
PHYSICAL REVIE% A VOLUME 33, NUMBER 1 JANUARY 1986

Film draining and the Saffman-Taylor problem
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(Received 19 August 1985)

The film drained behind Saffman-Taylor fingers is studied experimentally. The film thickness is found to
be in good agreement with theory. It is further sho~n that previous disagreement between theory and ex-
perirnent in the Saffman-Taylor problem is partly due to the existence of this film.

The instability of the interface between two fluids of dif-
ferent viscosities flowin through a Hele-Shaw channel is
one of the simplest physical situations which displays many
of the phenomena observed in pattern processes. Experi-
mentally when a viscous fluid is driven steadily by a gas
through a Hele-Shaw cell, after a long transient the shape of
the interface is a finger, ~hose size is a function of the
velocity at which it moves, as shown in the early experi-
ments of Saffman and Taylor. ' Despite the theoretical ef-
forts to reproduce the results of this experiment, all the nu-
merical studies of the Saffman- Taylor problem predict
finger sizes significantly belo~ those found experimentally,
in a wide range of the fingers velocities. One of the pur-
poses of the present Rapid Communication is to show ex-
perimentally that the origin of this disagreement is partly
due to the fact that the existence of a film left behind the
fingers was not taken into account in the theoretical models.

The Hele-Shaw cell that we have built was formed by two
closely parallel glass plates, 120 cm long, 1.28 cm thick, and
10 cm wide, clamped along their sides with aluminum
spacers in between. Both width w and gap b of the channel
were imposed by the location and the thickness of those
spacers. Most of the results reported in the present Rapid
Communication have been obtained with a cell for which
b=0.0795+0.001 cm and w=5.27 20.01 cm (hereafter
called cell I). The uniformity of the gap was determined by
interferometric measurements. The gap in the central part
of the cell was found to be remarkably homogeneous, the
value of b being constant within 3 p, m over more than 30
cm of the length of the channel. Air was used as the less
viscous fluid and silicone oil as the more viscous one. Most
of the experiments were performed with Rhodorsil oil
47V10, whose viscosity p, , surface tension T, and mass den-
sity p are 0.093 P, 20.1 dyn/cm, and 0.93 g/cm', respective-
ly. Additional data were obtained with Rhodorsil oil
47V500(p, =4.87 P, T = 21.1 dynicm, and p =0.973 gicm')
All these oils wet the glass.

The experiments were performed with the cell lying hor-
izontally. The procedure consisted in partially filling the cell
with oil and then pulling oil back by means of gravitational
forces. Velocities Uof the steady fingers were found to be
constant in the major part of the cell within a good accuracy
(2X10 2). Finger sizes were precisely measured by means
of a traveling microscope.

In Fig. 1, following Treyggvason and Aref, we have plot-
ted the relative size X of steady fingers (normalized by the
channel width) as a function of the dimensionless number

I/8=1 2UILw2/Tb~, for cell I, using oil 47V10 as the
viscous fluid. Additional experimental data were obtained
in a similar cell but with oil 47V500. 1/8 physically

represents the ratio of the viscous forces over the capillary
forces. Figure I sho~s that all the experimental points lie
on a single curve; A. first linearly decreases at very small
values of I/8 and then tends to saturate at larger value of
this parameter. In the very low velocity regime, i.e.,
1/8 ( 50, the finger shapes are close to half circles in a
large region around the tip while for larger values of I/8 the
fingers shapes are very similar to those observed in the ear-
ly experiments of Saffman and Taylor; for such fingers, the
empirical relation derived by Pitts4 is found to describe the
shape of the interface with reasonable accuracy. The results
which we obtained with two oils of different viscosities show
that, for the aspect ratio I = w/b =66.5 used, 1/8 is the
control parameter of the system. However, when we com-
pared our data with other experiments, carried with dif-
ferent aspect ratios, it did not appear that all curves were re-
duced to a single one in the plane (1/B, X). For example,
(as shown in Fig. 1), the experimental results of Saffman
and Taylor, obtained in a cell with aspect ratio I =32, lie
significantly above our data. Experimental uncertainty
could hardly explain such a discrepancy. Therefore, in con-
trast to a recent claim, 5 one could be somewhat skeptical
about the existence of a single control parameter for the
Saffman-Taylor problem. We have also plotted the theoreti-
cal predictions of McLean and Saffman2 on Fig. 1. They are
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FIG. 1. Relative size A. of the finger as a function of the parame-
ter 1/8. Cl, Saffman-Taylor experiment (aspect ratio w/b = 31.8).
, experimental results obtained in cell I, with Rhodorsil oil 47V10.
x, experimental results obtained in a cell of aspect ratio w/b =62.3
with Rhodorsil oil 47V50. Theoretical results of McLean and Saff-
man are presented as a continuous curve.
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based upon the resolution of equations derived in the paper
of Saffman and Taylor, for which actually 1/8 is the single
control parameter. As sho~n in Fig. 1, theoretical results
disagree with our experiments by a factor larger than 1.5
(concerning 1/8 values). Such a discepancy is actually

larger for the experiment of Saffman and Taylor; therefore
one could suspect that some additional effect, not taken into
account in the theory, might be involved in the experi-
ments. %e will show that the film drained by the finger
plays an important role in the determination of the finger
size.

