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We evaluate the exact propagator for the time-dependent three-dimensional charged harmonic os-
cillator in a time-varying magnetic field. We show that such a propagator can be obtained from that

for a charged particle in a constant magnetic field.

Despite the vast range of the operational versatility of
Feynman’s path integration, the evaluation of the propa-
gator for certain time-dependent systems, if carried out in
a straightforward manner, can become much more diffi-
cult than to obtain the solution to the corresponding
Schrodinger equation.

As an example of the state of the art, we point out the
recent, formidable calculation of the propagator for the
time-dependent forced harmonic oscillator with damping
by Cheng,! via a generalized version of a method intro-
duced by Montroll.? In contrast, the exact solution to the
corresponding Schrodinger equation can be found in a
much simpler way.? In another illustrative example, the
exact evaluation of the propagator for a charged particle
in a time-varying electromagnetic field was possible to be
carried out only for the case of a constant cyclotron fre-
quency.*

It would be, therefore, somewhat discouraging to
proceed further on applying the aforementioned path-
integration techniques for other more elaborated time-
dependent problems. Rather, they appeal for alternative,
versatile methods for the evaluation of propagators
without undergoing to tedious and lengthy calculations, in
such a way to make Feynman’s path integration aestheti-
cally more attractive.”~®

In this paper, by generalizing an earlier work,” we set
forth an alternative protocol which makes it possible to
evaluate the exact propagator for the time-dependent
three-dimensional charged harmonic oscillator in a time-
varying magnetic field. Overall, we show that such a
propagator can be obtained from that for a charged parti-
cle in a constant magnetic field.

We begin by writing the Hamiltonian of our system as
2

H(p,x,t)=

p+*cq-A(t)

2m(t)
+3m (X )(x +yi42Y), (1

where the time-varying magnetic field B(¢) is applied
along the z axis and the gauge is chosen such that the vec-
tor potential A is given by [ B(t)y, — 3B (t)x,0]. Then,
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the corresponding Schrodinger equation reads

LYy # fio. (1) | 3y 3y
= " amw YT 2 Poax Yoy
+3m (O[QA)(x*+yH) + X2 ], @)

where QXt)=w(t)++0l(t), with () and o.(1)
[=¢B(t)/m(t)c] being the harmonic and cyclotron fre-
quencies, respectively.

Let a special solution of Eq. (2) be of the form®

Y(x,t)=K(x,t;Xq,20) , (3)
subject to
lim K (x,t;Xq,t0)=8(x—Xxp) , (4)
t-—»to
with

x=(x,y,z) and Xo=(xq,¥0,20) -

This K (the kernel or propagator) gives us the solution
for any arbitrary initial state, ¥(xq,Z():

U, 0= [ K(x,1;%0,80)0(X0,10)dxdyodz - (5)

For t>ty, K is defined as the amplitude to go from
(xg,29) to (x,1), and for t < ¢, K is zero. So, we may write
;) 7 #iw, (1)
H— z_
Pt T amn
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—sm (O[QA) (x> +y?) +0X1)2?] |K =0 (6)

Following Feynman'® and others>!! we seek the propa-

gator (for quadratic potentials) with the structure

K(x,t;X0,t0)=a(t,ty)exp R (7)

i
ZS(XJ;XOJO)

where S(x,?;Xq,t9) is Hamilton’s two-point characteristic
function defined as the action along a real path connect-
ing (xq,2o9) to (x,2), and the preexponential modulating
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function ¢(t,¢y), depending only on time, is determined
such that K satisfies Eq. (4).

After the substitution of Eq. (7) into Eq. (6) and some
rearrangements, we obtain from its real and imaginary
parts, respectively,’

2
as 1 as m(t)w.(t)
a Tamwn | |ax T 2 °
as m(t)w.(t) as 2
y 2 a9z
+3m (X ()[x2+y*+2}1=0, (8a)
or
das .
ar =L [x(1),x(2),t] (8b)
and
13 1 o
¢ ot 2m(t)vs’ ©)

where we have defined
L[x(),x(2),t]=3m (D[ £ () +y At)+2 X2)
4o ()[x ()y(t)—y(D)x(t)]

— X (D[xH)+yA+24D]} ,
(10)

(11a)

1 as mw () 35 malt) s

VS ma 3;+ 2 dy 2 7z
(11b)
The path of the particle

2(t*)=[2(t*),4(t*),5(t*)] (12a)
is assumed to obey

2(t*=t)=x=(x,y,2) (12b)
with

2(t* =ty)=x9=(x¢,¥0,20) (12¢)
and

2(t*=t)=x=(x,p,z) (12d)

representing the initial and end points, respectively. The
canonical momentum, in turn, is denoted as p=VS.

Integration of Eq. (8b) along the path z(¢*) of the par-
ticle yields

S(x,t;%0,0) =S [=(2*)]

= [ ALl ()
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In turn, Eq. (9) can be integrated in an ordinary way to
give

1
m(t*)

T 2
b(t,t0)=dolto)exp | —+ ftodt‘ Vs, (14

where the constant ¢q(ty) is introduced in Eq. (14) in or-
der to match the initial condition Eq. (3).

