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Comparison of the path-probability method (PPM) with the master-equation method (MEM) is
extended to a higher degree of approximation (triangle approximation) for the kinetics of Ising fer-
romagnetism. The evolution equations of the averages and of the fluctuations around them are de-
rived analytically in this high degree of approximation for the first time for both methods. Contrary
to the case of pair approximation presented in Ishikawa et al. (the preceding paper), it was not pos-
sible to bring the evolution equations derived by the MEM into a complete agreement with those by
the PPM even with the use of the most reasonable closure relations.

I. INTRODUCTION

As promised in the preceding paper (hereafter referred
to as I),! we extend the comparison of the path-probability
method (PPM) and the master-equation method (MEM)
to a higher degree of approximation (triangle approxima-
tion) in deriving the evolution equations for the averages
and for the fluctuations based on the Ising model fer-
romagnetism in the two-dimensional triangular lattice.
Never before has the kinetics of Ising ferromagnetism
been worked out to such a high degree of approximation
analytically both in the PPM and in the MEM.

Although the PPM and the MEM seem to be complete-
ly equivalent with respect to the kinetics of Ising model
ferromagnetism based on the results of our earlier treat-
ment,' the treatment in the triangle approximation shows
surprisingly that it is not possible to bring the evolution
equations derived by the MEM into a complete agreement
with those derived by the PPM even with the most
reasonable choice of closure relations. This paper tries to
seek possible origins of such discrepancies in order to
determine whether they are intrinsic or not. For this pur-
pose, we present the derivation of the evolution equations
in detail for both the PPM and the MEM.

The contents of this paper are, therefore, almost paral-
lel to those of I in spirit. The differences from the previ-
ous results, however, are emphasized and somewhat de-
tailed explanation of the treatment of the MEM in the tri-
angle approximation is given in Sec. V because this is the
first derivation by the MEM in the triangle approxima-
tion. Discussions with respect to the possible origin of the
discrepancies are given in Sec. VI.

II. THE MOST PROBABLE PATH IN THE PPM

The Hamiltonian for a homogeneous ferromagnetic Is-
ing system is given in I, Eq. (2.1). We apply the PPM in
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the triangle approximation to this system. The state vari-
ables in this approximation are defined as x;(¢) and y;;(¢)
just as in I together with the triangle variables z;; (1),
where the suffixes i, j, and k designate + 1 or —1, de-
pending on whether the state of spin is up or down. In a
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FIG. 1. The state variables x;(t), y;(t), and z; () which
specify the probabilities of the configurations at time ¢ for (a) a
point, (b) a pair, and (c) a triangle. The value B indicates the
weight factor, or the number of different configurations having
the same probability.
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similar fashion, extra path variables Zjj ;-jx(f,t +At) are
introduced in addition to the path variables X; ;(t,t +At)
and ),ij,i'j'(t’t + At) defined in I; Nzijk‘,"j'k‘(t,t +At) (N is
the number of lattice points) is the number of triangles
which is in the (i,j,k) state at time ¢ and will change to
the (i’,j’,k’) state at t +At. The time span, At, is chosen
short enough so that it is safe to assume that, at most,
only one of the second subscripts i’, j', and k' is different
from the first subscripts i, j, and k. These variables are
listed in Figs. 1 and 2, respectively. Because the system is
assumed to be homogeneous, abbreviated notations are in-
troduced with the use of the symmetry of the system.
These are also shown in Fig. 2.

All path variables are not independent of each other.
There are geometrical relations among the state and the
path variables. Also, since the path variables are the joint
probabilities connecting the state at ¢ and that at ¢ 4 Az,
we can write the state variables also as linear combina-
tions of path variables. When the system is specified by
the state variables {z;(1); ,j,k =+1} at time t, {Z,(i);
i=1,—1, s=1,2,3} can be chosen as the independent
path variables as shown in Fig. 2.

