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A kinetic formalism based on the Vlasov-Maxwell equations is used to investigate properties of
the sideband instability for a tenuous, relativistic electron beam propagating through a constant-
amplitude helical wiggler magnetic field (wavelength Ay=2w/ko, and normalized amplitude
a,=eB,/mc*,). The analysis is carried out for perturbations about an equilibrium Bernstein-
Greene-Kruskal state in which the distribution of beam electrons G,(y’) and the wiggler magnetic
field coexist in quasisteady equilibrium with a finite-amplitude, circularly polarized, primary elec-
tromagnetic wave (w;,k;) with normalized amplitude a; =eB, /mc*k, and constant equilibrium wave
phase. Particular emphasis is placed on calculating detailed properties of the sideband instability for
the case where a uniform distribution of trapped electrons G,’(y’) is localized near the bottom of the
ponderomotive potential moving with velocity v, =w;/(k,+kg) relative to the laboratory frame.
For harmonic numbers 7 >2, it is found that stable (Imw=0) sideband oscillations exist for
[o—(k +ko)vp]2:::nzﬂf,. Here, (w,k) are the perturbation frequency and wave number in the labo-
ratory frame, Qp =[a,a,c*(k,)* /(¥ y)*y}]"/? is the bounce frequency, # ymc? is the maximum en-
ergy of the trapped electrons in the ponderomotive frame, and k, and y, are defined by
k, =(ks+ko)/y, and ¥, =(1—v}/c?)~'/2. On the other hand, for the fundamental (n =1) mode,
instability exists (Ime > 0) over a wide range of system parameters Qp/cko << 1 and I'g << 1, where
Fé:(a,f,/4)(£,z,r/y,2,c2k(2,)(l+u,,/c)[c/vp('7>}q)3] and &,r=(4nfire’/m)'/? is the plasma frequency
of the trapped electrons. Moreover, the maximum growth rate and bandwidth of the sideband insta-
bility for the fundamental (n =1) mode exhibit a sensitive dependence on the normalized pump
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strength Qg /Tokoc.

I. INTRODUCTION AND SUMMARY

Free-electron lasers,! ~* as evidenced by the growing ex-
perimental®*~!° and theoretical?’—>? literature on this sub-
ject, can be effective sources for the generation of
coherent radiation by intense electron beams. Recent ex-
perimental investigations'>~!° have been very successful
over a wide range of beam energy and current ranging
from experiments at low energy (150—250 keV) and low
current (5—45 A)," to moderate energy (3.4 MeV) and
high current (0.5 kA),'”!® to high energy (20 MeV) and
low current (40 A).'>'® Theoretical studies have included
investigations of nonlinear effects?®~*> and saturation
mechanisms, the influence of finite geometry on linear
stability properties,>*~*® novel magnetic field geometries
for radiation generation,®* %} and fundamental studies of
stability behavior.**~>2 In a recent calculation,’? a self-
consistent kinetic formalism has been developed to
describe the sideband instability?* within the framework
of the Vlasov-Maxwell equations for a relativistic electron
beam propagating through a helical wiggler magnetic
field. Unlike previous studies of the sideband instability,
the analysis®? is carried out for perturbations about an
equilibrium Bernstein-Greene-Kruskal (BGK) state” in
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which the beam electrons, the wiggler magnetic field, and
a finite-amplitude primary electromagnetic wave (w;,k;)
coexist in quasisteady equilibrium. In the present
analysis, we make use of the general kinetic formalism
developed in Ref. 32 to carry out a detailed investigation
of the sideband instability for the case where the trapped
electrons are localized near the bottom of the ponderomo-
tive potential.

The theoretical model®? and assumptions are reviewed
briefly in Sec. II. The relativistic electron beam has uni-
form cross section and propagates in the z direction
through the constant-amplitude helical magnetic wiggler
field [Eq. (1)] with wavelength Ao=2w7/k, and normalized
amplitude a, =eB,/mc%k,. The theoretical model
neglects longitudinal perturbations (8¢~0) and transverse
spatial variations (3/0x =0=9d/dy), and beam distribu-
tion functions

Jo(2,p,t) =7 8(P)8(P,)G(z,p,,1)
with zero transverse canonical momenta are considered
[Eq. (4)]. Moreover, the stability analysis is carried out

for perturbations about an equilibrium BGK state in
which the distribution of beam electrons G(y') and the
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wiggler magnetic field [Eq. (1)] coexist in quasisteady
equilibrium® with a constant-amplitude, circularly polar-
ized, primary electromagnetic wave (w,,k;) with normal-
ized amplitude a,=e§, /mc?k, and constant equilibrium
wave phase [Egs. (2) and (3)]. Transforming the linear-
ized Vlasov-Maxwell equations to the ponderomotive
frame moving with velocity v, =w,/(k;+ko) leads to the
formal dispersion relation (8) in the diagonal approxima-
tion. Here, the trapped- and untrapped-electron suscepti-
bilities, Xo(k’,a) ) and Xo(k’,a) ), are defined in Egs. (10)

|
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and (14) in terms of the exact electron trajectories in the
ponderomotive frame including the full influence of the
finite-amplitude primary electromagnetic wave (w,,k; ).

Detailed properties of the sideband instability are inves-
tigated in Sec. III for the case where the trapped electrons
are localized near the bottom of the ponderomotive poten-
tial [Eq. (18)]. Assuming wave perturbations with (nearly)
right-circular polarization, and neglecting the contribu-
tion of the untrapped electrons, the dispersion relation can
be expressed as [Eq. (25)]

n2% 3y Ak zr(y")]

7’ aG
2A2 + Z
0?2~y =—alB}r E fy
n=1 -

where G Ty’) is the (normalized) distribution of trapped
electrons,

y'me*=[1+(p;2/m%**+a2 +a?

—2a,agcos(kyz')]"*mc?

is the electron energy in the ponderomotive frame, and
(w,k) denotes the perturbation frequency and wave num-
ber in the laboratory frame. To summarize the other per-
tinent definitions in Eq. (25), we note that

ki =vyk+ko—vyw/c?), ky=(ks+ko)/vp ,

vy =0, /(ks+ko), ¥p=(1—v2/c})1/2.
Moreover,

Bply)=(a,a,c?k,?/y' )12

is the bounce frequency of electrons trapped near the bot-
tom of the gonderomouve potentlal & is a constant of
order unity, ——41m,,e2/m is the plasma frequency
squared of the beam electrons, & I,T—-44rnre /m is the
plasma frequency squared of the trapped electrons, 7y is
the (average) density of the trapped electrons, the orbital
turning points *+zy(y’) are determined from

22y =(y'2 =9 ) Jaya, ,

and 7, and 9 __ are defined by

Pi=[1+(a,*a)*)"2.

