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We derive analytically the spectrum for the Schrodinger equation for quasiperiodic systems with
two length scales: one large “macroscopic” scale [e.g., a cos(2mx /A)] and one small “microscopic”
scale [e.g., v cos(2mx)]. The phase diagram includes regimes with exponentially narrow gaps due to
the slowly varying potential, regimes where the rapidly varying potential amplifies these narrow
gaps, and regimes with exponentially narrow “Landau bands.” The full “devil’s-staircase” spectrum
with gaps at wave vectors g =mm-+nm/A develops in a hierarchical manner as a increases. The re-
sults apply to systems with superlattices, to celestial orbits with two periodic perturbations, to sys-
tems with slowly varying lattice distortions, and, in particular, to quasi-one-dimensional magnets
such as bis(tetramethyltetraselenafulvalene) perchlorate [(TMTSF),ClO,] in magnetic fields, where
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our findings may provide insight into the experimentally observed cascade of phase transitions.

I. INTRODUCTION

Most nondissipative problems in physics reduce to the
determination of eigenstates. The nature of these eigen-
states depends heavily on the symmetry of the system.
For a quantum system, periodicity leads to Bloch func-
tions. Randomness may lead to Anderson localized states.
Incommensurability in general produces a spectrum in-
cluding infinities of gaps,' the “devil’s staircase.” The
study of the spectra and eigenstates for systems with in-
commensurate periodicities has been a fascinating area of
study for mathematicians and physicists for quite some
time.2 The eigenstates may either be localized or extend-
ed. Here, we are interested in a region of the spectrum
which has previously been largely unexplored, namely the
case where one potential is sizable but slowly varying
while the second potential has very small amplitude but a
rapid spatial variation (see Fig. 1). The spectrum is ex-
plored at energies larger than either of the potentials.
This situation applies, for instance, to superlattice struc-
tures; to lattice distortions induced by a sonic wave; to the
problem of stability of periodic orbits with respect to
periodic perturbations, such as the orbits forming Saturn’s
rings;> and to quasi-one-dimensional conductors in mag-
netic fields.* In an Appendix we discuss the application
of our results to the latter case in detail. Moreover, the
study of this comparatively simple case leads to insight
into the problem of the development of the full devil’s-
staircase spectrum as the strength of the slowly varying
potential increases.

The incommensurate system has gaps at wave vectors
q=nw+mm/A (where A is the ratio between the two
periods), but the sizes of these gaps depend decisively on
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the strengths and the relative periodicity of the two poten-
tials. The long-wavelength term [e.g., a cos(2mx /A)] tak-
en by itself produces gaps with a very small interlevel dis-
tance /A [see Fig. 1(a)]. The eigenfunctions are given by
Mathieu’s equation, and only the gaps for small energies,
g% <a, are noticeable, whereas all gaps at higher energies
above the barrier a are exponentially narrow and thus
unobservable. The wave functions are well approximated
by quasiclassical solutions in this regime. The spectrum is
rather dull: a continuous spectrum above and narrow
bands below the potential, and a nontrivial spectrum may
arise only in the vicinity of the top of the barrier. Simi-
larly, the rapidly varying potential [e.g., v cos(27x)] alone
produces widely separately gaps at ¢ =nw [see Fig. 1(b)].
Naively, one might expect that the gap spectrum caused
by the combination of a weak, rapidly varying potential
and a stronger, slowly varying potential [see Fig. 1(c)]
would simply be a superposition of the spectra produced
by the two potentials taken separately, i.e., that the intro-
duction of the rapidly varying potential into Mathieu’s
equation would introduce a simple gap at g =wn, since
the effect of the potential @ cos(2mx /A) is weak at this
high energy. This is not so. We shall demonstrate that
the strength of one potential combines with the periodici-
ty of the other to produce highly nonperturbative results.
We shall see that the spectrum of the slow potential is
highly sensitive to a very weak potential with rapid varia-
tion, and this leads to a dramatic amplification of gaps
and eventually to a whole hierarchy of gaps.

The process by which the hierarchy develops is the sub-
ject of this paper. It will be seen that for small values of
the parameter a the energy gaps are confined to branches
around the gaps produced by the fast potential (see Fig.
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FIG. 1. (a) Rapidly varying periodic potential and the corre-
sponding spectrum, with gaps at ¢ =wn. (b) Slowly varying
periodic potential and the corresponding spectrum with dense
gaps only at energies low compared with a. (c) Double-periodic
potential to be considered here. The spectrum is shown in Figs.
2,3,5,and 6.

2), and each branch can be labeled by the n of the
appropriate “fast” gap. We argue’ that it is this bunching
of strong gaps which is responsible for the cascade of
phase transition observed in organic conductors
such as bis(tetramethyltetraselenafulvalene) perchlorate
[(TMSTSF),ClO,] as the magnetic field is varied.%’ Since
these branches are limited by well-defined boundaries we
shall speak of these branches as energy spectrum ‘“phases”
in a phase diagram in, for instance, ¢g-a space (Fig. 2).
Since there are no (observable) gaps outside the branches
one may introduce an order parameter for these transi-
tions which measures the local relative amount of gaps in-
side the branches. As the strength a of the slow potential
increases, the various branches start to overlap, and even-
tually the whole devil’s-staircase spectrum will develop.
The order parameter has a kink when phase boundaries
Ccross.
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FIG. 2. Phase diagram for the Schrodinger equation (1.1)
(schematic). (a) Branch structure for v —0. The numbers indi-
cate the n’s of the branches of type-A gaps. Regions with no
type-A gaps are indicated with 0. When A— « the boundaries
become infinitely sharp phase transitions. A change in energy
from Ag to A, leads to variations in the number of branches as
discussed in the text. (b) Regions with different behavior for the
total gap width 8q,,. P: conventional perturbative regime,
8qg ~ |v, | /m. S: saturated, insulating region with n=1, and
8qio~(a)/mn. SO: strong oscillations of gap width vs aA.
WO: weak oscillations. Axis: a*=16mnal, v*=(v,A)>
Characteristic points: a} =32mn?, a3 =16m’nX2mnA )%

