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Cerenkov radiation in the vicinity of atomic spectral lines in a gaseous medium was numerically
calculated in an earlier paper of ours [J. H. You and F. H. Cheng, Acta Phys. Sinica 29, 927 (1980)].
The results showed that a new line-emission mechanism, the Cerenkov line mechanism, exists. The
main characteristics are as follows: asymmetric profile, a small red shift of line, polarization (if the
velocities of electrons are anisotropically distributed), and a large linewidth. The basic theory of
Cerenkov line emission was then developed [J. H. You, T. Kiang, F. H. Cheng, and F. Z. Cheng,
Mon. Not. R. Astron. Soc. 211, 667 (1984)]. In the present paper, the main formulas have been re-
vised and simplified, and a systematic physical discussion is given. Furthermore, the causes of
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Cerenkov lines, and their basic characteristics are clarified.

I. INTRODUCTION

It is well known that the Cerenkov effect in a solid or
liquid produces a continuum spectrum. It was shown in
our previous work,"? that relativistic electrons, when
moving through a dense gas, will produce Cerenkov emis-
sion lines. In the neighborhood of an atomic spectral line
(wavelength A;;), the refractive index n can be appreciably
greater than unity (Fig. 1). This fact suggests that
Cerenkov radiation over such limited ranges may exist
when there is a sufficiently high density of atoms and rel-
ativistic electrons. However, so far this effect has not
been noticed by physicists due to difficulties in practical
measurements. Aother possible reason may be that peo-
ple have been under the impression that, where n is large,
the extinction coefficient « will also be large (Fig. 1),
which causes the absorption of Cerenkov radiation.’
However, it will be shown in the present paper that the
Cerenkov emissivity near A;; varies approximately as
Jy<AA~!, AM representing the displacement from the
given atomic line kij, but k <« AL72, i.e., the absorption de-

n2 |

FIG. 1. Relation between refractive index n and wavelength,
and relation between extinction coefficient and wavelength.
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creases with wavelength shift more rapidly than the re-
fractive index. Therefore there is a net Cerenkov radia-
tion in spite of the extinction. The shaded region in Fig. 1
represents the actual range of Cerenkov radiation. It will
be shown that, under the normal conditions, the width of
this region is of the order 10—100 A for lines in the opti-
cal region. Therefore this emission looks more like a line
than a continuum. We call it the “Cerenkov emission
line.” Clearly this terminology must be used with care be-
cause it is not a real line in the exact meaning—it is not at
the precise position of A;;, but displaced to the red side.

Obviously, the Cerenkov effect is the main mechanism
of producing line emissions by relativistic electrons, be-
cause for the latter the collisional cross sections for excita-
tion and ionization are all very small. The Cerenkov
emission line has three remarkable features: (1) it is broad
(10—100 A), (2) the profile of the line is asymmetric, be-
ing steep on the blue side and flat on the red side, and (3)
its peak is not precisely at A;;, but red-shifted; we call it
“Cerenkov red shift” so as to distinguish it from other
types of red-shift mechanisms (Doppler, gravitational,
etc.).

An elegant experimental confirmation of Cerenkov
lines in O,, Br,, and Na vapor using a *°Sr B-ray source
has been obtained by Xu et al. in the laboratory.* By use
of the fast coincidence technique, they found line emission
at the expected directions, wavelengths, and plane of po-
larization. Potential applications of the mechanism in
physics and astrophysics is conceivable.

A possible field is a rediscussion of the broad emission
lines of quasars or quasistellar objects (QSO’s). The
strange properties of emission lines of QSO’s have over
the years attracted wide attention,” for example, their
abnormal intensity ratios [small value of ratio
I(Ly-a)/I (H,g),6 steep Balmer decrement,’ etc.], the obvi-
ously asymmetric profile, the large line width, the dif-
ferent widths of various lines,®~!° and different red
shifts,!—13 etc. We suggest that some, if not all, of these
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lines are to be identified with the Cerenkov lines generated
by relativistic electrons. At present, it is well known that
there are abundant relativistic electrons and dense gas in
QSO’s. This is just the sufficient condition to produce the
Cerenkov line emission. The advantage of this new mech-
anism is that the large linewidth and the asymmetry of
profile are all intrinsic properties. More importantly,
with this new emission mechanism we can now make a
fresh attack on some difficult problems of emission lines
of QSO’s. As an example, the very steep Balmer decre-
ment (the relative strength ratios for H,, Hg, etc.), one of
the most important puzzles in QSQO’s, has been satisfac-
torily explained by us in terms of this new mechanism.'
The theoretically expected values are precisely in agree-
ment with the observed ones. Another advantage of the
Cerenkov mechanism is that only one free parameter has
to be fixed, i.e., if the first ratio 7(H,)/I (Hp) is just taken
to be the observed mean value, then other ratios
I(H,)/(Hg), I(Hs)/I(Hg), I(H)/I(Hg) will be deter-
mined uniquely by the Cerenkov line-emission formulas.
It seems to be a support for the new mechanism which
must now be taken into account more seriously when ex-
plaining the emission lines of QSO’s.

