical fiber.!®!'? The study of
squeezing requires the quantum theory of four-wave mix-
ing in an optical fiber. We now show how the general
theory of Secs. II and III can be applied to four-wave
mixing in optical fibers. We need to have a quantum
theoretical description of the optical fiber. These can be
modeled in terms of a set of anharmonic oscillators. The
equation (2.9) for the optical fiber will have the form

9 _ —i[AcTe +x(c2ei—cTg—cg*,p]

at
—K(cTcp—Zcpc*+chc) , (6.24)
A=wy—w, g =—d-’;:£~e""'R .

The operators ¢ and ¢! are the annihilation and creation
operators for the anharmonic oscillator. The anharmoni-
city is represented by X. The nonlinear response of the
fiber arises from the nonvanishing of X. The coupling
with the pump field is represented by g. The terms in-
volving k describe the linear losses in the fiber.

The steady-state response can be computed to various
orders in X; for example, the mean oscillator motion will
be

2 |g | XX
(P + Ak +iA

The second term in (6.25) yields the third-order suscepti-
bility of the anharmonic oscillator driven by a pump of
frequency w. The correlation functions of ¢ operators can
be calculated to various orders in X. For this purpose we
need the time-dependent solution of (6.24) in the absence

(c)=—ib& 4

i) v +0(x? .

(6.25)
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of the nonlinearity. Such a solution can be obtained by
using coherent-state techniques and is well discussed in
the literature.!®?* If the oscillator at time ¢ =0 is in a
coherent state |z, ), then the time-dependent solution of
(6.24), for the case X =0, is

p()=z(0)z(1)| ,

where |z(t)) is a coherent state with amplitude z(¢)
given by

(6.26)

2(t)=zpe~M w1 (|_p-isi—w)y (627
(k+iA)
In steady state one has
- _tg_><__tL
P=via \k+in |- (6.28)

Various steady-state correlation functions of the oscillator
system can be obtained using (6.27) and the Markovian
property of the system. We list several of these which are
needed in the computations of the correlation functions C
and Q:

t\a2 __lg|? ig
(c!(r)cX(r)e(0)) = i aD |xxid | (6.29)
(c(0)cT(r)cr))

2
—_ [g Lz ig ig iAT—kT
= AT | xrid HiA (e ), (6.30)
4

T t 2

0 = , (6.31)
(c"0)cT(r)ck(T)) L AT

lgi4 21312 —iAT—KT

(N(rcncto) = ( +

K24+A%)? (kP4 A?)
(6.32)

We now calculate the correlation functions for the
anharmonic oscillator. From (6.24) we can show that

l:_f +iA+x [{[e(r)={c(7)),c(0)—={c(0))]+) = —2iX{[c(T)cXr) = (c"(r)cHT)),c (0)— (c(0)) ]+ ) (6.33)
and hence to first order in X,
L{[e(m)—(c(m)),c(0)—(c(0))]+) =(z +iA+Kk)"H{[c(0)=(c(0)),c(0)—(c(0))]+)
—2XE{ [N (meHn)— (T (r)edm)) e (0)=(c(0)) ] Yo}, (6.34)

where Lf denotes the Laplace transform of f(7). The suffixes O and 1 indicate the orders of X. Using (6.24) we find

that
() —(e)?=ix2(c ) cTy—2(c)(cT)—-1).

(6.35)

Using Eqgs. (6.29)—(6.32) and (6.35), we obtain the correlation functions of the oscillator operators

L{[c(),c(0)])=2iX(z +iA+Kk)" Nz —iA4K)~!

ig

2

+0(X)=Cttz)/(d-e*)Nde’), (6.36)




L{[c(r)—{c(m),c(0)=(c(0))]; )= —2iX(z +iA+K) "Mz —iA+K)"!

+ﬁxu+4A+xr‘{
=0t (2)/(d-€l)del),

2
C;Tﬂ:[d€|%rHA+er(—ﬂﬂ&44A+MA—g£L—+1yHNXh,

0+ (2)=Ct~.

Using the explicit results (6.36)—(6.39), we have a com-
plete description of the quantum theory of four-wave mix-
ing in optical fibers. From the foregoing examples it is
also clear how the quantum theory of four-wave mixing
can be discussed for other types of media.

VII. QUANTUM THEORY OF NONLINEAR
MIXING IN TWO PHOTON MEDIA

As a final application of the general theory of Secs. II
and III, we consider four-wave mixing in two-photon
media. Results of semiclassical calculations for such
media can be found in Ref. 16. Let us consider the opti-
cal transitions in a ladder system consisting of the states
labeled as |1) (upper most state), |2) (intermediate

b=AV+1, P1=p11, Pr=ppe’®, Pi=ppe¥®, Y,=y3,

=93, Ys=v5, le=I§ =ig, g1=d1;E» gz=d2;€ ,
=27 —ig 0 ig
—ig —Tp—il —ig3 0
0 —ig, —Tys—iA—id, 0
A | &t 0 0 —Tip+iA,
27y gy 0 —ig
—ig; 0 igt 0
0 0 0 gy
gy 0 0 0
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2
ig
K+IiA
2
2lg|” || _ig 1 —1t+00?)
KR4A2 | [k+iA || +
(6.37)
(6.38)
(k*+A?)
(6.39)

state), and |3) (ground state). A pump field w interacts
with three levels such that 20 ~®;;. We leave the intensi-
ty of the pump quite arbitrary. If the intermediate-state
detunings are large then one has the case of a two-photon
medium; otherwise, one in general has the case of stepwise
transitions. We leave the intermediate-state detunings
quite arbitrary so that by taking appropriate limits we will
recover the cases of two-photon media and stepwise tran-
sitions.