Our approach is analytical, in contrast to most work on
the general case with comparable periodicities of the two
potentials,” which has been purely numerical. We specifi-
cally take advantage of the exponential narrowness of the
gaps for the limit that we consider, A >>1, g>>>a. The
quasiclassical nature of the Bloch wave functions outside
these gaps is sufficient to allow us to construct analytical
solutions to the Schrodinger equation. We derive a simple
formula which is convenient both for general analysis and
for the actual calculation of the spectrum. The approach
is demonstrated for the case of a one-dimensional
Schrodinger equation, but it may be generalized to higher
dimensions and to various other eigenstate problems in
electrodynamics, hydrodynamics, acoustics, astronomy,
etc. Possibly, it may even lead to insight into the develop-
ment of chaos and strange attractors through the overlap
of bands.

To be more specific, let us consider the double-periodic
Schrodinger equation

Vv+[qg*—u(x)—v(x)]p=0, (1.1

where u(x +A)=u(x) and v(x+1)=v(x). Suppose
g>>u +v, and g~=. Our findings are as follows. First,
assume w=max(v)<<1/A and increase a=max(u).
When a <<1/A the largest (“type-A”) gaps are at ¢ ~n,
n integer. Much smaller “type-B” gaps are at
g =nmw+mm/A, with nonzero integer m. These gaps de-
crease exponentially with m. When a >>1/A then a num-
ber N, ~aA/m* of the type-B gaps (with |m | <N, /2)
change into type-A gaps and become observable. At cer-
tain values of @ of order 7? the branches corresponding to
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different n’s merge. Only then does the intergap distance
react to the incommensurability (or commensurability) of
the periods. Of course, a potential (u +v) with a total
period A yields a spectrum with intergap distance
A=m/A, and when A is irrational then A— «. However,
most of these dense gaps are type-B gaps at nm+mm/A
generated by remote n’s and play absolutely no role.

Thus, in the vicinity of 44 in Fig. 2 there are “unob-
servable” type-B gaps, between A5 and A, there is a one-
branch region with periodic type-A gaps, between 4, and
A5 there is a two-branch region with gaps at 27 +mw /A
and 3m+mm/A, between A; and A, there is again a one-
branch region, and between A; and A, there is another
two-branch region. The point A4 is in a three-branch re-
gion with n =2,3,4.

Now fix @ >>A~! and increase w. When w >>(a /A
the gaps fill essentially the whole branch of width a /7
and the space left for the intergap bands is approximately
equal to exp(—w?A/4ma). This limit may correspond to
orbits around Saturn perturbed by the slow potential from
the Sun and a fast potential from one of the moons, Mi-
mas, and the resulting empty branch may explain the Cas-
sini division of Saturn’s rings, not explainable by the fast
perturbation alone. In the case of anisotropic conductors
in magnetic fields these bands are regularly spaced “Lan-
dau levels.” The effect of a macroscopic A— « is most re-
markable. In this case the condition above for w can be
fulfilled even for an infinitesimal w, which thus causes ex-
ponentially small gaps Ag=~(a/2¢*)* to blow up to fill
the whole interval of width a/q (see Fig. 6). The system
changes from being completely “metallic” with no gaps to
completely “insulating” with only gaps. It is as if the ef-
fective potential combines the strength of v with the
larger period of u. When A— « the boundaries of the
various branches become infinitely sharp.

The remaining part of the paper is organized as follows.
In Sec. II the qualitative nature of the Schrodinger spec-
trum is demonstrated by means of perturbation theory
starting from the quasiclassical solutions for v =0. Sec-
tion III presents the derivation of a general formula for
the wave function and energy spectra. Sections IV and V
demonstrate the strength of this formula by applying it to
two special limits. Section IV derives a systematic pertur-
bation theory in v? and the results in Sec. II are recovered
in a rigorous way. Section V deals with the most remark-
able limit where A becomes macroscopic, and the gaps fill
out completely the n branches in Fig. 2. Section VI sum-
marizes our results for the spectra. The reader who is in-
terested in the results rather than the specific technical de-
tails may proceed directly to Sec. VI which should be
self-contained. In an Appendix our results are applied to
the case of magnetic-field-induced phase transitions in
highly anisotropic organic conductors, and it will be
shown how the oscillations of Hall resistance, etc., can be
understood in terms of the oscillations of the gaps as
described in Sec. VI.