With this purpose, we shall, in the present paper, set
out the basic theory of Cerenkov line radiation. Some of
the formulas in the paper have been given in our previous
ones,”? but the main part of them have been revised.
Physical discussions are given in detail. Some of the for-
mulas are given for spectral astrophysical purpose because
our main interest is in this field. It will be noticed that
with a suitable modification of the expression for the pho-
toelectric absorption k,, our formulas for hydrogen may
also be used for other atoms and ions. Forbidden lines
can not be produced by the Cerenkov effect because the

>
corresponding dipole matrix element Dj; is zero.

II. BASIC FORMULAS AND PHYSICAL ANALYSIS

The cgs system of units will be used throughout. This
means, in particular, that all wavelengths will be in cen-
timeters unless explicitly stated otherwise.

A. The refractive index n and the extinction coefficient x

The core of the calculation of Cerenkov radiation is the
evaluation of the refractive index n of the gaseous medi-
um. We begin with the rigorous formula

(A1) /(A*42)= —3—Na, (1)
where
A=n —ik (2)

is the complex refractive index, /N is the number density
of the atoms, and a is the polarizability per atom. When
the atoms are distributed over various energy levels, with
densities N,, Na will be replaced by a double summation
over all pairs of levels a and b,

ZN 2 fab

a b(#a) 27Tm 277(Vab"v2)+irabv '

(3)

Na= EN a,=

where e and m are the charge and the mass of an electron,
and f,, and I',, are the oscillator strength and damping
constant for the atomic line of frequency v,,. Because we
shall always be concerned with the neighborhood of a
given atomic line A, it follows that we need only keep
two terms in the above summation, Eq. (3) becomes

Na zN,'a,'j +N]a1, 4)
where

and aj is obtained from Eq. (5) by replacing f; by fj;.
We shall always use i for the lower level and j for the
upper level. f;; and f;; are related to each other through
the statistical weights g; and g], Sgi fij=—8;fji- The re-
lation between f;; and Einstein’s spontaneous emission
coefficient 4j; is

3
mc
Ju= ez, 817804

and

l'"ij-:-l",—}-r = 2 Aii'+ 2 Ajj"

i'(<i) j't<p
Using these relations, Eq. (1) becomes

(A2—1)/(A*+2)=b/(z +ig) (6)

with
el N N

b=a¥ i A,,gj gj R (7)

z=2m(vjj—"?) , (8)

g=Iyv. 9)
From Egs. (2) and (6), we have

n*=[(42+9b%¢*)"*+ 4]/2B , (10)

k=[(A*+9b%¢*)'2—_ 41/2B , (11)
where

A=(z+2b)(z —b)+g*

B=(z —b)+g?

For future convenience in comparing observations, we
shall now develop our formulas in wavelengths rather
than frequencies. Let AA=A—A;; represent the wave-
length displacement, and let

A=Ay AA
Ay Ajj

u= (12)

denote the fractional displacement. We shall always be
interested in some small range about A~A;;, therefore we
always have u <<1, so u is a convenient quantity.
Replacing the variable v by u, we have v=c/A
=cAj "1+u)~!, and vij=cAj; . Making these replace-
ments in (7)—(9) and keepmg only terms of the lowest or-
der in u, we have
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be—C 224 | N N (13)
- 12”2 ij jxgl gj ’

z=41rc2k,-72u , (14)

g=chr;'Ty . (15)