The polarization operator for the three-level system

under consideration can be written as
Pt =dyndn+dydy, 4;=10) ]| . (7.1

The density-matrix equations can be cast into a matrix
form the standard way?® and we quote the result

iot

Ys=pyp, PYe=pue'”,

0 0 0 0

ig 0 0 0

0 ig, 0 0
—igl 0 g2 0
—27, —igs 0 ig, |
_2ig,  —Ty—il, 0 0

0 0 —Ty +iA+iA, —ig*
2ig3 0 —igy —Cp+il;

Alzwn—w, A2:0123——Ct) . (7.2)

Here, T'; are the relaxation rates of the off-diagonal elements and these include contributions of collisions; 2y, and 2y,
are the radiative decay rates of the states | 1) and |2). The steady-state solution of (7.2) is

Y=—A"T.

(7.3)

The atomic correlation functions relevant for the quantum theory can be calculated in terms of the steady-state solu-
tion (7.3) and the elements of the matrix U(z)=(z —A)~!. Our calculations lead to the following results for the correla-

tion functions C and Q.
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6;_’-(2) * * — * — * * —
0+ = ; [dar-es Ugi(z) +dy €5 Uy(2) [{(Fda1 €. ¥, Fdap €. ¥3,0,d01°€. (Y1 ¥ ¢s)
sc
Fdayeo s+ dyrec ¥y, dy €0 Y3, dap €l Yy F o1 €2 g,
Xdyer [PsF (1= —P5)]), —2q (day-ec o+ dy-ec )y}, (7.4)
Ci (z)
Qs:_(z) = 2 [dn‘E: U61(2)+d21'€: Uz[(Z)]
S8 1
X[(Fdia&sdiye(PsT), Fdys-€shy +dpp 6,96, dp3 e, ¥, daz €, 1s
Fdi2&s Y4, d3-€(1— ) — s T15),0, —dy3-€597); — 2g (dp3 €50 +dpp e, ¥04)Y ] . (7.5)

In Egs. (7.4) and (7.5) upper (lower) signs are to be taken
for the correlation functions Cs (Q’s). The parameter g
is to be set zero (one) for obtaining correlation functions C
(Q).

We conclude this section by examining the results for
two-photon media, assuming that the intermediate-state
detunings A, and A, are large. We further assume that
the saturation effects are unimportant and therefore we
calculate the correlation functions C and Q to second or-
der in the pump field. From Eq. (7.2) one can show that

8182

r

From the operator algebra equal time correlation func-
tions can be obtained:

([421(0),d3,-e* 435(0)+dp-e* 45,(0)] 4 )
(7.7)

_ o
=tdje¥py3,

([A32(0),P+'8*]_.t>=+d21‘£‘p13 . (7.8)

_ 3 . _ . .
P13= IAE(A +A)+T 03] +0(g"), e Using Eqgs. (7.2)—(7.5), detailed calculations show that
(Pte*)=—(dse*)g, /A, +0(g?) . '
|
N dye*gg; 1
L{[Ay(7),(PT-e*)]s) ==+ : 0(g?), (7.9
<[ ZI(T) ( & )]+) lAz[l(A1+A2)+r13] (Z +IA1) + g
~ dy-e*818 1 28, | _, .
+.e*)]_ ) — O(g? di,e*) | — I y—— . (7.10)
L{[A3n(r),(Pt-e*)]3) DA 1A, +T 0] (2 1Ay +0(g°)+(d3y-€*) A, z7 N (+ig, (z+iA,)
From Egs. (7.6), (7.9), and (7.10) we find the following results for the correlation functions Cand O
A (dy1-e¢ Ndapgg)  (dypogs )d3pgr) 8182 o
THz)= onresonant contributions , (7.11)
s (2) (z +iA)) 4By |ib[Ty+ilh 1b,] T nonresonan
N 8182 (dyr-e7 N(dyy ;) (dy €5 Nd3yeq) o
Critz)= sonant contributions , (7.12)
e (2) ATt (A +A))] Z+ih,) z +ih,) + nonresonant contributions
r

which can be used in the quantum theory of four-wave
mixing in two-photon media. For the degenerate case one
has z=0. It is interesting to observe that at exact two-
photon resonance, A+ A,=0, the fluctuation term Q*++
is not important if the dipole matrix elements are nearly
equal.

In conclusion we have developed a general quantum
theory of nonlinear mixing in arbitrary media. Central to
the theory are the two time correlation functions involv-
ing the commutators and anticommutators of the polari-
zation operators.?® Such correlations can be calculated
from the knowledge of the microscopic dynamics of the

medium pumped by an external field. Use of the Wigner
distribution function enables us to obtain general results
on the quantum statistics of the generated fields. Other
detailed applications of the present theory will be treated
in future papers.
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