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Theory of interparticle correlations in dense, high-temperature plasmas. VII.
Polarization shift of spectral lines
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The radial distribution functions between a charged radiator atom and plasma particles, investi-

gated in the preceding paper, are applied to the calculation of shift of the spectral lines arising from

average polarization of dense hydrogenic plasmas due to the Coulomb field of the radiator. Depen-

dence of the line shift on the radiator charge, the plasma density, and temperature is numerically in-

vestigated and is compared with other theoretical predictions.

I. INTRODUCTION II. PLASMA POLARIZATION SHIFT

In the preceding paper, ' hereafter referred to as paper
VI, we calculated the radial distribution functions between
a charged radiator atom and dense hydrogenic plasmas on
the basis of the hypernetted-chain (HNC) scheme
developed in the earlier papers of this series; the probabil-
ity densities of various electric microflelds at the radiatior
were thereby evaluated. In the present paper we apply the
numerical results obtained for the radial distribution func-
tions to the calculation of the shift of spectral lines arising
from the average polarization of the plasma due to the
Coulomb field of the charged radiator.

The frequency shifts of spectral lines in plasmas have
been investigated both experimentally and theoretical-
ly9 's

by many authors in the past. Both blue shifts and
red shifts were observed in experiments, but a recent
work on the resonance lines of the hydrogenic ions C vI,
NVII, and Ovlll reported observation of virtually no sig-
nificant plasma shifts at the electron densities 10 '—10 3

cm 3 and the electron temperatures 70—100 eV.
The theoretical calculations of the plasma line shifts

have betm even more controversial. Several authors calcu-
lated the polarization shifts of the spectral lines by assum-

ing that the effective potential at the radiator atom may
be determined from the consideration of the time-
averaged distributions of the plasma particles around
it. "' 's' Others argued that the dynamic effects such
as electron collisions and microscopic field fluctuations
should be taken into account in the calculations of the
spectal-line shifts. ' '

In the present paper, without delving into a difficult
problem of resolving such a controversy, we confine our-
selves only to the calculation of that part of the polariza-
tion shift arising from the time-averaged correlations be-
tween the radiator and the plasma particles. The interpar-
ticle correlations are calculated self-consistently by taking
account of the strong Coulomb-coupling effect and
quantum-mechanical interference effect between the
charged particles. Since this work is a continuation of pa-
per VI, we dosely follow the notation and convention
used in paper VI unless otherwise specified.

We consider a hydrogen plasma (Z =1) with number
density nE (=nt) at temperature T, in which a radiator
atom with electric charge Ztte is immersed. We assume
that the radiator retains a single bound electron so that its
nuclear charge is given by (Za+1)e. We are thus con-
cerned with the hydrogenic energy levels of the electron in
a bound state.

Setting the radiator at the origin of the coordinates, we

express the average charge distribution p, (r) due to polari-
zation as

p (r) enE(gttt(r) gRE(r)l

where gttt(x)(r) is the radial distribution function between
the radiator and the ions (the electrons) in the plasma.
The polarization potential to the electron is then given by

I

f = $,O Ap = 2.6x)026
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FIG. 1. Polarization potentials Eq. (2) at various I values
and the ion-sphere (IS) model potential Eq. (9), both in units of
Vo given by Eq. (7), as functions of r(4trns/3)'~3.
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TABLE I. Energy level E~ and its shift AE,I (in atomic units of 27.21 eV) for ~oNe + radiator atom
in hydrogen plasmas with ns —2.6&& 10 6 cm

1.7~10' K 1.7g10' K
EE„I

1.7x10' K
E„I EE„I

—16.64
—1.277
—1.082
—1.042
—0.960
—0.987

33.36
11.22
11.42
4.514
4.595
4.569

—26.00
—1.456
—1.092
—1.072
—0.972
—0.987

24.00
11.04
11.41
4.483
4.583
4.569

—40.28
—5.303
—4.837
—1.356
—1.202
—1.000

9.721
7.197
7.663
4.200
4.354
4.556

Vp(r) = —e I dr' p(r')
(2)

