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Quenching of the metastable 2s state of the He„atom in helium gas is discussed. The first part
of the discussion, which is devoted entirely to processes occurring after the He„has become bound
to one or more ordinary hehum atoms, is based partly on Cohen's calculations of rates of vibrational
quenching and partly on estimates obtained in the present paper of rates of Burbidge —de Borde
quenching and Ruderman quenching. It is concluded that Burbidge —de Borde quenching or Ruder-
man quenching, or both, are likely to be more effective than Cohen quenching if the vibrational level
of the bound system is low. A recent experiment by von Arb et al. is then analyzed in the light of
this conclusion. The analysis is based on the reported absence, or near absence, of Auger electrons
accompanying 2s quenching. %hile it is agreed that the Cohen mechanism occurring in the molecu-
lar ion HeHe„remains the most likely explanation of the experiment, it is concluded that the
quenching occurs in comparatively high levels. It is then argued that this conclusion is in accord
with some theoretical investigations of three-body association reactions and also with some elemen-

tary considerations regarding the relaxation of highly excited diatomic molecules, and it is further
concluded that the quenching is most likely to occur in states with very low rotational quantum
number and vibrational quantum number 8 & U & 14.

I. Ima.ODUCTIOX

Cohen has argued that the He„+(2s) atom, which is a
positive muonic helium ion in the metastable 2s state,
should be rapidly quenched if it becomes bound to one or
more helium atoms. ' Furthermore, some recent measure-
ments by von Arb et al. in helium gas at pressures be-

tween 50 and 600 torr have established that molecular ion
formation followed by quenching does in fact occur after
a He&+(2s) is formed. The arguments presented by
Cohen are very appealing, not only because the mecha-
nism involved, a 2s ~2@ muonic Stark transition induced

by molecular vibrations and quickly followed by a 2@~ls
radiative transition, had apparently not been previously
considered, but also because some detailed expressions for
the quenching rate, which were given in the harmonic-
oscillator approximation for diatomic and triatomic
molecular ions, have a form that appears to be more or
less easily generalized to almost any molecule or cluster of
which a muonic helium ion might conceivably become a
constituent, an important consideration because the details
of the entire sequence(s) of chemical and molecular pro-
cesses undergone by a He„+ ion in helium are not yet ful-
ly understood, especially at high densities. In the
harmonic-oscillator approximation, which is adequate in
very low vibrational levels, the Cohen rate varies linearly
with terms of the form (u+ —,

' ko, where u and to are a vi-

brational quantum number and frequency. When com-
puted more precisely, this rate has its largest values in vi-
brational levels that are moderately high. It was shogun in
Ref. 1 that the Cohen rate in the diatomic molecular ion
HeHe„+ is largest in levels with 5 & U (8.

The primary purpose of the present paper is to argue
that the Cohen mechanism is likely to be the dominant
quenching process only in comparatively high vibrational

levels. Some calculations are presented which indicate
that quenching of the 2s state in low vibrational levels
should be due primarily to one or both of two other mech-
anisms that have been known for many years to be opera-
tive in isolated muonic atoms. One of these mechanisms,
which was proposed by Burbidge and de Horde and
which was briefly discussed for an isolated, neutral muon-
ic helium atom by Cohen and Bardsley, is a 2s~ls
monopole Auger transition. The other, which was pro-
posed by Ruderman, is more or less similar to the Cohen
mechanism, the essential difference being that the 2s ~2@
muonic Stark transition is induced by coupling to the
motion of individual electrons rather than to molecular
vibrations. Because neither of these processes appears to
be calculable for molecules in both the relatively precise
and the readily generalized way achieved in the
harmonic-oscillator approximation by Cohen for vibra-
tional quenching, the arguments outlined in the present
paper are based on estimates for special cases, with some
previous discussions of He„+(2s) quenching —not only
the one by Cohen' but also the paper by Carboni and
Pitzurra —being decisive in the selection of these special
cases.

A certain amount of the discussion in the present paper
is motivated by the suggestion made in Ref. 4 that the
very low amount of Stark quenching reported in Ref. 3
might be accounted for if ordinary helium atoms become
clustered symmetrically about the He„+(2s). It acknowl-
edged, however, that the very existence of symmetric clus-
ters composed of three or more ordinary helium atoms is
questionable because, as pointed out by Cohen, ' a calcula-
tion performed by Milleur et al. for a number of sym-
metric clusters of the type He„H+, which should each
have a potential surface nearly identical to that for a simi-
lar cluster of the type He„He„+, has shown that the pla-
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nar HeiH+ and the tetrahedral He4H+ are both relatively

less stable than the linear He2H+. But because the calcu-
lations reported in Ref. 9 appear to admit the possibility
that the computed minima in the energies of these sym-
metric configurations of HeiH+ and He&H+ could be true
local minima (as opposed to saddle points), we have
chosen to investigate some of the implications of the as-
sumption that symmetrically structured He„He&+ mole-
cules with n & 3 could indeed be formed.

In Sec. II the Burbidge —de Borde rate is shown to be
nearly three times larger than the Cohen rate in the lowest
level of the diatomic ion HeHe„+ and about seven times
larger than the Cohen rate in the lowest level of the tria-
tomic ion HezHe& . Section II also includes a brief com-
ment on the possible occurrence of Ruderman quenching
in more complex molecules. This comment is based on
some exceedingly rough estimates of the Ruderman rate
obtained in the appendix for the rather special and not
very realistic case of a He&+(2s }atom situated a fixed dis-
tance from a single, initially undistorted hehum atom.
The very approximate numerical results obtained in the
appendix provide the basis for arguments made there that
Ruderman quenching is likely to be at least as important
as the Cohen mechanism in low vibrational levels, includ-
ing those of any symmetrically structured ion of the type
He„He&+ with n & 3. The relevance of our numerical re-
sults to experiment is discussed in Sec. III, where it is con-
cluded that the quenching observed by von Arb et al. ,
though indeed due to the Cohen mechanism in HeHe„+,
occurs in high or moderately high levels of this molecule.
It is then argued that this conclusion is in accord with
some theoretical investigations of three-body association
reactions and also with some elementary considerations
regarding the relaxation of highly excited diatomic mole-
cules, and it is further concluded that the quenching is
most likely to occur in states with very low rotational
quantum number and vibrational. quantum number
8&u &14.

II. BURBIDGE—de BORDE QUENCHING

The rate of Burbidge —de Borde quenching in the
He&+(2s) atom will be denoted by ys. With the Coulomb
distortion of the final electron wave function taken into
account, this rate is given by yp = 1.74X 10 (plpo) sec
where p is the initial electron density at the site of the
very small muonic helium ion and po is the electron densi-

ty at the center of an ordinary hydrogen atom. '

A. Diatomic molecule

The rate y~ was estimated for a He„+ atom bound in a
HeHe„+ molecule by using a very approximate but very
simple electron wave function for the HeH+ ion comput-
ed many years ago by Coulson and Duncanson. ' For a
given value of the internuclear separation, the electron
wave functions for HeHe&+ and HeH+ molecules should
be nearly identical because, as noted by Cohen and Bards-
ley in a discussion of collisional quenching, the interaction
of a normal He atom with He„+ is essentially the same as
with H+ except at very small separations. Because the
Coulson-Duncanson wave function was determined for

The rate ya was estimated for a He„+ atom bound in a
HeiHe„+ molecule by using a rather accurate electron
wave function for the equilibrium configuration of the
He2H+ ion computed by Poshusta and Siems. ' The
equilibrium configuration of the HezH+ molecule is linear
and symmetric. The Poshusta-Siems wave function con-
sists of 30 valence-bond configurations constructed from
15 orbitals. It will be denoted by 4'ps. The function 0 ps
was described in a Cartesian coordinate system, with the

origin situated at the site of the He„+ atom and the z axis
coinciding with the molecular axis of symmetry. ' The
calculations consisted of evaluating the integrals

N= %Ps r&, r2, r3 r4 xf 12 P3dv4, (1)

P=4 O'Ps r&, r2, r3 I4—0 f] 72 'T3 (2)

where N is the normalization of 0 ps and p is the total
probability density for one or another of the electrons to
be at the center of the molecule. The normalization was
computed as a check on the accuracy of the calculations.