II. PERTURBATIVE DERIVATION OF SPECTRUM
WITH HIERARCHY OF GAPS

)1/2

Although we shall derive a general formula for the
spectrum in Sec. III, much can be learned about the

structure of the phase diagram and the origin of the
hierarchy of gaps from perturbative methods. First, con-
sider the Schrddinger equation

Y'+[e—V(x)]Yy=0 (2.1
with the simplest double periodic potential
V(x)=a cos(2mx /A)+v cos(2mx) . (2.2)

Suppose €=g¢* and let us first apply perturbation theory
with respect to the total potential in Eq. (2.2). The gen-
eral pth-order perturbation term is of the form

Vo=V(g1—q2)V(g2—q3) - V(g —gp+1) (2.3)
where the matrix elements V' (q) are given as
Vig=(1/L) fOL[a cos(2m/A)
+v cos(2mx)Jexpligx)dx , (2.4)

which is nonzero only for g =+27/A or g = +2m, so the
general term in Eq. (2.3) is different from zero only when

91—9n+1=(q1—q2)+(g2—q3)+ - - - +(gp—gp 1)
=2mm /A+2mn , 2.5)

where m +n =p. Hence gaps are opened in the energy
spectrum at

qg=mn+mm/A, (2.6)

since the wave vector (2.5) connects degenerate states for
the unperturbed spectrum e=g? only for these values of
g. The widths of these gaps are 8¢ =v"a!™!. When
A>>1 (and a,v << 1), the major gaps are located in the vi-
cinity of g ~wn. For a fixed n, the largest gaps are those
at m =0. Denote these gaps as type-A gaps. They are
the generators of closely spaced (Ag =m/A) type-B gaps
with nonzero m. These gaps are decreasing exponentially
with m. When | m | > A the gaps generated by different
n’s are found in the same g region and react to the com-
mensurability of 7 and w/A. The gaps which penetrate
into a foreign region near an n which is different from
that of the generator are extraordinary small,
8g~a*=exp(Alna). These gaps may be denoted as
“type-C” gaps. In the more general case where the total
potential is

V =acos(2m/A)+ 3, vycos(2mpx) , 2.7
)

the widths of the gaps become 8q ~v,a™, where v, quick-
ly decreases with n. If v(x) is analytical then the decrease
is exponential. The implications of this are obviously as
before for Eq. (2.2). In practice, when A>>1 one has
periodic bands with width approximately equal to 7 relat-
ed to the rapidly varying potential, and only near the
edges are there narrow gaps, periodically situated at dis-
tances Ag ~m/A.

Now suppose that a increases such that a >>1/A, but v
remains sufficiently small that it can still be considered a
perturbation. Then the perturbation theory must start
from the wave functions of Egs. (2.1) and (2.2) with v =0:

¢"+(g*—u)$p=0. 2.8)
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The solutions are Bloch functions,

u (x +A), (2.9)
|

¢ =exp(—ikx)u"(x), u"(x)=

, A .
v("")z(l/A)fo ¢"(x)d " (x)v (x)dx
=(l/A)fAexp[i(x—K’)x]v(x)u“(x)u ¥ (x)dx
%
=(1/A) f expli (k —«' x]Zv#exp(Zmpx)(u

where A is the total period of u +v. Clearly, v is
nonzero only when k—«’'=2mn+2mwm /A and, reasoning
as before, we realize that gaps will be located at

Kk=nw+mmw/A . (2.11)

In the quasiclassical approximation the quasi wave vector
for the eigenfunction with energy ¢? is

K:(l/ﬂ)foﬂ(qz—a cosx)!/2dx . (2.12)
The gap width &k, to first order in v, becomes
A
S (2/A) | I ¢,v¢_,dxl (2.13)

with k given by (2.12).
find

Assuming A to be irrational we

dk=(2/A)

A
Up fo exp( —2mimx /A)u*(x)dx |

=(2/A) (2.14)

A
Up fo exp(21rinx)¢,2((x)dxl ,

where v, is the nth Fourier component of v. Equations
(2.11)—(2.14) will be derived from a general nonperturba-
tive theory in Sec. III. The exact Bloch solutions to (2.8)
may be presented in the form

¢=(1/Vplexp(—iS/2), (2.15)
X
S=2 fxopldxl, pr=p(x,) (2.16)
where the function p is the solution to the equation
p?—+(np)* + 4 (Inp)"' =q*—u 2.17)

Notations such as p,=p(x;), Yp=¢(x +A) are used
throughout the paper. Choose a point x, according to

A
plxo)={py=k=(1/M) [ "pidx, . (2.18)

Such a choice of x, is always possible since p— (p) must
change sign. The leadmg approximation to p is the
quasiclassical expression’

p=(g*>—u)l’?. (2.19)
Substituting (2.15) and (2.16) into (2.13) yields

Sk=(2/))

o, f (1/p)exp [21 I rdx, ]dx‘, (2.20)

(py—mn)dx, | >>1 then the
With exponential accuracy

where r =p—mn. When | f
WKB method is applicable.

u®),exp(2mivx /A)dx

where k and —« are degenerate quasi wave vectors. The
matrix-element coupling states k and «' due to an arbi-
trary potential v(x)=v(x +1) are

(2.10)

only the points x* where r =0 are important, i.e., only
the points defined by

p*(x*)=mn . (2.21)
Such turning points exist only when

(g>—a)?<mn <(g*+a)'/?, (2.22)
which can be fulfilled only in the interval (g *,q ™) where

(g*)=(nm)+a (2.23)

and a =max(u). This equation defines the phase-

transition lines in Fig. 2. If u(x)=u(—x), a simple cal-

culation gives the width of type-A gaps in this interval,
Sk=(2v,/Ap*) | m~ ' dp* /dx* |~/

(2.24)

X |cos [2 fx rldx1+1r/4] 1 )

and the number of gaps N, in this interval is given by
Eq. (2.23), i.e,

~a\/mn (2.25)
and the widths of these gaps are
Sk ~v,(gar)" % | cos[(ar/2mq) —mm/2—m/4]]| .
(2.26)

Outside the interval defined by Eq. (2.23) the WKB
points (2.21) disappear and 8k decreases exponentially
with m. These are the type-B gaps. For u =a cos(mx /A)
the gaps can be calculated explicitly,

Sk=v, |J,lar/2mq)| , (2.27)

and qualitatively the results follow from the peroperties of
the Bessel functions. We stress, however, that the results
above are valid for any periodic potential.