In circumstances where the trapped electrons are localized
near the bottom of the ponderomotive potential, the sta-
bility properties calculated from Eq. (25) are relatively in-
sensitive’? to the detailed form of G J(y’). Therefore, in
Sec. III A, we consider the case where the trapped elec-
trons are uniformly distributed in ¥’ from y'=%"_ to
v'=Pu [Eq. (27), where (Py)?—FP P <«< (P’ )
—(% _)*=4a,a, for electrons trapped near the bottom of
the ponderomotive potential. For the choice of distribu-
tion function in Eq. (27), the dispersion relation can be ex-
pressed as [Eq. (28)]

Y 3 yilo—(k+ko,P—n2%b3(y)

© n20%C,(k,0)
0?—ckP— 8y %y =ald? B
@ =audor 2 [o—(k +kolv, ]2—n2Q3

’

where
Qp=8p(v' =7 ) /vp=[ayasc¥ky 2/ 4212,

and the nthr harmonic coupling coefficient C,(k,w) is de-
fined m Eq. (29). An examination of Eq. (29) for
(ki )z} (‘y =% M )/4 << 1 shows that the harmonic contri-
butions in Eq. (28) decrease rapidly with increasing n for
n >2. Moreover, it is found that the harmonic contribu-
tions in Eq. (28) for n >2 lead to stable oscillations with
Imw=0.

In Secs. III B and III C, we investigate properties of the
sideband instability for the fundamental (n =1) mode.
Neglecting the harmonic contributions in Eq. (28) for
n >2 leads to the dispersion relation (39), which can be
approximated by [Eq. (42)]

[(80—v,8k)*— 03] | (80 —v,8k) — cko ok

c
=T33k} .
Here, 80 =0 —&, and 8k=k—ic\c, where
ke=v3(14v,/c)v,/c)ko

and &, =cl/c\c are the upshifted wave number and frequen-
cy. Moreover, the small parameter

€5 =(80B 5 /27 pk v 1 +v, /)~ < 1

describes the (small) shift in wave number and frequency
produced by beam dielectric effects. Finally,

QB/ck(,:[(awas)m/‘P}u](l+vp/c)<<l

for a; <<l and wg~~ck;, and the small dimensionless pa-
rameter I is defined by [Eq. (45)]
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Aw W pT

1 (14v,/c)
4 (14+a2)*? yicks

M=
0 v, /¢

«<1

Equation (42) is a cubic equation which determines the
complex oscillation frequency (8w —v,8k) in terms of
Sk /k and the dimensionless parameters I'g, Qg /ckg, and
€,. A detailed analysis of Eq. (42) [or equivalently, Egs.
(44) or (48)] is presented in Sec. IIIC. As a general re-
mark, for I'y<<1, it is found that the lower sideband ex-
hibits instability (Im8w > 0) for 8w and 6k in the vicinity
of the simultaneous resonance conditions

8w —v,8k=—Qp ,

Sk
~ t+é€
k

(4

v
8w —v,8k =ck07P

Denoting the simultaneous solutions to these equations by
(8&3,81’3 ), we obtain for the central wave number
k=k,+8k and frequency &=, +58& of the lower side-
band [Eq. (35)]

v, |V Qp
k=v2 [14+-2 |2k, l1—€, —
L R I b oY
s v Up Qp
Cz)=1/p 1+— kQUp I—Eb—c‘"—' koup
where

I?czy;(l-%-vp/c)(vp/c)ko .

Moreover, it is found that the corresponding growth rate
Im(8w) and instability bandwidth (in 8k space) exhibit a
sensitive dependence on the normalized pump strength
Qp/Tokoc. For example, for k= ﬁc +8k =I/c\, the charac-
teristic maximum growth rate Im(8w) calculated from
Eq. (42) is given by [Eq. (49)]

173

(3)172 3 Q3

Im(Sw)——Fokoc (2573 +EW
—1/272/3
2 9

1+ (14—

27 Tk ]

- _3_2“_&_ 121273

27 T3k’ '

In the weak-pump regime (Qg/I'gkoc << 1), the instabili-
ty is relatively broadband, and the characteristic max-
imum growth rate is [Eq. (50)]

(3)1/2

Im(80)=~=—okoc .

On the other hand, in the strong-pump regime
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(Qp/Tokgc >>1), the characteristic maximum growth
rate is [Eq. (51)]
FokoC F()kQC
I = ,
m(dw) 2)172 0,

and the corresponding (narrow) bandwidth is given by
[Eq. (56)]

¢ p

From Egs. (50), (51), and (56), we note that the growth
rate and bandwidth of the sideband instability are greatly
reduced as the dimensionless pump strength is increased
to the regime where Qp/Tokoc >> 1.

As a final point, the dispersion relation (25) and related
analysis in Sec. III are valid for electromagnetic wave per-
turbations with right-circular polarization, in which case
it is found that only the lower sideband exhibits instabili-
ty. A completely parallel analysis can be carried out in
circumstances where the wave perturbations have left-
circular polarization.’? In this case, it is found®? that the
role of the lower and the upper sidebands is reversed, and
the upper sideband exhibits instability for perturbations
with left-circular polarization.

II. KINETIC DISPERSION RELATION

The present analysis assumes a relativistic electron
beam with uniform cross section propagating in the z
direction through the constant-amplitude helical wiggler
magnetic field B, (x)=V X A, (x) with vector potential

~

B
Aw(x)z——ki[cos(koz)’éx—f—sin(koz)’éy] i (1)
0

Here, A¢=2m/ko=const 1is the wavelength, and
Ew =const is the amplitude of the wiggler magnetic field.
It is assumed that the electron beam is sufficiently tenu-
ous that the Compton-regime approximation is valid with
negligibly small longitudinal fields (6¢~0). Moreover,
the beam density and current are assumed to be sufficient-
ly small that the influence of equilibrium self-electric and
self-magnetic fields on the particle trajectories and stabili-
ty behavior can be neglected. That is, the present analysis
neglects the effects of the self-electric field and the self-
magnetic field associated with the equilibrium space
charge and axial current, respectively, of the electron
beam. For purposes of investigating the sideband instabil-
ity, it is also assumed that perturbations are about a circu-
larly polarized, constant-amplitude, monochromatic, elec-
tromagnetic wave (w;, k) with vector potential

~

B,
A (x,t)=—[cos(k,z —w,t)E,

—sin(k,z —w4t)e, ],
ks

and electric and magnetic fields given by
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19
E,(x,t)=— Y As(x,t),

B,(x,1)=VX A(x,t) .