Let us construct the path-probability function (PPF),
Z(t + At), which is made of three factors.? The first fac-
tor is the transition probability of the system in At in a
unit kinetic process

NX;, _i

2,= [I (0a™-(1—0an™ @.1)

i=*1

where 0 is a spin-flip fractional per unit time. The second
factor &7, is the probability of activating the system
through the interaction with the heat reservoir. By using
the energy change in Az of the system

AE=N S {(12J[Z,()—Z;()]+2uoHiX (D)} ,  (2.2)

i=1
we can write the second factor as
P y=exp(—AE /2kgT) , (2.3)

where J and poH have the same meanings as in I. The
third factor Z; is the number of possible configurations
corresponding to the change given in Eq. (2.1) (this factor
corresponds to the entropy in the equilibrium case) in the
triangle approximation and is given schematically by

3
Py= —TP"— , (2.4)
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FIG. 2. Definition of the path variables for the Ising model
in the triangle approximation. These specify the path fraction-
als (a) X;;(t,t +At) for a point, (b) Yj;;(t,t +At) for a pair,
and (¢) Zy ijx(t,t +At) for a triangle. “Abbr.” columns show
the shortened notations for certain path variables, and the B
column indicates the weight factor or the number of equivalent
configuration changes for each path variable.
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The combinatorial factor, Eq. (2.4), is one of the key rela-
tions of the treatment, and has the same expression as that
in the triangle approximation of the CVM if the state
variables are replaced by the corresponding path variables.
By multiplying these factors, we have the PPF in the log-
arithmic form as

1
FInZb+A)= 3 [X,_nO0A)+ X, n(1-0A0]4+3 3 L(Yyy)=2 3 L Zyyw)
i=%1 (6,0 (&, j, k), k")
—3 LX) —6K 3 [Z)()=Z5(D]-LX) 1 —X_11), 2.5)

i=%1



33 TIME EVOLUTION OF FLUCTUATIONS INTHE ... . II

where .£(x)=x(Inx —1),
kgT.

Differentiations of the PPF with respect to the six in-
dependent path variables Z (i) then give the following re-
lations:

K=J/kgT, and L =peH/

6
X |7l Z,)
—~.,7 y A : l/\ =6At 4
%) |zl Z (i)+Z,0)
R . 6
i i _i(2) Z,(i)
L = | —ear, (2.6)
xi(t) | Zimi—i(t) Z,())+Z,(i)
Ai,—i Vi ()yi _i(1)
xi(1) zij i (1)
5%,
% 2(1) —0Atr
FAOEY AN VAGEYAN)
(lzil),

where the caret indicates the most probable path variables
and the tilde is used for abbreviations as follows:

() =x(e ™ =y ;(ne¥® (i,j==1). 2.7

Since a set of equations with i =1 in Eq. (2.6) is indepen-
dent of that with /i = —1, we can treat each set separately.
A set of path variables {f(i),fs(i), s =1,2,3} is associat-
ed with a spin flip from an i to a — i state in At, and can
be transformed as

X(=0AtZ;(D[A, (D (2.8)
and
o GA m
zZ (')————~ Ay D)F!
11 2 Xi y,,(t)[ ]
L (t
% zm( ) zl —i— t(t /D)»

yu(t) yi_i(t)

o il — l(t) 2 A’ ( -
Zaiy=6 A g (=Y [AOF7 )
Vu(®)y; —i(2) DA(i)

o Zi_j— x )
Z,i=28%) (AL ()~
2 yx i
X _ ziii(t) zl —i—i t) /D
.i;ii(t) yl —i t)
where
, 172
i (2 i—i—i 4 zi—i
DA = 2 (1) _ Zi (1) [z _i(8)]
yiult) Vi () Vut)y; (1)
(2.10)
i (¢ i—i—i(t)
A=t |2 2 +DAG) @.11)
2 {yute) g

and z is used for the coordination number (z =6 for the
triangular lattice). Note that Eq. (2.8) has the same form
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as Eq. (2.11) in I. We then see that A (i) (i=%*1)
represents the environmental effect when a spin at the
center of the cluster changes its direction.