For large enough a the equation p(x)=mn can be ful-
filled for more than one integer value of n; this gives rise
to overlap of two or more type-A regimes as shown in
Fig. 2. The overlap between n and n’' takes place when
a~+m*(n">—n?). Only then does the system react to the
1ncommensurab111ty of the two periods, and the full spec-
trum! develops in a stepwise manner as a function of a as
more and more bands overlap.

The width 6k oscillates with aA, and the period of
the oscillations correspond to AN 4 =2 (Fig. 3). For Z,
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FIG. 3. Oscillation of gaps within one n branch in the (a) SO
regime of Fig. 2 with strong oscillations of the total width and
in the (b) WO regime where the total width has weak oscilla-
tions.

=2m°n%/a*, > 1 the phase a)A/2mq in (2.26) varies little
as a function of m in the interval (2.23) [see Fig. 5(b)], so
the total width oscillates strongly with aA. For Z, <1
the phase depends on m (through the m dependence of g)
and the gaps for different m are “out of phase” leading to
weak oscillations in the total width. Regimes with vari-
ous behavior for the total width are shown in Fig. 2. Fig-
ure 3 shows the gap structure as a function of aA for dif-
ferent m in the two cases Z >1and Z < 1.

The applicability of perturbation theory is related to 5q
being small compared with the intergap distance 7/A.
Indeed, later we shall see that the condition for perturba-
tion theory to be applicable is

X, =v, |mna/A| "1 <«<1. (2.28)

This condition may be met even when a~#* and dif-
ferent branches merge. Since v, usually decreases ex-
ponentially with n, this condition is fulfilled even for
moderately large n. The oscillations remain as long as
Y,=al/2mq > 1, and since this quantity decays only as
1/n the oscillations die out at much larger n.

When A increases, the branch merging yields “phase

transitions” in the energy spectrum. A possible “order
parameter” is the density of gaps 7(q)=dq.,/dq, where
it is the total gap below g. Its average over the “infini-
tesimal” interval Ag ~7/A is a measure of the degree to
which the system is insulating. 77=0 corresponds to a
metallic system since there is no gap; when 7=1 the gaps
fill up everything and the system is insulating. When
branches merge, 7 has a kink. The width of the phase
boundary goes to zero when A— o, and the phase transi-
tion in the energy spectrum becomes sharp.

The most remarkable of the results derived above is the
increase of the gap width from 8¢ ~a* to 8g ~v,. In or-
der to understand this, consider the simplest potential
(2.2). First suppose v =0. For high energies €e=q¢*>a
there are classical turning points u (x)=¢€ only at complex
x = *ix* where

(2.29)
(2.30)

a cos(2mix*/A)=a cosh(2mx* /A)=¢*,
x*=(A/2m)arccosh(g?/a)~(A/4m)In(g?/a) .

The gaps as determined by the transfer matrix are propor-
tional to the reflection coefficient R at the barrier:

R 24 [~ g2 h(2mx /A)]2d
~exp | —2q f_x‘[q —a cosh(2mx /\)] /“dx
~(a/2¢*'™, (2.31)

yielding exponential small gaps. When g2 > a, even a very
small v significantly changes the turning point x =ix*,

a cos(2mix* /A)+v cos(2mix*)=q* . (2.32)
If v >>R the solution to (2.32) becomes
x* ~(1/2m)arccosh[(g®—a)/v] (2.33)

and consequently the reflection rate R is greatly increased
and the gap strongly amplified.

Until now we have considered only high energies g*> a.
If a>qg? and v=0 then the quasiclassical solutions
reduce to tight binding, and the bands become exponen-
tially narrow since the classical turning points become real
and the reflection rate R~1. The positions of these
bands are given by Bohr’s quantization rule

J7 le—u (0] dx =(n +D)m, u(B)=u(~F)=e,
(2.34)

where € is the dimensionless energy. Naturally, the wide
gaps at g2 <a are little affected by small v. Thus the im-
pact is only important when g*> a, which is precisely the
case considered in this paper.

IIIl. ANALYTICAL ESTIMATES FOR GENERATION
SOLUTIONS TO SCHRODINGER EQUATION

The perturbative approach of Sec. II provided signifi-
cant insight into the structure of the phase diagram for
the Schrodinger equation, including the stepwise develop-
ment of the full spectrum as the strength of the slow po-
tential increases. However, in order to deal with the most
interesting case where A becomes very large and the gaps
fill up the interior of the n branches (see Fig. 2), one must
go beyond perturbation theory. In this section we derive a
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simple general formula for the spectum. The results of
Sec. II follow in a more rigorous way as a special case of
this approach.

Consider a general case of the equation

V' +(g>=V=0, V=u+v (3.1)

where V(x +A)=V(x), u(x +A)=u(x), A=AA;, and
q~=~m. The only specific feature of Eq. (3.1) is two dif-
ferent length scales. Suppose that for a specific solution ¢
one knows the three complex values ¥,/
=¢(xg+A)/P(xg), (InYy)’, and (Inyh,)" at a certain point
xo. This is sufficient to allow us to determine the quasi
wave vector K (q) of Eq. (3.1). A Bloch-function solution
Yg(x +A)=exp(iKA)Yp(x) can be expressed in terms of
¥ and its complex conjugate ¥ as ¥y =a+B¥. Con-
J

cos( K A)=Re((¥, /290 { 1 —[Ing /(o) /2] /i Im(Ingp)'}) .