(3)

Here, §S=c0nst is the magnetic field amplitude of the
electromagnetic wave. The electromagnetic wave
described by Egs. (2) and (3) should be viewed as the pri-
mary free-electron-laser (FEL) signal that develops after a
period of linear growth and saturation. The present
analysis assumes that the distribution of beam electrons,
the wiggler field [Eq. (1)], and the primary electromagnet-
ic wave field [Egs. (2) and (3)] coexist in a quasisteady
equilibrium BGK state.?’ Moreover, we examine the class
of exact solutions to the fully nonlinear Vlasov equation
of the form*”43

Sfo(z,p,t) =, 8(P;)8(P,)G(z,p,,t) , (4)
where 7, = const is the density, and
P,=p,—(e/c)Ay,(z)—(e/c)A(z,t)—(e/c)0A,(z,t)

and

Py,=p, —(e/c)Ay,(z)—(e/c)Ay(z,t) —(e /c)OA,(z,1)

are the transverse canonical momenta. Within the context
of the assumptions in the present analysis, we note that
P, and P, are exact single-particle constants of the
motion. Moreover, the class of distribution functions
with P, =0=~P, in Eq. (4) corresponds to an “ideal” elec-
tron beam with zero transverse emittance. The Vlasov-
Maxwell equations®> are then linearized for small-
amplitude perturbations about the equilibrium BGK
state? characterized by the wiggler magnetic field (nor-
malized amplitude =aw=e§w/ mc?ky), the primary elec-
tromagnetic wave (wg,k;) (normalized amplitude
=as=e§S /mc?ky), and the corresponding self-consistent
distribution of beam electrons G,(y’). Here,

LN
) N o'y,
a9z’ c2

2
(w')2+cz—£7—c2k%i2ik0c2yp

=—a;02,[84 *(z)+84 ~(z))]+ tio'ald},

for the potential amplitude 84 *(z') and the complex os-
cillation frequency w’. Here, an FEL oscillator is as-
sumed, with Imw’ > 0 corresponding to temporal growth.
Moreover, G¢(y’) is the equilibrium distribution function
in the ponderomotive frame, & 3, =4mA,e?/m is the non-
relativistic plasma frequency-squared, and a,(k,z’) and
as(k,z’) are coefficients of order unity. An important
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y'me=[1+(p;)*/m**+a2+a?

—2a,a,c08(kyz")]'’me?

is the electron energy in the ponderomotive frame moving
with axial velocity

@ 5
Up = ks + kO ’ (5)
and k, is defined by k,=(k;+kq)/y,, where
¥p=(1—v7/c?)~'/% In the absence of wave perturbations
(64, =0=384,) about the electromagnetic field configura-
tion described by Egs. (1)—(3), it should be noted that the
energy y'mc? in the ponderomotive frame [defined prior
to Eq. (5)] is an exact constant of the motion. Therefore,
in ponderomotive frame variables, the corresponding dis-
tribution function

fo=Rp8(P;)8(P;)G,(7")

is an exact equilibrium solution?®3? to the fully nonlinear
Vlasov equation.

It should be emphasized that to maintain a primary
electromagnetic wave with constant amplitude and con-
stant phase [§;=0 in Eq. (2)] necessarily requires both
untrapped- and trapped-electron populations.?>3? Indeed,
the Maxwell equations for A (x,?) can be used to derive
an integral equation which expresses the distribution of
trapped electrons G, (y’) directly in terms of the distribu-
tion of untrapped electrons GU(y’) [Eq. (48) of Ref. 29].

To summarize briefly, the linearized Vlasov-Maxwell
equations are transformed to the ponderomotive frame,
where it is found that the linearized equations for the per-
turbed distribution function 8G(z’,p,,t') and the normal-
ized vector potential

8A4%(z',t")=(e/mc?)exp( Fikoz')[8A4,(z",t")
+i84,(z",t")]

assume particularly simple forms. In the ponderomotive
frame (“primed” variables), the linearized Vlasov-Maxwell
equations are combined to give the eigenvalue equation’?

dp, 9G;
(y')? 3y’

v
f_ dt" exp[ —io'(t"—1")]

X[84 *(z"(¢")+84 ~(z"(+"))] (6)

feature of the eigenvalue equation (6) is that the electron
orbit z"(t”), which occurs in the orbit integral on the
right-hand side of Eq. (6), can be calculated in closed
analytical form in the ponderomotive frame from

dzn 2

P |55 | =iy —1—a%z"] (7
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for both the trapped and untrapped electrons. In Eq. (7),

y'mc*=const is the electron energy in the ponderomotive

frame, and a%(z") is defined by
a¥z")=a}+a}—2a,a.cos(kyz")

Equation (7) is to be solved for z"'(¢") subject to the boun-

dary conditions z"'(¢""=t')=z' and p,'(t"" =t')=p,.

A Fourier decomposition of the z’ dependence of the
eigenvalue equation (6) leads to a matrix dispersion equa-
tion relating the Fourier components of the perturbed vec-
tor potential. In the diagonal approximation, we neglect
the coupling of wave component k' to k'tsk,
(s=1,2,...). For electromagnetic perturbations with
nearly right-circular polarization, we obtain the diagonal
dispersion relation®?

Dr(k',0") = —[X3(k',0" )+ X4k 0], ®)
where Dr(k’,w’) is defined by

Dk’ ') =(0'? —cH k' +k§—2kok'y,

—2kow'Ypv, /cz)—aow"f,b , (9)

and a, is a constant coefficient of order unity. In the
dispersion relation (8), using techniques similar to those
developed by Goldman®*>* for electrostatic trapped-
particle instabilities in nonrelatlwstlc plasma, the
trapped-electron susceptibility X}(k’,»') can be expressed
in the classic form of a sum over oscillators*?

Here, the coefficient a,[(z',7’) is defined by

1
TB(’}")

To(y")
al(z'y) = fOB drexp{ik'[z"(T)—2']

—inwgy)r},  (12)

where r=1t"—t’,

wg(y' ) =mdg(y')/2F(m/2,kT)

is the bounce frequency of a trapped electron with energy
14 'me?, 3(y')=27/wg(y’) is the bounce period, F(7,k1)
is the elhptlc integral of the first kind,

aply)=lay,a,c*k,)?/y*]'?

is the bounce frequency near the bottom of the pondero-
motive potential, k7 is defined by

K =[(y'?—(H 1) 4a,a;

and A,=27/k, is the wavelength of the ponderomotive
potentlal In Eq. (11), GJ(y") is the energy distribution of
the trapped electrons, and the orbital turning points
+z7(y') are determined from>?

