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Higher-order squeezing in kth-haz~onic generation
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Hong and Mandel s concept of higher-order squeezing is applied to higher-harmonic generation
(k & 2). The fundamental mode is shown to be intrinsically squeezed to the order k of the process
for even k and to the order of k —1 for odd k.

I. INTRODUCTION

The 1980s witnessed an intense search for squeezed
states of the electromagnetic field. ' Like photon anti-
bunching, squeezing is a direct manifestation of the quan-
tum nature of light. Moreover, squeezing is a promising
phenomenon for optical communication and the detection
of gravitational waves.

Squeezing has re:ently been observed by Slusher et al.z

in four-wave mixing. Also recently, Hong and Mandel
introduced the concept of higher-order squeezing and dis-
cussed the problem for resonance fluorescence, degenerate
parametric down conversion and second-harmonic genera-
t1011.

It is our aim to extend their results for second-
harmonic generation to generation of higher-order har-
monics (kth order, k =2,3,4, . . .). We show for the fun-
damental mode of frequency co that the existence of in-
trinsic higher-order squeezing is simply related to the or-
der of the process, and the field of this mode is intrinsical-
ly squeezed to the kth order for even k and to the
( k —1)th order for odd k; Nth-order squeezing (I)I ~ k) is
a manifestation of these intrinsic lower-order squeezings.

H. EQUATION OF MOTION

At perfect phase matching the process of kth harmonic
generation in a nondissipative medium is described in the
electric dipole approximation by the following Hamiltoni-
an:

H Ac&a f af +kItcoa k aq +hctc(a k a f+a f ak )

where the subscripts k and f denote the mode with fre-
quency kto and the fundamental mode, respectively. The
factor )rk stands for the coupling constant and a t and a
are photon creation an annihilation operators. Owing to
nonlinear coupling these operators are functions of the
time t not only by way of the oscillating factors. Quite
generally,

af (t) =af, (t)e

ak(t}=at (t)e

where af, and ak, are slowly varying parts of the opera-
tors.

The Hamiltonian (1) leads to the following set of cou-
pled equations of motion for the slowly varying parts of
the annihilation operators

Afk —1A
af, = tkttk—a f, ak, ,

A ~ A Q
Qkg = —lKkg g

The time evolution of these operators has been solved as
yet in the short-time approximation only, and hence pho-
ton antibunching and squeezing ' ' have been predicted
solely at the beginning of the process, i.e., for appropriate-
ly thin nonlinear media. The short-time approximation is
related to the expansion of the operators in a power series
in t.

Since we restrict our attention to the fundainental
mode, we present below the power-series solution for af,
only:

X —1

af, (t) =af(0) ik(ckta f '(0)ak(0)+—zkt g r!—
r=1

k —1 k
[:nf ' "(0):]af(0)nk(0)—[:n I '(0):]af(0)

where n =a a is the photon-number operator and the
symbol:: stands for normal ordering of the photon
creation and annihilation operators.

III. DEFINITIONS OF SQUEEZING

I

quadrature components E& and E2 of the field:

Ei(t) =a, (t)e '( +a, (t)e'~,

E (t) a (t)e i(P+e/2)+a t(t—)ei(t)+s/2)'

(4)

Let us introduce, after Hong and Mandel, the two
slowly varying, Hermitian, in-phase and out-of-phase,

where (t) is some phase angle that may be chosen arbitrari-
ly.
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The electromagnetic field is squeezed to the second or-
der if one of the variances of the quadrature components
is less than unity,

+ (N —1)!!,

or, equivalently, if one of the normally ordered variances
satisfies the following inequality:

From the inequality (7), it is obvious that negative values
of the normally ordered variances catmot have counter-
parts in the classical description; hence, squeezing has a
purely quantum origin.

Hong and Mandeli have generalized the definition of
the second-order squeezing (6) to ¹h-order squeezing.
Definitions of higher-order squeezing are, in general,
meaningful for even N only, then implying directly its
quantum nature. It has been shown by the above authors
that, for even N, the field is squeezed to the ¹horder if,
for the component 1 or 2,

These moments may be expressed by the normally or-
dered even moments as follows:

where the formula (9) is written in shortened form.
As was shown, the inequality (8) may be satisfied even

in the case of non-negative terms g„o [ ] if, of course,
the dominating term describing second-order squeezing is
negative. In this case the field is said to be squeezed to
the Nth order but is not intrinsically squeezed to this or-
der. The ¹h-order squeezing is then intimately related to
the intrinsic second-order squeezing as in the case of reso-
nance fluorescence of a single two-level atom or the fun-
damental mode in second-harmonic generation.

