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A formal investigation of the redistribution of weak near-resonance radiation is presented for
the case that the radiative transitions of the scattering atom occur between two well-separated
groups of states. The lower states are assumed stable while the upper states are allowed to under-
go arbitrary interactions with an environment. If the lower states are also degenerate, a Rayleigh
component which is infinitesimally narrow in the atom’s rest frame is shown to exist under ex-
tremely wide conditions and independent of the approximations made in previous work on redistri-
bution. Like the absorption profile, the intensity of this component as a function of the detuning
(Rayleigh response function) can be expressed in terms of the mean atomic time evolution opera-
tor projected on the upper-state manifold. As compared to the absorption profile, however, the
Rayleigh response function is different in shape and may provide complementary information on

the scattering medium.

I. INTRODUCTION

The scattering of weak narrow-band radiation by in-
teracting atoms is known to result usually in a double-
peaked spectrum if the incident frequency is tuned close to
an atomic resonance. The two peaks represent Rayleigh
scattering (centered about the incident frequency) and
collisionally aided fluorescence (centered about the atomic
resonance). Mathematically, the spectrum is described by
the so-called redistribution function. Although derivations
of this function have been presented for various physical
situations (for a recent review see Burnett!), most of these
treatments share a common approximation, namely, the
binary-collision assumption which is usually connected
with a rather approximate treatment of the intercorrela-
tion between collisional and radiative events. For the
idealized case where the redistribution function is estab-
lished in the rest frame of an atom having one stable lower
level and scattering purely monochromatic light, these
treatments lead to a Rayleigh component which is infini-
tesimally narrow (8 function of the scattered frequency).
This means that the energy exchange between the atom
and the perturbing particles does not entail a broadening
of the Rayleigh component; the only manifestation of en-
ergy nonconservation in the atom-radiation subsystem is
the occurrence of the broadened fluorescence component
in addition to the sharp Rayleigh component.

Since it does not seem that simple arguments like energy
conservation or nonconservation allow one to infer this
behavior on intuitive grounds, the question arises whether
the occurrence of a sharp Rayleigh component is a funda-
mental property of the redistribution function, or if it is
just a consequence of the approximations made in the
binary-collision treatments. A partial answer to this ques-
tion has been given recently, namely, for the simple case of
two-state atoms suffering adiabatic perturbations of their
upper level.2 For this case it has been shown that includ-
ing slow perturbations on avoiding the binary-collision ap-
proximation, and taking full account of the perturbation-
radiation correlations results in three components of the
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scattering spectrum: a sharp Rayleigh component, a
broadened Rayleigh component (both centered about the
incident frequency), and a broadened fluorescence com-
ponent (centered about the atomic resonance). Thus, for
the two-state model considered in Ref. 2, broadened Ray-
leigh scattering has been shown to exist in addition to, but
not instead of, sharp Rayleigh scattering.

The generality of the arguments employed to derive
those results in Ref. 2 which concern the sharp Rayleigh
component, suggests that analogous results might hold in
still more general situations. Indeed, it will be shown in
the present note that the assumption of an adiabatic two-
state model is not essential for proving the existence of a
sharp component of the spectrum and for deriving its in-
tensity. The formalism presented here will treat the gen-
eral case of radiative transitions between state multiplets,
where the upper multiplet is allowed to undergo almost ar-
bitrary interactions with a surrounding bath. The treat-
ment will provide a general prescription for separating the
redistribution function into a broadened part (which may
be multiple peaked) and a part consisting of one or more
infinitesimally narrow peaks (representing Rayleigh and
Raman components). The latter part will turn out to be
expressible in terms of the mean atomic time evolution
operator, a fact which in some situations may be exploited
to use preferably this part for gaining information on the
scattering medium.

