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A Gaussian polymer chain in the presence of hydrodynamic interactions and subjected to steady
linear flows is investigated renormalization-group theoretically. To order € (=4—d, d being the
spatial dimensionality) and to the lowest nontrivial order in the flow strength, we consider the hy-
drodynamic effect on the mean-square end-to-end distance. From our general formula, we extract
results for the physically interesting cases of shear and elongational flow. In the light of recent ex-
perimental results there is a possibility that the Gaussian model is of limited validity, even below the

stretching transition.

I. INTRODUCTION

Renormalization-group approaches have enabled us to
systematically study the universal properties of polymer
solutions.!™* The static properties of both dilute and
semidilute solutions have been studied successfully. How-
ever, truly time-dependent properties, even for dilute solu-
tions, are relatively less studied. Some problems in
dynamics which have been considered are the following:
the relaxational spectrum;’ properties of a chain in
elongational flows, tlme-dependent correlation functions
of conformations;” and diffusion and complex intrinsic
viscosities® by the Green-Kubo formalism.

The behavior of polymers in flow fields has attracted
much interest both experimentally’ and theoretically.% '
In a recent letter,'! we have applied the renormalization-
group approach to the problem of a polymer chain in a
weak flow in the presence of hydrodynamic interactions.
Notice that a major complication is introduced by the
presence of the systematic flow which makes the problem
a nonequilibrium one. In Ref. 11, we had calculated the
mean-square end-to-end distance for a single polymer
chain in the t— o limit. Although our results were
correct, the arguments were a bit excessively simplified.
A correct derivation of formulas will be given in the
present paper.

The ordinary model used by us is that of a Gaussian
polymer chain subjected to a solvent flow field whose
average is a linear flow. The chain conformation and the
solvent velocity field are governed by Langevin equations.
The Langevin equation for the solvent velocity field is
equivalent to the Oseen tensor model traditionally used in
polymer dynamics to the lowest nontrivial order in the
strength of hydrodynamic interactions®'2 and in the flow
strength.

In the present paper, we study the transient and asymp-
totic behaviors of the mean-square end-to-end distance of
a Gaussian chain with hydrodynamic interactions. Our
general conclusion, which can be understood easily by a
dimensional analytic argument, is at variance with the re-
cent experimental results of the Bristol group.’ A possible
grave consequence of this discrepancy is discussed. Those
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who are interested only in the relevant discussion may go
directly to Sec. IV.

The outline of our paper is as follows. In Sec. II, we
present the Langevin equations for our model and their
formal solutions. In Sec. III we present details of our cal-
culation. We end with formulas for the explicit time
dependences of the mean-square end-to-end distance in
the physically interesting cases of shear and elongational
flows. In Sec. IV we discuss our results in the light of the
experimental results of the Bristol group and consider the
repercussions of this comparison. Finally, we present a
brief summary of this paper.

II. LANGEVIN EQUATIONS
FOR CHAIN-SOLVENT DYNAMICS

The Langevin equation for a single chain is>

%E(r,t) §lo gfi’- 7,t)+v(c(r,t))
+ulc(r,t),t)+6(7,1), (2.1)

where {c(r,t)]:;(l)v ® is the instantaneous conformation of
the chain at time ¢, &, is the bare translational friction
constant for the chain unit, u is the fluctuating part of the
solvent velocity field, v is the systematic part of the flow,
and @ is a Gaussian white noise with mean zero and with
covariance given by

{0(7,1)0(0,5)) =2&5'8(r—0)8(t —s)I

with I being the d Xd unit matrix. The fluctuating part
of the solvent velocity field is described by the Langevin
equation

(2.2)

%‘tl(r,t)=770Au(r,t)—u-Vv—v-Vu—v-Vv

— [drétr—cir,) 2 S(r0—Vp+ir,0),

,z
(2.3)
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which is essentially the linearized Navier-Stokes equation
around the systematic flow v. The noise is added to
maintain local equilibrium. This is valid only when the
flow is microscopically weak (see below). In (2.3), p is the
pressure, 7)o is the solvent viscosity (we will choose the
system of units so that 7y=1 in the following), and f is a
Gaussian white noise with mean zero and variance

