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The initial decay rate of the dynamical scattering function for semidilute polymer solutions is cal-
culated as a function of solvent quality with the aid of the e-expansion method, which has been
semiquantitatively reliable for various properties of polymer systems. In the present calculation, the
hydrodynamic screening effect, which presumably is relevant for larger wave numbers, is not taken
into account. Comparison of the results given here and experimental results should reveal the signi-
ficance of the screening effect. Calculational tools for semidilute solutions are streamlined and sys-
tematized in the appendixes, and the static scattering function is also given as a function of the sol-

vent quality.

I. INTRODUCTION

The initial decay rate of the dynamical scattering factor
for dilute polymer solutions has been calculated with the
aid of the renormalization-group (RG) theory,' giving
semiquantitative agreement with experiments. The pur-
pose of this paper is to extend this calculation to the semi-
dilute regime of polymer solutions.

So far many static and dynamical quantities have been
calculated using RG theory.? For dilute solutions, results
have been provided for not only static quantities,® but also
transport properties.* Even explicitly time-dependent
quantities such as correlation functions’ and the
frequency-dependent intrinsic viscosity® have been ob-
tained recently. For semidilute solutions, RG approaches
have supplied theoretical curves for static quantities,’
which agree with experiments without any adjustable pa-
rameters.

In this paper, the initial decay rate of the dynamical
scattering function for the semidilute solution is calculat-
ed® without taking account of the so-called hydrodynamic
screening effect. Although this effect should not exist for
smaller wave numbers k, for larger k the effect is expect-
ed to be relevant. The comparison of the present calcula-
tion (without incorporating the hydrodynamic screening
effect) and corresponding experimental results should re-
veal how significant the effect is. We might reemphasize
that our calculation is interesting and meaningful, wheth-
er the screening is important or not. In any case, accurate
quantitative experimental results on the initial decay rate
are sorely needed.

The paper is organized as follows. Section II intro-
duces our dynamical model for the polymer semidilute
solution system. This minimal model describes the chain
connectivity, the excluded volume, and hydrodynamic in-
teractions in a simple way. The initial decay rate is com-
pleted in Sec. III. Section IV checks the consistency of
the variables employed using a renormalization-group ar-
gument, and Sec. V is a summary of the results. Those
who are only interested in the experimentally observable
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results should go to Sec. V directly. Appendixes C and D
discuss calculational tools for evaluating density correla-
tion functions.

As we frequently reference two previous works [Lee,
Baldwin, and Oono, Ref. 1 (1984)] and [Nakanishi and
Ohta, Ref. 3 (1985)], we refer to them as LBO and NO,
respectively.

II. DYNAMICS OF SEMIDILUTE SOLUTIONS

To arrive at a formula for the initial decay rate, we
proceed in a fashion which is similar to LBO and was
first employed by Ackasu.’ More details may be found
there, but we sketch the entire argument here for a self-
contained reading.

We define the initial decay rate as

d
Q(k)=——InS(k,t) |, -0 ,
(k) i (k)| /=0
where S(k,?) is a density correlation function for the po-
lymer solution and is defined by

S(k,t)={p(—k,0)p(k,1)) ,

(2.1

(2.2)

where p(k,t) is the Fourier transform of the monomer
density at time ¢ [see (3.1)] and ( ) is an equilibrium aver-
age over the chain conformation variables. If we formally
write

pk,)=e""Fp(k,0) 2.3)
then we can easily evaluate Eq. (2.1) as

Q(k)=—L(k)/S(k)=—L(k)/N3I (k) (2.4)
where N, is the contour length of the chain,

L(k)={p(k).Lpp(k)) , (2.5
and

I(k)={p(k)p(k))/N§ . (2.6)

The operator . which we have introduced is precise-
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ly the generator of the Markov process.'® To find .ZF,
we let the dynamics of the conformation of the chain be
governed by the probability distribution function P{c?%¢}
and write the corresponding diffusion equation'!

%P{c"(r),t} =LFP{c™1),t} . 2.7
Here c%(7) denotes the position of the 7th monomer of the
ath chain.

