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The effects of external electric fields on dielectronic recombination have been studied in the

distorted-wave approximation. The eigenvectors for the doubly excited Rydberg states were deter-

mined by diagonalizing a Hamiltonian matrix which includes the internal electrostatic and spin-

orbit terms, as well as the Stark matrix elements. Calculations were performed for the dielectronic

recombination transitions associated with the 2s~2p excitation in the Li-like ions 8 +, C +, and

0 +; and the 3s ~3@excitation in the Na-like ions P +, S +, and Cl +. The results for the Na-like

ions are compared with recent merged-beam measurements, and the differences between the two se-

quences with respect to the enhancement of dielectronic recombination as a function of electric field

strength are discussed.

I. INTRODUCTION

Dielectronic recombination (DR} can be thought of as a
two-step process. In the first step, a free electron col-
lisionally excites an N-electron ion and is simultaneously
captured into a doubly excited autoionizing state of the
(N + 1 }-electron ion:

e +X;(Z,N)~XJ"(Z,N+1) .

It can then autoionize back to the initial state i, or to an
excited state k of the N-electron ion:

XJ"(Z,N+1}~Xk (Z,N)+e

However, it can also emit a photon and decay to an excit-
ed state f of the (N+ 1)-electron ion:

XJ '(Z, N+1) Xf'(Z, N+1)+hv .

If this state is below the first ionization limit of the
(N+1}-electron ion, it will be stable, and the DR process
will be complete.

In this paper, we shall consider DR transitions associat-
ed with hn =0 excitations. For such transitions within
high-temperature plasmas, recombination through the
multitude of doubly excited Rydberg states with very high
principle quantum numbers will normally dominate the
total DR process. Therefore, the cross section will be very
sensitive to the existence of external electric fields, which
surely are present in plasmas and electron-ion beam exper-
iments. First of all, such fields can ionize electrons in
high Rydberg states and thereby decrease the DR rate.
Secondly, electric fields redistribute the angular momen-
tum among the doubly excited Rydberg states which tends
to open up more recombination channels and enhance the
rate of dielectronic recombination.

Several approximate methods have been developed for
estimating the enhancement of the DR process due to
field mixing. ' They all employ the configuration-
average approximation in which the rates for recombina-
tion, autoionization, and radiation are averaged over all
the states of a given doubly excited configuration. Furth-

erinore, they attempt to estimate the onset of the linear
Stark region where doubly excited configurations contain-
ing Rydberg electrons with the same value of n but dif-
ferent values of l are degenerate; in this region, the field-
mixed DR cross section or rate coefficient may be calcu-
lated by making a simple transformation from the spheri-
cal to the parabolic basis.

Recently, LaGattuta has developed an approximate di-
agonalization technique for calculating field-mixing ef-
fects on DR, which is based on the configuration-average
approximation. This method employs eigenvectors for the
doubly excited Rydberg states determined by diagonaliz-
ing a Hamiltonian matrix for which the diagonal com-
ponents consist of the average Hartree-Fock energy of a
given configuration plus an average-quadrupole term be-
tween the outermost electrons, and the off-diagonal terms
consist of the Stark matrix elements between the Rydberg
electrons within the doubly excited configurations. This
may prove to be an efficient way of estimating field-
mixing effects as a function of field strength, and
represents an improvement over earlier techniques. How-
ever, it is difficult to evaluate its accuracy since it does
not take into account the mixing between individual levels
within the doubly excited configurations. The separation
between such levels is a critical parameter in determining
the amount of mixing at a given field strength.