(f(r,0)f(r',s)) = —2A8(r—1')8(z —s)I . 2.4
We write the systematic flow, which is linear, in the form
v(r)=gdr, 2.5)

where g measures the strength of the flow and 4 is a con-
stant d X d matrix. For the simple shear flow 4 is

010
000
0 O 0 e (2.6)

and for the uniaxial elongational flow 4 is

1 0 O
0 -1 0

o 0 o - | @.7)

We assume that the initial ensemble is in equilibrium
without flow, and that the systematic flow is switched on
at t =0. We further assume that ¢(0,0)=0 without any
loss of generality, as the flow is linear.

We can formally solve (2.1) by introducing the
Green’s-function matrix G(r,0 | t) satisfying

aG _,9%G
?(T,am——go 32 (r,0|t)+84G(1,0|1)
+8(r—0o)d(DI , (2.8)

along with the free-end condition

aG G
—_— = — :Q .
T |,—¢ OT |r=N,
Then we have
G(r,0 | )=e*4Gy(r,0| 1), 2.9

where Gy(7,0|t) is the Green’s function for the case
without flow given by

142 3 cos(poT)
p=1

Go(r,o | t)=No_1

—pt/8,

X cos (pgo)e ,  (2.10)

with po=mp/Ny. From (2.9) it follows that the systemat-
ic flow is taken into account to all orders in g.
We can write the formal solution to (2.1) as

N
c(r,t)=co(7,t)+ fo 0d(:t fotds G(r,a|t—s)ula,s),

(2.11)
with

N,
cont= [ ‘daG(ra|tela)
N,
+ [ 'da [dsG(ra|t—9)0(a,s), (2.12)

where {c(a)};;go is the initial conformation distributed
in an equilibrium ensemble.

For the formal solution of (2.3), we have to make cer-
tain approximations. Equation (2.3), as pointed out
above, is valid only when the flow is microscopically
weak, i.e., ga’ <<, where a is the typical bare monomer
size. This condition means that systematic flow effects
are locally dissipated quickly and the condition of local
equilibrium can be maintained. Nevertheless, (2.3) still
contains systematic flow terms and the usual Oseen tensor
description is not valid [even to O(e)] contrary to
Yamakawa’s statement.'* The Oseen tensor is modified
by the terms linear in the systematic flow. However, to
O(g?) and to O(e) there are no extra terms resulting from
this modification and we can still use the conventional
Oseen tensor description. We show this to be true in Ap-
pendix B. Also, to O(g?), no further complication arises
from the term quadratic in the systematic flow. (Actual-
ly, this is zero for the case of shear flow.) Solving (2.3)
formally to O(€) we obtain

NO
ule(r,0,0)= [ “daT(c(r,1),cla,t))

3%

X §<a,t>+ac<r,z),t) , (213
where T is the flow-modified Oseen tensor
I(clr,n,cla,n)= [ Preicnn—can (2.14)
where
-1
P gff —i—'—: koo || BR2,
p=I-2%.

_ . d%
f"_ f 2m)?’
(ale(n,t),t)alcla,s),s)) =28t —s)T(c(r,t),cla,s)) ,
(2.15)

with all averages being taken over the initial equilibrium
distribution and noise. In the above we have assumed that
the relaxation of the chain is slower than that of the sol-
vent velocity field as in the case of critical dynamics and
used the Markovian approximation. This can be justified
only to the lowest nontrivial order as the Oseen tensor is
reliable only to this order.!?
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III. CALCULATION OF Q(7,t |o,t)={c(r,t)-cla,t))
MEAN-SQUARE END-TO-END DISTANCE
and use it to determine (R%(z)) from
(R%(1)) =Q(Ng,t | No,t)+Q(0,t | 0,2)
In thi ti Iculat
n this section we calculate —20(Noyt |0,1) . G.1)

R2(t)) ={([c(Ng,t)—c(0,)]?) .
(R} =([eNo,1)—e(0,0]%) Using the formal solution for c(r,t) presented in (2.11),
To this end, we calculate the general correlation function we have

Q(r,t |o,t)=(c(r,t)-clo,t))
NO t
={co(7,t)-colo,t)) + {Tr fo da fods([g(f,ajt-—s)u(c(a,s),s)]Tco(a,t))+T<-—>a
N N
+Tr [ ’da I ‘dB fO'ds fotds'([Q(T,a|t—s)u(c(a,s),s)]T[Q(U,Blt—s’)u(c(B,s’),s’)])

={co(r,t)colo,1)) +Q*+ 0%+ 07, (3.2)

where Tr and the superscript T, respectively, denote the trace and transpose operations on their matrix arguments.
We denote

QO(T,t ia,t)::(Co(T,t)'Co(U,t)) .