IV. RESULTS

The kth haimonic mode starts from vacuum fluctua-
tions, so that the following initial conditions are satisfied:

&0
I ak(0) I 0&k = &0 I nk(o)

I o&k =o (10)

In turn, let us assume that the input mode is in the
coherent state

af(0) Ia&=a Ia&,

and a =
I
a

I
exp(i8)

From (4), at (10) and (11),we arrive at

k —1

EEif(t) = ' af a tKkta—f —ak+ Itkt
r=1

k —1 k

k —1

+ ' a f—a +tkKkta f ak+
r=l

k —1 k
a f(:nf '. )nk

f ' fa t( nk:)+
I
a

I

"k-"a' (12)

where for the sake of brevity we have omitted the argument t =0 at the operators.
Second-order squeezing has been obtained in the quadratic approximation. We shall calculate here all expectations

to within the same accuracy. With respect to Eq. (12) we get for the normally ordered moments,

Pf
&:[4Ei(t)]:&= g a f —a' ——~kt [a f(:n f '. ) —

I
a

I

'" "a']
r 2

&& af a ~2kt2[(:nfk ':)a™—f——I a—I""-"a]
2

where we have neglected all terms contaimng the operators of the generated kth harmonic mode, since they contribute
nothing to the second order in t.
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Inspection of Eq. (13) shows further that only terms r =0 and r =N can lead to nonvanishing expectations, and hence

N —1

&:[~El(r)]:)=— x~kr g I &(ay a—) ' '[(:n f ':)ay —
I
a

I

"" "al(ay —l2)')e
2

+((u!' «}s[u t( k —l.}
~
+

~

2(k —ll «](u t ~«)N —l s)—iNQI (14)

One notes that nonzero expectations in Eq. (14) may be
obtained only at s =0 and, obviously, for N )2.

To evaluate these expectations me use the commutation
relation x ~u

~

" cos[N(P —8)], (17)

and, at k =2, Hong and Mandel's2 result is recovered.
By the same procedure

k —1 N —1

mt
mm=0

X (.~ k —l —m. )(~ )N —l —m (15)

(:[hE2(r)]":)= —km', r2
(k —N)!

X~ ~2k-N N y-8+—
2

where„ in general, the upper limit of summation should be
equal to the smaller of the numbers k —1 or N 1. —
However, the expectation value of Eq. (15) in a coherent
state differs from zero only for m =N —I and simultane-

ously the following condition becomes apparent:

In other words, the order of the highest nonzero normally
ordered moment may be at the most equal to the order of
the process if the latter is caused by coherent input radia-
tion.

Finally, we have

Let us restrict our discussion to moments of even order.
From Eqs. (17) and (18) it is obvious that, depending on
the phase, either the component El (p 8=nn—, n any in-

teger) or E2 [p 8={n+——,
'

)m] is squeezed intrinsically
for all allowed N.

With respect to the inequality (16), in the case of the
even-order process the field of the fundamental mode may
be intrinsically squeezed up to the kth order (2,4,6, . . . ,k)
while in the case of the odd-order process intrinsic squeez-
ing is to the (k —1)th order (2,4,6, . . . ,k —1}. In other
words, the concept of higher-order squeezing is more than
purely mathematical.

On substitution of Eq. (17) into Eq. (9) we have for the
even-order process

N/2 IN (2-r)l
~
~

~

2k N+2r-
( [dEl (t)] ) =(N —1)!!—k (k —I )!lrkt g 2,'

cos[(N —2r)(p —8)], N even
r!2'(k —N +2/)!

(19)

and for odd-order process

([AE,{t)]N)
X/2 —1

=(N —1)!!—k (k —1)!akt
r ={.N —k+1)/2

N even

where the expression inside the large square brackets in
Eq. (20) is the same as in Eq. (19). The ¹h-order squeez-
ing (now, in general, N may exceed k} is a manifestation

of intrinsic lower-order squeezings.
It is worth noting that the moments (17) and (18) can be

nonzero also for odd N and, in the case of harmonics gen-
eration, this is a purely quantum effect too, as arising
from the commutation relation (15). The sign of the odd
normally ordered moments may be the same or opposite
to that of the even normally ordered moments.
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