In the triangle approximation, the system is character-
ized by the three-spin correlation m;(¢) in addition to the
magnetization m(¢) and the pair correlation m,(¢) used
in I. They are defined with convenient numerical factor
as

m](t)=

2 lx,(t) ,

i=*1

)=3 2 t]y,,(t),
Lj=%1

m3(t)=2 2

ij k=1

my(t (2.12)
l]kz,]k(t) .

The changes in At can then be written as the linear com-
bination of path variables as

Aml(t)=—2[X(1)-—X(~—1)]

Am2 t)=-—-2z 2 [Y] )], (2.13)
i=*1

Ams(=—2z 3 i[Z,()—2Z,(i)+Z;(i)] .
i=*1

Substitution of the most probable path variables into Eq.
(2.13) leads to the evolution equations for the order pa-
rameters in the limit of At—0 as

dm (1)
L 20 S w0 O,
dt i=+1
dmi,(t)
dt
i (1 i—i—i(0) | [A (D]
— 20 S g |2 a0 LT
i==1 yult)  yi_i(0) D)
A (2.14)
t
B — 220 S %) |[A (DY
dt i=tl
4z; ;O [A (D!
Fapi () DAMD) ,

where the bar on m;(¢)’s indicates the most probable path.

III. THE PROBABILITY DISTRIBUTION
OF THE FLUCTUATION PATH

By applying the system size expansion developed by van
Kampen® to the PPF, we write the path variables as

Z()=Z,()+€E,(ist,t +A1) (i=+1,5=1,2,3),
(3.1)

where €e=1/N is the smallness parameter of the system
and &(i;t + At)’s represent the deviations from the most
probable path. The PPF is expanded up to the second
power of the £,(i) as
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(e +A0=2 3 Lep(0)=3 5 L0y(0)+ 3 Lx(0)
+e,.=zﬂ _% [§l<i)+2§((ii))+§3<i)]2 3 [§1(i;—:—(i2(i)]2 . [gz(ig(i,m]z
_3 [gj(”]z LUGOY | LGOT ) gy (3.2)

Z,(i)

Z,(i)

Z4()

The PPF, £ (t,t +At), is then considered as the probability distribution function of the fluctuation path from the most
probable path. It is a product of two factors except for an unimportant (for the present purpose) multiplicative factor

Z(tt+At) < H F(§,(i),6,(i),65(1) , (3.3)
i=+1
F(E1(D),E(),E())=Cexp |-+ 3 EWDIDWDIF'ED |, (3.4
5,5'=1,2,3
where C is a normalization constant and the matrix [ D (i)]~! is given by
1 .z i z 2 .z 1
X0 ¥ Z0) X 0 X
[D(i)]“]= A2 _ Az A4 _ Az _ Az 4 AZz ,\2 _ Az (3.5)
X))  Y,() X))  Y(i) Y,(i) Z,3) X)) YD)
1 2 .z 1 .z z
X X 70 X Y Zi0)
The inverse matrix of the above matrix defines the correlation matrix
[D ()] = E(DESD)) (s5,8'=1,2,3), (3.6)

where ( ) denotes the average over the distribution function, Eq. (3.4). When the fluctuation from the most probable

path is taken into account, Eq. (2.13) is rewritten as

Am (=R (DAt=—2€"2S i[£,(D)+2E,(1)+E(D)] ,

i=%1

Amy(t)—R, (DAt =—4€'2 T [£,(i)—&3())] , 3.7
i
Am3(t)—R3(DA1=—6€"2 T i[£(i) —2&,()) + &) ,
where the average velocities {R,(z), s =1,2,3} are defined by
dmg(t) RAD)
R (3.8)
Further, when we define the variance matrix {Ry(¢)} as
€R ()ALt =([Am,(t) — R (1)At][Amg(t)— Ry (t)At])
=€eRy ()AL (s5,8'=1,2,3), (3.9)
we can calculate R (¢) with the help of Egs. (3.3)—(3.7). The explicit results are given in the Appendix.
The following point, however, should be noted here. Let us define a function
G(=0 3 x(DA% (), (3.10)
i==1
v 1z Zo [z zoo P 4zZwP |
AL)=—1— — — —— —— , (3.11)
2 | yu(o) Yi_i(t) V() Vi) Vi ()y; _i(2)