The region of g where |Re( )| > 1 belongs to the gap. To
calculate a specific solution we introduce

¢=¢X) X0=17 XE)=0,

where ¢ is the solution to (3.1) for v =0. In general, ¢ is
given by Eqgs. (2.15)—(2.17). Let us again choose x, such
that (2.18) is fulfilled. Everywhere, except for the small
gaps, ¥ is a Bloch function ¢¥(x +A)=exp(ikA)¥(x) with
wave vector k=(p). When ¢g*>> |u | these gaps are ex-
ponentially small and will be ignored, and the equations
derived will be accurate outside the gaps. The solutions
can easily be generalized for the region inside the gaps.
Inserting Eq. (3.6) into (3.1) we obtain

(3.6)

X"+2¢" /PN =vX . (3.7)
The solution to this equation is
X X
X=1+ fxOulﬁx,dxl fxl dx, /3% . (3.8)

Now ¢ from (2.15) is substituted into (3.8), and account-
ing for f S'exp(iS)dx =exp(iS) one obtains

X=1+i [ [0y —expliS)®; Wdx, =1+iNX ,  (39)

where
P=0exp(iS), o=v/S'=v/2p, (3.10)
so X is given by the operator N defined by (3.9):
X=(1—iN)"". (3.11)

Equation (3.6) with X given by Eq. (3.8) is substituted into
Eq. (3.5):

cos(KA)=Re[exp(—ikA)H,], (3.12)
where
xXy+A
HA=1+I fxO oledxl
Xg+A ~
=1+i [ o(1—iN)"'dx,=1+id, . (3.13)
0

Our goal is to derive an equation for H. We introduce

tinuity of ¥ and its derivative ¢/ implies
app+BYs=expliK A)ao+Bio) ,
ayip+BY =exp(iK A)ady+BPo) .

A nontrivial solution (a,B) exists only when the deter-
minant

Ya—expliK A, Pp—exp(iKA)q

(3.2)

Ya—expliKAW, ¥4 —exp(iKA)y =0. (3-3)
Accounting for current conservation
F=2Imod o) =2Im(P,P ) (3.4)
one obtains the dispersion relation
(3.5)
l
another quantity B:
X P
B=[ $i(1—iN)""dx, . (3.14)
A simple transformation employing (1—iN)"'=1

+iN(1—iN)~" and Egs. (3.9) and (3.10) yields
X X
A ='}’+l fxOCHA]dX]—-i fx()(D]Bldxl s

x x x (3.15)
B=fx0d>,dx|+t fx0¢,A1dx,_, fxoolBldxl»
where
x
7/=fx001dx1 : (3.16)

By Eqgs. (3.16) and (3.17), Ag=By=0. The derivatives of
Eqgs. (3.15) are

a'=cexp(—iy)—iQb ,

— - (3.17)
b'=Qexp(—iy)+iQa ,
where
a=Aexp(—iy), b=Bexpliy),
(3.18)
Q =dexp(—2iy) .
Using (3.18) and (3.16) we can rewrite (3.17):
a=—i—iQb, b=iQla—iexp(—ivy)], (3.19)
where the operator {2 is defined by
X
Qf = fonlfldxl . (3.20)
Finally, Eq. (3.18) gives
a=iexpliy)—i(1—QQ)~! (3.21)
and, by means of Egs. (3.18) and (3.13),
H ) =expliy ) —2i siny,+expliya(1—QQ), 7] .
(3.22)

Assume that ¢ and v are chosen in such a way that
ya=0.1 Then
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Hy=(1—0),"!, 0=00. (3.23)

Accounting for the definition of w through Egs. (3.10),
(3.18), (3.20), and (3.23), one obtains the following simple
equation for H:

H"—(InQYH'=|Q |*H, Hy=1, Hy=0. (3.24)

This is the equation that we aimed for. By inserting solu-
tions of (3.24) into (3.12) one can obtain the spectrum of
the Schrodinger equation. In the next sections the effi-
ciency of this equation will be demonstrated.

IV. EXACT RESULTS TO LEADING ORDER IN u:
SUCCESSIVE APPROXIMATIONS

Let us first consider a small periodic v:

vix+1)=v(x), vVa/A. (4.1)
Band edges correspond to
KgA=vm, v integer . 4.2)

When v—0 then K—« since H to be inserted in (3.12)
goes to 0. So choose

kA=KA+g, kgA=vA+g 4.3)
and introduce kA =&, KA=K. Suppose
Hy=1+h+il , (4.4)

where % and 7 are real. By inserting (4.4) into (3.12) and
using (4.3), the wave vectors g+ at the gap edges can be
related to 4 and /. One finds

g+=(1+h+D"?)/(1+h—2I),
D=(1+hP+2h(1+h —h—=2i),

(4.5)
(4.6)

where h =(dh /dg)g —o, etc. According to (4.3) the gap in
K is given by

dk=(1/A)g, —g_)=~2D'?/A . 4.7)

By means of Egs. (3.23), (3.20), and (3.18), one can reduce
the calculations to successive approximations of
Hy=(1—-0)"'=140+0?+--. This is very con-
venient since the terms decrease with v? (@ proportional
to v%), and each approximation reduces to a multiple in-
tegral. Start with the leading approximation