(' =@ P +4a,a.sin’[kyzr(y') /2] . (13)

In Egs. (10) and (13), assuming a,, >0 and a; >0 without
loss of generality, the quantities ', and % __ are defined
by

'

¥ v=[14(a,*a,)*1"?,

corresponding to the maximum (¥ ', ) and minimum ( _)
allowable energy of an electron trapped in the ponderomo-
tive potential (Fig. 1). In a similar manner, the
untrapped-electron susceptibility X§/(k',e') occurring in the
dispersion relation (8) can be expressed as*?

FS(y")

Fl(y")
XT(k/’ l)___ _0262 '____n_— ,
0 @ w anzz_wf (&)’)2—"20)%(7/’)
(10)
where the oscillator strength F,/(y') is defined by
aG
FT N — lZﬁ s
’l(y ) ’ a,yl
7 dg' a,(z',y")
’ —_I_ "2 2 1/2 . (11)
—z7(r) Ay [(¥') —1—a™(z')]
J
F>(y'
X (k' o') = —af,a’)z 2 fA, ")

n=-—o0

where F,,z(y’) is defined by

2 ’ Uf
, mc aGs< A'P/2 dz' a, (z 77')

o' —(k’+nk,)By(y')c]

; (14)
[0 +(k"+nk,)By(y')c]

>
Fi(y)=— - ,
n\Y ,y: a,yl f._}‘;/?, A,", [,)/12_1__02(21)]1/2 15
and the coefficient a,’(z’,y’) is defined by
aVz'y) = — fTUW)d exp(ik'[z"(1)—2']—i(k' +nk})By(y") 16)
V)= rexplik'[z"(T)—2']—i .
n @Y= o p nk, )By(y')et} (
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Separatrix (y' = 5);) Trapped Electrons (y'< ?l)

FIG. 1. In the ponderomotive frame, electron motion in the
phase space (z',p,) occurs on surfaces with ¥’ =const.

In Egs. (15) and (16), By(y')c is the axial velocity of an
untrapped electron, 7 (y’) is defined by

Tu(y')=27/k,By(y')c ,

G>(y') is the distribution of forward-moving (p, >0) un-
trapped electrons, and G,~(y') is the distribution of
backward-moving (p, <0) untrapped electrons in the pon-
deromotive frame.

The dlspersxon relation (8), to%ether with the definitions
of Dr(k',w"), XX (k',0'), and X§(k',0') in Egs. (9), (10),
and (14), respectively, can be used to investigate detailed
FEL stability properties over a wide range of system pa-
rameters. In this regard, the expressions for the trapped-
and untrapped-electron susceptibilities in Eqgs. (10) and
(14) are valid for a broad class of BGK distribution func-
tions Gg(y’) which coexist in quasisteady equilibrium
with the wiggler field [Eq. (1)] and the constant-amplitude
primary electromagnetic wave (wg,ks) [Egs. (2) and (3)].
Note that Eqgs. (10) and (14) are rich in harmonic content,
with resonant behavior in the integrands occurring for

' ~n*w}(y’) for the trapped electrons, and for

o'~ *(k'+nk})By(y')e

for the untrapped electrons.

It is important to comment on a notational point. In
obtaining the eigenvalue equation (6), we have introduced
the normalized vector potential

5A4 t(z,t)zexp( Fikoz)e/mc?)
X [84,(z,6)+idA,(z,)],

which includes the scaling factor exp(F¥ik¢z). Subse-
quently, in ponderomotive-frame variables, there is a
Fourier decomposition of the z’ dependence of

8A%(z',t') =564 *(z)exp(—iw't") .

As a consequence of the scaling factor exp(Fikgyz), the
laboratory-frame wave number should be shifted by one
additional unit of kg, to give the familiar condition for
beam synchronism with the ponderomotive wave. In par-
ticular, for perturbations with right-circular polarization
described by the dispersion relation (8), the frequency and
wave number (w’,k’) in the ponderomotive frame are re-
lated to the frequency and wave number (w,k) in the labo-
ratory frame by

o'=vyplo—(k+kolv,],

) (17)
=Y,k +ko—v,0/c),

where v, =w,/(k; +ko) and y, =(1—v}/c}) "2

III. SIDEBAND INSTABILITY

A. Dispersion relation for electrons trapped
near the bottom of the ponderomotive potential

The formal dispersion relation (8) is a very general re-
sult which can be used to investigate detailed FEL stabili-
ty properties over a wide range of system parameters,
choices of distribution function G,(y’), and frequency re-
gimes.* For present purposes, we make use of Eq. (8) to
investigate the sideband instability, with particular em-
phasis on the case where the trapped electrons are local-
ized near the bottom of the ponderomotive potential with

(kY27 2(y")
4

The corresponding orbit z(r) calculated from Eq. (7)
then exhibits simple harmonic motion with frequency

]l/2 .

<«<1. (18)

apy)=[aya,c’(k, ) /(y')?

While this is a very restrictive assumption, the analysis
gives useful physical insights as to the nature of the insta-
bility. For present purposes, we also assume that o’ is
well removed from the resonances

~*(k'+nk,)Byly’c

characteristic of the untrapped electrons, and the term
X¥(k',w'") is neglected in Eq. (8). The dispersion relation
(8) can then be approximated by

Di(k'\@')=—X, Tk, w")

1 2 A2 I
=704yDpp 2: f

n=—cw

Flty")
(0P —nwi(y")’
(19

where the oscillator strength F, T(y') is defined in Eq. (11).
After some tedious algebraic manipulation that makes
use of Egs. (11) and (12) and the axial orbit

( ,)sin[cﬁg(y')*r]+z’cos[c33(7')7']
Y

(20

calculated from Eq. (7) near the bottom of the pondero-
motive potential, it can be shown that*?

mck, 9GT
Fi(y)+FL (¢ =—(0P——5 > ,
(y"Yogly') oY

XJAk'zp(y)] 21

where J,(x) is the Bessel function of the first kind of or-
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der n. Here, the turning points +z;(y’) are determined

from
(kpYzrXy ) =[(y' =¥ )V /aua; ,

which follows from Eq. (13) for (k,)X(z7)%/4 << 1. There-
fore, making use of Egs. (19) and (21), the trapped-
electron susceptibility can be expressed as