Because the Cerenkov line emission is not located in the
exact position A=A,;, it has a small red shift, so u is not
an indefinitely small quantity. In fact, practically
throughout the whole effective range of u, we always have

b«<z. (16)

For example, for Ly-a, A;=1.216X10"° cm,
Iy =4, =6.25%10% s~!. Inserting these values in (14)
and (15), we find that g <<z whenever AA is greater than
2.0x10~* A. On the other hand, under the ordinary
physical conditions we can safely assume N, <<N;~N.
Then even for N as high as N{=~N=~10" cm‘3 b <<z
will be true whenever AA is greater than 1.1 X 10~ A A
smaller N, will give a still smaller lower limit of AA. We
recall that, for Ly-a the Cerenkov line has an effective
width of the order of 10 A so in fact, in the whole
effective-emission range, Eq. (16) always holds. Similar
consideration applied to other lines leads to the same con-
clusion. Thus we need only retain terms of the lowest or-
der in g/z and b /z in Egs. (10) and (11), and we obtain

n?—1=3(b/z),
k=(3/2)(b/2)(g/z) .

Substituting (13), (14), and (15) into (17), finally, we
have

8 Kz,

(17)

2 N N 1
n°—1= 16 }“l] jlgj - g. u ’ (18)
J
N; N;
5 v J -
———128 AT Asg; g 2, (19)

Equations (18) and (19) are the basic formulas for » and
K, respectively, around A;;. From (18) we see that the re-
fractive index n varjes as (n’—1)cu "'« AL™!. We shall
see below that the Cerenkov spectral emissivity varies ap-
proximately as Jy «n’—1, so J, « AAL~!. However, the
internal absorption varies as k< u 2 AL"2, i.e., the ab-
sorption decreases with AA more rapidly than the emis-
sivity. At the position A~A;, Cgrenkov radiation can not
be absorbed completely, and the Cerenkov line will be pro-
duced.

B. The Cerenkov spectral emissivity J; (J,)

It is known from the theory of Cerenkov radiation that
the power emitted in frequency interval (v,v+dv) by an
electron moving with velocity B=v/c is P,dv
=(4m%e?*Bv/c)(1—1/n?B*)dv. Let N(y)dy be the num-
ber density of relativistic electrons in the energy interval
(v, +dy), y=1/(1—B*)'"?=mc?/mc?, then the power
emitted in the interval (v,v+dv) by these electrons is
N(y)dyP,dv. For an isotropic velocity distribution of
relativistic electrons, as in normal astrophysical cir-

cumstance, the Cerenkov emission will also be isotropic.
Hence the spectral emissivity in unit volume and unit
solid angle is

1 72
Jdv="— fh N(y)dyP,dv

me? Y2
=‘-c‘—vdv fh N(}’)d’}’B 1—

1
n 2 B2
For the relativistic electron of interest B~1 and y >>1, so
B~ix~1+4y"2 B~1—+y~2 Also we notice that in the
actual effective emission range, the refractive index of gas
n is not far from unity, n > 1 [see Eq. (18)]. Therefore we
have

[
"1

1—

1)
232 ]ﬁN(y)dy~f (n2—1—y =N (y)dy

~(n?—=1—y7 Z)Ne ,

Y2
N,= fh N(y)y,

where n, is the number density of relativistic electrons
and vy, is the characteristic energy of electrons in a given

source. The definition of y, is f :lzy_zN (y)dy=y:°N,,
Y1<7Yc <Yz Hence

2
Jvdvzlre—Nev(nz—l—yc_z)dv : (20)
Transformmg v to u, we have —J, dv=J,d, =J,du and
du=Aj'dA=Aj l(—cv‘zdv) so Eq. (20) becomes
J,du=mce’Nerj (n*—1—y; du . 1)

The limiting width of the Cerenkov line, AAy, or
ul,m_Akhm/Xu, can be derived from Eq (21). Setting
n?—1—y7?=0 and inserting the expression for n [Eq.
(18)] into Eq. (21), we get the limiting linewidth as

2 4 N N 2
uim=Co¥c= 7» A8 | — — Ye (22)
16 i ]
where
1 4 Ni Nj
Co=—"77" 16’]7 }"uAjtgj _—_?J‘ (23)

The Cerenkov radiation will be cut off at the wavelength
displacement uyy, = AAji, /A;;. Inserting Egs. (18), (22),
and (23) into Eq. (21) the spectral emissivity is following

J,du= frcezNek,j Colu~'—up))du or
Jydu=NeC(u ' —uj)du , (24)
where

Ci=— 32 | N N
V= e M el T,

For convenience in comparing observations, the wave-
length will be used as a variable rather than a frequency.
Therefore, Eq. (24) is the basic formula for emissivity.