The operator £ can be determined by writing down
the differential equations for the system of chain and sol-
vent. We start with Shiwa’s!? Langevin equations for po-
lymer solution, which describe the time evolution of both
solvent and chain

B a o ia 1 _&x «
3¢ (mD=ule%(r,0),1)+ Eo 5c%(r.0) +6%7,1),
p-——u(rt)—- zf ———)S(r c¥(r,1)
(r;t
+nolAu(r,t)—Vp(r,t)+f(r,1) , (2.8)

V-u=0,

where u(r,?) is the solvent velocity field, p is the solvent
density, p is the pressure, {; is the bare friction coefficient
of the chain unit, 7, is the viscosity of the solvent, kg T is
the absolute temperature in energy units, and O, f are in-
dependent Gaussian white noises with mean zero and

(B4, 00p(7,1')y =265 '8(t —1)8(r—7)18,5,  (2.9)

(F(r,Hf(r,t')) = —2moA8(t —t)8(r—1')T (2.10)

T being the d Xd unit tensor. These noises satisfy the
fluctuation-dissipation theorem. We have chosen the en-
ergy unit so that kzgT=1. Also, in (2.8) 8% /Bc“('r,t) is a
force term derived from the Edwards Hamiltonian!®

Z”z%fo drei(r)
u & N§ /4
+£3 3 dr do 8(c*(1)—cP0)) .
2 a=1p=1"0 !r—gl >a

(2.11)

We can derive from this a Fokker-Planck-type full-
diffusion equation'!

%P(u,c",t):fP(u,c",t) , (2.12)
where
L=Lo+Lint » (2.13)
with
1 o) S
L=
° Ef 8c“(7‘) o | 8et(r) 8c"(¢)]
K § o, 5
_— — 2.14
+ [ s 1k kk)lau_ +u |, (214

Lint Poff ’f
+mff
Ji= f(zw)"'

The problem is to integrate out the solvent velocity
field variables and thus transform (2.12) to (2.7). This
procedure may be carried out to order € and is explained
in Appendix A of LBO. The same method was applied by
Onuki and Kawasaki to the binary critical fluid.!* The
result is

ukexp[ —ik-c*(71)]

ik-c,(7)
5“k 80"‘(1')
(2.15)

n n N0 , N0 . ¥ 5
—gugxfo dr fo do'e Sopc’)
< [}
—F Baf .t ot
Xe~*D (T’G)Sca(f’) ,
(2.16)
1 R Baj _
kBTD (r',0")=8(r U)S“BQO
+ LA~ (2.17)
Mo
where
T= [emr [T-25 |5 2.18)

The derivation of Eq. (2.16) makes use of one important
approximation. We assume that the relaxation time of the
solvent field is much smaller than that of the conforma-
tion, so that the solvent instantaneously follows the chain.
This physical consideration enters in two places in the
derivation. If we denote p a projection opera-
tion which integrates out the solvent velocity field vari-
ables and denote g by ¢ =1—p, then we claim (3/0t),
XP({u},{c*},t)=0. [Essentially that P({u},{c%},?)
=P({u},{c*®)}).] The same reasoning implies

© HL. +2,) © tL
fo dte ~ ¢ "'-:—fo dte  *

where .. governs {c} and .¥, governs {u] in the case
where we do not consider the interactions between the two
fields.

Equivalent to this projection-operator method, we could
have merely written du/dt =0 in (2.8), solved for u(r),
and finally solved for .£r directly from the resulting
equation for u(r) in (2.8). Thus our procedure is precisely
the Kirkwood approximation, although the projection-
operator argument is more formal and shows more expli-
citly the physical assumptions being made and their re-
gimes of validity [for example, (2.16) is correct only to or-
der €]. Fortunately the Kirkwood approximation has al-
ready been shown to give semiquantitative results for
transport properties in OBO (Ref. 4). There it was argued
that the Kirkwood approximation was correct for long
wavelengths although not necessarily for shorter ones in
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the semidilute regime. This approximation, however, may
not be reliable for shorter wavelengths due to the possible
effects of hydrodynamic screening.

III. CALCULATION OF INITIAL DECAY RATE

A. Equation for L (k)

We may now return to the calculation of (2.4). We may
write the polymer density in the continuum scheme as

n N, v
p=3 [ "dre ", 3.0
a=1

Then (2.4) becomes

Nok? 2,2 (k.q)?
Lik)=ckaT | =2 +$ [k qf" X So(k+q)
0

(3.2)

to O(e). Here S, is the €é=0 result for the scattering
function?

sou)ziV<pT —Tip(1)o

, &

—_—, 3.3
%1 4+2X,g0(1) 3:3)

=2c

where go(l1) is the Debye scattering function and

Xo=cuN 2, u is the excluded-volume parameter defined in
Eq. (2.11).

