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For a system of N fermions with Hamiltonian # we evaluate matrix elements of the T matrix be-
tween arbitrary Slater determinants [X),|X’). The resulting variational equations are driven
Hartree-Fock-like equations, with source terms as right-hand sides, due to the ‘“channels”
|X),|x’). The validity of this mean-field approximation is illustrated by a numerical example.

I. INTRODUCTION

The time-independent mean-field description of col-
lisions which was introduced in an earlier paper' suffers
from a defect common to many theories of collisions,
namely a non-natural description of identical particles.
This is of course due to the physical reason that, contrary
to the Hartree-Fock description of bound states where all
degrees of freedom play an identical role, in the case of
scattering states the relative-motion degrees of freedom in
the initial and final channels determine the available ener-
gy and play a role a priori different from the other de-
grees of freedom. Hence the T matrix is more often de-
fined in terms of prior and post potential operators ¥ and
V', respectively,

Tpie=V +V'GV , (1.1a)
Toos=V'+V'GV, (1.1b)

while the Green’s function G=(W —%°)"!, where Wis a
complex energy which is eventually allowed to become the
on-shell energy, does retain the full symmetry of the
Hamiltonian.

The restoration of the Pauli principle a posteriori is a
straightforward although slightly tedious problem. Many
solutions of this problem are known.2 All told, the recon-
struction of a symmetric collision amplitude as a weighted
sum of exchange amplitudes is an interesting description
of the reaction mechanism in terms of a hierarchy of ex-
changes in an increasing order. For practical purposes,
however, an a priori symmetrized theory, which immedi-
ately provides the symmetrized amplitude, is preferable.
The present paper proposes a mean-field approximation
for a variational estimate of this symmetrized amplitude.

For this purpose we redefine the T matrix, or rather the
T operator, in a manner similar to that considered in an
earlier version of our theory;* namely, we set

T(E',\W,E)=(# —E)+(#—E "\W —%)"(#F —E),
(1.2)
where the arrows specify that (#—E) and (#—E')

34

should act on the ket and bra, respectively, before any ac-
tion of the Green’s function G. Although E’, W, and E
could be considered as independent energies it is sufficient
for practical purposes in the following to set
E'=E =ReW, and keep ImW as finite before becoming
infinitesimal at the end. The first term in the right-hand
side of Eq. (1.2) being obviously related to the first Born
amplitude, we concentrate in the following on the calcula-
tion of

D=(X'|(¥—-EG(x—E)|X), (1.3).

where |[X) and |X') are any square-integrable Slater
determinants for N fermions.

The reasons why we set X,X’ to be any square-integrable
Slater determinants are obvious. On the one hand, only
antisymmetric operators and wave functions appear in Eq.
(1.3). On the other hand, any antisymmetrized wave func-
tion, such as the channel wave functions ¥,¢' which are
familiar in the generator coordinate theory of collisions,*
can be expanded in Slater determinants X,X’. For the sake
of clarity we recall that the generator coordinate theory of
collisions first considers the antisymmetrized product X,
of projectile and target static wave functions, Y® and X*,
respectively, which are Slater determinants or simple mix-
tures of such,

X0=.MX“(q1, .o ,qa)XA(qa+1y oo

where &/ is the antisymmetrizer and q,,...,q, and
Qg41>---59q4 4 are the single-particle momenta of the
projectile and target constituents, respectively. Opposite
boosts are then applied to the projectile and target, gen-
erating the wave function

’Qa+A) ’

1
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X=X "
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——k,...
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xXx4 ,
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where it should be stressed that the shell-model and
configuration-mixing structures of X°X# are not per-
turbed by the boosts, while only the relative motion of the
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centers of mass of a,4 has acquired an average momen-
tum k (the “generator coordinate”). This average
momentum can be converted into a strict momentum K
via an integral

v= [ dkfxkX,,

a suitable integration weight fx (k) removing the fluctua-
tions of the relative momentum about its average value k,
thus converting the wave packet X into a plane wave ¥
with pure momentum K. Each partition considered in-
side antisymmetric ,1' defines the corresponding prior
or post potential ¥ or V', respectively, hence (# —E)
and (# —E ') reduce to ¥ and V' accordingly. The com-
plete amplitude obtained by collecting all terms is the
symmetrized, physical amplitude. As ¢ and ' are ex-
panded in integrals or sums of X and X', respectively, the
generic calculation of &, Eq. (1.3), is indeed the central
problem of the theory.