/r —r'/

We shall use in Eq. (1) those radial distribution func-
tions as calculated in the HNC scheme of paper VI. This
procedure then amounts to assuming the radiator as a
point charge of Zae, neglecting fine structures of its
internal charge distribution. Skupsky" treated gaz(r) in
the nonlinear Debye-Huckel approximation and gaE(r) in
the finite-temperature Thomas-Fermi approximation,
where he was able to take into account the internal charge
distribution of the bound-state electron self-consistently.
The self-consistency was enforced by following the steps
of numerical iteration. We recall, however, that the nu-

merical solution to the HNC equations also involves itera-
tion. Since such a double iteration would impose a for-
midable task in numerical solution to the resulting equa-
tions, we were not able to incorporate Skupsky's self-
consistent scheme in the present HNC formalism. The
present method may be justified when Za »1.

The energy levels of the bound-state electron in the ra-
diator are then determined from the solution to the
Schrodinger equation,

so that the plasma polarization shift of the energy levels is
given by

(0)~BI=Eni —E.I

III. NUMERICAL RESULTS AND DISCUSSION

Considering basically the same cases as treated numeri-
cally in paper VI, we take ioNe9+ (Za =9) and &sArt7+

(Za ——17) as radiator atoms. The electron density of the
hydrogen plasma is assumed to be 2.6X102s cm s; the
temperature, 1.7)&10, 1.7& 10, and 1.7X 10 K. The I
parameter [Eq. (39) in paper VI] then takes on 1, 0.1, and
0.01, respectively.

Figure 1 shows the polarization potentials, Eq. (2), cal-
culated by substituting in Eq. (1) the values of the radial
distribution functions as depicted in Figs. 1—3 of paper
VI. Those potentials are plotted in units of

Vo ——Zae /2Ro,

where

Ro (3' 14m nE)——'~

2a=~
2pt1

(Za+1}e
+ vp(p),

+ Pnl =+nlfnl

with the Hamiltonian

(3)
As the temperature is raised, the correlation effects dimin-
ish, and we observe in Fig. 1 that Vp(r) tends to decrease.

For comparison, we also plot in Fig. 1 the polarization
potential in the constant-electron-density ion-sphere
m~ 1,11,17, 18

where n and I are the principal and azimuthal quantum
numbers. In the absence of Vp(r), the energy levels are

E„'t'= —m(Z a+1) e /2' n (5)
Vis(r}= Vo 3—

Rp

2

(r(Ro) .

TABLE II. The same as Table I, but for ~8Ar" + radiator atom.

1.7X10' K 1.7~ 10' K 1.7&(10 K
EE„I

1

2
2
3
3
3

—98.09
—2.62
—1.94
—1.96
—1.81
—1.83

63.91
37.88
38.56
16.04
16.19
16.17

—114.4
—7.53
—5.05
—2.06
—1.93
—1.83

47.62
32.97
35.45
15.94
16.07
16.17

—142.9
—24.28
—23.68
—5.81
—5.41
—4.55

19.08
16.22
16.82
12.19
12.59
13.45
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TABLE III. The same as Table I, but with ns ——2.6 X 10 3 cm

1.7X10 K 1.7X10' K 1.7y10' K
AE„)

—46.69
—10.08
—9.910
—3.997
—3.913
—3.755

3.31
2.423
2.590
1.559
1.642
1.800

—48.90
—11.47
—11 45
—4.695
—4.674
—4.635

1.10
1.026
1.053
0.861
0.881
0.921

—49.68
—12.14
—12.14
—5.217
—5.214
—5.208

0.32
0.358
0.362
0.339
0.341
0.347

TABLE IV. The same as Table I, but for ~8Ar" + radiator atom with nE ——2.6g 10 ' cm '.

1.7X 10' K
Eei

1.7~10' K 1.7y10' K
Eel E

—155.5
—35.29
—35.02
—14.25
—14.09
—13.78

6.53
5.21
5.48
3.75
3.91
4.22

—159.9
—38.50
—38.45
—16.21
—16.18
—16.12

2.14
2.00
2.05
1.79
1.82
1.88

—161.4
—39.84
—39.83
—17.35
—17.34
—17.33

0.65
0.66
0.67
0.65
0.66
0.67

nE (cm 3)

TABLE V. Frequency shift On units of eV) of the Lyman-a line for ~ONe +.