Because there is no need to know y& with great pre-
cision, the integrations of %'ps were performed using the
Monte Carlo method; and because no integrations were
performed analytically, the orbitals were expressed direct-
ly in terms of hydrogenic functions (with polarization fac-
tors) rather than the linear combinations of gaussians em-

ployed by Poshusta and Siems, thereby reducing the
amount of computer time required. In computing X and

p, only that part of 4'ps was considered which corresponds
to all four electrons being somewhere within a box speci-
fied by

—Rb (x gRy, —Ry &f gRb, —Rs Rb (z ~Rs+Rb ~

(3)

where Rb is an adjustable parameter and R, =1.764 a.u.
is the equilibrium spacing for He2H+, as determined by
Poshusta and Siems. The value of RI, was chosen by re-
quiring the computed value of N to be reasonably close to
unity and to be obtainable with acceptable accuracy by
taking into account a not unreasonably large number of
randomly selected electron configurations. Since the ac-
curacy of a Monte Carlo integration can depend sensitive-
ly on the choice of random number density, ' the random-

ly selected positions of each electron were assumed to
have a distribution of the form

the equilibrium configuration of HeH+, using it to com-
pute ys is likely to be an acceptable procedure only if the
HeHe& is in a low vibrational level, where the internu-
clear separation is restricted to a relatively narrow range
centered on its equilibrium value. The rate obtained with
this function is ys ——1.5X10 sec ', which is nearly three
times larger than the Cohen rate in the lowest vibrational
level of HeHez+ but less than half its values in levels with
4 (U & 9. Although more accurate wave functions for the
HeH+ molecule have been computed, "we believe that the
value of yii obtained with the Coulson-Duncanson func-
tion should be adequate for the purposes of the discussion
presented in Sec. III.

8. Triatomic molecule
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p(r) p (x)p (y)gati(z),

where

p~(x)=a~exp( b—ix i ), —Ri, &x &Rs,
+RbI „p~(x )dx = 1,

(4a)

(4b)

(4c)

ptt(z)=att, —R, &z &R, , (4d)

C. More complex molecules

Our values of yti relative to the Cohen rate in low levels
of HeHe„+ and HezHe„+, especially our determination
that ya is relatively even larger in the latter than the
former, suggest that Burbidge —de Borde quenching might
also be important in low vibrational levels of more com-
plex structures. Of course, for a cluster consisting of one
or more helium atoms loosely attached by long-range
forces to a tightly bound triatomic core—and, on the basis
of energy considerations, this is arguably the form that
such systems would assume' —the value of ys for
HezHez+ can be employed with a certain degree of confi-
dence in a discussion of low vibrational levels. However,
as argued in Sec. I, there appears to be at least a possibili-
ty that the molecules He3He„+ and He&He&+ can exist,
though surely not indefmitely, in symmetric configura-
tions with the muonic hehum ion at the center. There-
fore, some discussion should be devoted to the nature of
any 2s quenching that might occur in these structures.
Our value of yii for the triatomic molecule would clearly
be inappropriate for such molecules. Nevertheless, no at-
tempt was made to estimate ys for these ions, even
though such calculations are feasible. It was decided that
the length and complexity of the numerical work would
not be justified by our present knowledge of the roles
played by these molecules: there is, at least in our judge-

gati(»=apexp[ —&( [z I

—Rs)l Rs &
I
z

I &Rs+Rb

(4e)
+R +R~

pp z z=1 (4f)

with a and ati being normalization factors and b a pa-
rameter chosen to enhance the efficiency of the Monte
Carlo integration.

For a given number of randomly selected elo:tron con-
figurations, the accuracy of the integrations were found to
vary dramatically with b The m. ost accurate calculations
were obtained with b=2.0 a.u. '. It was found that
choosing b =2.0 a.u. ' and Ri, ——3.0 a.u. and taking into
account 10 randomly selected configurations resulted m
the computed values of the normalization and the quench-
ing rate being N =0.954+0.014 and ys ——(5.51
+0.05)X 10 sec ', where the errors are Monte Carlo esti-
mates of the standard deviations. Our value of ys, which
could probably be improved slightly by dividing it by our
value of N, is about seven times larger than Cohen's esti-
mate of the vibrational quenching rate in the lowest level

of HezHe&+. As with the diatomic molecule, this value of
ys is likely to be reliable only in low levels.

ment, no compelling reason to believe that symmetric con-
figurations of HesHe„+ and He4He„+ are indeed formed
in appreciable numbers, though as noted briefly in Sec.
IIIC2 this possibility cannot be totally excluded in a
high-density gas; and furthermore, even if they are
formed, their binding energies relative to that of the
HezHe&+ molecule' are such that there is no compelling
reason to believe that such a molecule would retain its
original symmetric structure over a sufficiently long
period of time, especially in a high-density gas. But even
if Burbidge —de Horde rates were computed for these mol-
ecules and found to be comparatively small in low vibra-
tional levels —and we are unconvinced that this would be
the ease—the total dominance of vibrational quenching
can still be questioned because, as argued in the appendix
on the basis of some very approximate calculations requir-
ing comparatively little numerical work, the Ruderman
rate seems likely to be at least comparable to the Cohen
rate in low-lying levels.

2
~Q =k lPHe+kzpHe ~

ki ——(1.5+0.6))&10 ' cm sec

kz ——(5.9+0.8) X 10 cm sec

(sa)

(5b)

(5c)

where pH, is the number density of helium atoms. Except
for the total effect of the pressure-independent processes
of muon decay and 2s~ ls two-photon emission, which is
known with precision and which becomes dominant only
at pressures less than approximately 50 torr, almost all
contributions to the 2s disappearance rate were found to
be accompanied by a K x ray, though it was noted that
the possibility of a small amount of nonradiative quench-
ing due to an Auger process cannot be excluded. von Arb
et al. interpreted their results as indicating that Cohen
quenching occurs in the HeHe„+ molecule, but no con-
clusion was stated with regard to the vibrational levels in
which the quenching occurs. It was noted that the data
are consistent with the rate coefficient for the three-body
association reaction

being equal at room temperature to the value of kz speci-
fied by Eq. (5c), in close agreement with an experimental-
ly determined value' of the rate coefficient for the some-
what similar reaction

He++ He+ He~Hez++ He

It was also noted in Ref. 2 that the term k,pH, in Eq. (5),
which is the dominant contribution to A,~ only at pres-
sures less than approximately 100 torr, is an order of mag-
nitude higher than predicted by calculations of collisional
quenching of the He„+(2s ) atom. '