There is more to &, Eq. (1.3), than just one contribu-
tion to a generator coordinate expansion of
(V'|(#—E)G(H—E)|¢). As a matter of fact these
boosted wave packets, Slater determinants used as initial
and final conditions to the time-dependent Hartree-Fock’
description of collisions, are excellent approximations to
channel wave functions ¥,1’. Indeed, as can be seen from
the definitions of X, and X, in the preceding paragraph,
the centers of mass of a and A show only zero-point fluc-
tuations about their shell-model centers; hence the integra-
tion with weight fx(k), which is used to remove these
fluctuations, can be omitted in those cases where the scale
of these fluctuations is small compared to the mean value
k and expected pure value K. Hence & alone already
gives an estimate of a physical collision amplitude.

As discussed earlier® a variational functional which
provides & is

(¢'|(F—E) [ X)X'|(#—E)| )
(¢ | (W—5)|¢) ’

F(4',¢)= (1.4)

where ¢,¢’ are square-integrable, (anti)symmetrized trial
functions. The trial functions ¢,¢’ should a priori be
varied throughout the whole Hilbert space in order to gen-
erate the stationarity of F, but in practice they will be spe-
cialized to a restricted class of variational parameters
only. The present paper sets ¢,4' to be Slater deter-
minants, like X,X’. Variation of single-particle orbitals is
thus the flexibility to which ¢,4’ are restricted. The re-
sulting variational equations are the subject of Sec. II. In
Sec. III these equations are solved, and their estimate &
of an exact amplitude & is tested in the case of an ele-
mentary two-fermion problem with a separable force. We
include a discussion and conclusion in Sec. IV.

II. VARIATIONAL EQUATIONS

We denote by X;,X;, and ¢;,p; the single-particle orbits
which constitute X,X’ and ¢,¢’, respectively. These orbits
need not a priori be orthonormal in any way, nor could
they be in general, for these determinants are four in-
dependent determinants. Because of this lack of ortho-

normality we will need the overlap matrices a,a’,B de-
fined by

a;={gi |X;), (2.1a)

a;=(X; |¢;), (2.1b)

Bij=(gile;) . (2.10)
We will also need the inverse matrices

A=a~!, A'=a'"!', B=B"", 2.2)

which are essential for the calculation of the cofactors of
the determinants of a,a’,B. For instance, the cofactor
M;; which corresponds to the removal of row i and
column j from «a is

M;=(¢'|X)4; .

The double cofactor Mjj; which corresponds first to the
removal from a’ of row i and column k then row j and
column [ in that order is

M= X' | ) (A Ajj— Ay Aip)
={(X'|$) " MjMj—MMp) .

(2.3a)

(2.3b)

The triple cofactor Njjum is defined, in obvious notation,
as

Nijtami={9" | ) “[Ni(NjmNin — N;uNigrs)
—Nim(NyNyy — Ny Nyg)

+Nin(NjINkm —ijNkl)] . (2.3¢)

It is clear that these cofactors could be defined as one,
two, or three-particle-hole matrix elements, at the cost of
four different sets of creation and annihilation operators
for the four different sets of orbitals. It is also clear that
the expansion of any cofactor, including those of order
zero, into any of its row or column cofactors of the next
order provides the derivatives

9
——(¢'|$)=N;;, (2.4a)
a<<Pi |‘Pj>

d
— My =M, (2.4b)
8()(: |¢7J) kl kijl

d

M nm =M, ijnm > (2.4 )

a((p; |XJ) ki klij C

and all the other, analogous derivatives.