II. DECOMPOSITION INTO SHARP
AND BROADENED COMPONENTS

We assume that the radiative transitions occur between
two energetically well-separated groups of atomic states,
the lower ones being completely stable (i.e., unaffected by
collisions and radiative decay). The upper group of states
(degenerate or not) may decay by spontaneous emission
and is assumed to undergo interactions with the environ-
ment, called the bath. Except that we exclude quenching
(bath-induced transitions between the groups), the nature
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of these interactions is left unspecified. In particular, we
neither assume binary collisions nor adiabaticity. For sim-
plicity we will assume, however, that the interactions can
be treated semiclassically, i.e., by means of a time-
dependent potential in the atomic Hamiltonian. As for the
statistical behavior of the interactions, we will make two
rather weak assumptions: (1) The stochastic process
governing the atom-bath interactions is stationary; (2)
The autocorrelation time of the atom-bath interaction po-
tential is short compared to the observation time. Both as-
sumptions simply correspond to our aim of determining
the scattering spectrum under stationary conditions; they
do not introduce any restriction of practical importance.
We assume that the incident radiation is weak so that
we may deal with single-photon scattering events. The
redistribution function p(a,b) may then be defined as the
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initial mode | a) into final mode | ). It can be written as

plab)=lim = (|| Ua)) | Doy . 1)
ety

Here, |lc)=|1)®|c) (c =a,b) corresponds to the atom
being in a lower state |/) and one photon being present in
mode |c). Further, | (la),) designates the state to which
the atom-radiation subsystem evolves after time ¢ if it was
initially in state |la). The p: represent the initial lower-
state populations, and the outer brackets designate an
average over the atom-bath interactions.

The evolution of | (/a),) is governed by the Schrodinger
equation with the Hamiltonian Ho(t)+V=H,(t)+Hpg
+V, where the three parts in the last expression corre-
spond to the atom (interacting with the bath), to the radia-
tion field, and to the atom-radiation interaction, respec-
tively. Perturbation theory to second order in ¥ leads to

probability per unit time that a photon is scattered from
J

t ty
I'b | Ua),) = — fo dt, fo dtall'b | Tot ts) VT oty t)VTo(ta,0) | 1a) | @

where we have put 2 =1. The “unperturbed” time evolution operator Ty satisfies the Schrodinger equation with Hamil-
tonian Ho(t)=H 4(t) + Hg. Since second-order perturbation theory cannot account for the natural linewidth, we hither-
to assume H 4(¢) to include a non-Hermitian radiative damping part leading to complex energy levels in the upper-state
manifold. Due to the absence of lower-state broadening we have

To(tz,tl)“C)- |Ic)exp[—i((o,+wc)(t2—t|)] . 3)

where w, is the frequency of photon mode |¢) and w, the energy (in frequency units) of lower state | /). Using this in Eq.
(2) and introducing the integration variable 7=¢, —t, in place of z, leads to

—ilwy,+ o) U i(wy,+w,r) U (o, )t/
UIb|Ua)y=—e 7% 'foe be ""’dt,,j;"e“ ot 1y | VT o(ts,ts — 0V | la)d © 4)

where wy, =0y — 0, and o, =wy— w;. In Eqgs. (2) and (4), the integration variables ¢, =1, — 7 and 1, represent, respec-
tively, the times at which photon a is absorbed and photon b is emitted. The  integration accounts for all possible ab-
sorption times from 7 =0, where absorption takes place immediately before emission, back into the past, T =t;, where ab-
sorption takes place long before emission. Since Eq. (1) involves the limit #— oo, only unlimitedly large values of ¢ and
hence of 7, will be significant in the evaluation of Eq. (4). Therefore, the 7 integration can be extended to infinity, thus
allowing for absorption at any time in the past. By this procedure the transient terms arising from “switching on” the in-
cident radiation at ¢ =0 are dropped and the scattering process becomes truly stationary.

After evaluating the matrix element in Eq. (4) more explicitly, this equation now reads

—ilwy+w 1) U j(wptor)
Wbl Ua)y=—e T [1 T 1y ary )
with

Pylty)= 30|V | I'0)* 0|V | Ia) fo "t | Ty oty — ) |udd T 6)

where |u0)=|u)®|0), |u) and |0) denoting an upper atomic state and the radiation vacuum, respectively. T desig-
nates the atomic time evolution operator without the radiation field. It obeys the Schriodinger equation with Hamiltonian
H4(¢). In writing Eq. (6), we have made the rotating-wave approximation, assuming that ¥ connects lower states with
one photon present only to upper states with no photon present. The right-hand side of Eq. (5) may now be inserted into
Eq. (1) to yield

t i(wy, +w 1), —1,)
plab)=lim =3 p, Jo ST T By ) P i Vit
t=e by

—ilwp,t o )s

!
= lim - 30 S a=1sDe ‘% p 0P (s)ds )
1’

where the last equation holds because in a stationary situation the autocorrelation function in the integrand depends only
on the time difference 1, — 5.