This represents the general correlation function in the absence of hydrodynamic interactions. To calculate it, we use the
formal solution (2.12) for cy(7,?) to write

NO NO
Qo(rt |o)=Tr [ “dy [ “dy'{[G(ry |et)]IG(a,y | De(y)])
N, N,
+Tr [ Cdy fotds([Q(T,ylt——s)B(y,s)]TfO "dy [lds'Gloy' |1 —s"00y's]) | (3.3)

Using (2.2) and (c(y")[c(y)]T) =min{y,y’}I (which is valid only in the absence of self-avoiding interactions) we ob-
tain

Qol(nt |0,)=06+0QF , (3.4)
where
1 No No .
Qb=Tr fo dy [ dy' GTr,y |0G(o,y’ | imin{y,y’) (3.5)
Q2—2§“]TrfNod f'dsGT(r [t—s)Glo,y|t—s) (3.6)
0—450 0 Y 0 o Y aglo,y . .

Before proceeding to a calculation of the perturbation terms in (3.2), we calculate (R%(¢)),, the unperturbed contribu-
tion to (R%(¢)). From (3.1), we have

(RX(1))o=Q0(No,t | No,t)+Q0(0,1 | 0,8)—2Q¢(No,t | 0,1) .
Recall that G(7,0 | t)=B(1)G(7,0 | t) with B(t)=e*%". Then, the contribution of Q) to (R*()), is

N N
Qbeon=TrBTWBW] [ “dy [ “dy'min{y,y}[GolNo,y' |1 =Gol0,1' | D[Go(No,y | 1—Go(0,y [D] . (3.7)
A simple calculation proves the relation
o0 — ~2 N, N
Wo 3~ l)ze P8~ [ Cdy [ dy' minfy,y'}[Go(Nov' |)—Go(0,7' | D][Go(No,y | D—Gol0,y | D] .
- (r
Do T
(3.8)
Thus
© 752
Qbeom =TrH[BTOB(N]8N, 3, ——¢ 780 (3.9)
p=1 (7p)
podd

Correspondingly, the contribution of Q3 to (R2(t)), is
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Q2 o =4L5! fo'ds Tr[BT(t —$)B(t —s)][Go(0,0 | 2(t —s))—Go(No,0| 2(t —5))] , (3.10)

where we have used a property of the Green’s function

fONody Golr,7 | DGo(y,0 | )=Gq(r,a | 21) . 3.11)
Thus
(R*(1))0=Q0 cont +Qcont
=Tr[B T(t)B(t)]SNo
2 — e FH0 agst [ ds THBT(t —)B(t —5)][Gol0,0 | 2t —5)—Go(No,0| 20t —5))]
podd
(3.12)
In the case of a simple shear flow
Tr[B7(1)B(1)]=d +(tg)*.
Using the explicit form for the Green’s function and performing the time integration we find for the shear flow
{R W), lf;(vtom =1+eNiG S (77; e 1_e‘z‘?g’/“’—F%’Zg(wp)ze“zf‘z’”%] . (3.13)

podd

The correct result (3.13) for — oo has been presented only recently by Bird et al.!* This result is valid to all orders in
the flow coupling g.
In the case of an elongational flow

Tr{BT(1)B(1)]=d +2(1g)*,

correct to O(g?). Thus, for the elongational flow to O(g?)
R%(1)

AR, _ —1+4g?N' 3

1
dNy ot (mp)°
pod

(3.14)
Njto

—9p2 752
l—e™# ke 2t (mpYe 25 3t/8 ] ‘
(The result correct to all orders in g is also easy to obtain.) Next, we calculate the perturbation terms in (3.2). First, con-
sider Q%