III. RELEVANCE TO EXPERIMENT

The experimental results of von Arb et al. show that
the rate A,~ of pressure-dependent quenching of the
He„+(2s) atom in helium gas has a nearly quadratic
behavior between 50 and 600 torr. The pressure depen-
dence of A,{i was fitted rather accurately to the empirical
formula



A. Absence of Auger quenching

We agree with the conclusions of von Arb et al.; but be-
cause of the relative values of our estimate of the
Burbidge —de Horde rate (1.5X 10 sec ') and Cohen's es-

timate of the vibrational quenching rate (5.7X10 sec ')
in the lowest level of HeHe„+, we believe that the report-
ed absence, or near absence, of Auger quenching of the 2s
state indicates that the observed quenching occurs in com-
paratively high levels where the Cohen rate is larger and
where the Burbidge —de Horde rate is likely to be smaller.
In high and moderately high vibrational levels, the inter-
nuclear separation tends to be larger than the equihbrium
separation because of the increased importance of the
anharmonicity of the molecular potential, and
Burbidge —de Horde quenching should„ therefore, be of di-
minished importance since the adiabatically varying elec-
tron density at the site of the He„+ atom should, on aver-

age, be smaller than in the lowest level.
There is, of course, another conceivable explanation of

the absence, or near absence, of Auger quenching of the
2s state. It might be argued that Ruderman quenching,
which would be experimentally indistinguishable from
Cohen quenching, could be important. Although the esti-
mates of the Ruderman rate obtained in the appendix and
shown there by the curve in Fig. 4 are probably accurate
enough to rule out this mechanism in high and moderate-
ly high levels of HeHe&+, where the internuclear separa-
tion is, on average, comparatively large, the approxima-
tions employed in obtaining this curve are, in our judge-
ment, not good enough to permit a reliable estimate for
low levels. However, for reasons outlined in the appendix,
we believe that another estimate of this rate, the single
value obtained using Ruderman's approximation for an
isolated atom and shown in Fig. 4 at zero internuclear
separation, should be a reasonably reliable upper limit to
the actual rate in low levels of HeHe„+. Therefore,
Ruderman quenching in low levels of this molecule
should, at the very most, not be significantly more impor-
tant than the Burbidge —de Borde process, and our con-
clusion about Cohen quenching occurring in comparative-
ly high levels should be unaffected. We must also add
that none of the estimates of the Ruderman rate obtained
in the appendix gives any encouraging indication that this
process could account for the very large measured value
of k, reported in Ref. 2.

8. Formation and relaxation of HeHe„+

If our conclusion about the relative importance of the
various quenching mechanisms in low levels of HeHe„+ is
correct, it is necessary that this molecule be formed ini-

tially in sufficiently high levels and afterwards never
reach a low level; and because the nearly quadratic pres-
sure dependence of A,g between 50 and 600 torr implies
that reaction (6) is the rate-determining process in the se-

quence of events leading ultimately to 2s quenching in
HeHe„+, it is also necessary that both the vibrational
quenching in a comparatively high level and any rnolecu-
lar relaxation preceding it occur at rates sufficiently faster
than the rate of this reaction, Since vibrational quenching
is pressure independent and molecular relaxation should

vary only linearly with the pressure, the constraints on the
rates of these two processes will be satisfied if they are sa-
tisfied at 600 torr. To be more specific, quenching and all
relaxation preceding it at 600 torr Inust both occur at
rates at least several times faster than 2.5X10 sec
which is the measured value of A,ti at this pressure. The
fulfillment of these two conditions would also mean that
the three-body association reaction

HeHe&++ He+ He~ He2He&++ He,

which can reasonably be expected to have a rate coeffi-
cient not greatly different from that for reaction (6), is un-

likely to complicate matters at pressures less than 600 torr
by taking place before quenching occurs. We believe this
last point to be significant because the somewhat similar
reaction

He2++ He+ He~He3++ He

has been reported to occur at low temperatures at a rate
faster than that of reaction (7).' As outlined below, there
are strong indications that all of the conditions outlined
above are satisfied, though our arguments about molecu-
lar relaxation are more qualitative than quantitative.

To our knowledge, a detailed theoretical study of reac-
tion (6) has not been performed; but there is a recent
theoretical analysis' of a very careful experimental study
by Johnsen, Chen, and Biondi' of reaction (7). The cal-
culations described in Ref. 17 reproduce rather satisfac-
torily the temperature dependence of the experimentally
determined rate coefficient reported in Ref. 18, though
the computed magnitude is between 10% and 20% too
low. (It must be noted, however, that the value given by
Johnsen et al. ' for the rate coefficient at room tempera-
ture is about twice as large as the one reported by de Vries
and Oskam. '

) According to the calculations outlined in
Ref. 17, the Hei+ molecule is most likely to be formed in-

itially at normal temperatures in a very high vibrational
level with relatively high angular momentum. These cal-
culations, which were performed using classical mechan-
ics, indicate that the initial vibrational quantum number
of the Hei+ should be usually in the range 12&v &22,
with the initial rotational quantum number in the range
0 &E & 25. More specifically, for a given value of the ini-
tial angular momentum, the initial vibrational level ap-
pears likely to be one of the four or five highest possible.
It therefore seems reasonable to assume that much the
same would be true of the HeHe„+ molecule formed in re-
action (6), though the highest possible value of U for a
given value of E should be somewhat smaller because of
the shorter range of the molecular potential. It must be
added that the investigation reported in Ref. 17 is not the
only one that can be cited in support of this conjecture. A
theoretical study conducted many years ago by Keck
showed that the production of H2, 02, and I2 molecules at
normal temperatures in three-txxiy association reactions
of a somewhat simpler nature than reactions (6) and (7)
usually involves an energy transfer less than kT/2, which
would imply that these molecules, too, are formed initially
in very high vibrational levels. '

To our knowledge there has been no experimental or
theoretical investigation of the collisional deexcitation of
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g=R,
~

as
~
/{2WV„), (10)

where RI is an estimate of the range of the interaction be-
tween the colliding molecules and Va is their relative
velocity. A collision is likely to become increasingly
adiabatic as g becomes increasingly larger than unity. Al-

though in general adiabatic effects do not necessarily ac-
company large momentum changes, and vice versa, the di-
mensionless quantities

~

EE
~
/(kT) and f are numerically

equal for HeHe„+ molecules in helium gas at 7=300 K
if the interaction range appearing in Eq. (10) is assigned
the not unreasonable value Rz ——5 a.u. For this reason,
though we shall quote only values of &8'/(kT) in the fol-
lowing discussion, it should be understood that we believe
adiabatic effects are very likely also to be present if the
energy spacing involved in a given transition is large
enough to suggest that the required momentum change
could be an inhibiting factor. Furthermore, if the energy

very highly excited states of either He2+ or HeHe„+.
However, investigations of relaxation processes in other
molecules indicate that the size of the relevant energy
spacing should play a crucial role. ' ' If the spacing is at
least moderately large compared to the initial translational
energy, the probability of deexcitation in a single collision
is likely to be small because the relative change required
in the translational momentum should be quite large. A
large energy spacing can also mean that the collision is
nearly adiabatic, which also diminishes the probability of
deexcitation. To a very rough approximation, the adiaba-
ticity of an inelastic collision involving an energy change
EE is determined by the parameter

VLR(R)=G(R)(C2/R ), (1 la)

1 —exp[ —C, (R —R, ) ], R)R,
G(R)=

0, R&R,
(1 lb)

C) ——0.005, C2 ———0.692, X=4, (1 lc)

spacing is considerably smaller than or (perhaps) even

roughly equal to the initial translational energy, the re-
quired change in the relative momentum is much less like-
ly to diminish the probability of a transition, and such
collisions are also unlikely to be adiabatic.