34 RAYLEIGH COMPONENT OF THE REDISTRIBUTION FUNCTION

It can be seen from Eq. (6) that the quantity P;(z;) in-
volves the history of the atom-bath interaction only for
times smaller than #,. Actually, since the 7 integration in
Eq. (6) converges after some characteristic time 7, [which
is at most of the order of the inverse natural damping con-
tained in the effective Hamiltonian H,(1)1, P, (2) is
essentially determined by the interaction during ¢, — 7.
<t<ty,. As a consequence, P (s) will statistically
decorrelate from P;/(0) after times so large that the time
intervals —1, <t <0 and s — 7. <t < s no longer overlap
and are separated from each other by more than the auto-
correlation time of the atom-bath interaction. Since in a
stationary experiment the observation time (ideally infin-
ite) is long compared to both the radiative lifetime and the
autocorrelation time of the atom-bath interaction, P;j'(s)
decorrelates from P;,/(0) during observation and the auto-
correlation function of this quantity is conveniently written
as the sum of

CUI’E<P”'(O))(P17’(S)>" l(Pu’(O)) l 2 s (8)
which is independent of s, and
CZII’(S) E(P”'(O)Pl” (S)) - (P”’(o))<P[7’ (S)) B (9)

which decays to zero when s — oo, Correspondingly, the
redistribution function splits up into the part

p|(a,b) -27[2 C”,'p15(wba - (l)”’) N
L'

(10)

which consists of infinitesimally narrow components, and
the part

p2(a,b) -Zf_we
L'

which contains only broadened components.

The evaluation of p;(a,b) can hardly be pushed further
without making specifying assumptions on either the
structure of the atom or the nature of its interaction with
the environment. The most familiar assumption made is
that of binary collisions. Examples where p,(a,b) can be
evaluated without this assumption have been presented in
Ref. 2.

In this note we concentrate on the part p,(a,b) which
represents a collection of sharp Rayleigh and Raman com-
ponents. These components, which occur despite the non-
conservation of energy in the atom-radiation subsystem,
have been shown here to exist under appreciably wide con-
ditions. In particular, the nature of the atom-bath interac-
tion has been left unspecified, except for some weak as-
sumptions excluding quenching and lower-state interac-
tions, and ensuring the stationarity of the scattering pro-
cess. It has thus been demonstrated that sharp Rayleigh
and Raman scattering occurs independently of some essen-
tial approximations (such as the binary-collision assump-
tion) made in previous work on redistribution.

=iy, —w,)s

! p1C2”'(S)ds s (11)

III. RAYLEIGH RESPONSE FUNCTION
VERSUS ABSORPTION PROFILE

It is seen from Eq. (10) that when the lower group of
states is degenerate, there is just one sharp Rayleigh com-
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ponent with intensity proportional to

f_wpl(a b)dw, =213 C o1 =223 | (P (0)) |2 .
Ly’ Ly’

(12)

For simplicity, we will restrict the following discussions to
this case, although most of the statements made below
have an obvious generalization to the nondegenerate case.
We will call the right-hand side of Eq. (12) the “Rayleigh
response function,” with regard to its dependence on the
incident detuning. A remarkable feature of this function
[see Eq. (12) in conjunction with (6)] is that it just in-
volves the averages of the quantities P;7(0), i.e., it is en-
tirely expressible in terms of the Fourier transform of the
mean atomic time evolution operator (T ,(t5,t, — 7))
=(T,4(1,00)=T 4(7) (where the latter notation will hith-
erto be used for brevity). This is a key quantity which is
also required for the evaluation of the absorption profile.
Therefore, the expense employed in usual line-broadening
calculations is sufficient for also evaluating the Rayleigh
response function. This is in contrast to the determination
of the broadened part p,(a,b) of the redistribution func-
tion. Except for the binary-collision case where also
p2(a,b) is determined by usual line-shape quantities,® the
evaluation of the broadened part necessitates more ela-
borate techniques.> When the binary-collision assumption
cannot be made, one may be faced with situations where
no theory is available for the broadened part, while there is
still some treatment possible to evaluate the mean time
evolution operator and thus the Rayleigh response function
and the absorption profile. Such situations may occur for
light scattering in dense or cold plasmas, where one has to
deal with the problem of “ion dynamics”*® in high-
pressure gases and in condensed matter. It may then hap-
pen that the fluorescence component, for lack of theoreti-
cal interpretability, cannot play its usual role for probing
the medium, and that a better means for reaching this goal
is to rely on the Rayleigh response function and the ab-
sorption profile. It is thus of interest to know how these
two functions compare in their suitability for gaining the
wanted information.