It must now be stressed that inspection of F, Eq. (1.4)
shows that F does not depend on the norms and phases of
¢,¢'. Since furthermore ¢ is a Slater determinant, any
linear rearrangement of the orbitals ¢; among themselves
leaves F invariant. The same holds for linear rearrange-
ments of orbitals ¢; among themselves. This gauge in-
variance of F allows an arbitrary choice of two among the
three matrices of scalar products a,a’,B defined by Eq.
(2.1). Actually any matrix ¥ of a nondegenerate one-body
operator % between @; and ¢; could play the role of
a,a’,B.

Hence in the following we could consider among others
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an auxiliary functional, made out of F, and an auxiliary
operator & to be defined later:

G=F-3 7{@i | ;) — S uiiei | € | @;)
ij iJj
= TAB—Try ,

D (2.5

where in obvious notation C=(¢’|(# —E)|X) and so
on for C’' and D. But it is as simple to just consider F
and make it stationary, keeping in mind the fact that
many equivalent sets of orbitals {¢;,@;] give the same re-
sult.

The values of C, C’, and D are easy to obtain when %
is, as usual, the sum of a one-body and a two-body opera-
tor:

N
H=3 L+ 3 v,
i=1 ij

(i>j)

(2.6)

where ¢t and v can accommodate center-of-mass correc-
tions if necessary. One finds

C=—Edeta+ > (@i |t |X; )My
il

+7 2 @@ |V [ XX ) Mitam (2.7a)

k,l,n,m

C'=—Edeta’'+ 3 (Xi |t | @ )My
!

+5 3 XXV | @rPn ) Mt (2.7b)

k,,n,m

and

D=WdetB— XAk |t | @) Ny
k1

—5 3 @@ |V [ XX )Nitam » (2.7¢)

k,l,n,m
where all the matrix elements of v are antisymmetrized as
usual.

One expects the derivatives of C, C’, and D to intro-
duce the mean-field potentials S,S’,U, defined as follows
by their action upon X;, X}, @;j, and cp} in coordinate rep-
resentation; for example,

(xlSlXj)=<¢'|X)"§(x<p}clv]X,XI)MH, (2.8a)
(X;|S |X)=(X'l¢)'1§<X}X}¢ lv|x@ )Mj;,  (2.8b)
<xIU!¢,->=<¢’I¢)“§<x¢}clv | @@ N, (2.80)
<<P}|le)=(¢'|¢>‘1%<¢}<pklvIxcp,)Nk,. (2.8d)

The antisymmetrization of the matrix elements of v
makes these potentials strict analogs of Hartree-Fock po-
tentials, with mixed density matrices of course. It must
be noticed here that S, S’, and U are obviously insensitive
to linear rearrangement inside the orbitals @; or inside the
orbitals @;. These potentials are just properties of the
Slater determinants ¢, ¢’, X, and X’.
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.The variational equations which describe the stationari-
ty of F are now obtained as

8D _D € (2.92)
dp; C b¢;

8D D §C'

2 2= (2.9b)

The explicit calculation of the derivatives takes advan-
tage of Egs. (2.7) and (2.4):

8"’1’ j j
+3 2 @0 XX ) Mt (2.10a)
FAR ]
__CI,_ ’ ’ ’ ’
: =X | X+ 3 Mj{X; |t
8‘PJ' i i
+5 XXV | @ )M (2.10b)
ilm
8D
8(pi J j
=7 29V XX ) Nitm; (2.100)
Jlm
8D , )
5 =2(@i | Y;j— 2 Ni{gi |t
Pj i i
—3 2 A1 [V | @m ) Nitmj » (2.10d)

ilLm

The dot in the two-body matrix elements indicates that a
functional derivative has been taken and stands for a free
coordinate, for example, x in coordinate representation.
The matrices X, X', and Y are defined by their matrix ele-
ments

Xij=—EM;+ 3 (@i |t | X)) My
Py

+7 2 A@k@1 v [ XX Y Migijnm »  (2.112)

k,l,m,n

Xjj=—EM;j+ 3 (Xi |t | @) My
k1

+3 2 XiXi |0 | @m@n ) Migijum »  (2.11b)

k,l,m,n

Y =WN;— 3@k |t | @1) Niij
k!