(25)
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From Eq. (24) we see a remarkable characteristic of the
Cerenkov line. In the actual effective-emission range
U << Uy, hence in the main emission range Eq. (24) can
be approximately written as

J,du~N,Cu"'du
N, N

8i gj

ez 2
—5NeAjjAjg;

= o2 u ldu . (26)
T

From Eq. (26) we see it differs from the usual spontane-
ous radiation transition. The Cerenkov line emission is
not determined by the population density in the upper lev-
el N; but by the difference in population between the
lower and the upper levels, (N;/g;)—(N;/g;). Since in
the normal condition of gas and for the lowest levels of
atoms we always have N;>>N;, we could find the re-
markable result that the Cerenkov line emission is nearly
proportional to the population in the lower level N,
J, < N;. It implies that the Cerenkov emission line will be
produced even if the gas is at a very low temperature. It
provides a possibility of obtaining emission lines of unsta-
ble molecules. Also, it may well help to explain why
QSO’s have unusually low I(Ly-a)/I(Hpg) intensity ratio,
for it means that if there is an increase in the population
of the first excited level N, then Hg will be stronger while

I
0 AN
kx
T
(U AN
=3 |
A K .
|
0 A ANiim A

FIG. 2. The Cerenkov emissivity J, absorption coefficient
k3, and the emergent intensity I of the Cerenkov line (optically
thick case).

Ly-a will be the same, leading to a lower I(Ly-a)/I(Hg)
ratio, whereas, for the usual spontaneous emission, an in-
crease in N, will increase Ly-a and not Hp, which causes
a higher I(Ly-a)/I (Hp) ratio.

The original profile of the Cerenkov line is given by the
function of J, ~u (or J, ~AA, see Fig. 2). It lies on the
red side of A;;. The total line emissiv'i‘ty is given by
an integration of Eq. (24), i.e, J.= [, " J,du. Com-
pared to the line emissivity of spontan'gg)us transition
J;=(1/4m)N;Aj;hv;;, J. is very small except for a ex-
tremely high density of relativistic electrons N,. Howev-
er, in some cases it becomes comparable to the spontane-
ous radiation, for example, if the gas is at a very low tem-
perature, or the gas is very dense. In that case, the emis-
sion lines from spontaneous transition would be seriously
weakened due to the line absorption k;, while the
Cerenkov emission line can easily escape from the inner
part of the gas cloud due to the red shift.

C. Absorption coefficient

For an optically thick dense gas, to find the intensity of
the emergent flux we must consider both absorption and
the process of radiative transfer. In the simple dust-free
case, there are two absorptions that are relevant to the
Cerenkov line emission. One is the line absorption k; in
the vicinities of atomic lines, directly related to the extinc-
tion coefficient k given in Eq. (19). The other is the pho-
toelectric absorption k,. For the optical wavelength
range which we shall be mainly interested in, free-free ab-
sorption is small and can be neglected. Thus, for us, the
total absorption is

k=ki+k; . 27

The relation between k; and « is k;=4mk/A
=(47/A;j)(1 —u)k~(4mw/A;;)x. Inserting the expression
(19) and keeping the terms of lowest order of u, we have

1 4 N; Nj -2 -2
klz—i;sc—zkijrijfiﬁgj ';“_g‘j‘ u—=Cu"",
where
1 4 Ni N
G e A | | =

Obviously, k; can also be obtained from the well-known
formula

2
k. = c*N, i8 fi

_ &N,
v 87TV2g,

giN;

Aji¢jl'(V) s

where @;;(v) is the Lorentz profile factor
Ty /4 Ty

(V—V,'j )2+(F,]/47T)2 = 4772(V—V,~j )2 ’

<Pji(V)=

and the photoelectric absorption coefficient is
k=3, Njo;, where the summation extends over all lev-
els for which the photoionization potential is less than the
photon energy hv. For hydrogen atoms, the photoioniza-
tion cross section for /is o;=2.8 X 10%v=3/ "3 or
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01=1.04x 10" A (1+u)*~1.04 X 1072 A}, ,

thus
ky=1.04x 10722}, ZN,l -3, (29)