By differentiating Eq. (8) with respect to x and using
definitions (11) and (12) [or by applying the variational
method on Eq. (13)], one obtains

F4+(m/mi+otr=w.g+[0. +o.(m/m)lg/2,
(15a)
g+(m/mg+o’y=—0.s—[0.+o.(m/m)lz/2,

(15b)

5+(m/m)s+w’5=0. (15¢)
Let the following space-time transformations

2(t)=s(t)s(r), (16a)

#(t)=s(t)g(7), (16b)

F(O=s(t)r(1), (16¢)

where 7 is related to ¢ through

0= ['uhdr [dr=p(dr] .
The functions s(¢),u(z) are chosen in such a way to reduce
the set of Egs. (15) to a desired simpler form.

Analogously to Egs. (12), the following notations are

understood:

p=A(Tr=T), po=pltt=1y),

s=a(t*=t), so=s(t*=ty),

A(r)=da(r*)/dr* | P

AT =dp*) /A .,

s()=ds(t*)/dt* | «_, ,

J0)y=d?s(t*)/dt*?| W_,,

s=4(1), so=4(ty),

and so on.

After substituting Eqgs. (16) into Egs. (15), we obtain®
ﬁ“=w0c7' , (173)
7”=_w0cﬁl , (17b)
£"=0, (17¢)

where we have made
—2i+ﬂ+1i=0==>,u=c1/.¢2m s (18a)
s m pu
. . a}
om0, =cy/0tm (18b)
s m

c
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S+ s+ wXt)s=0. (18¢)
m
The constants of integration are relabeled as ¢; =, and
¢, =Mowq. (Mo and wg, are also arbitrary constants), im-
plying that w () =wq.p(2).
From the set of Egs. (17) one may readily infer their as-
sociated Hamilton-Jacobi equation

2

35 11135 @ 35 @0
ar "2 || 2 ¢ g 2°F
a5 2
+ 95 =0, (19a)
r
and the associated classical action
S= "7 arLip) 0], (19b)
Po 7o
where

Z ' =_"_12 2 2 2
La(r),,'(1)] (£ AT+ g HT)+ " X1)

2
+oo[£(T)g' (T)—g(1)' (7)1},
(19¢)
with
AT =[4(7%),4(1%),~(7%)], (19d)
and
AT =70)=po=(po,q0,70) (19¢)
and
LT =1)=p=(p,q,r) . (199)

Now, since the variations 8§ =0 and 8S=0 are
equivalent [that is, Egs. (15) and (17) are equivalent], their
corresponding Lagrangians [Egs. (10) and (19c)] differ
only by an additive total time derivative of some function
f. This may be seen through

S=S+[f(x,t)—f(x5,t5)] (20a)

(8f =0, since f is a function of the initial and end points
only) or

Jar*L= [ pandr*L— [ de*dfsdt*),  0b)
which implies
L(z,z,t*)=p(t*)L(f,p') lﬁzr,,+k—tl; . (20c)

Thus, by substituting Egs. (10), (19c¢), and (16) into Eq.
(20c), and after some manipulations, we arrive at

ms

—

25

df _ d
dt* dt*

22445450, (20d)

such that we have
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moSg

S=§+L;si(x2+y2+zz)— 25, (x(2,+y(2)+z(2)).
(20e)
Next, from (14) and (20e) we obtain
B(t,20)=¢(1,79)/(s)*"?, (21a)
where
é(1,70) = do(To)exp ——2—:1_—— f;d‘r"vzg , (21b)
mo
with
S

+ .
ap? + 3g>  ar?

Then, from Eq. (7) the full propagator K can be ob-
tained from K

__K i|ms 2 2 >
K= (3)3/2exp 7| 2 (x*“+y“+z°)
mgs
0 224l | (22a)
280
where
K =(r,70) exp ég (22b)

is the propagator for a charged particle in a constant mag-
netic field, whose path is governed by Egs. (17).

With the help of the solution of the set of Egs. (17), for
,(7* =71)=p and 4(7* =1y) =Py, one may find that

S =+ oo ( 3 {cot[woe (T—10)/2]}
X[(g —q0)*+(p —po)*1+ (Pog —qop))

ﬁo(r~ro)2
MO ALS Lo 23
+ 2(7'—-7'0) ( )

From Eqgs. (21b) and (22b) we get

2¢0(7’0)
@ (T—70)3"?

Woc (T—70) /2 i =
—S
#

k:

sin[wog(r—70)/2] |TP

(24)

In turn, the constant factor ¢4(7y) can be obtained by
imposing the boundary condition (4) on (22). This yields
bo=wo. /2N o/ 2mitisy)3/2

Hence, the full propagator reads off
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_ 3/2
my
K(x,t;Xq,20)=

o (T—70) /2

2mitisso(T—T10)

iims 5 2 2 __m0§0
X exp 7 | 2 (x“+y“+z%) 25, (x
im o,
X exp 9 0

sin[wg (7—170) /2]

BETER 7 {cot[woe (T—10)/21}[(g —g0)*+(p —p0)2]+(Pog —qop))

2%(1—1p)

irT10(r —r0)2 ]

(25)

)

where p, g, r, s, and 7 are related to the original variables through Egs. (16) and (18). In conclusion, we point out that,
through simple calculations, one can reduce our final result [Eq. (25)] to some related particular cases found in the litera-

ture.5'6'8'12‘15
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