In an earlier study, ' we examined the systematics of
field mixing in dielectronic recombination in the Li and
Na isoelectronic sequences by employing the con-
figuration-average and linear Stark approximations. This
provided physical insight into field-mixing effects and en-
abled us to determine the maximum field enhancement of
DR cross sections as a function of ionization stage. In
this paper, we present the results of extensive distorted-
wave calculations of dielectronic recombination as a func-
tion of electric field strength. The intermediate-coupled,
field-mixed eigenvectors used to represent the doubly ex-
cited Rydberg states were determined by diagonalizing a
Hamiltonian which includes the spin-orbit, internal elec-
trostatic, and Stark matrix elements. These calculations
then take into account the mixing between individual dou-
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bly excited states with the same value of n but different
values of I due to the presence of an external electric field.
However, as in earlier studies, we do not include mixing
between Rydberg states with different values of n, and we
ignore the effect that the electric field may have on the in-
coming continuum electron; this latter effect is presently
being investigated in the context of DR at Los Alamos.
Finally, we have not incorporated any correlation effects
in these calculations. One such effect is core polarization,
in which the presence of the Rydberg electron tends to po-
larize the core and thereby distort the electrostatic poten-
tial of the Rydberg electron. For Rydberg states for
which 1&0, this effect can be approximated by including
the term —,'ar in the single-configuration Hamiltonian,
where a is the dipole polarizability of the core. For high
values of I, where this term will have its greatest validity
and its largest effect on the diagonalization, it is smaller
than both the spin-orbit term of the core and the direct
electron-electron electrostatic term, especially for higher
stages of ionization. Although this as well as other corre-
lation effects are worthy of further investigation, they
have not been included here.

In Sec. II we outline the theoretical methods and calcu-
lational procedures used in our work. In Sec. III, results
of calculations for the Na-like ions P +, S +, and Cl +

and the I.i-like ions B +, C +, and 0 + are presented and
compared with available measurements. Finally, in Sec.
V, we conclude by discussing the implications of these re-
sults.

II. THEORETICAL METHODS
AND CALCULATIONAL PROCEDURES

where g(r, ) is the radial part of the spin-orbit interaction
and F is the electric field strength.

For the doubly excited configurations considered here,
involving two outer electrons above a closed subshell, it is
convenient to evaluate the matrix elements of the above
Hamiltonian using a basis set in which the two outer elec-
trons are coupled according to the jE scheme,

~ njlz ,'j J—nlKJ , JJ—.MJ ). In this notation, nj, lj, and jj are
the principle, orbital angular momentum, and total angu-
lar momentum quantum numbers for the first excited
electron, respectively; n and I are the principle and orbital
angular momentum quantum numbers of the Rydberg
electron, respectively. In the absence of an electric field,
this representation becomes quite pure as the principle
quantum number n of the Rydberg electron increases and
the electrostatic interactions and the spin-orbit interaction
for the Rydberg electron decrease. The Stark matrix ele-
ments cannot mix states with different values of jj; thus,
for sufficiently high values of n, it is quite accurate to di-
agonalize the matrices for each value of jj separately. Us-
ing standard methods of Racah angular algebra, it is a
straightforward procedure 'o to evaluate expressions for
the inatrix elements in this basis in terms of 3-j and 6-j
symbols and radial electrostatic, spin-orbit, and dipole pa-
rameters. Diagonalization of the resulting matrix for
given values of n and M& yields eigenvectors for the dou-
bly excited states of the form

jlKJ

The Hamiltonian for an (%+1)-electron ion in an
external electric field (in Hartree atomic units) is given by

(4)

where yj is simply a serial number used to specify com-
pletely a particular eigenvector.

The dielectronic recombination cross section from a
state of the initial level i of an E-electron ion through a
particular doubly excited state j of the (%+1)-electron
ion to all possible bound states of that ion is given in the
isolated-resonance approximation by the equation

8m 10'= i Q njl~npJMJ.
m=i "&+~,~

2

n;I;j;k,l,E;J;M;

(6)

In the above expression, k, is the linear momentum and
I, is the angular momentum of the continuum electron; g;
is the statistical weight of the initial level of the X-
electron ion; the factor of 2 in the denominator is the in-
trinsic statistical weight of the continuum electron; n;, I;,
and j; are the principal, orbital angular momentum, and
total angular momentum quantum numbers, respectively,
of the singly occupied open subshell in the initial N-
electron ion; the initial states, including the continuum
electron, are designated in jK coupling; and the continu-
um normalization is one multiplied by a sine function.