-5 2 @@V | @m@n) Nitijum - (2.11¢)

k,l,m,n
These equations, (2.11) and (2.10), can be further sim-
plified upon taking advantage of Egs. (2.3) and (2.8) and
the symmetry properties of the cofactors and matrix ele-
ments of v. One finds first

X;=M; ~E+§<¢k|<t+%S>|x1>Mk,<¢'|X>-‘

— DAk | +8) | X)OMyM (' | X) 7", (2.12a)
PYi
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Xij=M;

—E + 3 (Xi
k1

(£ 435 | @) M (X' [ )~ ]
~§<Xkl(t+S’)I¢:>M.-’:M;2,-(X'|¢>“, (2.12b)

Y,=N, |W—§<cp;¢ r<r+%v>|<p,>zvk,<¢'|¢>-*]

(2.12¢)

+ 3@k | (t+U) | @ )NuNii{¢' | $)7",
Py}

where one recognizes the following Hartree-Fock ma-
trices:

ha={@r | (t+S)|X;), (2.13a)
hy={Xi |t +S) | @), (2.13b)
Hkl=<‘P;c I(I+U)|(P1) . (2.13¢)

Assume then that Egs. (2.9) have been solved, namely,
that {@;,p;] are self-consistent orbitals. Because of the
freedom of rearrangement available for these orbitals,
nothing prevents the choice of a representation in which
the following two conditions are simultaneously satisfied:

Bij =B , (2.14a)

H,'j =€ijﬁii8ij . (2.14b)

An immediate consequence of Eq. (2.14a) is that the ma-
trix NV also becomes diagonal,

5 - (2.15)

In this representation the variational equations (2.9) be-
come simply

(& |8)B7" {W-2<:p; [+ 10) | @ ) B
k

|¢i>=%—§—, (2.16a)

+€—t—U
’ d¢;

(¢' 18285 (@; | |W—3(@k | (t +3U) | o ) B
k

D §C'

= &pj.

A further simplification occurs if one notices that the
norms of @;,p; are arbitrary. As a matter of fact, the
“off-diagonal” freedom of orbital rearrangement has al-
ready been taken into account by the representation which
diagonalizes the matrices 8 and H, see Egs. (2.1¢), (2.13¢)
and (2.14), and it is now possible to use the norm and
phase freedom of these orbitals (“diagonal” freedom) to
reduce Egs. (2.16) into

+e—t—U (2.16b)

(mi—t=U)|@;)= 5(’: >, (2.17a)
5(g; |
. _ [ _8&C’
(@i l(n‘_t_U)_<8]¢>,-) , (2.17b)
where one recognizes that
’ ! U i
=W— <5‘—”%'"’>+<‘p'l(“r g (2.18)

= (1) (o @)

This choice of norms and phases corresponds to the con-
ditions

g, —{9'18)(¢'|(F—E) | X)
! (¢'|(W—2)|¢)

_L{' 19X [(F—E)[$)
(¢'|(W—2)|¢)

hence at the stationary point C =C’ and also B; is in-
dependent of i.

The special solutions {@;,p;} described by Egs. (2.17)
will be retained as reference solutions in the following.
Their compatibility with Egs. (2.14) derives from the fol-
lowing lemma and theorem.

Lemma. The orbitals which are solutions of Egs. (2.17)
satisfy the relations

(2.19)

8C 8C’
C=<;. ) '=< ) (2.20a)
3 |s<¢;~s slon) |”
and, for i},
8C 8C'’
O=< A >=< ,~> . (2.20b)
ils(o |~ Vol |*

Proof. Since C and C’ are strictly linear with respect to
each of the orbitals ¢; and ¢;, respectively, the validity of
Eq. (2.20a) is trivial. Besides, one finds that C =C’ by
left multiplying Eq. (2.17a) by {¢; | and right multiplying
Eq. (2.17b) by | @; ), then equating the results. As regards
Egs. (2.20b), it suffices to remember that C is a strictly bi-
linear and antisymmetric functional of any pair of its orbi-
tals @;,@j, ij. Hence the saturation of 8C/6(@; | by ¢}
corresponds to the expansion of ¢’ with respect to row i,
for instance, by means of (wrong) cofactors corresponding
to row j. The same obvious cancellation occurs for the sa-
turation of 8C’/8 | ¢; ) by g;.