N t
=Tr fo ‘da fods(co(a,t)ur(c(a,s),s))QT(T,a |t —s)

=Tr fONOda fotds <CO(0',t)

where we have used (2.13), replacing ¢ by ¢ to get results correct to O(e€). Writing the explicit form of the Oseen tensor
from (2.14), and using the preaveraging approximation

T
> Tra|t—s), (3.15)

N
J, 4B T(coas),calBs) 55 B

Trf daf “ap [ ds f (co(a 0ch(B,s)) P (e @I WBI G g | —s) (3.16)

Notice that the preaveraging result is identical to the exact result in the elongational flow case. For the case of the
shear flow, the extra term can be readily computed. It is similar to the term discussed in Appendix A, and is negligible
as explained in Appendix A. Thus, we do not expect the preaveraging approximation to introduce a large error. Let us
first calculate (32/38%){co(o,t)cd(B,s)). Using (3.5) and (3.6) this can be written as

aBZ(co(a, c(Bys)) = aB’ f dkf *dA’ G(o, A | Dmin{A,AJGT(BA' | 5)
N s
+265" [ °dA [ ds'Gla, A |t —sGT(BA|s —s")

=142. (3.17)
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Using
d? . o? .
E‘BjQ(BJ IS)=—8172‘Q([7’,)» |s)

and integrating by parts we get

NO
1=B(GT(B,0|s)— [ "dAGlo,A|GTBA|s)

=B(t)BT(s)Go(B,0|s)—B(t)BT(s)Golo,B |t +5) . (3.18)
Term 2 can be simplified by using

a? , ne O '

a—BZQT(B,Ms —s5")=BT(s —s )gogGo(B,Ms —s'), (3.19)

and we obtain
s )
—_ ' <! T(e ¢’ - '
2= fods B(t —s")B"(s —s")55Go(0,B |t +5 —25) . (3.20)
Integrating by parts we get
2=B(t)BY(5)Gy(0,B|t +5)—B(t —s)Gyla,B |t —s)+ fosds'%[ﬁ(t —s5")BT(s —s")1Golo,B|t +s5 —2s') . (3.21)

Combining this with term 1, we obtain the expression for Q? as

N N '
Q*=Tr [ ‘da [ “dB [ ds [, [1_3(:)1_3T(s)60<ﬁ,01s)—g(t_s)Go(a,m:—s)

s ’ a ! ’ ’
+ [ ds o7 [B( —s"B(s —5"]Go(a,B| £ +5—25")

X}—),(eik‘[co(a,s)—co(B,s)] YBT(t —5)Go(T,a |t —s). (3.22)

Notice that O is the same as Q2 with 7 and o interchanged. For Q° we obtain, using (2.15)
N, N, t ik- —
Q*=27Tr [ *da [, 'dB [ ds [ Bl—5)Go(a,B|t —s)P'(e" VTV BT _)Go(ra | —s) (3.23)

We find that Q? cancels the underlined term in (3.22) combined with the corresponding term from 0*=0? (1>0).
Therefore the correlation function can be written as

Q(7,t | a,t)=co(T,t)-cola, 1))

+1Tr foNOda foNodB J.ds [ |BWBT()G(B,0]s)

_a_ <! T(e ¢!
as.[l_m s")BT(s —s")]

+ [las Go(a,Blt+s——2s’)]

X P,<eik-[c0(a,s)—co(8,s)])B T(¢ —S)GO(T,a l t —8)+Ter0 } . (3.24)

From the last expression and (3.1) we can determine the mean-square end-to-end distance under preaveraging*

N, N t s )
(RA0)=(R¥0)o+2Tr [ *da [ "dp [(ds [, [ ds'|=-[B(t—s"BT(s —s")] |P'BT(t —s)

. (eik-[co(a,s)—cotﬁ,s)])[GO(NO’a |t —5)—Go(0, |t —s)]

X[Go(No,B|t +5—25)—Go(0,B|t +s —25")] . (3.25)

Notice that the underlined term in (3.24) does not contribute to (3.25). Result (3.25) is valid for any linear flow within