The radiative rate A,j(~f) from a particular doubly
excited state j to all states of a lower level f in the
(N + 1)-electron ion is given by the equation

.7+1
A, (j f( r, Z yrjrMr Z=r n~(rn(';Mr)

3c Mf m=1

where cujf is the transition frequency, c is the speed of
light, yf is used to designate all quantum numbers other
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than JJ and MJ which are needed to specify the final
state in intermediate coupling, and we employ the dipole-
length form of the electromagnetic interaction. In Eq. (6),
we use f to designate bound levels only, while f' is used to
signify any lower level, including autoionizing levels. By
including radiative transitions to autoionizing levels in the
denominator, and not in the numerator, one can correct
approximately for the effect of cascading among the au-
toionizing levels. Such final autoionizing levels can decay
with the emission of another photon to yet another au-

toionizing level or to a bound level; however, they will
more likely autoionize and not contribute to the DR cross
section. The inclusion of these additional radiative terms
significantly complicates an already complex calculation,
and usually leads to relatively small corrections. " For
these reasons, they are omitted from the present work.

The autoionizing rate A, (j—+k) from a particular dou-

bly excited state j of the (% +1)-electron ion to all states
of a level k of the N-electron ion is given by the expres-
sion

4 N
A, (j~k)= g naIgjak, !,K~J~M&

IJlp JiMi m =1 ~&+&,m

2

n~l) n y~M~ (8)

where E; and EJ are the energies of the initial level 1 of
the N-electron ion and the doubly excited state j of the
(%+I)-el etcr onion, respectively, I 1 is the full width at
half maximum of the doubly excited resonance state j,
which with the approximations used here is given by

11=Q A, (j~k)+ Q A, (j ~f) .
k f

(10)

Atomic units are employed in all of the above expressions.
Since we assume nonoverlapping resonances, we follow

Hahn and collaborators (see, for example, Ref. 3) and de-
fine an energy-averaged cross section cr:

a+he/20'= cr(e)de,
e —de/2

Finally, the Lorentzian profile L r(E; +k,, /2 EJ ) —is
given by the equation

Lr(E; +k, /2, EJ )=—2 . =1 I J.

2~ (E~+k2~/2 EJ ) +I—j./4

where e is the electron energy (e=k, /2) and b,e is an en-

ergy bin width larger than the largest resonance width I &.
We also see by comparing Eqs. (6) and (8) that the cross
section can be written entirely in terms of autoionizing
and radiative rates. Finally, we assume that the energy
spread within the initial configuration is small (of course,
for the s~p transitions considered in this paper there is
only a single initial level) and we determine an average
cross section from a state within the initial configuration
through a particular state within a doubly excited config-
uration:

g A, (j +i) g—A, (j ~f)
0'= 2n 1 i

12
Idpki 26' Q A, (j ~k)+ Q A, (j ~f)

k f
where Gi is the total statistical weight of the initial con-
figuration. It is important to note that in Eq. (12) g,.

designates a sum over the levels of the initial X-electron
configuration only, while g& signifies a suin over all
lower levels of the N-electron ion.

The sum over autoionizing rates is given by the expres-
sion

g A, (j ~k) = (2I&+1) g (21&+ 1)g {21,+ 1)
4

kg nkl &k~k Jk~k

n. l.ny. M. ~d AdX om. ,m„g Iij ,J„IJ 'll x
''

. 5' .,x~. g. ra (I~J'~I,K.i„'IJJ'J IK~ )R (ni, li, k, l, ;njljnl)J' k
( ~J 1' k j j j j' k
Jj jj d

ke+ g r, '(Iiji I,KqJi„ljj JIK&JJ )R '(k, l,ni li„n'JIJnl)

where the angular coefficient of the direct term is given by

f

j Ji,I,KJ~IJJ'JI~)={ —1) ' ~(21+1){2j,+1)(2jA. +1)~
K —1/2 1k A,g l. /, A, l ' ~. —