D ~2h =2Rew, . 4.8)
By Eqgs. (3.20) and (3.18),
xO+A x,
D~2Re fxo Q,dx, fxo Q,dx, . 4.9)
Introduce
X '’
F:fon,dxl, Q=F". (4.10)
Then
xo+A , = 5
D=2Re [fxo FiFidx, |=|F,|?; 4.11)

in the leading approximation, by Egs. (2.15), (2.16), (3.18),
and (3.10),

Xq+A 2
D=~ |[ " védx ' ; (4.12)
*o
and d«k given by Eq. (4.7) becomes
x,+A
Bk~ (2/A) { [0 vgtdx ‘ : (4.13)
*o0

Since ¢*=¢'t' ¢, where (+ ) and (—) denote the quasi
wave vectors k and —«, Eq. (4.13) is identical with (2.13).
Suppose A=A /A, where A and A, are irreducible, and

v(x)= 3 vyexp(—2mwinx) . (4.14)
n=—o
Then
xg+A ) . o
fx(, vé dx=-2~n=2_ vad, s (4.15)
where
xy+A . x
J,,=fx0 exp |2i fxor,dxl ]dx/p, r=p—mn . (4.16)
Since p(x)=p(—x) then
Mol oA
J,,=”§0 fxm%
A—1
= 3 exp[2i(k—mn)ul]
u=0
xy+A Cpx
X fxo exp [21 fxopldx, }dx/p . 417
By Eq. (4.3), k=vm/A. Therefore J,+0 only when
K—nw=mm /A, m integer (4.18)
[cf. Eq. (2.11)]. In this case
xy+A Cpx
=t [0 exp [21 S pridx, ]dx/p, (4.19)
and eventually the gaps given by Eq. (4.15) become
1 A . r*
S =A" v, [/ exp [21 [ ridx, ]dx/p . (420)

which is identical to Eq. (2.20). Hence, we recover Eq.
(2.23) for the width of the type-A bands and Eq. (2.26) for
the size of the gaps. We have thus demonstrated that the
results of Sec. III appear as special limiting cases of the
general formalism. Further approximations of D to
higher order in v can be obtained by decomposing
exp(—2iy) in Q. For values of k other than those given
by Eq. (4.18) the gaps decap exponentially with gA; these
are the type-B gaps.

V. GENERAL CASE

Until now we have considered v to be a small parameter
where successive approximations as laid out in Sec. IV
converge quickly. A necessary condition for this ap-
proach to be valid is that the gap 8« is small compared
with the smallest intergap distance 7w/A. In the case
where aA >>1 [where a =max(u)] this condition reads

v/Vgak <<m/A or v(mna/A)""? <<, (5.1
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since g~mn. Now consider an arbitrary v in the case
where aA>>1 and, for simplicity, u(x)=u(—x). Then
WKB reasoning similar to that in Sec. IV reveals that in
any " term in the expansion for H defined by Eq. (3.23)
one may replace Q in the expression (3.20) defining the
operator {} by

0 — (v, /2p*)exp |2i f;(p,—frn)dxl , (5.2)

where again p* is the WKB point (2.21). Now Eq. (3.24)
for k =n reduces to

H" -2irH'=w*H, Hy=1, Hy=0, (5.3)

r=p—mn, o=|v,/2p*|, p*=mn. (5.4)
Substituting

H =exp ifmdx,] (5.5)

into Eq. (5.3) one obtains an equation for 7:

—n 4in' +2rp=0?. (5.6)
In the leading quasiclassical approximation, 7’ is neglect-
ed. Then

n=rt(rl—w?)!?. (5.7)

Since r*=p*—mn =0, Eq. (5.7) has classical turning
points [in contrast to the imaginary turning points enter-
ing (2.29)] at x + where

ry+=%w. (5.8)

Near these points, which are at the boundaries of a classi-
cally inaccessible barrier, the quasiclassical approximation
becomes inapplicable. Near the barrier one can expand r,

rerf4r¥(x —x*)=p*(x —x*), 5.9

and Eq. (5.3) reduces to

H" 2ip*yH'=w*H, y=x —x* . (5.10)
The transformation

H = [ expliyz)H (2)dz (5.11)
along a properly chosen contour leads to

(zH) +(i /2p* )(z + 0*/2)(zH) =0 , (5.12)
implying

H <z exp[(i /2p* ( 32%+»?Inz)] . (5.13)

This knowledge of H allows for the matching of different
quasiclassical regions separated by barriers by means of
the transfer matrix between consecutive regions and thus
for determination of H, and the gaps. The resulting gen-
eral formulas are slightly transparent so we shall now re-
strict ourselves to the extreme case where the classically
unavailable region is large and the tunneling through it
weak (tight-binding case). In order to obtain a physically
transparent picture, substitute

X
H=Eexp [z‘ fxorldzl} (5.14)

into Eq. (5.3). Then

E"+(r’+ir'—w?E =0 . (5.15)

Note that the potential in this equation involves only the
period A, not A, which explains why the gaps occur at in-
tervals 7/A rather than m/A. To have an idea of the
solution, keep (as usual in the leading quasiclassical ap-

proximation) only r and drop #’. This is valid when
0*=(v,/mn)>> |r'| =a/A . (5.16)

This is essentially the regime defined by Eq. (5.1) where
the perturbative method is not applicable. The two ap-
proaches are thus quite complementary. Then

E'"+(r’—0®E=0,
Ey=1, Ej=irg=—i(r) .