P H

Togr o ry__ 1 242
Xo(k @ )_ 2awpr ?;— ?/I a?,l
i )2J2[k’ZT('}’ ]
new (') —n?B (")
(22)

for electrons trapped near the bottom of the ponderomo-
tive potential. In obtaining Eq. (22), we have introduced
the renormalized trapped-electron distribution function
G I(y’) defined by®

2
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Aa,a,)\? Ay 4
Gly")= S HAR
ny
~t (23)

Y A
f?,+dy’y’GsT(y’)=l

where & pT-41rﬁTez/m, and 7y is the (spatially aver-
aged) densxty of trapped electrons. Makmg use of

. w JAx)=1, we express the summation in Eq. (22)
as

o (I Kk'zr(v)]
253y

n=—ow ((U')Z—n

< n2%3(

YWk zp(y)]
(o' )2 ZAZ(y :

Making use of Egs. (9), (22), and (24), and transforming
(w',k') in the ponderomotive frame to (w,k) in the labora-
tory frame according to Eq. (17), the dispersion relation
(19) can be expressed in the compact form

=1+2

n=1

(24)

23y R kpzr(y)]

22 & A2 " dy' H
w*—c’k ——aowpb~——awa)ﬂz f -

n=1 Y

In Eq. (25), we have absorbed the dc contribution to
x&(k',@") [i.e., the “1” term in Eq. (24)] into the definition
of &, To summarize the pertinent definitions in Eq. (25),
we note that

~
a, =eB, /mc?k,, 6;T=4vﬁre2/m ,

By =la,a,cXky?/(y' 212, a;=eB,/mc%k, ,

ky=(ks+ko)/Vp, Vp=(1—vy/cH)™1/2,
v, =, /(ks+ko),

(ky P22y )=[(¢y') = (® _)*)/aya; ,
and
7 a=[1+(a,*a,)*1"*.

Moreover, the quantity k;(k,») occurring in the argu-
ment of the Bessel function in Eq. (25) is defined by [see
Eq. (17)]

ki =vp(k +ko—vyw/c?) . (26)

In circumstances where the trapped electrons are local-
ized near the bottom of the ponderomotive potential, the
stability properties predicted by Eq. (25) are relatively in-
sensitive to the detailed form of G [(y’).32 Therefore, for
present purposes, we consider the case where the trapped

ay’ y,z,[a)—(k+k0 vp]z—nz"z(y )

(25)

electrons are uniformly distributed in ¢’ from y'=% "_
v'=% u (Fig. 2), ie,

2 A~ ’ A1
N S 5 =const, Y _<¥Y <V wm
Gllyn={®u?-@ L7
0, v >YM .

(27

Here, the normalization constant is chosen to be con-
sistent with Eq. (23). Moreover, ), exceeds  _ by only

AT K
: GS (y") :
| |
| |
|
|
|
|
I
i ,{
At A o A
Y v s
)’ [

FIG. 2. Plot of trapped-electron distribution function G X(y")
in Eq. (27) vs ¢’ for electrons trapped near the bottom of the
ponderomotive potential.
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a small amount so that the trapped-electron distribution is
localized near the bottom of the ponderomotive potential
with

Pu—p2 ¥ T -p2=4aya, .
Making use of
3G I3y’ =(2/1® P —F P18y =7 )
=8y~ M)l

and the fact that zp(y’
well, Eq. (25) becomes

=%"')=0 at the bottom of the

n2Q%C,k,w)
—(k+kou, | —n’Q5
(28)

where the effective bounce frequency Qz and the nth har-
monic coupling coefficient C,(k,w) are defined by

0)2

22 _AAL _2A2
—c’k*—Bod pp =y® pr 2,

n=1 [a)

Q;=03r'=73)/7;

29)
2alkrzr(y")]
Y(y?=92)

The dispersion relation (28) is rich in harmonic content,
with resonant behavior occurring on the right-hand side
for o—(k+ko)v,=%nQy. Introducing the Doppler-
shifted frequency Q defined by Q=w—(k+kov,, Eq.
(28) can be expressed in the equivalent form

C,(k,0)=

5

Y=Yy

L(Q)=R(Q), (30)
where
LQ)=[Q+(k+ko), P—c*k>—8od py
(31)
nQ;C,(k,w)
ﬂ)—a.ﬁcﬁﬁr z ____._f____w_
n=| QB

Plots of L()) and R(Q) versus real  are illustrated
schematically in Fig. 3 for the case where L(Q) is approx-
imated by

L(Q)=2(c*?

A A2

+80® gp)' [ Q2+ (k + ko),

A

Qo A2 )1/2] ,

—(c*k*+
which corresponds to a forward-propagating electromag-
netic wave with

wz—{—(czkz—i-&o(ﬁ;b)]/z .

For harmonic numbers n >2, note that the L({) and
R(Q) curves always intersect, corresponding to stable os-
cillations with ImQ=0. On the other hand, the funda-
mental (n =1) mode may exhibit instability [Fig. 3(a)] or
stability [Fig. 3(b)] depending on whether or not the L({)
and R(Q) curves intersect in the region — 3 <ReQl <Qp
in Fig. 3. The detailed intersection properties in this re-
gion are determined by the range of wave number k under
consideration.

In the regime of interest for practical applications,
v, =w,/(ks+kg)=c, and the beam density () and elec-
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(b)

FIG. 3. Plots of L(Q) and R(Q) vs real Q=w—(k+kov,
[Eq. (31)]. Points of intersection determine the solutions to
L(Q)=R(Q) [Eq. (30)] corresponding to stable oscillations with
ImQ=0. In (a), L(Q) and R(Q) do not intersect in the interval
— Q3 <O < Qp, indicating the existence of instability (ImQ > 0)
in this region. (b) corresponds to stable oscillations (ImQ=0)
over the entire range of (2.

tromagnetic pump strength (a,) are sufficiently small that
the inequalities

o A2

a":;c”” . Qg <<ko, (32)
are satisfied. For example,

Qp/cko=[(a,a:)'"* /v, wulk, /Ko
can be approximated by

%:%ﬁ 1+UTP «<1 (33)
for wg~ck, and a; << 1. For small 6;7-, and q,, of order

unity, the values of w and k that solve the dispersion rela-
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tion (28) are closely tuned to the simultaneous resonance
conditions
172

AA2

QoW pp
2k2
w—(k +k0)vp=+nQB ,

o= +ck ’1—}-
(34)

where 8od 55/ c%k? << 1 is assumed. We denote the simul-
taneous solutlons to Eq. (34) for (w,k) by (&, k). Making
use of aocop,,/ck << kov, [Eq. (32)] to solve Eq. (34) itera-
tively for (@, k) gives