Some numerical data relevant to the formation, relaxa-
tion, and vibrational quenching of highly excited states of
HeHe&+ are presented in Table I and Figs. 1 and 2. Table
I lists estimates of vibrational energy levels if the rotation-
al quantum number is zero. These estimates were ob-
tained using the J%KB approximation and are given in
units of kT, with T=300 K. Table I also lists values of
the maximum internuclear separation R,„ for each of
these levels, as obtained by equating R,„ to the larger of
the classical turning points. Results are listed for two as-
sumed forms of the molecular potential. In one instance,
the potential is assumed to be of the usual Morse type,
with parameters DM ——0.073 hartrees, 8,=1.47 a.u. , and
P=1.47 a.u. ', which are the values employed by Cohen
in some of his calculations. This potential will be denot-

ed by V~. The vibrational quenching rates obtained by
Cohen with this potential are also listed in Table I. In
the other instance, the potential is assumed to be the sum
of V~ and a term VLR, which is given in atomic units by

TABLE I. Estimates of the energy E„and the maximum internuclear separation R,„ for all states
of the HeHe„+ molecule with rotational quantum number K=0 and vibrational quantum number v & 7,
as obtained with the JWICB approximation. Results are presented for two assumed forms of the molec-
ular potential, V~ and V= V~+ V~R, where V~ is the Morse potential employed by Cohen (Ref. 1) and

Vqa, which is specified by Eq. (11), is a correction taking into account approximately the presence of
the long-range ion-induced dipole interaction. Energies are given in units of kT, with T=300 K. Esti-
mates of the vibrational quenching rate obtained by Cohen with the potential V~ are also listed.

g„/kT
(T=300 K)

Molecular potential V~
Vibrational
quenching

rate'
(sec ')

Molecular potential V= V~+ VLR

E„/kT
{T=300K)

19
18
17
16
15
14
13
12
11
10
9
8

—0.02
—0.49
—1.58
—3.30
—5.64
—8.60

—12.19
—16.40
—21.23

7.57
5.39
4.59
4.08
3.71
3.42
3.17
2.96
2.77

0.2~10'
0.8X10'
1.3x10'
1.9@10'
2.3 X10'
2.7X10'
3.1X10'
3.3 ~10'
3.5x 10'

—4X10-'
—2g 10-'

—0.03
—0.14
—0.44
—1.01
—2.03
—3.65
—5.91
—8.80

—12.34
—16.51
—21.31

206
24

12.7
8.59
6.66
5.48
4.66
4.12
3.73
3.43
3.18
2.96
2.77

'Reference 1.
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FIG. 1. Dimensionless function 6 and the relative contribu-
tion of VLR to the potential V= V~+ VLR, where V~ is a Morse
potential and VI.R is a correction taking into account the long-
range ion-induced dipole interaction. The scale is the same for
both curves.

where 8 is the internuclear separation. This potential will
be denoted by V. The contribution to V specified by Eq.
(11}is an ad Iioc expression designed to take into account
approximately the long-range ion-induced dipole interac-
tion, which is believed to play a role in reaction (7}.'

For very large separations, where Vsi is relatively quite
small, the term Vt,a is an accurate representation of the
long-range interaction„which depends only on the inter-
nuclear separation and the polarizability of the helium
atom. 25 For comparatively small separations, its form is
chosen so that it decreases rapidly and smoothly to negli-
gible values at separations where V~ should be more or
less adequate. Figure 1 shows the relative contribution
made by the term VI R to the potential V= V~+ VqR. It
also shows the function G defined in Eq. (11). In the lim-
ited range of separations where VLR and V~ are of com-
parable magnitude, the actual molecular potential is prob-
ably not represented with great precision, but we believe
this should not affect the conclusions of the present paper.
Some additional calculations performed for several other
sets of reasonable values of the parameters C, and N ap-
pearing in Eq. (11b) gave results that were, in most in-
stances, not very different from those listed in Table I.

It is apparent from Table I that the long-range ion-
induced dipole interaction causes a few additional vibra-
tional levels to be present, all of them loosely bound and
with comparatively large values of 8, though we note
that some additional calculations not reported here in any
detail show, not surprisingly, that the importance of the
term VLz becomes less pronounced as the rotational

1.0 o

b0 0
~ s L a

)0 15

Vibrational Quantum Number

1.0

FiG. 2. Some estimates of (d E)~——E„g—E„g» and
(bE)„=E„~—E„»~, where E„~ is the energy of a HeHe„+
molecule with vibrational quantum number u and rotational
quantum number E. These energy differences, which are shown
in units of kT with T=300 K, were obtained for the potential
V= V~+ VLR by using the J%'KB approximation to compute
values of E„~. The term V in the expression for V is a Morse
potential, while VLR is a correction taking into account the
long-range ion-induced dipole interaction. Results are given for
all states with U & 8 and K =1, 7, 13, 19, and 25.

quantum number increases. To the extent that the calcu-
lations reported in Ref. 17 are applicable to reaction (6), a
sizeable fraction of the HeHe„+ molecules should be ini-

tially formed in such loosely bound and finely spaced
states, with the remainder being formed in states only
slightly less highly excited. We have not computed vibra-
tional quenching rates for the potential V=V~+V„R,
but a comparison of the binding energies and the max-
imum separations listed in Table I for the potentials V~
and V suggests that, for a given value of U, the rate for the
corrected potential V is unhkely to be very different from
Cohen's estimated rate for the Morse potential if the latter
rate is approximately 10 sec ' or greater. Therefore, the
values of the Cohen rate listed in Table I indicate that in
most instances a certain amount of deexcitation must first
take place if quenching is to occur at a rate sufficiently
faster than that of reaction (6};and this deexcitation must,
of course, occur sufficiently quickly.

For almost all of the states likely to be formed initially
in reaction (6), the energy differences involved in the most
favored collisional deexcitation should, at the very most,
not be much larger than thermal energies. This is illus-
trated in Fig. 2, which shows some values of the energy
differences,



QUENCHING OP THE He„+{2s ) ATOM

(12b)

where E„x is the energy of the level with vibrational
quantum number U and rotational quantum number E.
The energy differences shown in Fig. 2, which are given in
units of kT with T=300 K, were obtained for the poten-
tial V= V~+ Vzk by employing the PvVKB approxima-
tion. As might be expected, these energy differences sug-
gest that the initial deexcitation of the HeHe„+ is most
likely to proccxxi by transitions between states with the
same vibrational quantum number, with relaxation to
lower vibrational levels occurring —if indeed it does
occur—only after the rotational quantum number has be-
come quite small. Although we have made no serious at-
tempt to estimate the relaxation rates, we believe that
these energy differences, together with the values of the
Cohen rate listed in Table I, suggest that collisional deex-
citation of this molecule at normal temperatures is likely
to proceed rapidly until the vibrational quenching rate has
become rather high. To be more specific, we believe that
the results shown in Table I and Fig. 2 suggest that relax-
ation of the HeHe„+ is unlikely to be inhibited by large
momentum changes or by adiabatic effects until this mol-
ecule has reached a state with very low angular momen-
tum and a vibrational quantum number no larger than
U =13 or 14, where the vibrational quenching rate is al-
ready approximately 108 sec