/ E
0 0 0 0 0 0 jk Ag lk

' 1, jk

(14)
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and the angular coefficient of the exchange term is

I, A,, I, lk A., I
r, '(Ikj kl,Kk J&,IIjl IKlJl )=( —1) " '[(2l +1)(2' + 1)(2jk+ 1)(2Kl + 1)(2Kk+ I)]'~

I + 1/2 JJ l Ej
X g (2j+1)

j=I—1/2 Jj j
j 1J Ek

1 Jj

J j lj Kk

Jk ~e lk le Jk ~e

R (nklkk, l„'nil&nl) and R '(k, l,nklk, nll~nl) are the
direct and exchange Slater parameters, respectively.

In considering the expressions for the sum over radia-
tive rates, we must distinguish between three different
cases. The first case involves a transition between config-
urations which differ only in the first open subshell:

n) lJ nl~n) 1) nl .

We refer to these as type-1 transitions. The second case
involves a transition between configurations which differ
only in the second open, or Rydberg electron, subshell:

nl IJn I~ ill. (& ni lg (17)

We refer to these as type-2 transitions. Finally, the third
case involves a transition in which the electron in the
second open subshell drops to the first open subshell:

nlllnl~nlll . (18)

We also refer to these as type-2 transitions, although the
expression for the radiative rate is quite different. Type-2
transitions are often ignored in calculations of DR rate
coefficients and cross sections but can be quite important
near threshold, especially in high stages of ionization.

For type-1 transitions, we assume that neither the tran-
sition frequency nor the radial dipole moment are affected
by the presence of the Rydberg electron. Calculations
have shown that this is a good approximation. The sum

I

over radiative rates then reduces to a rather simple expres-
sion:

(19)

where I& ——max(ll, ly), and the radial dipole moment is

given by

dn~l&, n l ~n&l& "~n Id".ff'i ) 0 ff J'J (20)

g&,(j~f)=, pa)j'y g (d„ l „l)'

Finally, for type-2 transitions of the kind shown in Eq.
(18), we make the same approximation as for Eq. (21) to
obtain the equation

We employ the transition frequencies and radial dipole
moments calculated for the transitions n&lr~n~l~ in the
S-electron ion.

For type-2 transitions of the kind depicted in Eq. (17),
we ignore the variation in the transition frequency over
the levels of the final configuration, and then obtain the
following expression for the sum over radiative rates:

y"JI, &)M, y, I, &)M,
lJ' l l lJ'lxJ Jl ( —I) ' ' ' ' [(2jJ+1)(2jl'+1)(2K + 1)(2K"+ I)]'

j.'K'

1 lj L., 1' lj
X Q(2Ll+ I)

f f
(Lf+S& even)

~j 2 +j ~j 2 EJ
X(2Sy+1) ',

JJ Sj — J (22)
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where I &
——max(I, IJ) and I'& ——max(1', lJ). The complexity

of this equation arises from the restriction on I.f and Sf
for equivalent electrons; if it were not for this, it would
reduce to the form of Eq. (21).

In addition to field-mixing effects, electric fields will
ionize electrons in high Rydberg states. In the case of the
merged-beam experiments on DR with which we will be
comparing our calculations, the recombined ions, after ra-
diative relaxation, will be field ionized as they move at
high velocities through the field of the analyzing magnet.
One should properly calculate the probability of an elec-
tron in a high Rydberg state of the (%+1)-el ectr onion
surviving the motional electric field due to the analyzer
and being detected. We are now investigating ways of in-
corporating various hydrogenic field ionization formulas
into the present formalism. In the interim, our prelimi-
nary work with such hydrogenic approximations indicates
that the semiclassical formula' '

n,„=(6. 2&&10' q /U;8)' (23)

gjves a ieasonable estimate of the maximum principle
quantum number n,„ofstates for ions which survive the
analyzer, where q is the charge of the ion before recom-
bination, U; is the ion velocity in m/s, and 8 is the mag-
netic field in tesla. Thus, we presently incorporate field
ionization due to the analyzer by simply calculating the
DR cross section for all doubly excited states up to n

This is legitimate since only type-1 transitions are appreci-
able for high values of n, and therefore, the values of n

are the same for the doubly excited and final states at
high n The e. lectric field due to space charge in the in-
teraction region, which of course is the source of field
mixing, is orders of magnitude smaller than the field in
the analyzer; thus it cannot cause any field ionization for
ions in those states which after radiative relaxation will
survive the analyzer and be detected.