‘z'ijk(t)zzijk(t)e“Vijk .
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Here, G(1)At is identical to 2i=i,5(\'(i) given in Eq. (2.8) if Zj(¢) is replaced by z;(¢). Then it can be shown, in the
limit of AV —0, that the average velocities {R,(#); s =1,2,3] and the variance matrix {R(?); 5,s'=1,2,3} are derived
by the differentiation of G(z) with respect to the conjugate fields L, K, and V of order parameters as

., 9G(1) _,3G() _,3G()
R, (1)=2 oL R,(t)=2 3K R;(1)=2 Y%
and
3*G(t) 3°G(r) 9°G(1)
2

Ryy(t) Ryp(t) Ry(o) a?é() ;LaK szL_aV
t G (1) G(1)
t t t — — —_
¥ 2 . FGu) FGw ¥Gw
OVAL V3K  ap?

We obtain the proof of Egs. (3.12) and (3.13) by first cal-
culating the right-hand sides of Egs. (3.12) and (3.13), and
then by comparing those results with Egs. (A1) and (A2)
in the Appendix.

IV. THE FOKKER-PLANCK EQUATION
FOR FLUCTUATION OF ORDER PARAMETERS

The derivation here can be made in a completely similar
fashion to that in I. By making use of the velocities R;(?)
and the variance matrix {R;j(¢)}, we can represent the
transition probability ¥(Am;m,?) that the state m at time
t changes into m+ Am at ¢ + At as

Y(Am;m,?)=C'exp | — zelA—;[Am—At—n(t)]

X[R(1)]"[Am—A@()]" |,

4.1)

where C’ is a normalization constant, the vector notation
for my is introduced as m=(m,m,,m3), and the super-
script T denotes the transpose of the vector concerned.

Because the Markovian process is assumed, the proba-
bility function W(m,t +At) of finding m at ¢ +At is
connected with W(m',t) at ¢ through the transition prob-
ability, Eq. (4.1), by*

W(m,t +At)
= f f fW(m—Am,t)\P(Am;m—Am,t)d(Am).
4.2)

By expanding both sides of Eq. (4.2) with respect to At
and Am, and by noting the following relations

[ Amgp(Am;m,0d(Am)=R (1At ,
[ Am Am yp(Am;m,nd(Am)=€R (1)At
+R, ()R (1)(A1)?
4.3)
[ AmAmoAm y(Am;m,1)d(Am)=0((A1)?)

(s,s',8""'=1,2,3),

(3.12)
(3.13)

r

we obtain in the limit of Az—0

oW(m,t) d
EY = sgl _8ms [R ()W (m,t)]
1 3 a2 W
+-2_65,s'2=1 W[Rss'(t) (m,?)] .

(4.4)

This is the master equation for order parameters which is
correct up to the order O (€). Note that Eq. (4.4) is essen-
tially the same as Eq. (4.3) in I except that s in the trian-
gle approximation runs up to 3 instead of 2 in the pair ap-
proximation. Therefore, when the probability distribution
function for the fluctuation from the average path is de-

fined by
Q (n,t)=WI(i(t)+€'*n,t) , 4.5)

we have the Fokker-Planck equation for the fluctuation:

9Q(n,1) 39 [ & oRr(m(n)
T ————nsQ(n,1)
at E] 3 sgl 1) 15Q(n
1 e 32 _
2 s,slz-l 3753 [R(m(2))Q(m,1)] ,  (4.6)

where the dependence of #i(f) on R (z) and Ry(t) is
denoted explicitly. From Eq. (4.6), the evolution equa-
tions for the fluctuation such as (7,(1))) and
{(ns(t)ns(2))) can be readily derived, where ( )) denotes
the average with respect to Q(,¢). Thus, the evolution
equations for both the average and for the fluctuation of
order parameters can be derived directly by the PPM in
the triangle approximation.