34

RENORMALIZATION-GROUP ANALYSIS OF WEAK-FLOW . .. 3367

the preaveraging approximation. As pointed out in the discussion after (2.12), to O(g?) and to O(e) there are no extra
terms resulting from the modification of the Oseen tensor. Thus, in the subsequent calculation we use the usual form of

the Oseen tensor. Inserting the matrix B for the shear flow into (3.25) and performing the Tr operation we obtain

N N, ‘ s ki k k?
(RU0)=(R¥0Yo+2 [ “da [ °aB [ods [ [ ds' 2= 55— |1- 7 [g¥r+5 =25
k% ik-[cyla,s)—cy(B,s)]
— 1,_7(_2 gz(t—s) (e 0' % 0\ P )

X[Go(No,B |t +5 —25")—Go(0,B | t +5 —25")]

X[Go(No,a |t —5)—Gol0,a [ 1 —5)] .

Now,

<eik~[co(a,s)—co(B,S)]) =e"’k2\°’"m/z+0(g) )

(3.26)

(3.27)

As we are interested in terms to O(g?) only, we can discard the O (g) contribution in (3.27) except for the first pertur-
bation correction term in (3.26). For this term the necessary calculation is done in Appendix A. The resulting term is
numerically small (see below) and does not affect any asymptotic results. Hence we discard it in the following.

Performing the momentum integration in the terms of O(g?) and inserting the explicit forms of the Green’s function,

we obtain for the shear flow

(R¥n)) _ (RX1))o
dN, = dN,

(277)—‘1/2—1

2
+16g(d—1) .
dN}

d(d—2)

N N t o0 N lte
x [ “da [ “dB [lds 3 cos(poBleosipia) |a—B| =1/ %

—(P3+P PNt —5)/8y

pp'=1
p-p odd
o ||V, NOLE NGOG —asss,
(mp)? 2Amp)*  2mp)t
IN§Eo —252
——Oige 5 /% +pop' | . (3.28)
(mp)
|
The contour integrals to be performed in (3.28) are fre- N=ZyN,,
quently encountered in these calculations. Pole terms in €
arise from the diagonal (p =p’) terms in the sum. We §=Z5o (3.29)

quote the final result for the contour integral I in the case
p=p"
I(p =p')=N, |26 '+InN¢ +ci(mp) — 9 —In(mp)

— —I——[Si(rrp)+1'r/2] ,
mp
correct to O(1). Here we have used the definitions

./ *® .
si{x)=— fx dtsint /t ,

ci(x)=— fxwdt cost/t ,

and 9 is Euler’s constant (~0.577). For p=£p’, the
answer is somewhat more involved. There are no pole
terms arising from the p=£p’ terms.

The presence of pole terms necessitates a renormaliza-
tion. We use the standard prescription®

to introduce the renormalized couplings and the renormal-
ization constants, viz., Zy and Z;. We introduce a length
scale L and define dimensionless parameters as usual

§o=5oL

E=CL? . (3.30)

In the absence of self-avoiding interactions Zy =1 and
Z;=1—(3/81%€)§ to lowest nontrivial order.” After the
renormalization has been performed, we insert the fixed
point value £=¢£*=8m%€/3 which follows from the S8
function in the one-loop terms. Recall that the dimen-
sionless coupling occurring in (R%*(¢)) was of the form
g2N§£8. We find the same dimensionless form here, but
as logarithmic corrections of the form In(27wN) appear
multiplied with terms of O(e). We have to introduce an
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fective exponentiated coupling of the form w=g/ tain a result which is uniformly reliable in time, we have
(27)2E(2mNY?, where v=+ is the Flory exponent in the  to perform an exponentiation in the p=p’ terms giving a
absence of self-avoiding interactions and z=d(=4—¢) is corrected eigenvalue A(p) (Ref. 7) to O(€). Our exponen-
the dynamical critical exponent. Besides, in order to ob- tiated result is

J

{ Rz(—t—)) =1 +w2 i 1 e —€eClp) _ i 1 e —ZX(p)Te —eCl(p)

dN 22 (mp)® o= (mp)°
podd podd
e —- ? kg
-2y e P | L2ew? 3 D(p,p")T(p,p'st) . (3.31)
p= (mp)* ? pp'=1
p odd p,p’ odd