The line absorption k, «u ~2 decreases rapidly with in-
creasing u, and so is effective only in a very narrow range
next to A;;, while the photoelectric absorption k; is nearly
independent of wavelength shift. Over the whole width
of the Cerenkov line, k, is actually the main absorption
that determines the integrated intensity. The main effect
of k; is to shift the line towards the red side past A;;.
There is a critical wavelength shift Akp or up, at which
ky=k,. For AA <AM,, k, is the dominant component of
absorption, k;>>k,; for AA>AA,, k; is the dominant
one, k; <<k,. It will be shown that this critical value is
just the peak position of emergent spectral intensity, i.e.,
AA, is the Cerenkov red shift (Fig. 2).

D. The emergent spectral intensity I,(I,)

Using the J, and k given above, the emergent intensity
can be calculated. The equation of radiative transfer is

Lx) Lx)
k) N (30)
n n

_d_
dTA

where 7,=kL is optical depth, S, =J,/kn? is source
function. For a uniform plane-parallel layer of emitting
gas with thickness L, the solution of Eq. (30) is

I
I, =n2S(1—e *)=—k-*—<1—e-kL). (31)

Equation (31) gives the I ~A relation, i.e., the calculated
profile of the emergent Cerenkov line. Replacing by
u=AMA/\;, Eq. (31) becomes

Ju
I,,=—k—(1——e'k1‘) . (32)

For the optically thin case, kL << 1, so I,~J,L, i.e.,
Iy~J,L . 33)
If it is optically thick, kL >> 1, then I,~J, /k, or
I,~J, /k . (34)

We shall be particularly interested in the optically thick
case, because our main interest is in the high-energy astro-
nomical objects, such as QSO’s, supernova, solar flares,
etc., and we know that these objects all have compact
structures in which the gas density is high. According to
Eq. (34), the emergent intensity in the optically thick case
is independent of the geometric thickness L of the cloud
and, as a consequence, several results can be obtained in a
particularly simple form. Inserting Eqgs. (24), (27), and
(28) in (34) and writing C; for k,, gives

Ju NC,(u —uh,,})

I, =
“Tkitky,  CuTi+C

) (35)

where C;, C,, and C; are coefficients which are given by

Egs. (25), (28), and (29), respectively. Figure 2 shows the
profile of I, in the optically thick case. For convenience,
we collect here the formulas for Cy, C,, C,, and Cs;,

1 4 N; N;
o= Tore 148 |3 Ty
N N
=6.72X 107 A} 4,8; ,
8i gj
2 N: N.
€ 2 i J
Ci=————A 4.0, | — L
' 16m? Y 7] 8i 8
N. N
=1.46X10"2'A2 4,g; | ———L |,
ij41jibj g g
(36)
C,=——+A5A4;T; N N
27 el 3 7 Mijdjit ij&j gj
N N
=1.12X107*A4T; 4;:8; | — 2 |
J

C3;=1.04X10"} SN, I3
!

In the general case, the emergent spectral intensity de-
pends on the thickness L of the emitting gas,

B N,Cylu="—up))
- Czu_2+C3

{1—exp[ —(Cu~24+C3)L]} .

(37
In the optically thin case we have
I,=N,C{(u='—uj)L . (38)

Note, however, that Eq. (38) is not valid when u —0, be-
cause it was derived using condition (16), which holds
only for u greater than some finite small value. On the
other hand, Eqgs. (35) and (37) can be safely extended to
u—0 without any difficulty. To transform I, into I,,
which can be directly compare with observations, using
I,du=1I,dA, we have

1
s

if

I,=—I,. (39)

E. The total intensity of the Cerenkov line, I

The total intensity of the Cerenkov line is
Ylim
= o Ldu (40)
where uy;, is given by Eqgs. (22) and (23), i.e.,

N N;

gi &j

AA
lim _Co yi=

2
u .
lim = A-xj 16

Ye -

)\'lj ﬂg]

Inserting Eqgs. (35), (37), or (38) in (40) and integrating Eq.
(40), we obtain the total intensity of the Cerenkov line in
the corresponding case. In particular, for the optically
thick case which we are interested in, the total intensity is
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I=Y{In(14X?) —2[1—arctan(X)/X]} , (41)

where Y =(N,/2)C,/Cs, X =(C3/Cy;)"uy,, and Cj,
C,, and Cj are given by Eq. (36).