The fact that the Rayleigh response function and the ab-
sorption profile stem from the same operator T 4 does not
mean that they bear the same information on the scatter-
ing medium. Indeed, the two functions are rather different
in structure and also involve different linear combinations
of matrix elements of T 4. As to their suitability for prob-
ing the scattering medium, both functions show advan-
tages and disadvantages. An obvious disadvantage of the
absorption profile is that it cannot be measured locally but
only as an integral over the line of sight. A disadvantage
of the Rayleigh response function is that it depends only
on the absolute values (not on the phases) of the quantities
(Py». The loss of information connected with this depen-
dence leads to the well-known fact that far-wing Rayleigh
scattering becomes independent of the bath variables
(which may be considered as an advantage if one is not in-
terested in the effects of the bath). To obtain information
on the atom-bath interaction one is thus confined to the
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close line wing, the line center being possibly excluded too
because the Rayleigh component may there be obscured
by the fluorescence component. These limitations do not
exist for the absorption profile, which has a useful frequen-
cy range extending from the line center to the far wings.
An advantage of the Rayleigh response function over the
absorption profile is, however, that it not only depends on
the incident mode |a) but also on the scattered mode |5)
[see Eq. (6)]. Since both modes can be varied indepen-
dently by changing the direction and polarization of the in-
cident and observed light beams, there is more flexibility
in extracting information from the Rayleigh response
function than there is from the absorption profile. For ex-
ample, the modes |a) and |b) may be chosen in such a
way that particular matrix elements of 7 4 may be favored
with respect to others, thus possibly allowing one to inves-
tigate the atom-bath interaction with regard to particular
atomic states or to check special features of line broaden-
ing theories. This may be of interest especially in anisotro-
pic media, e.g., in the presence of external fields where T 4
may have off-diagonal matrix elements in the representa-
tion of atomic eigenstates including these fields. But even
in the absense of external fields there are simple cases
where the usefulness of the Rayleigh response function can
be easily illustrated. Consider, for instance, a J;=1 to
Ju =2 transition of an atom embedded in an isotropic
medium such that T 4 is diagonal in the angular momen-
tum eigenstates | JM). Suppose that lower-state broaden-
ing is negligible so that the formalism of the present note
can be applied. The best one could do using the absorption
profile would be to probe the medium with a polarized
light beam. This, however, would imply that a combina-
tion of at least three of the diagonal matrix elements of T 4
would enter the measured signal, as can be seen by writing

D. VOSLAMBER 34

the absorption profile as

L(wg)~ReY pi|u0|V|la)|?
lLu
Xj; e @ty | T (0)|wydr ,

and considering dipole radiation (where («0| V| /a) is pro-
portional to {u | D|/)- e, with D being the dipole operator
and e, the polarization vector of the incident radiation).
With a quantization axis parallel to the light beam, the
matrix elements of T 4 occurring in the absorption signal
would correspond to the states | 2M) with M =0,% 1, +2
in case of linear polarization, with M =0,1,2 in case of left
circular polarization and with M =—2,—1,0 in case of
right circular polarization. If, on the other hand, one uses
the Rayleigh response function instead of the absorption
profile, one has the advantage that only one or two matrix
elements may be probed selectively. For example, if the
incident light beam has left circular polarization, and the
scattered radiation is observed forward in right circular
polarization or backward in left circular polarization, the
only matrix element of T 4 occurring in Eq. (12) [in con-
junction with Eq. (6)] corresponds to the state |20).

In summary, we conclude that the Rayleigh response
function and the absorption profile may play a comple-
mentary role in providing information on the scattering
medium. In the above discussion we have deliberately
omitted those problems which are related to optical thick-
ness, saturation and background emission. The advan-
tages which in this context the use of Rayleigh scattering
presents over resonance (fluorescence) scattering have
been discussed previously in the literature (see, e.g.,
Ref. 6).
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