It still remains to demonstrate —or, more precisely, to
argue —that all necessary relaxation of the HeHe„+ occurs
in a time sufficiently short. We beheve that any attempt
to apply usual theeretical methods of estimating relaxa-
tion rates would not be a useful exercise in the present in-
stance because these methods are not known for their
quantitative, predictive reliability. ' ' But if, simply for
the purpose of discussion, the total collision cross section
of HeHe„+ in helium gas is assumed to be n'(2 a.u.), the
coHision rate at room temperature and at 600 torr is ap-
proximately 9X10 sec '. We suspect that 9X10 sec
is a conservative estimate of the actual deexcitation rate in
very high vibrational levels of HeHe„+, since the values of
R,„ listed in Table I for the potential V= Vsr+ VLa in-
dicate a geometrical cross section larger than m(2 a.u. )
and the energy differences shown in Fig. 2 suggest that
there should be little inhibition of inelastic transitions due
to large momentum changes or to adiabatic effects. It can
also be added that even the comparatively large values of
R,„ listed in Table I for very high vibrational levels
might, by themselves, imply unrealistically low cross sec-
tions in some instances since the long-range ion-induced
dipole interaction seems likely to play a role in the deexci-
tation of such loosely bound states. It would therefore
seem reasonable to expect that relaxation to a state in
which the vibrational quenching rate is roughly 10 sec
or higher should occur in a time not longer than 10 sec.
But in vibrational levels that are only moderately high,
such as those with 5 &u &8, the situation is likely to be
very different. The results presented in Fig. 2 indicate
that the vibrational spacings are considerably larger than
thermal energies, thereby requiring relatively large
translational momentum changes to accompany any f«-

ther decrease in U, which would almost surely mean that
the deexcitation rate would be far less than the very rough
estimate (9X10 sec ') quoted above for the collision
rate. It therefore seems most likely that Cohen quenching
in these levels —and probably even in slightly higher
levels —would be much more probable than collisional
deexcitation, especially at pressures well below 600 torr.
In fact, we believe it would be awkward to argue other-
wise. %e also believe that the results shown in Table I
and Fig. 2 suggest that vibrational quenching is most like-
ly to occur in states with very low K and 8 & U & 14, with
the lower values of U in this range being associated with
the initial formation of the HeHe&+ in a state with rather
high rotational quantum number.

C. Additional remarks

Three items remain to be discussed. One is quenching
in He„He&+ molecules with n &2, and the other two are
some further possible effects of the long-range force.

1. Quenching in comp/ex ions

At pressures much higher than 600 torr there is good
reason to believe that reaction (8), which is energetically
favored'9 and which would proceed at a rate varying qua-
dratically with the pressure (provided the pressure is not
too high), might be much more likely to occur than Cohen
quenching in HeHe„+. In fact, the experimentally deter-
mined rate coefficient for reaction (9) reported in Ref. 16
implies that this is indeed what would occur. Once a tria-
tomic molecule is formed, there is again a competition be-
tween collisional deexcitation„ the various quenching pro-
cesses, and (perhaps) the formation of even more complex
structures. But collisional deexcitation can reasonably be
expected to be more effective for He2He&+ than for
HeHe„+, not only because He2He„+ has smaller energy
spacings and a larger geometrical cross section but also
because the binary collision rate is higher at pressures
favorable for triatomic molecule formation. These con-
siderations, together with the estimate obtained in Sec. II
for the Burbidge —de Horde rate in the lowest level of the
triatomic molecule —which, relative to the Cohen rate, is
even higher than in the diatomic molecule —suggest that
the Cohen mechanism in He2He&+ is likely to be the dom-
inant quenching process in a more limited range of vibra-
tional levels than in HeHez+. Of course, similar argu-
ments also apply, probably even more strongly, to any
symmetrically structured He„He„+ molecules with n & 3,
for which, as argued in the Appendix, Ruderman quench-
ing is likely also to be important in low vibrational levels.
Therefore we believe that the nature of the 2s quenching
recently observed at high pressures by Eckhause et al. can
be regarded as an open question.

2. Long range force-
The iong-range term in the He-He&+ interaction lowers

the centrifugal barrier. This should increase the amount
of collisional quenching, which is known to be due almost
entirely to close collisions. ' (For the purposes of the
present discussion, we shall define a close collision as one
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in which the classical turning point is smaller than the
separation at which the centrifugal barrier has its max-
imum. ) The fraction of pairs of He and He„+ atoms with
a given relative orbital angular momentum I having ener-

gy of relative motion greater than the height Bi of the
centrifugal barrier at temperature T is

(13)

Figure 3 shows values of Fi at T=300 K for the two as-
sumed forms of the molecular potential specified in Sec.
IIIB. These values of Fi are plotted with respect to
1(1+1). To the extent that classical mechanics is vahd,
the relative numbers of close collisions for these two po-
tentials are very nearly proportional to the areas lying
beneath the two sets of points shown in Fig. 3. Therefore,
to a very rough approximation, the long-range interaction
should cause collisional quenching to be increased by an
amount proportional to the relative difference between
these two areas, which is not negligible. The preceding ar-
gument is, of course, a considerable simplification, not
only because quantum-mechanical effects such as orbiting
resonances are unlikely to be totally insignificant, but also
because, for a given energy of relative motion, the amount
of collisional quenching should decrease with increasing
angular momentum since the distance of closet approach,
even for so-called close collisions, necessarily becomes
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FIG. 3. The fraction E» of pairs of He and He„+ atoms with
relative orbital angular momentum l having energy of relative
motion greater than the height BI of the centrifugal barrier at
temperature T=300 K. Results are plotted vuth respect to
l(l+1) for two assumed forms of the molecular potential, V~
and V= V~+ VI.R, where V~ is a Morse potential and VLR is a
correction taking into account the long-range ion-induced dipole
interaction.

larger, which causes the maximum electric field experi-
enced by the He&+(2s) atom to decrease. Nevertheless,
we suspect this may account in part for some of the
discrepancies between the estimates of collisional quench-
ing by Cohen and Bardsley and those of an earlier calcu-
lation by Mueller et al. in which long range forces were
specifically neglected.

Conceivably, the long-range interaction might also
cause many-body effects to play a significant role in the
occurrence of chemical reactions at high pressures. This
could not only influence the production of diatomic and
triatomic ions, which are believed to be usually formed in
the relatively simple three-body association reactions (6)
and (8), but it could also affect—perhaps even enhance—
production of any He„He„+ molecules with n &3. The
ranges of internuclear separations for which production of
HeHe„+ and He2He„+ molecules should be due only to
three-body collisions are not precisely known. But the
calculations reported in Ref. 17 show that at room tem-
perature roughly 20%%uo of the He2+ molecules produced in
reaction (7) are associated with classical trajectories for
which, during the entire course of a three-body collision,
the smallest value ever attained by the second largest of
the momentary internuclear separations always exceeds 9
a.u. Moreover, even this relatively large distance is prob-
ably a conservative estimate of the maximum relevant
separation for reaction (7) because, though it was not re-
ported in Ref. 17, a detailed inspection of some of the tra-
jectories computed in that investigation revealed that
crossings of the so-called Wigner-Keck surface, which
must occur an odd number of times during the course of a
three-body collision if a diatomic molecule is to be
formed, are frequently associated with at least one separa-
tion larger than 15 a.u. Although a separation this large
probably presents no serious complication at 600 torr,
where each helium atom can be thought of as occupying,
on average, a volume equal to that of a cube of length 70
a.u., many-body effects would seem likely to be significant
at pressures 2 orders of magnitude higher.