A new program DRFEUD (for dielectronic recombina-
tion field enhanced using diag onalization) has been
developed which employs the above expressions to calcu-
late the intermediate-coupled, energy-averaged DR cross
sections for a given field in the interaction region. The
energies, radial wave functions, and radial electrostatic
and spin-orbit parameters for the doubly excited configu-
rations of the (%+I)-electron ion; the energies, radial
wave functions, and potential functions for the configura-
tions of the N-electron ion; and the energies and radial
wave functions for the final bound-state configurations of
the (%+1)-el tercoinon are generated using the radial-
wave-function code developed by Cowan. The wave
functions are solutions to the Hartree-Fock equations with
relativistic modifications, ' which include the mass-
velocity and Darwin corrections within modified differen-
tial equations. The continuum wave functions are calcu-
lated in a local distorting potential constructed using the
direct part of the Hartree-Fock potential plus the semi-
classical exchange approximation of Riley and Truhlar. "
These continuum wave functions are also corrected for
relativistic effects by including the mass-velocity correc-
tion in the distorting potential.

It is not feasible to generate Hartree-Fock orbitals for
all the configurations needed in the calculation of the to-

tal DR cross section. Therefore the many radial parame-
ters used to determine the energy-level structures and au-
toionizing and radiative rates are extended to high values
of n using various extrapolation formulas. Where neces-
sary, hydrogenic wave functions are used to generate these
parameters for high values of /.

Since a diagonalization must be performed for each
value of n and MJ, the program had to be designed for ef-
ficiency. All angular coefficients and radial parameters
for the Hamiltonian matrix elements and autoionizing and
radiative rates are first determined and stored. Then for
each value of n and M&, the program generates the matrix
elements, diagonalizes the Hamiltonian, and finally uses
the eigenvectors to determine the rates and cross sections.
The full energy matrix is diagonalized up to about n =30;
from n =30 to n =40 or 50 (depending on the ion), the
matrices for each value of jj are diagonalized separately.
This is legitimate, since for n =30 and above there is
essentially no mixing between states with different values
of jj. In most cases for n above 40 or 50, the matrix is di-
agonalized for only the lower of the two jJ values. Unless
additional autoionizing decay channels open up, the ratio
of the cross sections for the two values of jj becomes near-
ly a constant at high n Thu. s, the cross section for the
lower jj alone can be used to determine the total cross sec-
tion for this last group of n values. Even with these sim-
plifications, block tridiagonal matrices as large as
400&&400 had to be diagonalized for some of the cases
considered in this paper. The number of energy matrices
that have to be included is reduced by the fact that the
cross section falls off rather rapidly with MJ, and it is leg-
itimate to exclude matrices for

~ MJ ~
greater than 10 to

14, again depending on the ion.
In order to make comparisons between theory and the

results of the merged-beam experiments, one must take
into account the velocity distribution of the electrons in
the rest frame of the ions. In fact, the electron distribu-
tion is so wide that it is impossible to determine an experi-
mental cross section as a function of energy. Instead,
these experiments measure what amounts to electron
speed multiplied by the cross section convoluted with an
electron distribution function —a sort of rate coefficient
which is a function of electron energy. However, one
must be careful not to confuse this with the more com-
monly defined rate coefficient as a function of electron
temperature. The magnitude of the relatively small com-
ponent of velocity perpendicular to the ion beam is be-
heved to be distributed in a highly asymmetric fashion,
while the velocity distribution parallel to the ion beam is
thought to be symmetric; this results in an overall distri-
bution as a function of energy which is asymmetric. ' As
a final step, our program combines the experimentally
determined distribution function and the theoretical cross
sections to produce this rate coefficient as a function of
energy.