~ 2 Yp | Y nQp
= k 1—— b

k ’}/p 1+ c 0 fb k()vp
(35)

A2 Y vp , 1<

O=Yp 1+_C- ]kovp tl—fb':'i kovp

where ¢, is defined by
A A2
=t 1 (36)
2 kovp yp(1+4v,/¢)

Here, the dimensionless parameter €, <<1 describes the
shift in wave number and frequency produced by beam
dielectric effects. Because €, <<1 and Qp/koc <<1 are
assumed [Eq. (32)], we note from Eq. (35) that beam
dielectric effects (€,) and the bounce motion of the
trapped electrons (+nQpz/kov,) produce very small shifts
in wave number and frequency relative to the central

values (&,,k,) defined by

-~ v, |v
ke=v, |1+=F | Tk,
c
(37
A 2 Y
O:=Yp 1+— kOUp'
Moreover, adjacent sideband modes in Eq. (35) are
separated in frequency by an amount equal to
Y5(1+0,/¢)Qp.

Finally, for the case where the trapped electrons are lo-
calized near the bottom of the ponderomotive potential, it
is readily shown that
(kpVzp(y'=% )

=[(kp 2/ UL 0 =B ) /a,a,} << 1
in Eq. (28). Therefore, using the small-argument expan-

sion J,(x)~(n!)"!(x/2)" it follows from Eq. (29) that
the factor n?Q%C,(k,w) occurring in the dispersion rela-

tion (28) can be approximated by
cXkp )  p?
29 )yl (n1)?
(k1 27y =% )
4

n2Q3C,(k,0)=

n—1

) (38)

where k; (k,w) is defined in Eq. (26). Evidently, because
(ki Y2p2y'=P y) /4 << 1,

it follows from Eq. (38) that n2Q% C,(k,w) decreases rap-
idly with increasing n for harmonic numbers n >2. This
property, peculiar to the case where the trapped electrons
are localized near the bottom of the ponderomotive poten-
tial, allows us to neglect all n >2 harmonic contributions
in Eq. (28) when calculating the stability behavior associ-
ated with the fundamental (n =1) mode. Furthermore,
for the (stable) oscillations at the higher harmonic num-
bers n >2, the simultaneous resonance conditions in Eq.
(34) provide an excellent estimate of the oscillation fre-
quency and wave number when (k; )2z72(y'=% i) /4 << 1.

B. Sideband instability for the fundamental (n =1) mode

Based on the discussion at the end of Sec. III A, we now
consider the fundamental (n =1) mode and neglect all
harmonic contributions in Eq. (28) for n >2. Therefore,
making use of Eq. (38), the dispersion relation (28) is ap-
proximated by

([0 —(k +kolo, P — 03} (0P — kP~ G )
026 2re(kp)?
—a262005C, (ko) =222 CLL [ (39)
2% w)v;

where k,:=yp(k+k0—va/c2). We introduce the di-
mensionless parameter I'y << 1 defined by
2A2 2T \2
aydres(k )
M=—2 3‘” ——, (40)
4‘00 kO ?M) Yp

where k 1 is defined by

k =k, +ko)/v,=v,(1+v,/c)ko

Here, without loss of generality, &, and @ exactly solve
the s:multaneous resonance conditions, wc—(k +ko)v,
=0 and &, -—ckc, which give the expressmns in Eq. (37).
Expressing o =&, +8w and k= k¢+8k, and making use
of kp =v,(k +k0—va/c2), it is straightforward to show
that the dispersion relation (39) can be expressed (exactly)
as

A A2
[(80— 8Kk~ 03 ]| (Br—u,bk) —cko L | D =200

|
(6 —v,8k)? 2
> 2 e+ 22 (50 —v,0k) 2 COK)
k. 2kok.vpc 21k, ¢ k. 2yik,
8w —v,8k
EFSYETE 1+£€_5_k v, /¢ (dw—v,8k) @)

¢k, B 1+v,/c cky
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where use has been made of the definitions of k. and &, in Eq. (37).
For T'y<< 1 and Qp/ckq << 1, the solutions to Eq. (41) satisfy |8w—v,8k | <<koc <<k.c and |8k | << fc\c. Therefore,

an excellent approximation to Eq. (41) is given by

(80—, Bk '~ 03] | (50 —1,8k) —cko = [_+6b

where
€ ——-&‘oa)"f,b /2kol? vpC
=(8od by /2vpk S0 ) (1 +v, /) 7!

is the small parameter (€, << 1) defined in Eq. (36). Here,
Iy is defined in Eq. (40), and k. is defined by

ke=72(1+v,/c)u, /c)kg -

It is convenient to introduce the dimensionless frequency
shift 80, bounce frequency Qp, and wave number shift
8K defined by

~ (8w—v,8k)
T Tk
- Qp
Q - rokoc ’ (43)
~ Up Sk
8K=——|—"+¢€
Toc k. b

The dispersion relation (42) can then be expressed in the
equivalent form

[(60)—Q31(80—8K)=1.

Equation (44) is the final form of the approximate
dispersion relation describing the sideband instability for
the fundamental (n =1) mode. To summarize briefly, in
deriving Eq. (44) it has been assumed that

Qp/cko=[awa, /(P 4 )*1"A(1+v,/c) «< 1
[Eq. (33)] and that T'y << 1 [Eq. (40)]. Making use of

(44)

l?c=y§<1+u,,/c)(v,,/c)ko, b, =ck, ,

ki =k, +ko)/vp=vp(14+v,/c)kg ,
and %y ~(1+a2)'?, it is readily shown that 'y can be
expressed as

2 A2
31 ay pr

r (1+u,/c)
0= 4 (1+aw)3/2 2k2

v,/c

<«<1. 45)

The inequality in Eq. (45) is easily satisfied for the practl-
cal case of a tenuous electron beam with & pr/
'}’p ek} <<1.

As an important notational point, we note that the

|
1/3
- L P
27 Tkdc?

(3)1/2
(2 )5/3

Im(80) = Fokoc>2n 32

=F(3)c3k(3) ’

e

(42)

trapped electron density in the pondermotive frame (f7)
is related to the trapped electron density in the laboratory
frame (nr) by Ar=nr/y,. [Similarly, 7, =n,/y, for
the total beam dens:ty ] Therefore, factors such as
& /v c*k§=4mhre’/y; mek§ occurring in Eq. (45) can
be expressed in the more familiar form

6612,7‘ _ (41rnTe2/m)
22 3242 ’
P ko pC ko

where ny is the average trapped electron density in the
laboratory frame.