Theorem. The orbitals which are solutions of Eq. (2.17)
form a biorthogonal set of left and right eigenstates of the
matrix H.

Proof. From Egs. (2.20b) and (2.17a) one finds, for
i#],

7:@j | @) —{@j | t +U) | @;)=0. (2.21a)
From Egs. (2.20b) and (2.17b) one finds, for i+j,
7;{@; | @) — (@} | (t+U) | @;)=0. (2.21b)
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In general 7;%m;, hence both (¢j|@;) and
(@ | (t+1) | @;) vanish. If n;=n;, one can also calcu-
late (@;|@;) and (c;:}l(t+U)|cp,~$, mix @; with @; to
cancel the new overlap (¢; | @;), then use Eq. (2.21a) to
find that the new matrix element {(g; | (1 +U)|g@;) van-
ishes. The details are left as an exercise for the interested
reader.

As a final result of this section we notice that the prop-
agation self-energy 7; defined by Eq. (2.18) differs from
the traditional Hartree-Fock energy €; defined by Egs.
(2.14b) and (2.13c). This is because in general in the
present case

IRCAESrY
V="l 7

contrary to the traditional Hartree-Fock case, where ¢
and ¢’ are the same and W is the physical, real energy.

III. AN ILLUSTRATIVE EXAMPLE

For the sake of simplicity we consider a two-body one-
dimensional, elastic collision. The channel wave packet
reads, in momentum representation,

xtql,qz;k>=—\—}5v-*”b(expt — b (g, —k)+(gs +K5)2]) —exp{ — b2 (g, + k) +(g, —KP]}) (3.1)

where one recognizes that particles 1 and 2 have been prepared in normalized Gaussian wave packets X; and X,, boosted
by tk, respectively, and antisymmetrized. An alternate representation of X is as a product of X, X, of center-of-mass

and relative wave packets, respectively,

122
X(q,Q;k)=1r”‘/“'

b
V32

exp( — %bZQZ)—‘/l—iw"l/‘(b\/i)l/Z{exp[ —b%q —k)*]—exp[—bUq +k)*]} , (3.2)

with obvious notations for the center-of-mass and relative momenta Q =g, +¢, and ¢ =5(g; —g,), respectively.
The Hamiltonian for the model is defined by its matrix elements

4 4 @i+a)
2 "2

+ 4

(q19: | |q193) =

8(q1 —q1)8(g; —q5)— 5 AV (g1 — gy )expl — +vHq, —q,)?]

X (g1 —q3)exp[ — V¥ (q1—43)*18(q; +9,—q1 —q3) , 3.3)

or

(g0 |#|q'Q')=8(Q —Q")[q*8(qg —q")—Apvqq’
X exp( —v2g?)exp( —v*¢'H)] .
(3.4)

It is seen that we have chosen #/m =1, that the center-
of-mass motion has been factored out in Eq. (3.4), and
that the potential v,, is separable with a form factor la-
beled by |v).

We now calculate the multistep amplitude

D =(X|vio(W =)o, | X) (3.5)

in two ways, namely (i) exactly and (ii) in the mean-field
approximation. The reason why we use simply v, in-
stead of (E —27) in Eq. (3.5) is obviously that, in the spe-

cial case of two particles, the permutation symmetry of
v1pX is the same as that of X, hence the Pauli principle is
correctly taken into account.