A4 co~s A'bcoDH

2.6x 10"
2.6X 10 s

2.6)( 10~~

2.6x10'3
2.6x 10"
2.6x10'3

1.7X 10'
1.7X 10'
1.7X 10'
1.7X 10'
1.7X 10'
1.7x 10'

—597
—343
—56
—20
—0
+0

—5X 10'
—5X 10'
—5&&10'

—0.5
—0.5
—0.5

—7.7&&10'
—7.7X10'

—77
—7.7
—0.8
—0.1

TASI.E VI. The same as Table V, but for ~SAr' +.

2.6X 10"
2.6X 10"
2 6X 10"
2.6x 10'3

2.6x 10'3

2.6x 10'3

1.7@10'
1.7X10'
1.7X 10'
1.7~10'
1.7~10'
1.7g10'

—690
—331
—61
—29
—2
+0

—2X 10'
—2g 10'
—2~ 10'

—0.2
—0.2
—0.2

—8.1~10'
—8.1 ~ 10

—81
—8.1

—0.8
—0.1
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This ion-sphere model may be fairly accurate in describ-

ing the short-range radiator-ion correlations in the limit

of strong Coulomb coupling. ' ' As the model assumes

gzz(r) =1, however, it fails to account for the attractive
nature [i.e., gite(r) p 1] of the short-range radiator-
electron correlations, which are manifested in Figs. 1—3
of paper VI. Consequently, Vq(r) at I =1 exceeds Vis(r)
ln the short-range doma1n.

Substituting the polarization potentials of Fig. 1 in Eq.
(4), we solve Eq. (3) numerically for the energy levels E„&.
The values of E„i and EE„i so computed are listed in

Tables I and II, where the accuracy of the numerical solu-

tion is reflected in the significant digits.
For comparison we have additionally chosen the cases

of the hydrogen plasma with nE ——2.6X10 cm and
T=1.7X10, 1.7X10, and 1.7X10 K. Since the corre-

sponding I values are 0.1, 0.01, and 0.001, much smaller

than unity, we may use the Debye-Huckel approximation,
'I

I'DH«) =
r

(10)

with D=(ksT/8menz)'~ 'for the expression of the po-

larization potential. The values listed in Tables III and IV
are the results of numerical solution to Eq. (3), where Eq.
(10) is substituted in place of Vp(r) in Eq. (4). In Tables
I—IV we clearly observe the general tendency in the in-

crease of EE„i as the density or Zii is raised or as the
temperature is lowered.

Finally we compute the frequency shift of the Lyman-a
11ne

Ab, co=EE2, —b,Eio

both for i&Ne + and for»Ar' +, and list the results in

Tables V and VI. Estimated errors involved in the corn-

putation of Eq. (11) are +(1—2) eV, so that the computed
values of fihro less than these magnitudes are entered as
zero with sign.

For comparison we also list in those tables the values of
the shift in the constant-electron-density ion-sphere
model, '

=—5.6~ 10
ZR nE

(eV) .
ZR+1 T

(13)

In Eqs. (12) and (13), nz and T are in units of cin and
degree K. We observe substantial difference in the predic-
tion of the frequency shift between various model calcula-
tions.

Among the particular calculations in the present
theory, we note that the value of fihco at nE ——2.6X10
cm and T=1.7X10 K for, oNe + turns out greater,
though slightly, than that for isAr' +, a tendency oppo-
site to other five cases of n@-T combinations. We have
reexamined the computational procedures carefully to
make certain that errors do not enter the computation to
cause this inversion. We remark that the calculations of
frequency shift involve delicate interplay between correla-
tion effects in the plasma and the wave-function spread of
the electron in a bound state. The frequency shift is a
monotonic function of nz, T, and Zii only in a simplified
model calculation such as Eqs. (12) and (13). Because of
the complex nature in the correlations between the radia-
tor and the partially degenerate electrons as well as the
classical iona, however, Rb,ro genei'ally exhibits deviations
from such a monotonicity; these features are illustrated in
the results of the present and Skupsky's" calculations.
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%trois- —2X 10 nE/(ZR+ 1) (eV),

and those in the linearized Debye-Huckel approximation,

2ZRe 3 2 2fi A~DH ———
2D
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