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The branching ratios for the n =3 to n =2 Balmer-o. decay of hydrogen atoms in axial and trans-

verse electric fields in the range 0—1000 V/cm have been calculated with use of a density-matrix

formalism to take into account the time evolution of the atomic states in the presence of an electric

field. The branching ratios are useful when the production of 2s hydrogen atoms is measured with

the use of an electric field and when it is desired to correct for cascade contributions from the n =3
level. The total n =3 to n =2 branching ratio is found to depend on each of the 14 independent

quantities which determine the axially symmetric n =3 density matrix, thus emphasizing the need

to determine the complete density matrix including the off-diagonal coherence terms. If the off-

diagonal density-matrix elements are not known, it is preferable to use transverse electric fields

since, in this configuration, the contributions to the branching ratios from the off-diagonal terms are

less than with axial electric fields. For transverse fields of approximately 200 V/cm, the contribu-

tion from the off-diagonal terms are nearly zero.

I. INTRODUCTION II. THEORY

This paper presents the branching ratios for the n =3
to n =2 Balmer-a decay from hydrogen atoms in axial
and transverse electric fields in the range 0—1000 V/cm.
The branching ratios are useful when it is desired to mea-
sure the cross section for the production of metastable 2s
hydrogen atoms by applying an electric field to mix the 2s
and 2p states, allowing the atoms to decay by emitting
Lyman-a radiation. To correct for cascade contributions
to the n =2 level, branching ratios for the decay of
higher-n levels to the n =2 level in an electric field are
needed. This paper presents these branching ratios for the
case of n =3. Examples of the use of these branching ra-
tios are provided in the study of H + Ne collisions by Van

Zyl, Gealy, and Neumann' and the study of H+ He and
D + He collisions by Grosser and Kruger.

The key result presented below is that the total n =3 to
n =2 branching ratio depends not only on the cross sec-
tions for producing the individual n =3 excited states but
also on the coherent excitation of different states. This
result emphasizes the need for a complete description of
atoms formed in atomic collision processes including
coherent excitations.

The branching ratios were calculated using a density-
matrix formalism to account for the time evolution of the
excited atomic states in the presence of an electric field.
This formalism has been used by Havener et al. to deter-
mine the density matrix which describes n =3 hydrogen
atoms formed in H++ He electron-transfer collisions.
The density matrix gives a complete characterization of
collisionally produced atoms and includes the diagonal
elements which are proportional to the cross sections for
producing the individual nlml sublevels and the off-
diagonal elements which give the coherences between sub-
levels.

It is assumed that the excited hydrogen atoms are
formed in collisions which exhibit cylindrical symmetry
about the projectile beam axis and reflection symmetry
through any plane containing the beam axis. It is also as-
sumed that LS coupling holds during the collision so that
the collisionally produced hydrogen atoms can be
described by a density matrix p in the (l, mt) representa-
tion. As shown in Ref. 3, p is determined by 14 indepen-
dent quantities, six diagonal elements corresponding to
the cross sections for producing the 3so, 3pp 3p+i 310,
31+i, and 31+& states and the real and imaginary parts of
the sopo, soda, podo, and p+id+i off-diagonal elements.
Thus, 14 branching ratios are given as a function of ap-
plied electric field. Summing these values with the ap-
propriate weighting factors gives the branching ratio for
any possible density matrix.

The branching ratio for a particular n =3 density ma-
trix is given by the total probability for decay from the
n =3 level to the n =2 level, summed over all polariza-
tions of the emitted radiation and integrated over all emis-
sion angles. The instantaneous transition rate A(e;, t) for
the emission of Balmer-a photons of polarization s; at a
time t into a solid angle EQ is given by
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where the average over the initial states Imt of the n =3
level is weighted by their time-dependent populations
which are given by elements of the n =3 density matrix

p (t). The sum over the final states 1~mt includes onlyf
the n =2 states.

The probability for dix:ay from the n =3 to the n =2
level P(a;) with the emission of a photon of polarization
r; into a solid angle EQ is given by the time integration of
the transition rate,

P(c;)= f A(a;, t)dt
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where

-L L
p, , =I,„p, , (t)dt, (3)

where r,„=99.852 MHz is the average decay rate for the
n =3 manifold. The factor of I,„ in Eqs. (2) and (3) is
included so that the units of p and p are the same.

By summing over the final n =2 states in Eqs. (1) and
(2), only isotropic contributions to the n =2 populations
are determined. Thus, it is assumed that cascade contri-
butions to the polarization and angular distribution of the
n =2 radiation are not needed. Similarly, by integrating
over all time in Eq. (3), it is assumed that the n =2 atoms
are observed for a long period of time compared to the
n =3 lifetime. If these criteria are not applicable, the
time-dependent contributions to the individual elements of
the n =2 density matrix must be determined so that an
integration can be performed over the observation time of
the n =2 atoms.

