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Equilibrium-bond-length predictions of very heavy heteronuclear molecules
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The predictions of a central-field molecular model, designed to represent a series such as CH4,

SiH4, . . . , PbH4, are first derived, within a nonrelativistic framework, in the limit in which the nuclear

charge Z2e of the heavier atom is allowed to tend to infinity, It is shown that in this model, in which the

four outer protons in PbH4, say, are smeared uniformly over the surface of a sphere of radius R equal to

the Pb-H bond length, the equilibrium bond length R, can be calculated analytically in the limit as Z2e

tends to infinity. In the series of tetrahedral molecules CH4, SiH4, . . . , PbH4, R, tends, in fact, to a finite
0

value equal to 2.6S A. This prediction of a finite asymptotic bond length is then confronted with the exper-
imental facts not only for the series CH4, SiH4, . . . , PbH4, but also for tetrahedral fluorides, chlorides, and

bromides, and also for octahedral molecules. The empirical results are entirely consistent with the model

prediction of a finite asymptotic limit of the bond length R, as Z2 ~. A linear relationship is found

between Z2/R, and Z2.

Z28'
V(r) = — $(x)

I'

where x = r/b (b =0.885Z2 ' 'ao) is a dimensionless mea-
sure of the distance r from the point charge Z~e. The
dimensionless dependent variable g satisfies the usual non-
linear Thomas-Fermi equation'

d'g(x ) y'~'(x )
dx' x'" (2)

Because of the presence of the surface charge at distance
R =M' from the origin, the electric field suffers a discon-
tinuity determined by the magnitude of the surface charge
density, and this, in turn, is reflected by a discontinuity at L
in the derivative of @(x), the discontinuity being given pre-

It seems unlikely' that there exist any homonuclear chem-
ical systems beyond, say, Pb2, but it is interesting to inquire
whether charge transfer stabilizes heteronuclear molecules.

Our aim, in this paper, has been to extract analytical
results in the limit of very heavy heteronuclear molecules,
and to this end we have gone back to a rather simple molec-
ular model considered by one of us, 2 and solved by a com-
bination of numerical methods and analysis in the limit
where the number of electrons is sufficiently large for the
Thomas-Fermi statistical model to be valid.

To be quite specific, consider the series of tetrahedral
molecules CH4 to PbH4. Because of the high symmetry,
one can contemplate expanding the nuclear potential field of
the four outer protons about the centra1 nucleus carrying
charge Z2e, say. If one retains only the first (s) term of
such an expansion, one is led immediately to the model in
which the outer nuclear charges, say with total nuclear
charge Zle, are spread uniformly over a sphere of radius R
equal to, say, the Pb-H bond length.

Within this model, a number of simple results follow.
First of all, the total self-consistent potential energy &(r),
referred to the nuclear charge Z2e as origin, can be written
in the form

cisely by

t)@& '9/2 Zl

Qg g QX g XZ2
(3)

ZleU„„= (Z2+dZi)
R

(4)

where d is determined by the molecular geometry and for
tetrahedral molecules has the value dt, t„h,d„~ = 3%6/32.

As shown by one of us, ' dE/dR is zero when

t)$~
(

dZ
&

t)x x=x

Equations (1)-(5) constitute the essential basis for the
derivation of the main result of the present paper, namely,
an analytical formula for X, and hence the equilibrium bond
length R, =bX, in the limiting case when Z2 —~ for fixed
Zl. To lead into this derivation, the numerical calculations
of Ref. 2, which can be presented by plotting X, vs Z& /Z2,
leave no doubt that as Z~ /Z2 —0 in accord with the desired
limiting process discussed above, L, ~. It is the detailed
way in which X, goes to infinity which is our main concern
in what follows.

As X tends to infinity, we require for x )X a solution @2
of the Thomas-Fermi Eq. (2) which tends to zero at infini-

ty. In fact, the general form of the solutions of Eq. (2),
which tend to zero at infinity, was established by Coulson
and March, and their work allows us to write, for suffi-

where @~ (@2) coincides with qh for x & X ( ) X) (see
March' ).