APPENDIX: RUDERMAN QUENCHING

The rate of Ruderman quenching will be denoted by
yx. It is given by yx fyo, where f is the——amount of
2s~2p mixing in the He&+ atom due to electron excita-
tion and yo ——2.0& 10' sec ' is the 2p 1s radiative rate.
Estimates of yii are obtained below for a special model.
This model is based on a He„+(2s ) atom held a fixed dis-
tance from a single, initially undistorted helium atom,
with the perturbing interaction assumed to consist only of
those components of the actual electrostatic interaction
between the two that lead to first-order 2s~2p muon
transitions. The mixing fraction f is estimated using two
somewhat different methods. In one instance, it is es-
timated by employing an approximation to first-order per-
turbation theory that should be more or less reliable if the
internuclear separation is sufficiently large, with the re-
sults then being applied to (possibly nonexistent) symme-
tricaBy structured He„He„+ molecules with n & 3. In the
other instance, it is estimated for zero internuclear separa-
tion by employing a method used by Ruderman, with ar-
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guments then being given that the result probably
represents a reasonably reliable upper limit to the mixing
in a low level of HeHe„+.

H' '= —[I/(2m')]Vq —2/rq ——,7, Z—) lr, ,

(A4b)

1. DescAptlon of I110deI

If both the muonic atom and the hehum atom are as-
sumed to be initially undistorted, the unperturbed Hamil-
tonian is given in atomic units with sufficient accuracy by

Ho ———[1/(2m„) j7„—2/r„——,
' 7, 2/r, —

,'&b —2—/rb+1/~ r, —rb
~

(A 1)

where m& is the reduced mass of the muon, r„ is the posi-
tion of the muon with respect to the nucleus of the muon-
ic atom, and r, and rb are the positions of the electrons
with respect to the nucleus of the helium atom. The prob-
able effect on the determination off caused by neglecting
the initial distortion of the helium atom, admittedly a
questionable approximation, is discussed briefly at the
very end of this appendix. As noted by Ruderman, using
an unperturbed Hamiltonian that does not take into ac-
count the 2s-2p splitting in the muonic atom should be an
acceptable approximation because this splitting is small
compared to the excitation energies of the electrons. The
total electrostatic interaction between the two atoms is
given with sufficient accuracy by

Ho ——H,'+Hb,

H.'=2/Z —2/~ R+r, I
—I/I r, —R

I

+1/(r„—R—r, ~,

(A2a}

(A2b)

where R is the position of the nucleus of the helium atom
with respect to the nucleus of the muonic atom. The defi-
nition of Hb is similar to that of H,'.

Since f is known to be small in isolated muonic atoms,
it should suffice (i) to consider only the interaction H,',
(ii) to calculate an approximate solution of the equation

(Ho+H,'))P =E%' (A3)

H(l) ())

l =0
where H'" is defined by

using perturbation theory, and (iii) to multiply the amount
of 2s~2p mixing thus obtained by a factor of 2. We
shall, therefore, explicitly consider only one electron,
whose position will henceforth be denoted by r, rather
than r, The mod.el that will be used to estimate f in-
volves replacing both HD and H,' in Eq. (A3} with other
more or less equivalent expressions. The expression re-
placing Ho explicitly involves only one electron but takes
into account possible screening effects due to the other.
The wave functions for the electron undergoing excitation
will be approximated with hydrogenic functions. But be-
cause of the actual presence of another electron, we shall
take into account the possibility that the most appropriate
values of the effective nuclear charges for admixtures of
excited electronic states could be different from that for
the ground state. Accordingly, we shall replace the unper-
turbed Hamiltonian Ho by

(AS)

where l is the multipole order of the dependence on 9, .
Each term in Eq. (AS) is itself an expansion in powers of
I/R. The calculations described below are concerned
with finding an approximate solution of the equation

(H+H')% =E)P . (A6)

2. Estimate of f for large separations

Because the unperturbed electron is in the 1s state, each
term H) in Eq. (AS) introduces an admixture of muon 2p
states accompanied by admixtures of electron states with
orbital angular momentum l. As noted by Ruderman,
admixtures of higher muon p states should be of negligi-
ble importance because relatively large energy differences
would be involved. An approximate solution of Eq. (A6)
can be written in the form

(A7a)

where the subscripts refer to the electron quantum num-
bers alone. The function qo is the normalized eigenfunc-
tion of H for the unperturbed state, and the function ij)&

is defined by

(A7b)

where )p;) is the normalized eigenfunction of H for a
state in which the muon is in the 2p state with magnetic
quantum number —m and the electron is in a state with
orbital angular momentum I and magnetic quantum num-
ber m. The sum in Eq. (A7b) extends over all possible
electron energies. It is convenient to write P) in the
form

=~»(&„)I'), (r„)[&),~«. )«.1I—'), «.» (A8)

where R2) is the normalized radial wave function for a 2p
muon. The total amount of 2s —+2p muon mixing is given
by

(A9a)

and p'", which is a projection operator acting on the an-
gular part of the electron wave function, is defined by

p'"I'p (r, )=5) pF) „(r,) .

The Hamiltonian H specified by Eq. (A4) allows the ef-
fective nuclear charge Z& to depend on the orbital angular
momentum l of the electron. The six:ond distinguishing
feature of our model is that it involves retaining only
those components of H,' which lead to nonvanishing
2s~2p muonic matrix elements. These components of
H,' can be expanded in powers of 1/R. It is convenient to
write this expansion in the form
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where

1

fI=2 g I [ui, (r )] dr, .
m= —1

(A9b)

f(0) y f(0)

where

(A16a}

If the calculation is carried only to first order in H', the
function uI is easily shown to be given approximately
by the particular solution of the inhomogeneous differen-
tial equation

[ ,'d—~/—dr, +l(1+1)l(2r, ) —ZIIr, +ZOI2]uI (r, )

f,'"=2 g [h, (R)]' I [u, (r, )]'dr, .
m= —1

3. Numerical results and interpretation

(A16b)

= —2(ZO) ~ r, exp( Z—or, )gi (r„R ) (A10)

that vanishes at r, =0 and also as r, ~ao. The function

gI ~ appearing in Eq. (A10) is defined by

g~ (r„R)=(4m') ' JR„(r„'tRqo(r„'tY~ (P„'t'
X Yf ~(r, )H&'d~&dQ, . (Al 1)

To order 1/R, the functions gi obtained from the first
three terms in Eq. (A5) are

gi u (v 3/m~)(——r, /R )

X [1—125/(Sm@R ) —,' (r, I—R )+0(1/R )],

The curve shown in Fig. 4 is a rough estimate of ys as
a function of the internuclear separation. It was obtained
using the approximation

Zo ——Z) ——Z2 ——Z3 ——1.69 . (A18)

If these charges are instead assigned the probably more
realistic values

Zo ——1.69 and Zi ——Z2 ——Z3 —1 00, (A19}

(A17)

with the values of the effective nuclear charge Zi assumed
to be

gi ~i ——[v 3j(2 m~)](r, /R )

X [1—125/(4m „R')
——,(r,'/R ')+0(1/R')],

gio —— [9/( 2—v 5m„) ](r, /R )[1+0(1/R )],
g2, +i =—[3&3/5/(2m„)](r, /R )[(1+0(1/R )],

g3, 0 = [6/( v 7m„)](r, /R ')[ 1 +0( 1/R 2)]

gi + i
——[3v'6/7/(2m& )](r, /R )[1 +0( 1/R i)]

(A12a}

(A12b)

(A12c)

(A12d)

(A12e)

the estimated quenching rates obtained with Eq. (A17) are
lower than those shown in Fig. 4, the relative decrease
varying from 33% at R = 1.75 a.u. to 47% at R =7.0 a.u.