V. THE MEM IN THE TRIANGLE APPROXIMATION

The basic equation of the MEM is the evolution equa-
tion of the probability function P(M,t) with M=Nm.
The function P(M,¢) gives the probability that, at time ¢,
the system has the configuration M, where m is defined
in Eq. (2.12). Then the master equation for a homogene-
ous system is written in the triangle approximation as
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aP(Mt

5 f W(M—M';t)P(M,t)dM’

+ [ WIM'SM;0P(M,0dM’, (5.1)
where W(M—M’;t) is the transition probability from the
state M to M’ per unit time at . When a spin of the sys-
tem with spin state i/ changes its direction, the order pa-
rameter M of the system changes by the amounts

AM,(i)=—2i ,

AM, G, ()= —2iGy +ja+** +J) (5.2)

AM;(i, {js})==2i(jj2+j2ds+ - +iad1) s

where (jy==1, s=1,2,...,2) is a configuration of the
nearest-neighboring spins around the center spin with i.
Because spin flips are assumed to occur independently at
each lattice point, the transition rate of the system can be
given as

W(M—M+AM;t)=Nw(m;AM(, {j,}),t) . (5.3)

As was done in the Appendix of I, we can write w as a
product of two factors.> The first factor, the energy fac-
tor, is the same as Eq. (A4) in I and is given as

AE (i, {js})

2kyT (5.4)

z
K ¥ j+L
j=1

exp | — =exp | —i

The second factor, the probability factor, p,.,, of Eq.
(A3) in I was written as a product of the pair probabilities
yij(2). In the present treatment, we have to use the trian-
gle probabilities z;;(¢) instead. However, there is no
prescribed rule for writing p,,(i,{js},t) in terms of
;i (t) in the MEM, and this is where the arbitrariness of
the MEM exists. On the other hand, in the PPM, each
step in the formulation is strictly prescribed once the basic
cluster is specified. Therefore, we tentatively write the
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following relation for the p,(i,{js},t) in the MEM on

the basis of the superposition concept® as

z zij:js (1)
o) =A% [ |——

) (5.5
s=1 y,'js(t)

p2+l(i’j1vj2: .

where .#" is a normalization constant and j,  ;=j;. By
combining Egs. (5.4) and (5.5), we obtain the transition
rate

—Li) H Ai(js’js+1) ’

w(m;AM(, {js}),t)= ‘llimo./VGxiexp(
- s=1
(5.6)

Ai(js»js+l)

exp( — Vijgjs +1)

K.. .
Zijj, 4 1CXP —‘i‘l(k +s+1)

Yiiiis 41
where the conjugate field V for the combination of three
spins is introduced for the convenience in later arguments.
Since the state variables are expressed in terms of order
parameters as

. 1 _ 2.
x;=73(14im,), yiy=7 |1+ +)mi+ —ijmy |
(5.7)
. 2. . .
Zijk=% 1+(l+]+k)m1+;(lj+]k+kl)m2
+li‘km
2] 3 ’

the transition probability depends on order parameters m
at t. By substituting Eq. (5.6) into (5.1) along with the re-
placement of P(M,t) by P(m,t), we obtain the master
equation in the triangle approximation

dpil‘:‘ D tr[w(m; AMU, {J; })P(m, 0]+ tr{w(m—e AM(G, j, | ;AM(G, {, ] ) P(m— AMUG, {,}),0)] , (5.8)
where tr=; 1) Jioda - . When we define the moments with respect to the transition probability as
Clllz,s(m,t)ztr[[AMl(i)] 1[AAMz(i, {Gs D1 2[AM3(i, {Js 3w(m;AM(i,{js}))] , (5.9
r
we have the Kramers-Moyal expansion of the master G (t)=tr[w(m;AM(,{j;}),t)] . (5.12)

equation

Pmn) __ $ § i( e)"*’?*”"l
at e ATN
Iy +1, 4130
" 3" "