The procedure which was used to obtain the time-
integrated density matrix p in Eq. (2) has been described
in Ref. 3. Briefiy, the initial density matrix p (t =0) in
the lmt representation was transformed to p (t =0) in the
!sjmj representation by coupling in an unpolarized spin.
The time-evolv& density matrix p (t) was determined by
using the complex Hamiltonian which included terms to
account for the fine structure and Lamb-shift splittings,
the interaction with the electric field, and the radiative de-
cay. The eigenvalues A.; of the Hamiltonian matrix HJ
were determined using the matrix S which diagonalized
H~. S and the A,; were used to express the time depen-
dence of p (T) as exponential factors so that the time-
integrated density matrix p could be written as

p'=r, „g s,„(s-')„p', (t=o)
k, l, m, n

x[(s')-'] „(s')

The time-integrated density matrix p was found by tak-
ing ihe trace over the spin.

As shown in Eq. (29), Eq. (30), and Appendix B of Ref.
3, P(a;) may be written as

EQP(a;)= a,' C a;,
I av

(6)

ego= s g ( 1) +'+ +'(ly//r//E)(E'[/r/[I&)
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and the pk are the multipole moments of the time-
integrated density matrix p and are given by Eq. (B9) of
Ref. 3. Expressions for the Sk are given by Eq. (B10) of
Ref. 3 and by Carrington.

The branching ratio 8 is determined by integrating Eq.
(6) over all emission directions (described by the angles 8
and (E) and summing over all polarizations of the emitted
radiation,

2m8= g f f e,'.C a;sin8d8dg .
av

The sum and integrals can be performed using Eq. (7), ex-

plicit expressions for the Sk, and two polarization vec-
tors which are orthogonal to the emission direction,

where the Cartesian tensor C gives the intensity and po-
larization of the radiation emitted in any direction. As

shown in Appendix B of Ref. 3, C may be written in

terms of a set of orthonormal 3 X 3 basis tensors Sk,

C= gc~s~
k, q

where the ck are given by

—if A,k
—A.„)t/Af e " dt.

0
8meoo8=

v 3r,„
(10)

Performing the integration in Eq. (4) gives

=r- g S.t(s ')ktpt (t=o)

x [(s')-'] „(s')
i (Ak —A.'„),

The branching ratios were calculated for axial electric
fields both parallel and antiparallel to the projectile beam
axis and for transverse electric fields perpendicular to the
projectile beam axis. The procedure outlined above was
applied to 14 9X9 basis matrices M; which corresponded
to the 14 independent elements of the n =3 density ma-
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TABLE II. n =3 to n =2 branching ratios 8; for n =3 hydrogen atoms in transverse electric fields perpendicular to the projectile
beam axis. For all off-diagonal terms except Re(sodp} and Im(sodo}, 8;=0.

Electric
field

(V/cm)

10
20
30
40
50
60
70
80
90

100
150
200
250
300
350
400
450
500
550
600
650
700
750
800
850
900
950

1000

8,0
1.000
0.578
0.317
0.231
0.196
0.180
0.172
0.169
0.168
0.169
0.171
0.192
0,222
0.253
0.284
0.311
0.334
0.354
0.372
0.386
0.398
0.408
0.416
0.424
0.430
0.435
0.440
Q AAA

0.447

0.118
0.244
0.271
0.280
0.285
0.2S9
0.293
0.297
0.301
0.304
0.307
0.317
0.323
0.327
0.331
0.333
0.335
0.337
0.338
0.339
0.339
0.340
0.340
0.341
0.341
0.341
0.341
0.341
0.342

0.118
0.220
0.261
0.275
0.282
0.288
0.293
0.299
0.304
0.30S
0.313
0.327
0.332
0.332
0.329
0.325
0.321
0.317
0.313
0.309
0.306
0.304
0.302
0.300
0.298
0.297
0.295
0.294
0.293

1,000
0.790
0.748
0.734
0.726
0.720
0.716
0.713
0.712
0.712
0.713
0.732
0.756
0.781
0.802
0.821
0.837
O.S51
0.862
0.872
0.880
0.886
0.892
0.897
0.901
0.904
0.907
0.910
0.912

1.000
0.802
0.754
0.741
0.735
0.732
0.728
0.724
0.720
0.717
0.714
0.704
0.699
0.695
0.692
0.689
0.686
0.6S4
0.682
0.680
0.679
0.678
0.677
0.677
0.676
0.675
0.675
0.675
0.674

1.000
0.841
0.763
0.733
0.715
0.700
Q.684
0.668
0.653
0.637
0.623
0.566
0.534
0.518
0.512
0.512
0.515
0.520
0.525
0.530
0.534
0.538
0.542
0.545
0.548
0.550
0.552
0.554
0.556

8Rc(gpdp )

0.000
0.000

—0.001
—0.004
—0.007
—0.011
—0.014
—0.017
—0.019
—0.021
—0.022
—0.019
—0.008

0.010
0.030
0.049
0.066
0.082
0.095
0.106
0.115
0.123
0.130
0.136
0.141
0.145
0.149
0.152
0.155

8
Im(sodp )

0.000
—0.002
—0.003
—0.003
—0.003
—0.002
—0.002
—0.002
—0.002
—0.001
—0.001
—0.001
—0.001
—0.001
—0.001

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

TABLE III. Illustration of the use of Eq. (12) to calculate the total n =3 to n =2 branching ratio for
n =3 hydrogen atoms in a 500-V/cm axial electric field. The n =3 density matrix is normalized so
that Tr(p) = l. See Table I or Fig. 1 for 8;.