Power counting shows quickly that the integral in (3.2)

is divergent. However we can implement a cutoff renor-

malization, ¢n..=1/Va. Reparametrizing the integral
by ¢ =V'2/N Q and letting
k=V2/NK, 1/Va=V2/NA, 3.4)
we find
C‘Nok2 o
L(k)= kgT |14+4—1(k) |, (3.5
0 Mo
where
A Q%k2_(K-Q)? J((K+Q))
(k)= 12f QK (4KQ) 2 Q _
2K% 7Q Q 1+Xo/,((K+Q)%)

(3.6)
Jz(x)=%(e_"—l+x) .
x

The exact value of the integral is given in Appendix B.
A very good approximate form is

L= |m |2 | _mre—L | @3
6472 K? 3F*—1
where
2
p=E2ID () (3.8)
K
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We can exponentiate the divergent term to get for L (k)
(write K2=6, for clarity)

ko T 2 |(37169%)&o/ng)
L= 2" N2 | A oo
gO 90
3 bo 1
X ex = —InF%{|. @39
P\ T6m mo | 3F7—1 H )

We know from LBO that L(k)/N} is observable, and
needs no renormalization factor. We use the renormaliza-
tion scheme discussed there!® and find

Mo 1
___=_L—-e/2
So &0
and (3.10)
1 1 1 3 L
= ZyZi=— |1 =1,
Noko NEYTNE | 167 " a

Here L is the phenomenological length scale which ap-
pears later in the RG equation (see Sec. IV). We use the
definition of variables described in Ref. 16 to find

noLp (k) 1

__1|&
eN3kHkyT) ~ £*

§

(217.)—(36/8)(§/§*)+e/2

€=0

% (20)~ 1+€/2—(3e/8)(E/E%)

7 exP 1_21% 3F21—1 _lnFZH ,
(3.11)
where we have written
27N (e/8)u/u*)
0=06,= A )
—(e/a)u/u*) 612
X=x, | X ]

B. Scattering function

From NO it is easy to find the form of I(k) away from
the fixed points

S(k)
I(k)==2%)
) cN?
__ DO aNvBX)
1+X7,0) P | 1+ X7,(01,0) |

(3.13)

Here
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1 ® 3 m . 2 —ﬁ(“(g,P) 2y 2 200522
N(Q,X)=— P°dP | dfsin —QJ5(Q%)
@1=3- [, Js ?| Tz 27190
3) 2 J3(0%/9
+9x [F(0.P)] __ 0 . (3.14)
[14+XJ,(PH][1+XT,((P +0))] P41
The functions F * and F*® are given in Appendix C.
C. Initial decay rate
Dividing (3.11) by (3.13) gives us a formula for the initial decay rate
noUk) | 14+X75(6) oxo | 26t N(V8,X) 1 |g
keTk? | J20) || 7w RO +x0,0] | & | £ |0
—_ * —- /2 — * £ 1
X (217)€/2—Be/BNE/ER )9 9)~1+€/2—(3e/BNE/E b 5 _§§’_ l3F2_1 —ImF+A || . (3.15)

In the calculation presented A is zero. However, a slightly more difficult dimensional regularization approach gives

d=3
as,
1n(21r)-——1——i

=2, =2
A=2.802 S, ad

i /2 d d=4
— 2 [1n [ d0cos’e| ]l

(3.16)

where S;_; is the area of a d-dimensional unit ball. In our graphs we include this constant as agreement with experi-

ment is more accurate (see Appendix A).

It is not very easy to garner the concentration dependence from Eq. (3.15). If we proceed in our calculation slightly

differently by writing from Eq. (3.6)

1k, X)=1,(k,0)+ AI(k,X) , (3.17)
we easily find
QkX) o NX) N0
ko) ~ LHXLOexp | —2e | X @] 1,(0)
—(3e/8)(E/E%)
x |14+ exp |— £ 5 30X 1 . (3.18)
2+6 W (3+0)[0+3(1+X)]

If we recall that J,(0)—2/6 and that N (k,X)— N(k,0) for large k we see that the asymptotic value is unchanged by
the concentration dependence. This is verified in the graphs, and is consistent with the concept that at large frequencies
or over small distances we should be unaware of the total concentration dependence.

We also find
Q(k,X) _ 14+XJ,(8) 2(1+X) (36/8)(5/5‘)ex }_ﬁi 1
k2Dy(X)  (1+X)7,(0) | 6+2(14X) P18 e 3r
u 2N (k,X) 2N (0,X)
XEXP | =€ S | O+ X,0)] 14X ” 3.19

Equation (3.18) also gives a relation for the instantane-
ous diffusion coefficients

Do=lim - . (320
From (3.18) then we derive
Do(X) im 2eX)
Dy(X=0) k-0 Q(k,0)
- 1—(3e/8)(E/E*) 5. 4 N(0,X)
(1+X) exp ZEu‘ 14X
(3.21)

This is essentially the result of OBO, the discrepancy be-
ing of order €.