X 1

amII’ 8m212 aM3 3
><C111213(m,t)P(m,t) , (5.10)
where the moment function is further transformed as

11
3 3 3
c S DY I PO I B P
0= 2501 123k | |*aw

Iy

G(t),

5

(5.11)

Here, it should be noted that the limiting operation
limy_,, is always taken after the differentiation with
respect to V is made. The function G(#) in Eq. (5.12) is
thus the moment generating function. It is seen that the
evaluation of G (¢) is reduced to an eigenvalue problem if
A, Js+1) is identified as the (j;,j; +1) element of a ma-
trix A’, and is transformed as
G(=40 3 x;e Mir[(4')7]
i=%1
=40 3 xie M{ALOPE+[AV()]),

i=*1
where A% (i) and AY (i) are eigenvalues of the matrix A°,
ie.,

(5.13)
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A!<z>=l[7~il ot
2 yll yl—l
_ _ 2 172
el
Yii Yi—i YiidVi—i

(s=x1). (5.14)

Note that only A% (i) appears in the equivalent expression
in the PPM, Eq. (3.11). In the limit of ¥—0, A% (i)
naturally becomes A, (i) in Eq. (2.11). It is also
noteworthy that A_(i ==*1) appears in Eq. (5.13), but not
in corresponding expressions, Eqgs. (2.8) and (2.9) in the
PPM. This indicates the difference between the PPM and
the present version of the MEM.

Up to O(e¢) in Eq. (5.10), the master equation is written
as

€ < 3?2
+5s,s'2=1 m,am,, LCe(DPm,N], - (5.15)

where

Ci(t)=Cpo(m,1), C,(t)=Coo(m,t), C3(t)=Cpq(m,?)
(5.16)

and

CulD Calo (0 Caoo(t) Crolt) Cyor(2)

Ca1(t) Cplt) Cyp(t) |= |Cyolt) Copolt) Copy(t)

Cult) Cyl) Cy(n) Cio1(t) Co() Copalt)
(5.17)

are introduced. By applying the system size expansion to
Eq. (5.15) or (5.10) with the transformation

O(¢&,n=P[fa(r) +€%¢ 1],

we obtain the Fokker-Planck equation for fluctuation of
order parameters in the MEM

(5.18)

a —_Sgl ags Sgl am (t §S Q(g,t)
1 3 3? a
+—“2-1 Tt Tt [CuB(1))Q(5,0], (5.19)

where the evolution equations of order parameters are
chosen as

dmg(t)
dt

Equations (5.19) and (5.20) are to be compared with Eq.
(4.6) and (3.8), respectively. It is seen that, because the
kernel functions such as Ry, Ry, C;, and Cy can be de-
rived from the moment generating functions, the differ-
ence in the evolution equations derived by the PPM and
those by the MEM is derived from the difference of G(z)
in the PPM and G (¢) in the MEM.

=C,(f(1) . (5.20)

V1. DISCUSSION

In the present paper, we have extended the treatment of
kinetics of Ising ferromagnetism both by the PPM and by
the MEM to the triangle approximation’ for the first
time. Our special interest is to compare the treatment of
the PPM and the MEM in such a high degree of approxi-
mation. Our major aim was to clarify the features of the
PPM as a kinetic method so that its applicability to a
variety of irreversible phenomena could be correctly un-
derstood and ways to broaden the applicability can be
found as stated in the preceding paper (I).! For this
reason, in the PPM we have derived the evolution equa-
tions not only for the order parameters but also for the
fluctuation from the most probable path with such a high
degree of approximation. In dealing with the MEM in
the triangle approximation, we derive the evolution equa-
tions for corresponding quantities by making use of the
superposition approximation, Eq. (5.5), familiar in the
CVM.? The superposition approximation was also used in
the treatment in the pair approximation.!