P#p’

The exponentiation scheme is explained briefly in Ref. 7 and at length in Ref. 8. In Eq. (3.31)

Cp)="2 +ci(mp)—p — -;11-7-[si(1rp)+1r/2] :

C(p)=C(p)—In(mp) . (3.32)
We have introduced a new time unit in (3.31) as 7=A(1)¢ where
2—€/2 1
— | TP 1 ecp)s2
Alp)= N et/ (3.33)
Finally, we have introduced normalized eigenvalues A(p) as
AMp)=Alp)/A(1) .
The terms in the double sum of (3.32) are
' 1 — Y — 4 1 7
T(pp' )= | —— g (e ~MPT_¢~[Ap1+1(T) 1+2(mpP—
(mp")t —(mp)? 2(mp)? +2(mp w
1 _ , 1 T 1
+ e —[AMp)+R(p" 7 — 4L
(mp)*[(mp) +(mp’)H] Amp) @ (mp)l+(mp')?
+ ! — 1 + 4
(mp)[(mp)*+(mp" ) 2mp)*[(mp) +(mp')?] p=p
(3.34)
T
and and
R(p,p')=— | T +silmp) | —(— 1P| T psimp")| .
' S(pp’) R(p,p")
D(p,p’)= , (3.35)
p.p (mp’'—mp) + (mp'+7p) (3.37)
In Fig. 1 we show A(7) as a function of 7 where
with (R?
- _ R4(7))
Af)=w™? | ——L _ 2
)=w AN 1]x10°.

(3.36) From the general expression (3.25) we can also derive

—(—1p+F
(R*(2)) for the elongational flow as

lzr—+si(1rp’)

S(p,p')= ’-g— +si(mp)
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(Rz(t))o
dN,

(R¥1))
dN,

p p odd
p#p’

X

- - [

el

3369

f da [, dp [ds |, 3 coslpomcospid) | a—B| 1 Pole0 o, ~F 5ty

___.i_(ezPo‘/Co —2g(1—s)_

—th)
& 'po+e

s (e zPo’/go 2g(t—s) __
Po**g

28’) (eik'[co(a,s)—co(ﬂ,s)]) )

(3.38)

In the curly braces, we expand to O(g?). The expansion of exponential terms like e%' for arbitrary ¢ is justified be-
cause of the rapidly time-decaying exponential prefactors. Again, as in the case of shear flow, there is a small term of
O(g?) arising from the O(g) contribution to (e'*1%®9 %Ay For the same reasons as in the case of shear flow, this
term is negligible. After performing the k integration, (3.38) gives

2 R(1) 2
(RA0) _(RAD)o  ( g¥d —1) ) app 1 3
dN, dN, d(d—2) dN}
><f daf "dB [lds 3 cos(poalcos(psB) |a—B| 1+
pp'=1
p,'odd

e—po(l+s)/§0 —PRt+sisgy 1

INde—1
2 Og() (Trp)z

oS PN o5 1 1oV

Bessho_y)

+pep’ (3.39)

The rest of the calculation is the same as in the case of shear flow. Our final renormalized and exponentiated result is

(RX7)) & 1 z > 1 i
A2 144w e—€Clp) _ 2 e -Zl(p)t —eClp) _ 2 e—27i(p)r
dN ,§1 (mp)® p§1 (rrp)6 21 (1rp)4 172
p odd podd podd

+ew? 3 D(pp"\T(p,p',0),
pp'=1
p,p’odd
p#p’

with the same functional definitions as in (3.31). Notice
that the result for elongational flow is quite similar to
that for the shear flow, to within a multiplicative factor
of 4. Thus, we do not present the graphical result here.