IV. RENORMALIZATION-GROUP EQUATION
FOR Q(k,c)

We have worked with hindsight in Sec. III, where we
chose to rewrite the equations in terms of variables which
made the formulas convenient and which also canceled
unwanted cutoff-dependent terms arising in the scattering
function S(k). In this section we write down a
renormalization-group equation for () and use dimension-
al analysis to justify that the variables we have employed
are exactly the scaling variables.
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We proceed as in Ref. 16. The function =L 3logZy e u
QO Nu)=L—=——"| =——1,
O H(L,N,u,€,c.k) @.1) OL  |eare 8 u®
kpTk
satisfies the RG equation where u*=7%€/2 and £* =2n%¢. The derivatives in Eq.
3 3 3 3 (4.3) are taken when the quantities u, §, and Zy are writ-
L= 4B, ~ 4+Bi—+yN— |H=0 (42) ten in terms of the bare (unrenormalized) parameters u,
oL " au THeg TV aN and &, which in turn are dependent on the length scale L.

inw th . iabl . .
Equation (4.2) means that our function H is indepen- Using the same scaling variables as in Ref. 16 we find

dent of the phenomenological length scale L. Our B func-

tions are as usual'® H=G(Lw Y N(14+w) " (1+w)’’*(1-2)/3,c,k) .

Bulu)=L % : =2 [t~ /u], @4
% e Sh(l}::"etr::tlgifto LBO, the following dimensional analysis
LR e [r]=C, (4.5)
=1 /6 + T —w/ut], 43 then
]
[NI=[L]=[p]=C, [S/cN’]=1, [c]=C~¢7 [X]=C?,
[k]=C~V2 [L/cN=[Lrl=C~92 [Q/k%]=1. (4.6
Thus H « Q/k? is unchanged by a reparametrization of the model. So
H=H"(CLw=¢,CN(1+w)~ (14 w)**1-2)/2,cC 42 kC~!?) . @.7
If we choose
CN(1+w)~4=1, 4.8)
a little bit of algebra (see Ref. 16) shows we can write
ﬂ=Hm(§ 8, X, (2N /L)~ /D u/u%) g (27N/L)(e/8)(u/u‘)) . (4.9)
kp Tk o o
1.0

Mo 2K) /kgT K3
Mo (K)/kgTk®

5 6 7 | : : a
2,172
kRS k<RGN
FIG. 2. Curves similar to Fig. 1 except here the Z parameter
FIG. 1. Plots of 7QUk,X,Z)/ksTk® vs kR for various is large, corresponding to the self-avoiding limit. This good sol-
values of X in the Gaussian limit (Z =0.1 small corresponding vent limit shows much more pronounced concentration depen-

to poor solvents). dence.
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FIG. 3. Same as Fig. 2 with log-log axes.

Comparing then (4.9) and (3.12) we have shown that we
have exactly chosen the variables required by the scaling
hypothesis.

V. COMPARISON WITH EXPERIMENTS
AND SUMMARY

From Ec!s. (3.15) and (3.19) we can make graphs of
100 /kgTk> and Q/k2D, as a function of 8. However, 0
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1.0+

os]
0.8-1
0.7
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0.5+

041

7R (k)/kgTK®

031
0.21

O.1¢
0]

N+
~

) i 2 3 4 5
2.\\1/72
k(RG>

FIG. 4. This graph shows the solvent effects on
NoQUKk,X,Z)/kgTk® vs kRg. The monotonicity of Q in Z is
made clear. Here X =1.

is closely related to kR; which has already been calculat-
ed in the semidilute regime.>® The formula relating kR
and 6 is

k2R2=6exp | & | | [“ay |ySViy)—1——
G=0exp | 1 Jy @ |»vo 1+ X7,(?)
3
_ ;V %e-—e/t@
yi+1
(5.1)

k¢Rg>

2,172

FIG. 5. Plots of 179Q(k)/kgTk® vs kRg in the poor solvent limit (small Z) for small values of X. An X value of X =0.5 gives
nearly perfect agreement with the experimental results taken from Han and Ackasu (Ref. 17).

s
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0.02r .