In the point and the pair approximations, the PPM and
the MEM give identical results.! On the other hand, in
the triangle approximation the results thus derived by the
two methods are not exactly identical. In the MEM, all
moments with respect to the transition probability, which
specifies the evolution of the system, are obtained simply
by the differentiation of a generating function even in the
triangle approximation, if an additional conjugate field to
the three-spin correlation is introduced. The generating
function G (¢) thus far derived is characterized by two
kinds of characteristic values A4 (i) [see Egs. (5.13) and
(5.14)]. Thus, A (i) and A_(i) appear on the same footing
in the MEM, while in the PPM, A _(i) is always missing
[Egs. (2.8) and (2.9)]. In the PPM, the meaning of A (i)
is clear in that it represents the effect of the environment
on the center i spin when it flips its direction. Therefore,
it can be said that the PPM and MEM in the present
treatment give different environmental effects. Because
of the relation, A (i) > A_(i), this difference is expected to
vanish in the limit of high coordination number. Also, it
can be shown that both results lead to the same equilibri-
um expected from the triangle approximation of the
CVM.? Thus the difference between them is related only
to the kinetics. On the other hand, even if the equilibrium
state is unique, there can, in general, be many kinetic
paths converging to the same final equilibrium state. As
is shown in Sec. V, if we drop the A” (i) term in Eq. (5.13)
for G(t) and choose G(t) in Eq. (3.10) as the generating
function of transition moments, the MEM leads to exactly
the same evolution equations of the average and the fluc-
tuation as those by the PPM. However, the physical ori-
gin of the modified G(¢) in such a case cannot be justified
from the viewpoint of the MEM.

While the MEM is a differential type of formulation,
the PPM is of integral type. The latter can thus be direct-
ly connected to the path-integral formulation. We expect
that this viewpoint would make the relation between the
two methods clearer. It is, therefore, necessary to clarify
why the PPM and the MEM should lead to similar but
different results in the triangle approximation. In other
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words, it is necessary to answer if there is a reasonable
MEM formulation which gives the same results as those
of the PPM in the triangle approximation before we can
conclude that both the PPM and the MEM are equivalent.
At the same time, the clarification of this problem would
be very useful to critically review the features of the PPM
as a kinetic method.
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R (DAr=4 3 ([&i()+26()+&(1)])

i=+1

-4 3 X0),

i=%1

Rp(DAt=8 3 (i[£(1)+2&(i)+E3(D][E1(1) —E&3()])

i==*1

=8 3 i[Z,()—Z4(i)]=Ry (DAL ,
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APPENDIX

In order to calculate the variance matrix, we first note
that the determinant of D (i)~ ! is given by

D] | =— 36X(i)

a A A (l"——l,—l) :
Y(DY,(DZ,(D)Z5(i)

(AD

Since the inverse matrix of D(i)~! gives the correlation
matrix
[D()]gy={E&DELD)) (s5,5'=1,2,3), (A2)

we reach after some calculations by using Eq. (3.7),

Ri3(0Ar=12 3 ([£,()+2&()+&3(D][E(1) —2&,(1) + &3(D)])

i=*1

=12 3 [Z,()=2Z,()+2Z5(D)]=Ry (DAL,
i 1

I
I+

([&:(1)—&5(D)]*)

+1

Ry (1)At=16

Il

[Z,()—2Z,(D)]? . 27,0 Y, Z, (DY () +Z4() ¥, ()]

A~

X(i)
R23(Z)At=24

+1

=24

i

M

1

=R, (t)At,

Ry(0)At=36 3 ([&()—2&(0)+E&(D]?)

i=*1

3Z,()X ()
GLED) —E3(D]E1(D) —2E(D)+E5(D])

’

i{[Z,(0)—Z5()—4Z, (D[ 2, (D)= Z5()1/R (D) + +[Z,() — 23] 01 (D ¥, 1) /R (1)?)

=36 3 ([Z2,()=2Z,()+Z5(D)P/R () — {2, ()2, /R (D) —[Z,(D) + Z5()) ¥, () B, () /R (1)?))

i=*1

In the calculation, the relation
(E(DEi")) =0 for i=£i’

is used.

(A4)
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