The method used for measuring the thickness of the film
left behind the finger consisted in bringing a laser beam ap-
proximately normally to the glass plates and looking at the
reflection (Fig. 2). The two films of oil, lying above the
lower plate and belo~ the upper one provide two reflecting
surfaces. One can easily show that the system of fringes ob-
served on the reflected image is related to the spatial
nonuniformity of the sum of the thickness of the two films.
By use of this method, we could measure locally the varia-
tions of the mean thickness t= (t&+ t2)/2 of the oil films
left behind the fingers.

The structure of the films left behind a finger advancing
at constant velocity appeared to be surprisingly simple; the
mean thickness is essentially uniform in the direction paral-
lel to the finger velocity and varies only in the direction nor-
mal to it. The films are symmetric with respect to OX axes
(Fig. 2). The experiment shows that the mean height is
maximum at the center and minimum at the edges of the
finger. 6

Figure 3 shows the variation of the mean thickness t as a
function of the coordinate 2y/h. w, far behind the tip (i.e.,
where the finger edges are parallel to the sides of the chan-
nel). As shown in Fig. 3, the film profiles, obtained for dif-
ferent velocities U, accurately fit a law of the form

t = t,„leos(yn/x w ) ]'/',

in which t „depends on the finger velocity. Kith use of

4-

0 0.5
p /»

I.O

FIG. 3. Plot of the mean thickness of the film as a function of
reduced coordinate 2y/Xe. A corresponds to U=0.10 cm/s, 8 to
0.13 cm/s, and C to 0.265 cm/s.

Pitts law for the finger shape it is equivalent to
t= t,„(U„/U)"s. Thus the film thickness is determined at
each point by the normal velocity of the finger at that point.
The variations of maximum film thickness t,„with capil-
lary number C =@,U/T are represented in Fig. 4. We ob-
tain' a power law with an exponent close to T in the range

610 ~&C&310 3.

It is reasonable to compare these results with the calcula-
tions of Bretherton for a flat interface. The predictions of
Bretherton are represented in Fig. 4. e find a good agree-
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FIG. 2. Schematic view of the finger and the oil film. The film
thickness is blown up. The optical beams for the interference study
are also shown.

FIG. 4. Plot of the maximum mean thickness of the films as a
function of the capillary number. The straight line corresponds to
Bretherton calculation.
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ment between theory and experiment which indirectly shows
that gravity does not much affect the thickness of the films
drained by the finger. 9

Let us now estimate the effect of the film on the finger
size. Park and Homsy5 have recently derived an expression
for the pressure drop across the interface, taking into ac-
count the effect of the film. Applying their results to our
experiments, we find for the pressure drop AP,

1

bP= ——+7.4C~ cos~ 8—T m R
R 4 b
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in which 8 is the angle of the normal of the interface with
the symmetry axis OX (Fig. 2), and 8 is the radius of curva-
ture of the finger in the xy plane.

Taking into account the shape of the interface found ex-
perimentally, we now introduce a kind of effective surface
tension T' defined by

T = T[rr/4+ed(w/b) (p, U/T) / ]

in which 0. is a number related to the average of the
(cose)''R term along the interface. Reasonable values of
o. , deduced from (1), lie between 1.5 and 4.

With this T' one can recalculate 1/8. The experimental
values of 1/8 have been calculated by use of T", with
a=1.7 (Fig. 5). We now find a better agreement between
theory and experiments in a range of velocities where Breth-
erton law applies. This indicates that the film is partly
responsible for the previous discrepancies between the
theoretical model and the experimental data. For larger
values of 1/8, there is still a disagreement between theory
and experiments.

Thus, as theoretically suggested, the effect of the film has
an important influence on the experimental results. By the
introduction of an effective surface tension T' a better
agreement is obtained. This does not preclude other three-
dimensional effects not taken into account here.

The main conclusion of this paper is that, with a proper
account of the three-dimensional phenomena, a better
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FIG. 5. Relative size A. of the finger as a function of the renor-
malized parameter 1/8"-12@,(U/T')( /wb)2, calculated from Eq.
(2) with u-1.7. All the symbols are as those in Fig. 1. The differ-
ence of horizontal scale, as compared to Fig. 1, comes from a con-
traction introduced by the renormalized surface tension.
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agreement is achieved between the experiments and the
McLean-Saffman solutions for small values of the capillary
number. This conclusion is not true for larger values of t.

At least the T power law for the evolution of the film thick-

ness with velocity has to break down, otherwise the film
would fill up the whole finger. e will now expand the ex-
periment to higher capillary numbers and according to re-
cent theoretical developments, " test some of the predic-
tions concerning finger stability.
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