0.01 I 1 | ! L
O.l 0.2 0.5 1.0 20 50 10.0

1
k<R&> 2

FIG. 6. Same as Fig. 5 with log-log axes.

where

Viy)=— 5T+ 550D — 710D+ 5J2(p?) .
(5.2)

Equation (3.15) is plotted against kRg from Eq. (5.1) in
Figs. 1—8, and Eq. (3.19) against Eq. (5.1) in Figs. 9—11.
We may also plot (3.19) against I(k,X)=S(k,X)/cN? as
shown in Fig. 12. This is a truly universal curve—note
that kR depends on the specific polymer.

The graphs are labeled by two parameters X and Z.
The parameter Z is related to the variables already dis-
cussed by the relations (see Ref. 16)

P. R. BALDWIN 34

(u/u*)eco=Z/(14+2Z),
(5.3
(§/§‘)E=o=(u /u‘)€=0/[1_(l+z)—3/4] .

The following features of the graphs are readily noted.

(i) Q(k,X,Z) is a monotone increasing function in both
Xand Z.

(ii) Q(k,X,Z)/k? approaches Q(k,0,Z)/k? asymptoti-
cally in the k— o limit. That is, the X dependence of )
becomes irrelevant in the large-k limit. Recall the discus-
sion following Eq. (3.18).

(iii) In the large-k limit, the ratio between the slopes of
Q(k)/k*Dg at X and X =0 is just D(X =0)/D(X), which
can be found from Eq. (3.22).

Agreement with available experimental evidence is very
good. We must add, however, that the Z dependence
demonstrated in the graphs should not be taken very seri-
ously, since there is no reliable semidilute solution theory
which can describe the crossover from the high-
temperature regime to the theta regime.

Again we emphasize that our model does not incorpo-
rate the hydrodynamic screening effects, nor the effect of
entanglements between polymer chains. Although this
latter effect may be negligible for not too large values of
concentration, we cannot reasonably put any constraints
on the effect of hydrodynamic screening. We know that
the long-wavelength regime and the low-concentration re-
gime are adequately described by our model, but we must
await further experimental results to ascertain the reliabil-
ity of our model for moderate values of concentration in
the short-wavelength regime. This in turn will reflect the
importance of the hydrodynamic screening effect.

0.16
Z=500
o O.12+-
’_m
K L
Py
5 0.08 '. . .
G .".: : U
i~\o L L) . ] e ® N
0.04
(0] ] | 1 L |
0 2 4 8 10 12
2.\172
k<RS>

FIG. 7. Plots of noQUk)/kpTk?® vs kRg in the self-avoiding limit for a few values of X. Experimental points are ®, Han and

Ackasu (Ref. 17); O, Kurata et al. (Ref. 18).
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FIG. 8. Same as Fig. 7 with log-log axes.
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Q (k)/K2D,

o

FIG. 9. Plots of Q(k)/k2D, for various values of X. We
have chosen an intermediate solvent quality variable Z =1.
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2
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FIG. 10. Solvent quality effects are demonstrated in the
curve of Q(k)/k2D, in the dilute limit.

APPENDIX A: A TECHNICAL COMMENT
ON THE SOLUTION TO UNNORMALIZED
FUNCTIONS IN € EXPANSION CALCULATIONS

Consider the function

X
"ff
0

We know that lim,_, , F(x)=F_ is finite at e=1. Sup-
pose now we write x =yK¢. Then to O(e),

—Gfoy ll_te—

1—e™!

F(x)=xexp ;

dt (A1)

t

lim F(x)= lim yK‘exp
yow

X—> 0

]dt ‘ . (A2)

5.0

T

Z=0.1 s
4.0+ 0.8

3.0

2.0

T

Q(k)/k%D,

ST g N@;

0.1 0.2 0.5 1.0 2.0 5.0

k(RS2

FIG. 11. Comparison of theoretical plots for Q(k)/k2D; vs
kR for several values of X with experimental results from Han
and Ackasu (Ref. 17). The curve for X =0 (the dilute limit) is
in good agreement with experimental data when the latter is
normalized properly.
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Q(k)/k%D,

0 + + ¥ + + }
[0} 0.2 04 0.6 08 1.0

I(k)

FIG. 12. Plot of Q(k)/k?Dg vs I(k), the normalized scatter-
ing function, in the good solvent and dilute limit. This is a truly
universal curve and does not depend on any innate property of
the polymer.

Unfortunately, this type of situation occurs in our
renormalization-group calculations. Typically K might be
a constant such as 27 which is absorbed into a redefini-
tion of one of the variables. This suggests that generally
only results that have been somehow normalized will give
quantitative agreement with reality. However, the
renormalization-group calculation will, more importantly,
preserve the functional form. For this reason we justify
our steps taken in Sec. IIIC. We must add, however, that
this seemingly arbitrary analytical procedure will never
affect properly normalized functions such as Q(k)/k*D,.