(5.17)

This may be seen as an effective Schrodinger equation
with zero energy and potential energy U =w*—r?2
=(v,/p*)*—(p—mn)*. Hence, since p~q the quantity
€— U (which was g2 —u > 0 in the absence of v) is lowered
by an amount corresponding to Aq =mn. This allows the
effective potential U to become positive for a certain
range of x, such that the system is in the strong-coupling
or tight-binding regime. The reduction of the effective en-
ergy is responsible for the gap amplification. This is illus-
trated graphically in Fig. 4, which shows the transforma-
tion of the effective potentials due to v, in the regime

(a)

Classical turning point

tu / ‘ 2
X X
- * € uenr q?

0

8q

FIG. 4. Schematic representation of the “energy reduction”
due to the rapid potential v. (a) In the absence of v,
€=(mn)’>>u and the gaps are exponentially small around these
high energies. (b) In the presence of v (w >>V'a/A) the effec-
tive €e—u is reduced by an amount corresponding to Ag=1n
bringing the system into the strong-coupling regime, with classi-
cal turning points x, and x_. The tunneling between these
points makes the bands exponentially narrow: There are regions
of width a /A around mn which are essentially completely filled
with gaps (see Fig. 6).
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v >>(a/A)2,

The effective Schrodinger equation (5.17) can be written
in an interesting Hermitian form

r+p o

E=0, (5.18)

~
w r—p

where p = —id /dx, E =(E,F). The Schrédinger equation
is thus equivalent to a two-branch problem with linearized
dispersion in the absence of the coupling @ «v, in com-
plete analogy with the usual equation for the Peierls in-
teraction where Eq. (5.18) corresponds to orbits at g ~mn
and q ~ —n, which interact via @. The Hermitian form
of (5.18) guarantees real eigenvalues. The dispersion rela-
tion is given in terms of E, as can be seen by inserting
(5.14) into (3.12) and using k= {p) together with the defi-
nition of r, r =p—mn:

ReE,=(—1)"Acos(KA) . (5.19)

Clearly, this condition can be met only in the allowed
bands of (5.17). In the tight-binding case the bands are
exponentially narrow. Their width 8q is

8q < exp (5.20)

X
+
-2 fx— (a)z—r%)”zdxl s

and they are situated according to the Bohr quasiclassical
quantization rule
2m/A—x _

fx+ (r%——wz)”zdxlzmﬂﬁ-‘;— . (5.21)
By Egs. (5.8) and (5.9)
xi=x*tw/|p* |, (5.22)

where 0/ |p* | ~vA/a <<A. Using Eq. (5.9) in the bar-
rier we obtain from Eq. (5.20)

8q ~exp(—mw®/ | p* | ) =exp(—mvl/4p*? | p*'|) .
(5.23)

Thus, the bands are exponentially narrow despite the fact
that the energy is much higher than either of the potentials
[Fig. 1(c)], so that naively one might have expected narrow
gaps. This may be our most important result. The ex-
ponent is large and negative in the regime where the ap-
proximation (5.16) holds. The line v,A=2wnVai
separates the regions of narrow gaps and exponentially
narrow bands, i.e., it separates the S (saturated) region
from the WO (weak-oscillation) and SO (strong-
oscillation) regions in Fig. 2(b).

VI. SUMMARY

This section summarizes the results of our calculations
mainly for the type-A gaps. Consider for simplicity
u =acos(2mx /L) and |v,| <<1. The spectrum in the

vicinity of g =mn is related to the parameters
X, =v,(mna/\)"V%, Y,=aA/27n
5.3, 2 (6.1)
Z,=2mn>/a‘A .

The parameter X must be small for perturbation theory to
hold, the parameter Y is a measure of the importance of

the slowly varying field in determining the gap structure,
and the parameter Z must be large for the phase of the
gaps in Eq. (2.12) to have no other m dependence within
the n branches than the one given by the trivial mm/2
phase.

(1) Y, <1 In this case a is unimportant. The only
type-A gap is at ¢ =mn, and the gap width is dq =~v, /7n
[Fig. 5(a)].

(2) Y,>1. X, <1 [Figs. 5(b), 5(c), and 3]. There are
type-A gaps in an interval

g9+ —q_=[(mn)+al"*—[(mn)—a)*~a/mn . (6.2)
The gaps are at ky=mn+mm/A so there are
N,=aM/m*n gaps. The branches of type-A gaps are

shown in Fig. 2. The quasi wave vector « is given by Eq.
(2.12):

k=1/7 ["(g—a cosx)'dx . 63)

The widths of the gaps are given by Eq. (2.26) which for
q ~1n reads

dk=v,(gar)"V? | cos(Y —mm/2—m/4)| . (6.4)
v—=0
(a) q (b) q (c) a  (d)
q
3wt A-gap a/w{E A=branch 3m
n=3

A=branch % 2™

2m— A-qop o/w{ =
n=2 3

I
O~

E]
»
o
[=]
o
——
T
il
>
1
o
g
o
3
-

— Sq
0 w1 _vA I _uA | _uA_ Aq
oA alw Joxr

FIG. 5. Development of spectrum for fixed small v as g in-
creases. The vertical axis indicates gap positions and the lengths
of the horizontal lines show the widths of the gaps relative to
the intergap spacing, 8q /Aq =A 8q /m. Note the decrease in the
maximal gap width as a increases. For simplicity we have
shown only every second gap with, for instance, m even in Eq.
(2.26). The intervening gaps are shifted by a phase 7/2. (a)
Y <1, X <1. Only gaps at wn are important. (b) ¥ >1, X <1,
and Z > 1. Gaps oscillate as a function of aA, but for fixed aA
the gap width does not depend on g inside the n branches. The
total width 8¢, thus oscillates vs aA as demonstrated in Fig.
3(a) (SO regime in Fig. 2). (c) Y>1, X <1, and Z <1. Gaps
oscillate vs g inside the n branches, so the total gaps have weak
oscillations as shown in Fig. 3(b) (WO regime in Fig. 2). In be-
tween the gaps shown there are phase-shifted gaps which are
large when the gaps shown are smail and vice versa. (d) Same
as (c) but overlapping branches.