III. CALCULATIONS FOR Na- AND Li-LIKE IONS

We now present the results of calculations for the Na-
like ions P +, S +, and Cl + and the Li-like ions B +,
C +, and 0 +. The first three ions were chosen because
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e +X&+(3s} X'e "+(3pn1}, (24)

the new measurements on these cases have been report-
ed, ' and the latter three were included since the new mea-
surements on these ions have been made and will be re-

ported soon.
For the Na-like ions, the DR process is initiated with

the recombination transition of the form

7 Q

6.0

V3~ 5.0

followed by the radiative transition of the form

X'& "+(3pnl)~X'e "+(3snl)+hv

or

X'e "+(-3pnl) X'e "+(-3pn I )+~v .

The competing autoionizing transitions are

X'e "+(3pnl) X&+ (3s)+e

or

(25)

(26)

(27}

4 Q
a
lO 3.0

b 2.0

1.0

5 0 10.0 15.0 20.0
ENERGY (eV)

X & "+(3p3/2nl} X&+(3pi/2)+e (28)

The second intercombination autoionizing transition only
occurs when the 3p3/znl states are above the 3pi/2 ioniza-
tion limit. Because our program employs a jK basis set
for the doubly excited Rydberg states, it is quite natural to
include such intercombination transitions in the calcula-
tions. However, whether or not they will contribute de-
pends on the value of n ~ For t.he Na-like ions, the
values of nm for the merged-beam experiment' are
above the point where these transitions begin. However,
only Cls+ has a high enough value of n,„ that they pro-
duce a measurable effect in the total cross sections, and
even there it is quite small.

The result of our calculation of the energy-averaged
DR cross section as a function of electron energy for P +

with no field in the interaction region is shown in Fig. l.
The energy bin width used in all the cases reported here is
0.005 hartrees or 0.136 eV; this is larger than the largest

FIG. 2. Theoretical values of the dielectronic recombination
rate coefficients for P~+ (as measured in the electron-ion
merged-bean experiment} as a function of electron energy for
five different electric fields in the interaction region.
F=0 V/cm; ———,F=5 V/cm; ——.—,F =25 V/cm;
—"—"—,F =125 V/cm;, F=625 V/cm. The calcula-
tions include all resonances up to n,„=63. Also shown are the
results of the zero-field (o) and maximum-field ( ) cal-
culations using the configuration-average approximation (Refs.
5 and 6), These are marked as CA in the figure, The solid cir-
cles (0) are the experimental data from Ref. 16.

resonance width, and yet much smaller than the experi-
mental energy spread. As we shall see, the narrow reso-
nances at low energy will be completely washed out by the
electron distribution function appropriate to the merged-
beam experiments.

Our theoretical results for the three Na-like ions of the

CO

20.0—
O

1 5.0—
O
I—~ 10.0-
LtJ
V3

5.0-

o A rl n JL flllllYi

0.0 5.0 10.0 15.0 20.0
ENERGY (eV)

FIG. 1. Energy-averaged dielectronic recombination cross
section for P + in the absence of an electric field. The calcula-
tion includes all resonances up to n =63 and the energy bin
width is equal to 0.136 eV.

6.0

c 4.0
O

)b 2o

0.0 a,
0.0 5.0 10.0 15.0 20.0 25.0

ENERGY (eV)
FIG. 3. Dielectronic recombination rate coefficients for S'+.

n,„=63. All notation is the same as that for Fig. 2.



3130 D. C. GRIFFIN, M. S.. PINDZOI. A, AND C. BOTTCHER 33

1 0.0

8.0
U3

6.0
O

0 4.0-

2.0

0.0 5.0 10.0 15.0 20.0 25.0
ENERGY (eV)

FIG. 4. D'. Dielectronic recombination. D ' 'na ion rate coefficients for Cl +.
notationis thesameas th t f F' .a or ig. 2.
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than in the Na-like iona, and this prediction sects to be
consistent with experiment.
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