As seen from Eq. (3.2), X factorizes as a product
X,X.m of relative and center-of-mass wave packets, the
former being normalized to unity in L, norm. The exact
amplitude being obviously

D=(X|vi,|¥), (3.6)
with i defined by
(W—%)QIJ:U]zX , (3.7

it is clear from Eq. (3.4) that # leaves the center-of-mass
invariant, hence ¥ also factorizes into a product ¥, X ..
A reduction of Eq. (3.7) is thus
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(W —q*),(q)
= —Agvq exp(—1*q?)
X [ dg'vg'exp(—vig')¥,(g")+X,(g")] ,

where one identifies, in the integral on the right-hand side,
the scalar products (v|¢,) and (v|X,) of |¢,) and
| X, ), respectively, with the form factor |v) of the non-
local potential, Eq. (3.4). Because of the separability of
the potential, the integral in the right-hand side of Eq.
(3.8) is just a sum of two numbers (v|¢,) and (v|X,),

(3.8)

(le,)=-v— dq q exp(—v*q*)m~ 4 bV2)?{exp[ —
V2

172

v2b b’k b*k?

—3/4 174

€X| -
Vab? | Ve P | T g

one finds easily

2
U@ = —Agug SR (i y (vl 9,0

W—q2
(3.10)
hence
— AoV | X, YAW)
(v]g,)= T AA) 3.11)
and finally
9=xé<v|x,>2—w (3.12)

14+ AA(W)

Incidentally the Born term is
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hence 9, is found as

2
¢,<q>=—xo(<v|¢,>+<v1x,>>l‘1—°l‘u§(flfil .

We just have to integrate again ¢, with the form factor v
to obtain an equation for (v|y,), see Eq. (3.11) below.
Defining the function

2 2
AW =22 [ dqﬂ—‘?ifé:—zzﬁ‘-’—l , (3.9)

and the number

b*(g —k)*1—exp[ —b*(g +k)’]}

, (3.9b)

Tp=—ho(v|X,)?,
hence the exact T-matrix amplitude is
X, v ix,)
14+2A(W)

We now turn to the mean-field approximation. The
one-body part of ¥ is, see Eq. (3.3),

.7.=.73+g=

D=(¢'|(W—-3)¢)=W (|| @) (@2 | @2) — (@} | @) {@2 | ¢1))

—+ @13 @)@y | @)+ @3 | 4} | @) (@} | 1)

— (@i 1a} @) (@2 | @) — (@3 | a5 | @)@ | @2))

while

C=(¢'|v|X)=(ip2|v | X1X;) . (3.15)

2 2
q1 q3
T=—+4+— 3.13
4 + 4 ’ ( a)
while the two-body part is
V=—%41142+Ulz- (3.13b)
Hence
+3Upi a1 @) @2 ] a2 | @2) — (@i a1 | @) (@3] g2 | @) — (@i |v |@rpy) . (3.14)
[
and
5C ,
3'4.7,:("’”2'" [XX5) . (3.17)

In Egs. (3.14) and (3.15) and the following, the notation
v, is shortened to v.
The functional derivatives are obtained readily as

8D 1 RCACHTY
_’_=(' >W__ 2________~— )
5¢; P2 @2 LR (@l on) | @
+%|¢’2>(¢"2qu|¢1>
+{(-031 (39192 —V) | @1@2) (3.16)

In Eq. (3.16) we have already taken advantage of the can-
cellation of (@)|@;) and in both equations the dot
expresses the free coordinate coming from the functional
derivation. It will be noticed, for instance, that

Co v [ XXy =My, (- |S [ X)) +M;(- S |X,),
(3.18)
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see Eq. (2.8a). It will also be noticed that, in the special
case of two particles, mean-field matrix elements such as
(@3] U | @) and (@3 |S | X,) vanish identically, because
the two-body matrix elements entering the definitions of
U and S, Eqgs. (2.8), are antisymmetrized a priori. Hence
the only nontrivial exchange couplmg between ¢, and @,
in Eq. (3.16) comes from (@5 | g3 | @,). The special repre-
sentation discussed at the end of Sec. II must therefore

I

(W — 501 —50:)91(q1) — +K20192(q, ) —
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cancel that matrix element. Finally, we take advantage of
two symmetries of the problem, namely, (i) parity since X,
and X, are deduced from each other by opposite boosts k
and — k, respectively, hence ¢, and ¢, may be taken as
strictly even and odd, respectively, and (ii) Euclidean sym-
metry since & is a diagonal matrix element, hence |¢’)
is just the complex conjugate of |¢). The “reference”
mean-field equation for ¢, is thus

fd‘hwz(‘h‘h)q’l(‘h)