IV. DISCUSSION

The calculations by Yamazaki and Ohta® and by us
show that the natural parameter occurring in linear flow
problems is w ~gN?*. This can be understood by a scal-
ing argument. Since g has the dimension of reciprocal
time, the natural parameter in the problem is the product
of g and the representative time scale of the polymer
chain, denoted by 7. If the dynamical exponent is denoted
by z then 7~N?". Thus w ~gN*" must be the natural pa-
rameter. The renormalization-group calculation confirms

(3.40)

[

this. There is good reason to believe that, near criticality,
the chain is stretched to not more than 5 (probably about
2) times its equilibrium size."> An estimate of g, may be
obtained by use of the weak-flow time scales. (We will
shortly return to discussion of the reliability of dynamical
scaling.) From this, we conclude that the critical flow
strength g. for the stretching transition must scale as
N~%. With hydrodynamic interactions, z=d, and
without it z=2+1/v. The former is the consequence of
kinematics of the Oseen tensor model,'? so that, to O(e?),
z need not be identical to d. But our experience with the
binary critical fluid'® tells us that this deviation will be at
most of order 5%. The result z=2+1/v is a purely
kinematic result, so it is exact. Of course, our minimal
model cannot describe the region beyond the stretching
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FIG. 1. Normalized deviation A(7) (=w *[(R7))/Nd
—1])X 10? of mean-square end-to-end distance from quiescent
value, plotted as a function of 7 for the case of shear flow.

transition. It gives (R%(z)) ~N?>, which is wrong (at large
flow strengths) because ( R*(¢)) cannot be larger than N2.
This discrepancy arises because we neglect the nonlineari-
ty in the bonds which prevents excessive stretching.

According to recent experimental results by the Bristol
group,’ the critical flow strength for the stretching transi-
tion (denoted g.) scales as N ~!3 irrespective of the sol-
vent quality. They claim that N ~'76 can be definitely ex-
cluded. Thus, we must always use z =d =3, v= -;-, in-
dependent of the actual value of v. One may argue that
the discrepancy is due to the magnitude of w being out-
side the validity of our calculational scheme, even though
the minimal model is correct. For sufficiently large N,
N 17 is significantly smaller than N !, so that at the
critical flow strength w~N"!SN176_N026 becomes
very big, invalidating the weak-flow argument we have
been using. It is true that our results which are truncated
to w? become unreliable. However, our formal results are
more general. The general result (3.26) for (R%(¢)) under
the preaveraging approximation is correct for any flow
strength [to O(e) even if there exists a self-avoiding in-
teraction] so long as we can ignore the nonlinearity of the
backbone. Furthermore, we know that the preaveraging
approximation affects only prefactors.® To calculate
(3.27) for any g, we need ( elk'[c"(a’”“c"(ﬂ’sn), which is
time independent in the stationary state. Since the chain
is not deformed strongly up to the stretching threshold,
the length scale which is relevant to this quantity must be
N". Hence, the time scale is still given by 7~N*". There-
fore, the scaling argument should be reliable up to the
threshold flow, if we can rely on our minimal model.
Thus, we must take the discrepancy seriously.

One might conceive the following argument to explain
this result: Just before the stretching transition, the chain
has been stretched sufficiently to justify neglecting the
self-avoiding interaction. Thus, g. ~N ~!-* always. How-
ever, we know theoretically!” that the self-avoiding in-
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teraction becomes negligible only when the chain has been
stretched to about 10 times its equilibrium size. But, as
mentioned before, the chain is not stretched extensively at
the stretching threshold, so that the previous argument is
untenable and cannot rescue our model in the vicinity of
the stretching transition, if we believe the Bristol results
to be conclusive.

We must stress that the crossover effect is very severe
for dynamic quantities and that v in g, is not the static
but the hydrodynamic v. It may stay rather close to 0.5
even though the static v is almost 0.6. (See, for example,
the theoretical study of the crossover regime in Ref. 18.)
Nevertheless, we would expect some variation of g, with
the solvent quality. Hence again the crossover effect
seems insufficient to resolve the contradiction.

Thus we conclude that, if we rely on our minimal
model, which is the best starting point so far proposed for
dilute solution dynamics, theoretical results and the Bris-
tol experiments are significantly at variance.

There is an even more serious consequence of the previ-
ous discussion. If the harmonic chain model is reliable in
the quiescent fluid, we would expect it to be reliable also
just before stretching as the chain has not been strongly
stretched at flow strengths less than g.. But we have seen
that this is not true. Thus, we are forced to discard our
minimal model consisting of the Edward’s Hamiltonian
and the fluctuating solvent hydrodynamics. This model is
theoretically nice and has so far given results in reason-
able agreement with experiment for solution dynamics.®
Of course, agreement with experiment does not necessarily
justify a model but it seems difficult to modify our
minimal model while keeping all the results for the quies-
cent fluid intact.