APPENDIX B: EXACT VALUE OF INTEGRAL IN (3.7

We can evaluate the integral in Eq. (3.6) by replacing J,
by J,, since there are no large cancellations as we have ex-
plained in Appendix D. Using this approximation we
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Now F2€[1,w) so 1/F*€[0,1]. In this regime we can
closely approximate S(x) by 3/(3—x). Equation (3.7)
then follows.

APPENDIX C: CALCULATION OF DENSITY
CORRELATION FUNCTIONS
FOR POLYMER SOLUTIONS

In this appendix we present techniques for calculating
semidilute solution static correlation functions. In the
course of the discussion we explicate the loop expansion,
which involves a diagrammatic technique where there ex-
ist vertex functions to all orders. Our formulation follows
in a general way that given in Ref. 3(c).

The semidilute Edwards Hamiltonian [Eq. (2.11)] may
be written

2
RN EUN
%{C}—zigl fo vl | fqPqP_q’ b
where
w2 N o  igec(T)
Pq:u fO d’rze
i=1
X IZ2 n
— [?‘ fo dTE exp[iQ‘Cl'(Nt)\‘ 2/N] ? (C2)
i=1
and
d
f _ f d gd . (C3)
q (27)

(As in the main text, a capitalized momentum vector is re-
lated to an uncapitalized momentum vector by the rela-
tion q=Vv'2/N Q.) The partition function is given by

Z= [ Dicje~*1. (C4)

We would like to introduce a transform variable to
decouple the chains. This is done by writing

find
exp|—+ [ PP_
Il(k)=a?iﬂ3 n |2 | _inF2 4 (LF2S ;‘—2—] : [ Tl q]
. « [ [ @ien [+ [ @_g—iPs,—iP_p) | |
where X exp [_% J, pqp_q] . (cs)
6 [3x2 x (1—x)?
S(X)=—x_3 4 27 ln(l—x)] ’ B2 This transforms Eq. (4) to
]
. f.@{d}}exp[-——;- f"wp,q}f@{c}e’”"mexp [,- fq.pqp_,,] (C6)
=V"f@{1/1}exp[—% f"qup_q][c(np)]". )

If we write
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Vg =g +%0Bg,0 (C8)
dsd
=¢q+¢o(2“),f( ) , (C9)

(where @,=0), we can integrate out the y; field to find

Z=pre—1VXZ (C10)

where
Z,= f@(pexp[—--;- fq¢q¢q][G(<p)]", (C11)

2
1 1 No dci . =1
G(¢)=—I7f.@{c}exp —5 [, dr — |+ quJqP"_q (C12)
x |7 .

=<exp i —c—i fq fo drexp[iQ-c(Nt)V'2/N ]g, ) (C13)

Here the average ( ), is performed with respect to the u =0 Edwards Hamiltonian, #°,, where we consider the system
to be large enough so that we may ignore boundary conditions. To evaluate (C13), we expand the exponential, perform
the average ( ), and then carry out the t integration. We start by writing

m/2
Glp)= mﬁ_‘,oﬁmm l% ] ,ﬁl [, N dt,(exp i?Qj-c(Nt)\/m ]) (C14)
=3 Lo I£ " [ e [ dyexp (- 3 Q-Qx, (c15)
= m c L dg ¥ Jo % [ < Ju]»
with
Xy =— 5 ([Nt —c Nt P (C16)
=-%|z,-—zj| . (C17)
We may pick a particular ordering for the magnitude of the ¢’s as long as we shuffle the indices of Q;’s. Thus
m/2
Glo)= i (:»:v i:: fq,.....q $a, """ Pap, fol diy - -dty 3 exp |33 |t~ !Q"-’.Q"i ,  (C18)
m=0 : m >t >t Pp0) ij

where 21’,..101} is the sum over the possible permutations of the first m integers. The sum of the q;’s (respectively Q;’s)

is required to be zero due to the translational symmetry. We may enter this condition by inserting the function
[(2m)/V]8( 3, ¢;). This implies

m 2
T2 1—4Q Q== A | ¥ Qaa] ’ (C19)
ij s=1

where

Ag=t;—t; 1 1>0 (1<s<m—1),
(C20)
A, =t, .
In Eq. (18) we also note that due to the symmetry in the @,’s, we may actually pick an ordering for p,,{0;} and gain a
factor of m! (In practice, desymmetrizing the vertex makes calculations easier.) We find