F. An important simplification

From Eq. (41) we see that, in addition to the number
density of relativistic electrons N,, the intensity is also
dependent on the parameters Cy, C;, C,, and Cj; they
are functions of atomic constants (4;,I';;,A;;) and the
populations N; and N;. Under ordinary circumstances in
a gas, at least for the lowest levels, we always have
Ny>>N;>>N;> -+, or N;>>N;, i.e., the population
in the lower level is much higher than the upper one. So
(N;/g;—N;/gj)~N;/g; and 3, NI >~N]I7° (i.e, we
only retain the first term in the summation). Thus Egs.
(36) are simplified into

Comb.72X 10—‘4x;§Aji§NR,- ,
i
2132 4 8i
i

. (42)
c221.12><10-24A;?,.Ajig—{NRiFij ,
1]

C3;=~1.04 X 107 2A;NR,[ ™%,

where R;=N;/N, N is the number density of neutral
atoms, and R;~1 (i.e., N;~N, most of the neutral atoms
are in the ground level), and R{ >R, >R3>> - .

G. Cerenkov red shift u,, limiting linewidth AAjp,,
and the effective linewidth AA ¢

An important feature of the present theory is the
phenomenon of Cerenkov red shift, that is, the fact that
the Cerenkov line is not centered on the wavelength of the
corresponding atomic line A;;, but is displaced to the red
(Fig. 2). As stated in Sec. II C the Cerenkov red shift can
be approximately derived from k,=k,, i.e., Czup“2=C3.
From this we find the Cerenkov red shift to be
1/2

or (43)

172
up=1.04x 10"

A"JFUAJ' %R,’Rl—lls
i

Equation (43) can also be approximately derived from Eq.
(35) by letting dI, /du =0. We see that the Cerenkov red
shift is determined by the population distribution and the
atomic constants. Therefore, we expect different red
shifts for different lines, even for lines of the same atom.
Thus we have here the possibility of an explanation for
the observed phenomenon that different emission lines in
QSO’s seem to have slightly different red shifts.'°

N

- A)\pl N

: W—MAXK - Iy (noise level)

N A Y Ic (continuum intensity
AN AAS N of background)

b —— ——

Jayers |
0 T —
A

’—-— DNy —————-1 x

FIG. 3. Cerenkov red shift Ak, effective width Ak, and
limiting linewidth AAjq,.

Another important feature of the Cerenkov lines is that
different lines should have different limiting widths. The
linewidth is also determined by the atomic parameters and
the population in different levels. From Egs. (22) and (23)
the limiting linewidth is

_ 2 1 4 N N |,
ulim—-co?’c'—‘m}wj ji8j Z‘—EJ— Ye
~6.72% 10~y 214 4 j,%NR,. (44)
i

or
—14.,295 4 8i
Akhmzkiju“m=6.72><10 VckijAjig_NRi . (45)
i

There is thus a possibility of explaining the different
widths of the QSO lines. It should be pointed out that the
emission in the “tail part” at the long-wavelength side of
the Cerenkov line (i.e., AA <ALy, ) is very weak. In fact,
the profile of the tail part is nearly horizontal and cannot
be distinguished from the background continuum, and so
may be submerged in a noisy background (Fig. 3). There-
fore, the effective observed width of the Cerenkov line
AMAge will be much smaller than the limiting width.

III. DISCUSSION

According to Egs. (24) or (26), the emissivity
J «(N;/g;i—N;/g;). If there is a nonthermal population
distribution, particularly if there is a population inversion,
i.e, (N;/g;) <(N;/g;), then there is a Cerenkov blue shift
rather than red shift, i.e., the peak position of the line is
located at the blue side of the intrinsic wavelength A;;. At
the same time, the asymmetry of the line profile is also
changed, being steep on the long-wavelength side and flat
on the short-wavelength side.

Although the formulas given here are developed with
special reference to the allowed hydrogen transitions, they
can also be used for the dipole-allowed lines of other
atoms and ions, after an appropriate modification is made
in Eq. (29) for the photoelectric absorption k.
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