Figure 4 also shows the value of yz at R =0 for our
model, as computed using the rather accurate approxima-
tion derived by Ruderman for 2s ~2@mixing in an isolat-
ed atom. s If R =0, the interaction given approximately
for finite R by the series specified by Eq. (A5) is defined
exactly by the dipole terms in the usual multipole expan-
sion of

~ r& —r,
~

'. Ruderman's approximation for
2s ~2@mixing, which was obtained using closure, is given
in terms of the ground-state electron wave function. The
quenching rate at 8 =0 in Fig. 4 was computed assuming

u, (r, )=h, (R)u, (r, ),
where ui is the appropriate solution of the equation

[—, d'Idr, +1(I+1)l(2r, )—

(A14)

If the estimate off is carried to arbitrary order in 1/R,
Eq. (A10) must be solved separately for each desired set
of values of I, m, and R. However, if the series for the
functions gi are carried only to lowest nonvanishing or-
der in 1/R, it is then possible to write

g, (r„R)=h, (R)r,',
where the function hi ~ has no dependence on r, It fol-.
lows that an approximate solution of Eq. (A10) can be
written as
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ZI/r, +Zo/2]ui(r, )—
=—2(Zo) r, exp( Zor, ) . (A15)—

Equation (A15) depends on neither m nor R. The total
amount of 2s ~2p mixing is given approximately by

Intel nuclear Separat|cn (a.u. )

FIG. 4. Estimates of the rate of Ruderman quenching in-

duced in a He„(2s) atom by a single, initially undistorted heli-
um atom.
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that the ground-state wave function for the helium atom
can be adequately approximated by ls hydrogenic wave
functions with effective nuclear charge Zo ——1.69 and that
the effective nuclear charge experienced by the muon is
Z„=2.0. If the Ruderman rate for our model had been
computed exactly for finite values of R, it would ap-
proach this value as 8~0, no matter what values are as-
signed to the effective nuclear charges for the excited elec-
trons.

The curve in Fig. 4 can be employed sensibly only if the
internuclear separation is sufficiently large because each
term in Eq. (A17) is proportional to a positive, even power
of 1/R. In the limit of very large R, only the first term,
which is proportional to 1/R, should be important, and
the principal uncertainty in the value of y„should be due
only to the value assigned to Z, . However, at small
separations the question arises as to whether or not the
series is sufficiently convergent. Furthermore, there is
another complication because the terms in Eq. (A17) are
not all carried to the same order in 1/R. Although this
expression has the appearance of a truncated series, it is
not a truncated series in powers of 1/R because even

though the functions g2 and gs used in computing

fz ' and fi ' are all accurate to order 1/R 5, the same is
not true of the functions gi, which were carried only to
order 1/R i. If all terms of order 1/R are to be taken
into account in the expansion of the perturbation„ it is
necessary to replace f'1 by

1

f',"=2 g Jo [uI'~(r, )]'dr, , (A20)

where u'i" is the appropriate solution of Eq. (A10) for
I=1, with the expression for gi ~ carried to order 1/R',
as given in Eqs. (A12a) and (A12b). The function u i"
must be computed separately for each value of R.

Figures 5 and 6 show some results that bear on the reli-
abihty of the curve in Fig. 4. Figure 5 shows values of
f',"/f'i ' for several values of R. FiI%ure 6 shows the rela-
tive contributions of f'i 'yo and (f'i '+f'z ')yo to the es-
timated rate given in Fig. 4. We believe that Figs. 5 and 6
together indicate that results obtained using Eq. (A17) for

Z,=Z, =i.sa

2

a 4 6
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8 ~2.0 a.u. should be roughly equivalent to results ob-
tained by retaining only the first three terms in Eq. (A5)
and approximating each of them with a series to order
1/R . Specifically, the relative error introduced into the
curve in Fig. 4 by using f', ' instead of f'," should range
from a 10% underestimate at R =2.0 a.u. to as much as a
100% overestimate at R=3.25 a.u. We also believe that
Figs. 5 and 6 together suggest that convergence of the en-
tire series specified by Eq. (A9) should occur if R &2.0
a.u. , with the underestimate introduced by taking into ac-
count only the first three terms being relatively modest,
perhaps even as low as 20%. Furthermore, we tentatively
conclude that these results, together with the value of yz
at R =0 in Fig. 4 and the values of yz obtained using the
effective nuclear charges sp(x:if(ed by Eq. (A19), suggest
that an estimated rate shown in Fig. 4 for R & 2.0 a.u. is
not 1(kely to exceed by much more than a factor of 2 the
exact rate for our admittedly not very realistic model
based on a single, initially undistorted helium atom. But
because no attempt was made to estimate corrections due
to neglected terms in H' of order 1/R and 1/R, this
last assertion is, solely on the basis of our numerical re-
sults, perhaps a bit optimistic for separations between 2.0
and 3.0 a.u. However, some additional arguments sup-
porting the use of Fig. 4 in more realistic situations are
given below. For internuclear separations smaller than
2.0 a.u. , there appear to be too many Uncertainties to at-
tempt any assessment of the accuracy of Eq. (A17), and
we shall, therefore, not cite the curve in Fig. 4 in any dis-
cussion of Ruderman quenching in low levels of HeHe„+
and He2He&+ molecules, which have He-He&+ equilibri-
um separations of (very) roughly 1.45 and 1.75 a.u. ,
respectively. ' But we shall cite the relevant values of
y~ in Fig. 4 in discussing symmetric He3Hez and
He4He„+ ions, which (if they are in fact formed) should
have He-He„+ equilibrium separations of (very) roughly

Internuclear 3eparat|on {s.u. )

FIG. 6. Relative contributions of f ', ' and (fP'+fz ') to the
approximate expression f=(fI '+fP'+f3 ') for 2s~2p mixing
in a He„atom associated with electron excitation in a single,
initially undistorted helium atom situated a fixed distance away.
The scale is the same for both curves.
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2.1 and 2.4 a.u. , respectively. The values of y~ in Fig. 4
for these two separations are approximately 8 X 10 sec
and 3)& 10 sec '. The larger of these numbers is equal to
Cohen's estimate of the vibrational quenching rate in the
lowest level of the triatomic ion, which he argued should
be not too much larger than the rates in the lowest levels
of any symmetrically structured He„He„+ rnolecules with
n )3 not considered in Ref. 9. In other words, we believe
there is good reason to suspect that the Ruderman rate
should be at least comparable to the Cohen rate in low vi-
brational levels of any of these relatively complex mole-
cules.