A+ 44, <1

1 m m
fo dty - dipexp|— 3 A,Pf]: [ dA; - dApexp |— 3 AP} (C21)
> >t s=1 s=1
m Jl(Piz)
=(="Hy ——— (C22)
i§1 H(Pzz_sz)
i

where
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X 1
Inx)=3 (—x)"—"% (C23)
“~ (n+m
) N TP Lt (C24)
=" 1+4+x (—1) 1)
Using Egs. (C18)—(C24), we ﬁnd
R 1 m
Glor=i+ 2z l l 7 ,,,,, am_ P1P02-0 " P—gp_H™(Q1 - Omt) s (C25)
m=
where
m=t  Jy(P})
H™P,, ... Py =t —1 (C26)

=t 11’ (P?—P})

is the integral evaluated in (C23) with P,, =0.
We return to the calculation of Z,.

z,= [ Diplewp |-

o0

LRI RS AT

X {exp |¢ am

m=3

The functions F™ are formed from the H'™ and
products of 8 functions. To find the relationship, we
must evaluate the b;’s in terms of the a;’s in the following
expression:

z bix'=In|1+ 2 a;x/ (C28)
i=2 j=
The solution is
[r/2] (_1)j+1 r—2j r—2j
b=3 —— 3 - 3 Gy 12" " G 12
j=1 J m;=0 m;=0
X6 |2j + ims—r} .
s=1
(C29)
We list the lower-order expressions:
b2=a2 ’
b3_a3 s
by=a,—~a3, (C30)

bs=as—aza,,
12 13
be=as—asa,—5a3+3a; .
It is easy now to construct the F’s from the H’s. For ex-
ample,

F(4)(Q17Q21Q3)
= H"“(Q,,0,,03)

_J;(zﬂ)da(qz)ﬂm(gl)H‘2><Q3). (C31)

X m/2 q
m—1
" ] fq‘ $01Par-a, "

Using Egs. (C11), (C12), (C25), and (C26) we can write

¢°‘9m—1F(M)(Q1’ s ,Qm—l)} ] . (C27)

A. Diagrammatics and perturbation theory

The partition function in (C27) gives rise to the follow-
ing diagrammar for calculating correlation functions:

q
internal (external) line - -
9, G,-q, Y2
vertex with m legs (m>3) -0 %002 cX™ 0" ™0, 0,
q
- (/N2 L

loop

a symmetry factor of 1/j! for j identical vertices, and an
overall factor of V. (C32)

It is easy to see that perturbative calculations of correla-
tion functions may be done by a loop expansion. Check-
ing only factors of ¢, u, and N we see that a general graph
has the contribution

&
X

. N—(d/Z)Lcu , (C33)

where I is the number of internal lines, v; the number of
vertices with j legs, E the number of external lines, L the
number of lines, v the total number of vertices 3 *_,v;,
and & is shorthand for + 21 —3Jvj- There are two con-
straint equations for graphs

> juy=2I+E, (C34)

j=3

L=1+I—v, (C35)
or combining the last two equations

E—-242L =3 ju;—2v . (C36)

i=)
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If we use Egs. (C33) and (C36) in four-dimensional space
we find the contribution for a general graph to be
(E—2)/2

wlx? | =
c

(C37)

The factor u appears with a power of L. Since u becomes
of order € after renormalization, the loop expansion is a
systematic way to calculate correlation functions.

We now pose the question: What L-loop graphs need
be included in the calculation of an E-point correlation
function? The answer to this question is not at all obvious
as E and or L become large. Rewriting Eq. (C36) pro-
vides the solution, however:

0

S (j—2)w,=E —2+2L .

Jj=3

(C36)

Thus to find all the types of two loop graphs for the two
point function we find

0

4=3 (v;,2)()) .

j=1

(C38)

The problem thus reduces to finding integral partitions of

4. For example,
4=1414+14+1=24141=242=3+1=4. (C39)

2245

Thus we can construct two-point graphs with two
loops, from four three-point functions; or two three-point
and one four-point function; or two four-point functions;
or a five-point and a three-point function; or a six-point
function. Next we must connect the vertices up in all pos-
sible ways to give the proper contributions to the two-
point function.

B. S(k)to o(e€)

The scattering function is given by

1 1 1

To order €, we must then find the one-loop contributions
to the two-point function. Now E —2+42L =2=1+1.
Thus we get contributions from two three-point functions
and a four-point function. The topological diagrams are

—_— - — + o+

but recall that the vertex functions are not symmetric so
that we must carefully consider the different ways to con-
nect vertices.