In dimensionless variables, Eq. (44) is a cubic equatlon
which determines the complex oscillation frequency 8Q in
terms of the wave number 8K. Note that the dimension-
less parameter Qp=(Qp/cko)/Ty is the ratio of two
small parameters, Qp/cky and T'y. Therefore, {15 can
cover the range from p<<1 (weak-pump regime) to
Qp >>1 (strong-pump regime).

C. Analysis of dispersion relation

A detailed investigation of the dispersion relation (44)
over a wide range of 2z shows that the maximum growth

rate occurs for frequency and wave number in the vicinity
of
80~—-0jp,
~ ~ (46)
0K~—-Qp .

Note that Eq. (46) corresponds to the resonant frequency

and wave number (6,1’3 ) defined in Eq. (35) for the lower
sideband (minus sign) of the fundamental (n =1) mode.
We therefore introduce the shifted dimensionless frequen-
cy and wave number 8Q ' and 8K ' defined by

80=—-0;+80",
8K=—-Qp+8K".

Making use of Eq. (47), the dispersion relation (44) can be
expressed in the equivalent form

(8080 —205)(80'—8K")=1.

47)

(48)

Because maximum growth occurs for 8K ' ~0, we solve
(48) for the case 8K ‘=0 exactly. The solution to
(Sﬂ P —205(80')*—1=0 then determines _the charac-
teristic maximum growth rate Im(80')=Im(8Q)
=Im(8w)/Tokoc. Some straightforward algebra gives

Qp |12 ~1/272/3
— 1= (49)

32 Q3

1 —_—
T 27 Tk
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for 8K ' =0, which corresponds to
k=k=y2(1+v,/c)v, /c)ko[1—€,—Qp /kou, ] .

[See Egs. (35), (43), and (47).] In the weak-pump regime
(25 << 1), Eq. (49) reduces to

172
Im(dw)= (3)

Tokoc, for Qp <<Tokge . (50)
On the other hand, in the strong-pump regime (ﬁg >>1),
Eq. (49) gives

Fokoc
(2)1/2

172

r
kot 17 for Qp s> Tokge . (51)

Qp

Im(8w)=

Figure 4 shows a plot of Im(ch)/[(3)’/2r‘okoc /2] versus
the normalized pump strength Q3 =Qp /T'okqc calculated
from Eq. (49). It is evident from Fig. 4 that Im(8w) ex-
hibits a simple scaling with Qg /T'gkqc only in the asymp-
totic limits in Egs. (50) and (51).

The dispersion relation (48) assumes a particularly sim-
ple form in_the strong-pump limit (5 >>1). Assuming
|80 | «<<2Qp, Eq. (48) can be approximated by the
quadratic equation

1 . (52)
20

B

(802 —(8K ")(8Q ")+

The solution to Eq. (52) is given by

(8K "2 — 2
Qp

80 '=+ |(8K ")+

172
] . (53)

The unstable branch in Eq. (53) exhibits instability
(Im8Q’ > 0) for 8K '’ satisfying

2Cokoc |7

Qp

(2)!2
= 613/2 =

|8K ' | <8K (54)

The corresponding growth rate obtained from Eq. (53) is

172 ~ 172
Fokoc | Tokoc (8K ')?
Im(8w)= PRVE -
(2) Qp (8K 3y )?
(55)
'.o LA LA T T v 1 LA A T

0‘9; -

'~ 0.8 7

3 o7h ]

=2 ]
o 0.6 1
S osf .

X 0.3t ]

3 b
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Qg/T k,C
FIG. 4. Plots of normalized growth rate Im(dw)/

[(3)Y?T'4koc /2] vs dimensionless pump strength Qp/T'gkoc for
8K '=0 [Eq. (49)].

with maximum growth [Eq. (51)] occurring for 8K '=0.
We note from Eq. (55) that the full bandwidth of the in-
stability is 2(8K js). From Egs. (43), (47), and (54), the
corresponding bandwidth in k space (Ak) is given by

172
2T
Ak _yp . |2okoe | (56)
Qp

o~
k. Up

where k. =72(1+v,/¢)(vo/c)ky is defined in Eq. (37).
Of course the complex oscillation frequency

8Q = (8w —v,8k)/Tokoc

can be determined exactly from the cubic dispersion rela-
tion (44) [or equivalently, Eq. (48)] for general values of
the dimensionless pump parameter Qp=Qpz/Tokoc and
wave number

8K =(v, /Toc)(8k /kc +€p) .

Typical numerical results are illustrated in Figs. 5 and 6.
Shown in Fig. 5 are plots of Im(Q) [Fig. 5(a)] and
Re(8Q) [Fig. 5(b)] versus 8K calculated from Eq. (44) for
Qp=1. Note from Fig. 5(a) that the growth rate Im(8w)
assumes the maximum value Im(8w)~0.67Tokoc for
8K~—0.8Q5. Moreover, Re(8Q) varies approximately
linearly with 8K over the unstable range —2.3 <8K <0.8.

o
o
T

lm(Sw)/Fokoc
o o

w H
T

o
~
T

Im (5Q)

FIG. 5. Im(dw)/Tokoc and (b)

[Re(8w)—v,8k ] /Tokoc vs 8K =(v, /Toc )(8k /k. +€) calculated
from Eq. (44) for dimensionless pump strength Qp/T'okoc =1.

Plots of (a)
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To illustrate the dependence of the instability growth rate
and bandwidth on (p, shown in Fig. 6 are plots of
Im(8Q2) versus 8K calculated from Eq. (44) for Q5=0.2,
2, 5,7, and 10. For a weak pump with Q5 =0.2, we note
from Fig. 6 that the maximum growth rate is
Im(w)=0.86T" 0~koc for 8K~0, and that the instability
bandwidth in 8K space is quite broad. On the other hand,
as p is increased to values exceeding unity, the max-
imum growth rate in Fig. 6 decreases [see Fig. 4 and Eq.
(49)]; the bandwidth in 8K space decreases [see Eq. (54)];
and the value of 8K at maximum growth corresponds to
8K~ —Qp [see Eq. (46)]. Indeed, for Qz >>1, the ap-
proximate dispersion relation (53) provides an excellent
description of stability properties. For example, for
Qp=10 in Fig. 6, the maximum growth rate
Im(8w)~0.22T pkoc and bandwidth 2(8K )y =0.95 calcu-
lated numerically from the cubic dispersion relation (44)
are in excellent agreement with the estimates in Egs. (54)
and (55).