—+ho [ da2dqidgr8(q,+q2—q1 —gq3)expl — +vX(q1 —42)*)(q1 — g2 )expl — +VA(q1 —43)*1(q| —q5)

X @2(q2)[X1(q1)X2(q2)—X2(q1)X1(g3)], (3.19)
0,=n3" [ dg,q3[@xq2)])? (3.20a)
ko=n7" [ dg,0:(9:)0:01(92) , (3.20b)
wag191)=—+n7"'Aov? [ dg,dg58(q,+4>—q1 —45)(q1—4:)(q1 —a3)@(q;)

X exp[ — +v*(q1 —q2 ) lexp[ — +vX(q1 —q3) ]aq3) , (3.20¢)
and
ny= [ dgleagr)]P . (3.20d)

Because of the p-wave interaction which has been chosen the direct and exchange contributions to w, Eq. (3.20c), are
equal. The same holds also for the right-hand side of Eq. (3.19). The term g, |g;) which should be present with
k29, | @2) and w on the left-hand side of Eq. (3.19), because of the ¢ g, term in Eq. (3.13b), actually vanishes. This is
because it is weighted by the Euclidean matrix element (¢, | g3 | ¢,) which obviously vanishes when ¢, and ¢, have oppo-

site parities.

The right-hand side of Eq. (3.19) slightly simplifies, because of the factorization of X into a product X, X . ,

172
b
6Ef—'=_-—\/1—_2_)Lov(vl)(,)fdqchz(qz)(ql—qz)exp[—%v;"(q,—(12)2]1r"/“ 7 exp[ —+b%q,+¢,)%]. (321
1
In the same way the reference mean-field equation for ¢, is
(W—%Q%—%91)472(‘12)—%"1‘]2%(‘12)—fdq'zwl(lhq'z)%(q'z)
172
1 _ b
=—7-£%V<V]Xr)fd41¢’1(‘11)(¢11—‘12)3"?[—7]("2(‘11—‘12)2]17 4 75 exp[ — $b%gq:+¢2)], (3.22)

where 6, k|, and w, are obtained from the substitution of
@, for ¢, in Egs. (3.20a), (3.20b), and (3.20d).

Equations (3.21) and (3.22) have been numerically
solved on the CISI Cray computer by a brute-force itera-
tive algorithm, where an initial guess for ¢, and ¢, gen-
erates mean-field kernels w;,w, and Kinetic parameters
6,,k1,6,,K,, and hence new orbitals ¢,,¢, after inversion
of the left-hand sides of Eqgs. (3.21) and (3.22). Typical in-
tegration meshes correspond to 35 points ranging from
—7b'to 7b ! in momentum space and a boost momen-
tum k of order 2 or 3 times b ~'. Both parameters b and
v are taken of order 1fm. With ﬁz/m as a unit, a typical
value of the energy is taken as 6, with an imaginary part
ranging from 1, which is truly off shell, down to 0.1,
which is practically on shell. The strength constant A, is
also taken of order 1. Depending on the parameters, con-

vergence towards self-consistency may or may not need
relaxation in the iterative algorithm. Convergence is
sometimes reached in 10 steps and sometimes demands
400 steps.

We have not made a systematic investigation of all pos-
sible solutions, as in Ref. 7. The comparison shown in
Table I, between mean-field amplitudes and those exact
amplitudes obtained from Eq. (3.12), is just meant as an
illustration of the method. For a more systematic numeri-
cal analysis in two simpler cases (not antisymmetrized) we
refer to earlier works.”® The agreement shown by Table I
is good enough to definitely justify the use of the mean-
field approximation in its present antisymmetrized formu-
lation.

Besides numerical agreement between the exact & and
the mean field & a main result of the numerical applica-
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TABLE 1. Comparison of the exact () and mean-field amplitudes (&) for various values of ReE
and a fixed value of ImE =0.1. The system of units and the values of the other parameters are defined

in Sec. IIL.