Despite our reluctance to cite the curve in Fig. 4 in a
discussion of low levels of diatomic and triatomic mole-

cules, we harbor the belief that the value of ya shown at
8 =0 is probably a reasonably reliable upper limit to the
Ruderman rate in the lowest level of HeHe„+. This be-

lief, which is cited in Sec. III A, is based partly on the na-

ture of our model, and partly on the fact that Ruderman
quenching and Burbidge —de Borde quenching have been
estimated to be of comparable importance in the light ele-
ments if the X shell is filled. With regard to the second
of these two reasons, we note that the value of yz shown
in Fig. 4 at 8 =0 is only slightly larger than our estimate
of the Burbidge —de Borde rate in a low level of HeHe„+,
which is more or less consistent with the numerical results
reported in Ref. 8.

Our estimates of the Ruderman rate given by the curve
in Fig. 4 involve another approximation not taken into ac-
count by any of the results presented in Figs. 5 and 6.
The interaction H,

'
defined by Eq. (A2b} has components

not included in the expansion specified by Eq. (A5}.

There are components of the total electrostatic interaction
defined by Eq. (A2a} which are not responsible for any
2s~2p muon transitions but which are responsible for a
distortion of the helium atom. These components can be
regarded as a neglected part of the unperturbed Hamil-
tonian. The neglect of the distortion of the helium atom
is likely to be a significant source of error except at very

large internuclear separations. %e believe that this ap-
proximation tends to underestimate the actual Ruderman
rate because the distortion should cause the amplitude of
the initial electron wave function near the He&+ atom to
be larger than it is in our simple model. For this
reason —and also because three or four helium atoms, not
just one, are present in He3He&+ and He4He&+
molecule —we reaffirm our belief about the adequacy of
the curve in Fig. 4 for separations greater than 2.0 a.u.
The very brief mention of these relatively complex mole-
cules in Sec. IIIC1 involves implicitly the assumption
that the appropriate values of the rate in Fig. 4 are unlike-

ly to be larger than the actual Ruderman rate in low-lying
levels by much more than a factor of 2 and that the actual
Ruderman rate is, therefore, likely to be at least compar-
able to the Cohen rate. To a certain extent this is a guess,
but it is a guess that we believe to be more or less reason-
able and probably not much more daring than the extra-
polation of the Cohen rate to more complex molecules
suggested in Ref. 1 on the basis of results obtained for
HeHe&+ and He2He&+. As with the Burbidge —de Horde
rate, our estimates of the Ruderman rate should be direct-

ly applicable only to low vibrational levels, where the in-
ternuclear separations are restricted to relatively narrow
ranges centered on the equilibrium values.

J. S. Cohen, Phys. Rev. A 25, 1791 (1982).
H. P. von Arb, F. Dittus, H. Heeb, H. Hofer, F. Kottmann, S.

Niggli, R. Schaeren, D. Taqqu, J. Unternahrer, and P.
Egelhof, Phys. Lett. 1368, 232 (1984).

A. Bertin, G. Carboni, A. Placci, E. Zavattini, U. Gastaldi, G.
Gorini, G. Neri, O. Pitzurra, E. Polacco, G. Torelli, A. Vitale,
J. Duclos, and J. Picard, Nuovo Cimento B 26, 433 (1975) and
references therein. This paper reports a total 2s disappear-
ance rate of (6.320.7) X10~ sec ' at pressures between 30
and 40 atm.

~G. Carboni and O. Pitzurra, Nuovo Cimento B 25, 367 (1975).
These authors suggest that the very low rate of Stark quench-
ing implied by the measured 2s disappearance rate reported in
Ref. 3 could be accounted for if the He„+(2s) ion is situated
at the center of a symmetric cluster of helium atoms where, it
is argued, the perturbing electric field could be quite small.

5M. Eckhause, P. Guss, D. Joyce, J. R. Kane, R. T. Siegel, %'.
Vulcan, R. E. Welsh, R. %hyley, R. Dietlicher„and A.
Zehnder, Phys. Rev. A 33, 1743 (1986). This paper reports an
upper limit of 46+1 ns for the 2s lifetime at 40 atro, in sharp
disagreement with the results reported in Ref. 3.

6G. R. Burbidge and A. H. de Borde, Phys. Rev. 89, 189 (1953).
7J. S. Cohen and J. N. Bardsley, Phys. Rev. A 23, 46 (1981).
M. A. Ruderman, Phys. Rev. 118, 1632 (1960).

9M. B. Milleur, R. L. Matcha, and E. F. Hayes, J. Chem. Phys.
60, 674 (1974).

'OC. A. Coulson and %'. E. Duncanson, Proc. R. Soc. A 165, 90
(1938).

' See, for example, T. A. Green, H. H. Michels, J. C. Browne,
and M. M. Madsen, J. Chem. Phys. 61, 5186 (1974) and
references therein.
R. D. Poshusta and %. F. Siems, J. Chem. Phys. 55, 1995
{1971).

' Cylindrical coordinates, the obvious choice for the He2He„+
molecule, were not employed because, when the computation
was begun, it was expected that the development of the com-

puter program would be a lengthy process, with ample oppor-
tunity for the later inclusion of additional instructions speci-

fying further refinements. Further refinements proved to be
unnecessary because the trial computation, which is the one
described in this paper, was found to be adequate.

4See, for example, I. M. Sobol', The Monte Carlo Method
(University of Chi.cago Press, Chicago, 1974), Chap. 8.

~5C. P. de Vries and H. J. Oskam, Phys. Rev. A 22, 1429 (1980).
'6P. L. Patterson, J. Chem. Phys. 48, 3625 (1968).
7J. E. Russell, J. Chem. Phys. 83, 3363 {1985);84, 4394 (1986).

~SR. Johnsen, A. Chen, and M. A. Biondi, J. Chem. Phys. 73,
1717 (1980).

' J. C. Keck, Adv. Chem. Phys. 13, 85 (1967). The three-body
association reactions discussed in this paper are comparatively
simple because only one, not two or three, of the liroiting
two-body interactions on the relevant three-body potential



34 3877

surface is strongly attractive.
20See, for example, R. D. Levine and R. 8. Bernstein, Molecular

Reaction Dynamics IOxford University Press, New York,
1974), Chap. 5.

~~D. Rapp and T. Kassal, Chem. Rev. 69, 61 (1969).
2 Cohen also gives values of the vibrational quenching rate ob-

tained with a more accurate ab initio potential. But the
presumably less accurate rates listed in Table I should be en-

tirely adequate for the purposes of the present paper.
23B. H. Mahan, J. Chem. Phys. 43, 3080 (1965}.
24A. S. Dickinson, R. E. Roberts, and R. B. Bernstein, J. Phys.

B 5, 355 (1972).
25See, for example, %.D. Davison, Proc. Phys. Soc. London S7,

133 (1966).

26The only exceptions worth mentioning are associated with the
highest level, the one with U =19. The properties of this level,
including not only its very existence but also the possible ex-
istence of yet another level, were found to depend more or less
sensitively on the parameters specifying VL~.

27R. O. Mueller, V. %'. Hughes, H. Rosenthal, and C. S. %u,
Phys. Rev. A 11, 1175 {1975}.

28There appears to be no need to take into account the possibili-
ty of a change in the effective nuclear charge for the other
electron, the one not undergoing excitation, because the over-
lap integral of its initial and final wave functions should be
nearly equal to unity. For example, if these wave functions
are approximated by 1s hydrogenic functions with effective
nuclear charges 1.69 and 2.00, the overlap integral is 0.989.