To summarize the key results in the strong-pump
(Qp>>Tgkoc) and weak-pump (g <<Tgkoc) regimes,
the following points are noteworthy. First, the charac-
teristic growth rate in the weak-pump regime [Eq. (50)] is
independent of pump strength (as measured by (1),
whereas the growth rate in the strong-pump regime [Eq.
(51)] scales as Im(8w)oxQj'?xa;"174. Moreover, for
specified Tgkgc, the characteristic growth rate in the
strong-pump regime [Eq. (51)] is smaller by a factor
(2T ocko/30Q5)!/? than the growth rate in the weak-pump
regime [Eq. (50)]. It is also evident from Eq. (54) and Fig.
6 that the bandwidth of the sideband instability in 6K
space is greatly reduced in the strong-pump regime where
QB/rokoc >>1.

Finally, as an illustrative set of system parameters, we
consider the case where

Ao=6.28 cm, ky=1cm™!,

B,=1.70kG, a,=1,
Ar=3.14x10% cm 3, &,r=10"s"",

7, =40, P y=(1+al)*=1414.

(57)

— T T

FIG. 6. Plots of Im(8w)/Tokoc vs 8K =(v, /Toc )(8k /K. +€;)
calculated from Eq. (44) for Qp/Tokoc=0.2, 2, 5, 7, and 10.
Maximum growth rate occurs for 8K =~ — Q5 /T'okoc [Eq. (46)].
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Some straightforward algebra that makes use of Egs. (33),
(45), and (57) gives ri=123x10"% and Qz/ck,
=(2a,)"?, which reduce to
Tp=4.97%x1073,
58
_%_:1 414(a )1/2 8
cky s )

Therefore, for the choice of parameters in Eq. (57), it fol-
lows from Eq. (58) that

Qp
Tocky <1 (59)

accordingly as

a;21.24x1073 . (60)

That is, for primary electromagnetic wave amplitude suf-
ficiently large that a; > 1.24 X 10~3, the sideband instabili-
ty operates in the strong-pump regime with Qp/
FoCko > 1.

From Egs. (2) and (3), it follows that the radiation
power flow per unit area associated with the primary elec-
tromagnetic wave (g, k) is given by

P,/A;=c(w, /ck;)B2 /4t .
For w;~ck;, the quantity P;/A, can also be expressed as

P

— =7.7x 10" "0k} lv—, (61)
A, cm?

where a; =e§s/ mc?k,. For the parameters in Eq. (57), we

estimate

w;=2y)cko=9.6X108 571,

and Eq. (61) becomes

P,

55 711078 (62)
A, cm?

As an example, we take the effective area of the radiation
channel to be A,=nr2=0.0628 cm? corresponding to
r,=1.414 mm. Then for a,=1.24x 1075 [Eq. (60)], Eq.
(62) gives P,=6.9 MW. That is, for 4,=0.0628 cm? and
the choice of parameters in Eq. (57), the strong-pump re-
gime (Qp/Tocky>1) corresponds to P;>6.9 MW.
Moreover, for ck,=9.6Xx10® s~!, the condition
a;>1.24x10~5 corresponds to B,>68 G. [Compare
with the strength of the wiggler field f)w =1.70 kG in Eq.
(57).]

IV. CONCLUSIONS

Making use of a kinetic formalism®? based on the
Vlasov-Maxwell equations, we have investigated detailed
properties of the sideband instability for the case where
the trapped electrons are localized near the bottom of the
ponderomotive potential. Following a summary of the
theoretical model and assumptions (Sec. II), we obtained
the dispersion relation (25), which neglects the effects of
the uritrapped electrons and is valid for general distribu-
tion G J(y’) of trapped electrons localized near the bot-
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tom of the ponderomotive potential. For the choice of
uniform distribution function G[(y’) in Eq. (27), the
dispersion relation (25) reduced to Eq. (28), which exhibits
stable sideband oscillations (Imw=0) for all harmonic
numbers n>2 (Sec. IITA). In Secs. IIIB and IIIC,
neglecting the harmonic contributions for n >2, use was
made of the dispersion relation (39) to investigate detailed
properties of the sideband instability for the fundamental
(n=1) mode. For Qp/cky<<1 and I'j<<1 (the regime
of practical interest), Eq. (39) was approximated by Eq.
(44) [or equivalently, Eq. (48)], which determines the
dimensionless frequency shift Q= (8w —uvpdk)/T'okoc in
terms of the normalized pump strength Qp=Qp/Tkoc
and the dimensionless wave-number shift

8K = (v, /Toc)(8k /k. +€,) .
Here, 8k =k —ic\c and 8w =w —®&,, where
ke=v3(14v,/c)v, /¢ )kq

and &, =l/$cc. As a general remark, it was found that in-
stability exists (Im8w>0) for (w,k) in the vicinity of
(&,k) defined by

~ v, v, QB
k=yl 1+-2 [ Zko |1—€,— :
Ve |1t c | e o €p Koty
. v v Qp
co=y,2, 1+Tp kov, l-—eb—c&— kv, |’
P

which corresponds to the lower sideband in Eq. (35) for
the fundamental (n =1) mode. Moreover, it was found
that the corresponding growth rate Im(8w) and instability
bandwidth (in 8k space) exhibit a sensitive dependence on
the normalized pump strength Qg /Tokgc [Fig. 6 and Eq.

(49)]. For example, in the weak-pump regime
(Qp/Tokoc << 1), the instability is relatively broadband,
and the characteristic maximum growth rate is [Eq. (50)]

3 172
( )2 Fokoc .

On the other hand, in the strong-pump regime
(Qp/Tokoe >>1), the characteristic maximum growth
rate is [Eq. (51)]

Fokoc
(2)1/2

Im(dw)=

172
Fokgc

Qp

Im(8w)=

and the corresponding bandwidth is relatively narrow [Eq.
(56)]. Note from Egs. (50) and (51) that the growth rate
of the sideband instability is greatly reduced as the dimen-
sionless pump strength is increased to the regime where
Qg /Tokoe >>1.

As a final point, the dispersion relation (25) and related
analysis in Sec. III are valid for electromagnetic wave per-
turbations with right-circular polarization, in which case
it is found that only the lower sideband exhibits instabili-
ty. A completely parallel analysis can be carried out in
circumstances where the wave perturbations have left-
circular polarization.’? In this case, it is found*? that the
role of the lower and the upper sidebands is reversed, and
the upper sideband exhibits instability for perturbations
with left-circular polarization.
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