ReE ReZ Red ImZ ImZ
6.25 4.1x10~* 4.0x10~* —7.5x10"° —6.2%107¢
6.00 5.3x10~* 5.2x10~* —1.1x1073 —7.3%x107%
5.76 6.8x10~* 6.6x10~* —1.8x1073 —8.7x107¢
5.72 8.7x10~* 8.3x10~* —1.9x1073 —1.0x107°
5.29 1.1x10°? 1.1x1073 —2.5%1073 —2.7x107°
5.06 1.4x 1073 1.3x 1073 —3.3%x1073 —2.4x1073
4.84 1.8x107? 1.7x107? —45%x107° —2.7%1073
4.62 2.2x1073 2.1x1073 —6.1x1073 —2.9%1073
4.41 2.8%1073 2.6x1073 —8.7x 1073 —8.7x107?
4.20 3.5x1073 3.2x1073 —1.4x10~* —1.0x10~*
4.00 44x107° 4.0x107? —34x107* —7.1x%1073
3.80 48x10~? 4.8%x10~3 —59%x10~* —7.0x1073
3.61 6.1x1073 5.9%x1073 —3.2x10™* —2.7x10~*
3.42 7.6x1073 7.3x1073 —3.5%x10™* —3.0x107*

tion is the check of the theorem proven in Sec. II. Test
cases were run where the initial guesses for ¢, were not
orthogonal. The self-consistent orbitals turned out to re-
store orthogonality.

The code MIRCAR is available on request to any in-
terested reader. We intend in the future to map out the
variational space in order to identify the likely multiplici-
ty of solutions and the corresponding bifurcation points.

The numerical agreement found in Table I is strikingly
systematic, despite slight inconsistencies in the imaginary
amplitudes. (These inconsistencies are clearly due to the
fact that ImZ is at least one order of magnitude smaller
than ReZ in the present case, hence a 3% inaccuracy in
ReZ is compatible with a 30% inaccuracy for ImZ.
They disappeared in another case where In& and Re%
are of the same order.) We find this good behavior of the
mean-field method very encouraging for many-body prob-
lems, where the mean field is expected to be even better
justified than it is in a two-body problem. A systematic
search for the solutions and bifurcations of the mean-field
equations is in order. This should shed light on the shell
models provided by the present theory, these shell models
having obviously a dynamical interpretation in terms of
reaction mechanisms. Preliminary results on this problem
of bifurcations seem to show that there is one well-defined
physical branch, which is obtained as the most stable solu-
tion when ImW /ReW is large. When one lets ImW tend
towards zero, and one follows this solution by continuity,
no bifurcation has yet been observed numerically.

IV. DISCUSSION AND CONCLUSION

Several results have been obtained here. The main re-
sult is a representation of the many-body Green’s function
for fermions in a way where antisymmetrization appears

technically very easy. (The case of bosons would be as
easy.) A subsidiary result of some importance is the ex-
istence of a canonical representation of the mean-field or-
bitals, in which these orbitals make a dynamically
biorthogonal set.  Furthermore, these generalized
Hartree-Fock equations turn out to provide an excellent
approximation to exact results in a solvable model. The
on-shell limit of the calculated amplitude is smooth. This
opens the way towards realistic calculations for systems
with many fermions.

In any attempt towards realistic calculations a great
deal of attention should be paid to the possibility of
several, competing solutions of the system of nonlinear
equations proposed in this paper. Their discovery and in-
terpretation may be the most stimulating aspect of the
theory. This demands, of course, the optimization of the
numerical algorithms which will be in this numerical
solution.

A last remark is in order. While we have used the
gauge (rearrangement) freedom of Slater determinants
¢',¢ to define a canonical representation of @;,q;, we still
have some freedom for an additional canonical representa-
tion of X;,X;. If such an additional representation can be
found, it will provide shell models not just for the trial
functions, but also for the channel wave packets. This in-
triguing conjecture may deserve some attention.
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