34 SPECTRA AND GAP AMPLIFICATION FOR SYSTEMS WITH . .. 1401

The widths oscillate with aA. The period corresponds to
AN =2w. Within each branch, the gaps depend on m
since the phase aA/2mg in Eq. (2.26) depends on m
through g. For Z > 1, the variation of the phase is small
in the interval (6.2) so all gaps with even m and all gaps
with odd m are in phase. Consequently the total width
84q..; oscillates with aA:

8qior =(aX /2m*n)[ | cos(Y —m /4) |

+ |sin(Y —m/4)|]. (6.5)

For Z <1, Y depends on m in the interval, and the oscil-
lations of the individual gaps are out of phase. This leads
to weak oscillations of the total width (see Fig. 3). When
n increases, v, usually decreases exponentially, so the lim-
it considered here is fulfilled at least for moderately large
n.
(3) Y>1. X>1. In this case A is the largest parame-
ter. The bands between the type-A gaps shrink to become
exponentially small:

8q ~(m/Aexp(—X?) . (6.6)

The band positions oscillate with X. The effective gap
width is the total interval (6.2), i.e., it is v independent
even for very small v <<a (Fig. 6). Branches correspond-
ing to n and n’'>n merge when ¢" =q",, i.e, when
a=+m*n>—~n?. The region g?’>a corresponds to
strong coupling (tight binding) and exponentially narrow
bands.

Computer experiments!' verify all the conclusions
above.

q 1>>a> |/
v»ﬁ/)x
3T
E
2 A
=
~a/2m
{
~a/27r{
=5
R
| Aq

FIG. 6. Spectrum when A—w (Y >1, X >1). There are
wide effective gaps independent of v. Inside these gaps there are
extremely narrow bands (Landau levels) with distance 7/A. The
gaps thus fill up essentially the whole branch of width a /.
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APPENDIX: APPLICATION
TO QUASI-ONE-DIMENSIONAL METALS
IN MAGNETIC FIELDS

In Secs. I—VI we studied the spectrum of the
Schrodinger equation for an incommensurate system in
the case where one potential, u, is sizable but very slowly
varying while the second potential, v, has very small am-
plitude but is rapidly varying. The spectrum was explored
at energies much larger than either potential. This case
arises in the context of quasi-one-dimensional metals in a
magnetic field, and our results may provide insight into
the cascade of phase transitions which have been observed
in the organic metals (TMTSF),ClO, and (TMTSF),PF;
as the field is varied.®—®

An anisotropic two-dimensional metal with open orbits
can be represented by an electron dispersion that is free-
electron-like in one direction and tight binding in another,

E(ky,k,)=1%k2/2m —2tycos(k,b) (A1)

where 41, is the transverse bandwidth. The Fermi surface
is open for Er>4t,. In the presence of a perpendicular
magnetic field the dispersion can be found by making the
Landau-Peierls substitution k— —iV—eAd /c. Choosing
the Landau gauge, we arrive at Mathieu’s equation:

¥’ +[g*—acos(mx /M) ]Yp=0, (A2)

where ¢g>=2mE /#*, a =4mt,#*, and A=c#/eHb. In the
relevant materials®~® Ep~1500 K, 41, ~300 K, and ac-
cessible magnetic fields introduce a wavelength of A~ 10*
A. As we noted in Sec. II [Fig. 1(b)], the gaps produced
by the cosine potential are large for g <a and decay ex-
ponentially for energies g>>a. Thus, the slowly varying
potential has little effect on the spectrum in the vicinity of
the Fermi energy. However, the magnetic field has
changed the spectrum from two dimensional, and several
authors'>~!* have noted that such a system should be un-
stable with respect to the usual one-dimensional distor-
tions, Peierls’s transitions or spin-density wave. Conven-
tionally, the distortion is introduced by adding a potential
of the form v =vycos(2kgx), and we arrive at an equation
of the form (1.1) and we can apply the results that we
have derived for the spectrum of this equation.

The region of interest is the first set of gaps (n =1) in
Fig. 2, since kg ~, Ep~m?, and the physical system cor-
responds to a range g_<«>q, which is narrow compared
with the distance 7 between branches since 4, <<Er. In
the absence of a potential v(x) the natural periodicity in a
magnetic field is given by Akgp/2m=integer or
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Er/ho’ =integer where ' =eHkrpb/mc. In the presence
of the v(x) potential the periodicity is given by aA/2wq
or 41, /he’ from Eq. (2.26). This reduction in periodicity
is comparable to what is experimentally observed for the
Hall effect, etc., in a magnetic field.

Rather than a single gap, the spectrum contains sizable
gaps over the entire region 4¢, around E,. If one looks at
only one of the gaps, then the expectation is that the
magnetic-field-induced transition temperature is reduced
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to zero periodically with the magnetic field. This was the
original result of Ref. 12. The presence of the mm/2
term in the argument of the cosine in Eq. (2.26) indicates
that when a particular gap is close to zero, there is an ad-
jacent gap which is close to maximum. Thus a simple
change of the wave vector with a small amount can reintro-
duce a sizable gap at Ep. This can explain the series of
transitions, with no intervening normal state, which is seen
experimentally.
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