But the most important result of Ref. 2 for our purposes
is for the equilibrium bond length R, = bX„determined by

the usual condition dE/dR ~R =R ——0, E being the total

molecular energy, including of course the nuclear-nuclear
potential energy U„„given by
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ciently large x,

144
y, (x) = 1 + ~ ~ ~

X X
(6)

where in the present problem, Fi ——F|(Z|/Z2) and the ex-
ponent c is given by c = (473 —7)/2=0. 772. Here we shall

suppose that X, and hence evidently x, is so large that we
can neglect the term in F& in Eq. (6). Therefore, inserting
the approximation @2 = 144/x', valid as Z| /Z2 —0, into Eq.
(3) we can evidently calculate both Bgl /Bx ly and

Qi(X, ) = &2(X, ) entering the equilibrium condition (5) and
we readily find, in the limit Zl /Z2 0:

' 1/3

yo 12
ZI [3(1—d ) ]' (7)

confirming the assertion made above that X, ~ as
Z2 ~ for finite fixed Zt. Forming the asymptotic equi-
librium bond length 8, =bX, in this same limit, we find
that Z2 cancels out and we are left with the finite equilibri-
um bond length as Zi/Zq 0:

' 2/3

~0 1 12 3 h

Z' ' [3(1—d)]' ' 32m' 2me'
J

(8)

If we neglect the term in Ft, we regain the limiting value
X, —Xo given by Eq. (7). However, to get the next ap-
proximation, we shall ~rite X, = X, +5 and inserting this
into Eq. (9) we can solve to first order in 8 to obtain

In this molecular model, therefore, the limiting bond length
is determined solely by the total nuclear charge Zie of the
outer atoms and the geometrical factor d. As a numerical

example, we take the tetrahedral series CH4, . . . , PbH4,
when Zi=4. The numerical value of R, from Eq. (8) is
2.68 A.

We now establish the limiting law for the way the asymp-
totic value, R, , given in Eq. (8) is approached according to
the above-described model. The procedure is to utilize the
series (6), but now including the term Fi/x'. We must
note that, in representing the solution Pq by the series (6),
we must recognize that the dimensionless bond length X
must be large, and that Fi will depend on Z|/Z2 and the
geometric factor d. Ho~ever, we are concerned merely with
the approach to the limit Z2/Zl

Using Eq. (6) to the order displayed, we calculate
Bg1 /8x lx from the condition (3) . Since Pt (X ) @2(X),
we can then utilize these results in the equilibrium condi-
tion (5). This condition then reads

—4X 144 144F|(4+c) Zl+ (1—d) =0
2

where Xo is given explicitly by Eq. (7). We must caution
that this formula is only useful for the model when
Zi /Z2 « 1.

We have made some estimates on the series CH4-SnH4
using empirical bond length data. ' The approach to the
asymptotic bond length can be represented, as in the plot of
Fig. 1 by

f

Z2 Z2
R' Z;" (12)

I

30-

according to the model. However, if we fix the exponent of
Z2 in fitting the empirical data as c/3= 0.257, then for the
CH4-SnH4 data, 3 is found to be —1.8, whereas the predic-
tion of this work from the molecular model would give
A —1.4. The model seems therefore to predict the ap-
proach to the limiting law semiquantitatively. We have no
way, at present, of deciding if some improvement can be
achieved by including the higher terms in the one-center ex-
pansion or by considering the relativistic corrections which
naturally would be reflected in the empirical data, but are
not in the model which is purely nonrelativistic. We
suspect, however, that the main effect lies in truncating the
one-center expansion at the first term.

It is of obvious interest to enquire also whether the ex-
periment indicates agreement, or otherwise, with the model
prediction (8), that the equilibrium bond length R, tends to
a finite asymptotic value as Zl /Z2 0.