Using our diagrammatic rules (C32) and carefully con-
sidering symmetry factors, we find to order €

|4 T2uX? P [F3(Q,P)]
(pgp_g)= | 1- 2 f 2 2
14+XJ,(0% 1+XJ,(Q%) [14+X7,(PHI{14+-XT,[(P4+Q)?]}
8uX P__FWQ P)
+ , C4a2
1+ X7,(Q%) f [1+XJ,(P)] (C42)
where as usual
Q d?Q
= . C43
f f (21T)d ( )
Also F™ is given by
F9(Q,P)=2F*(Q,0,P)+2F*(Q,Q+P,P)+ F¥(Q,P+Q,Q)+ F¥(P,P+Q,P) . (C44)
Here F¥=H"™ except
F*(Q,0,P)=H'*(Q,0,P)— +HY(QH(P), (C45)
as seen from Eq. (C31). Most explicitly the expressions for F/(Q,P) and F #)(Q, P) become
Jo(SH)—J,(Q%)  JHQH—J,(PY)  J,(P?)—J,(S?
F(3)(Q,P)=-———l‘ 2( ) 2(Q ) 2 Q z( ) 2( ) 2( ) ) (C46)
6 SZ___QZ QZ___P2 P2_S2
F a1 J3(PY)—J3(Q?) 1 JH(SH) =T, (PY) T (QH)—T,(P?)
p.q)= 3 P2_Q2 - Q2_s2 S2_p? - Q2_P2
1 ,
+W[Jz(sz)—Jz(Qz)-(Sz—QZ)JZ(QZ)]
1 [J2(8) =T, (P —(S2— PO 5 (PY)]— +J,(Q3),(P?) . (ca7m

+ 2(512_})2)2
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We note that Eq. (C42) must still be renormalized as is
shown in the text and done explicitly in NO.

APPENDIX D: PROPERTIES OF THE FUNCTIONS
J; AND THEIR APPROXIMANTS

We now discuss the functions J,, and introduce con-
venient forms for approximating them. From Eq. (C24)
we can write out explicitly some J,, for small values of m
(m>1)

Jo(x)=e_“ ’
Jix)=(1—e"*)/x , (D1)
Jy(x)=(e *—1+4x)/(1/2x?) .
We immediately note three properties of the J,, (m > 0):
(@) Jp(x)—1 as x—0,
() Jp(x)—>m /x as x — oo,
(c) J,»’s monotone decreasing analytic functions in x
with range (0,1) for positive x, and
Indeed, if we write
Im(x)=(K/x™)e *—q(x)], (D2)

where K is a constant and g(x) a polynomial then condi-
tions (a) and (b) uniquely determine K,g(x). The J,,’s
have also the following properties.

Recursion relations. The J,,’s have the recursion rela-
tions

X 1(X)=(m + D[1=J,(x)] . (D3)

Derivatives. The J,,’s have the derivatives

dJ m

o m T I ®4
or writing S, =J,, /m we find

ds,,

i m+1—Sm » (D5)
and

k |k
D"Sm=2(—1)’l. Sm+k—j » (D6)
j=o 1
which is an easy formula to remember.
Integrals. The J,,’s have the integrals
x o 1(p)dy x m 1—J,(x)
g =Lhwe-3 ——. O

n=1
Formulas (D3)—(D7) are very useful in calculating the
mean square radius of gyration.

Approximate formulas for the J’s. Properties (a)—(c)
suggest the following formula for the J,,’s (m > 0):

m
m+x

I (x) =T, (x)= (D8)

This formula is found to be quite accurate at all values of
x and increasingly so as we proceed to larger m. For
m =4,
Jo—J,
Js

<6% . (D9)

If we use this approximation procedure we find that
H™Qy .. .,Qu_)=H"™(Qy...,Qn_1)

m—1__
=+ 'II »(@H . (D10)

i=1

This formula is not accurate when the values of Q’s are
close together and small, since we know, for example, that

1
2m—1

H™O, . )=—k— = f™0,..).  (DID
However, we argue that this error most likely is not criti-
cal in the calculation of the scattering function, where the
high-Q regime is the crucial one, where, for example, the
divergences take place.

In Appendixes C and D we have presented analytical
techniques for calculating the static scattering function.
The scattering function to one-loop order has been
evaluated, and using the approximation procedure in Ap-
pendix D [explicitly Eq. (D10)] and the diagrammatic
technique discussed in Appendix C, it becomes straight-
forward to calculate the scattering function to two-loop
order as well.
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