To summarize, we have calculated renormalization-
group theoretically the mean-square end-to-end distance
for a Gaussian chain in a weak systematic linear flow.
The results strongly suggest a scaling form for g, which
does not agree with the experiments of the Bristol group.
This leads to the grave conclusion that the minimal model
currently in use is incorrect. The Bristol experiments, if
conclusive, destroy the existing theoretical framework.
We hope that experimentalists recognize the extreme im-
portance of the molecular weight dependence of g,.
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APPENDIX A

Here, we calculate the terms of O(g) which appear in
the calculation for the shear flow using the general expres-
sion (3.25) obtained within the preaveraging approxima-
tion. From (3.26) we have an extra O(g) term T, as
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Ty=tg [, da [,48 [ [ a0

We evaluate

( eik-[co(a,s)—co(ﬁ,s)]> = exp

in the presence of shear flow. A simple calculation yields

Ek ([eoila,s)—coi( B,5))?) =k? | a—B]| +—&§0k k, 2

Thus, to O(g)

—_ ';' Ekiz( [Co,’(a,S)—-Co,'(B,S)]Z )

3371
DB [Go(No,B |t +5 —25")— — 25’
ol{Vo, +s s') Go(O,ﬁI t+4+s—2s )]
X[Go(Ng,a |t —s)—Go(0,a |t —s)] . (A1)
[COS(Poa)-COS(Poﬂ)] —zﬁgs/;o)
(A2)
[cos(poa)—cos(poB)] _25(2);/§0)e Ka-Bl /2 (A3)

ik-[chla,s)—cy(B,s)]
(e 7 e =

ia—ﬂI/Z__._gok k, 2

A4

The k integration reduces to zero terms of O(g) in our expression for T,. This conforms with our intuitive expectation
that (R%(z)) should not contain terms of O(g) because the stretching should be independent of the flow direction and
depend only upon its magnitude. Replacing (A3) in (A1) and performing the k,s’ integrations, we have

2 N, N, t o
g 202 [0 0
To= oy NVobd [, da [ "aB[ds 3

pp,p =1
p.p’,p" odd

X

In (A4) we have put d =4 (or €=0), as this expression
does not contain any pole terms.

A numerical evaluation of these terms was conducted
by us. It gave a negligible contribution to (R(¢)) /(Nd).
Thus, we are justified in neglecting these terms.

APPENDIX B

Here we show that, to O(gz) and O(e), there are no ex-
tra terms resulting from the modification of the Oseen
tensor by systematic flow terms. A simple calculation
yields the modified form of the Oseen tensor to O(g) for
the linearized Navier-Stokes equation (2.3) as

d gb4 gP

3
Qmd |\ Tk T2

k~4&—

Tir,e)= [

X Pk ~2eikr—r) (B1)

| a—B| ~2cos(p pa)cos(p o B)

— (P 24D 5Nt —5)/¢,
e PE+AG %e

[cos(poa) —cos(PoB)]?
(mp)*

o~

b2 —2p2
—25/%_ )e 2Pps/60 1)

1
+ I(_’ "
(WPU)Z P p

(A4)

r

where P=I—kk/k? and A is the flow matrix. Extra
terms of O(g?) are expected to arise from the O(g) terms

in (B1). However, if we insert the modified projection
operator
gkd | 9 || B
P=|1— kd— || = B2)
= k2 k2 = ok k2 (

in (3.25), the k integration takes the form

dk k- —4y—k2|a—B| /2 o
(2m)¢

Thus, the extra terms do not have poles in €. Further-
more, to O(e) we can immediately put e=0 in the extra
terms. The a,p integrations then decouple out and are of
the form

la—B|¢?. (B3)

N,
I, ’da[Gy(Ng,a |t —s)—Go(0,a |t —5)]=0. (B4)

Hence, there are no extra terms in (R*(z)) to O(g?) and
to Of(e).
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