We have found it convenient, in analyzing available em-
pirical data on bond lengths of tetrahedral molecules, to plot
Z2/R, vs Zq, such as has been shown in Fig. 1 for CH4,
SiH4, GeH4, and SnH4. The theoretical prediction corre-
sponding to Eq. (8) with Zi =4 is shown by the dashed
curve in Fig. 1. Though the present work is entirely non-
relativistic, our attention has subsequently been drawn to
relativistic calculations by Lohr and Pyykko, ' which also
display such a limiting value of R„ though from purely nu-
merical studies.

Fi' (4+ c )
X, =X, 1+ =X, 1— + ~ ~ ~

X 12(X )' (10)

The quantity F] denotes the fact that we must calculate Fi
in the asymptotic limit Zi /Z2 —0 and this then becomes
the neutral atom value, which is known to be 13.27.

Thus, the conclusion is that the asymptotic finite value
R,o in Eq. (8) is approached, according to the law

Fi (4+c)
R, =R, 1— + ~ ~ 4

12(X')'

I

2Q

FIG. 1. Plot of Z2/R, vs Z2 for series CH4, . . . , SnH4. The
dashed curve shows the asymptote predicted by formula (8). The
experimental values of R, {in A) have been taken from Refs. 5 and
6.
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FIG. 4. Same as Fig. 2, but for brornides.

FIG. 2. Plot of Z&/R, vs Z~ for tetrahedral fluorides. The ex-
perimental values of R, (in A} have been taken from Ref. 6.

Because of the encouraging results in Fig. 1, which appear
entirely consistent with the model prediction of a finite
asymptotic bond length, we have also made similar plots for
tetrahedral fluorides, chlorides, and bromides in Figs. 2-4.

Comparing these three figures, it is possible to draw
straight lines if we neglect the heaviest elements U and Th
in each case. From the slopes of these straight lines, the
bond lengths obtained are 2.2, 2.4, and 2.S A for F, Cl, and
Br series, respectively. However, since the model prediction
concerns the limit Z2 —~, it could be argued that a more
plausible slope is that obtained from the heaviest elements
U and Th. These lead to bond lengths of 0.8, 1.4, and 1.3

A for F, Cl, and Br series, respectively. Returning to the
theoretical prediction in Eq. (8), we find with Zt the bare
nuclear charges, i.e. , Z~ = 36, 68, and 140 for F, Cl, and Br
series, respectively, the values R, =1.3, 1.0, and 0.8 A,
Again, the available evidence seems to support the thereti-
cal prediction of a finite asymptotic value of R, .

We have also studied the empirical data on octahedral
molecules, for which d in Eq. (4) is given by

doctllhedrd = ( l + 4~2)/24. As for tetrahedral molecules, if
one ignores U, Np, and Pu, a straight line can be drawn, as
is seen in Fig. S, with slope corresponding to a bond length
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FIG. 3. Same as Fig. 2, but for chlorides.
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FIG. 5. Plot of Z& jR, vs Z& for octahedral molecules. The ex-
perimental values of R, {in A} have been taken from Ref. 6.
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of 2.0 A. However, as discussed previously, the limit

Z2 ~ can be argued to more nearly correspond to the
slope of the line through the three heaviest elements U,
Np, and Pu. This yields an asymptotic bond length of 1.2
A. Taking the theoretical prediction (g) with the bare nu-

clear charge Z~ = 54, we find R, =1.1 A.
In summary, the most remarkable finding of the present

work is that in the above-described molecular model the
limiting value of the equilibrium bond length tends to a fi-
nite value, involving the "geometric constant" d appearing
in the nuclear-nuclear potential energy (4).

Furthermore, for the series CH4, . . . , PbH4, which seems

the most appropriate for the model prediction to be tested,
it seems possible, though it has not been demonstrated, that
the model prediction may be quantitatively correct. Even
for molecules with atoms with well defined cores in the
outer positions, e.g. , UF6, it seems still possible that the
model prediction of a finite asymptotic bond length is quan-
titatively correct.

In conclusion, though it seems unlikely that there will be
any homonuclear chemistry beyond, say Fb2, charge transfer
stabilizes heteronuclear molecules. The present paper,
therefore, makes a start on at least some aspects of the
theoretical chemistry of very heavy heteronuclear molecules.
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