Density matrix
Element Value (example)

1 pt

Number of
nonzero elements
in basis matrix

Branching
ratio
8;

Weighted
contribution

p;x;aI

sp

po
p+]
do

d+g
Re(sopp)
Im(sopo)
Re{sodo)
Im(sodo)
Re(p, d, )

Im(ppdo)
Re(p+ id+ ~ )

Im(p+~d+& }

0.45
0.1

0.1

0.05
0.05
0.05
0.15

—0.1

0.1

0.05
0.06
0.03

—0.05
0.04

0.372
0.287
0.338
0.549
0.397
0.967

—0.116
0.000

—0.190
0.001
0.068

—0.001
—0.083
—0.001

0.167
0.029
0.068
0.027
0.040
0.097

—0.035
0.000

—0.038
0.000
O.OOS

0.000
0.017
0.000

Sum 8 =0.380
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For each basis matrix, the value determined by Eq. (10)
was divided by the number of nonzero elements N; in that
matrix, yielding the branching ratio 8;. Thus, the values

8; presented below correspond to the branching ratios for
individual density-matrix elements. The total branching
ratio for the density matrix is given by

14

8= Q p;N~B; . (12)

III. RESULTS AND DISCUSSION

Figure 1 shows the n =3 to n =2 branching ratios 8;
for hydrogen atoms in axial and transverse electric fields
in the range 0—1000 V/cm. The branching ratios for
specific values of electric field are given in Tables I and II
for axial and transverse fields, respectively. Table III
demonstrates the use of Eq. (12) to weight and sum the in-

dividual values to determine the total branching ratio.
When the applied electric field is zero, the branching

ratios demonstrate the well-known decay scheme, i.e.,
atoms in the 3s and 3d states decay only to the n =2 level

and 11.8% of the 3p atoms decay to the n =2 level.
When the electric field is applied, the branching ratios
change dramatically Th.e 3s and 3d states are mixed with
the 3p states by the electric field causing some atoms to
decay to the n =1 level, decreasing the branching ratio to
the n =2 level. Similarly, the 3p states mix with the 3s
and 3d states, increasing the branching ratio to the n =2
level.

The branching ratios for axial and transverse electric
fields are not equal, except for the 3s state. This inequali-

ty is expected since the projectile beam defines a z axis
and states with different magnetic quantum numbers are
not equivalent. Notice, however, that the sums of the
branching ratios, 8&,+Bz +Bz and Bq +Bq

+8& +8& +8&, are equal for the two orientations of

electric field since, when the magnetic sublevel popula-
tions are equal, the electronic probability distribution is
spherically symmetric.

An interesting result is that the n =3 to n =2 branch-
ing ratio depends on the off-diagonal elements of the
n =3 density matrix. For the case of axial electric fields,
each off-diagonal element contributes to the branching ra-

tio. The contribution from elements between states with

opposite parity changes sign for electric fields applied
parallel and antiparallel to the projectile axis. For trans-
verse electric fields, only the sodo density-matrix element
has a nonzero branching ratio and the magnitude of this
ratio is one-half the ratio for an axial electric field. Thus,
if the off-diagonal density-matrix elements are not known,
it is preferable to use transverse electric fields since the

these 14 basis matrices, weighted by the values p; of the

density-matrix elements,

14

p= gp;M;.

contributions to the n =3 to n =2 branching ratio from
these elements is less. In particular, the contributions
from both Re(sado) and Im(sado) are nearly zero for
transverse fields of approximately 200 V/cm. Alterna-
tively, with axial electric fields, the contributions from the
off-diagonal density-matrix elements between states with
opposite parity can be found by reversing the polarity of
the field.

As indicated in the review of Thomas, the cross sec-
tions for producing the 3s state are larger than the 3p and

3d cross sections in many collisions. For example, for
H(n =3) atoms produced in electron-transfer collisions of
H+ on He, Hughes et al. found the 3s cross section to be

larger than the 3p and 3d cross sections for collision ener-

gies greater than 30 keV. Similarly, Van Zyl, Gealy, and
Neumann' found that in H+ Ne collisions the cross sec-

tions for exciting the hydrogen 3p, 3d, 4p, and 4d states
were unusually small compared to the 3s cross section. In
these cases, it is often valid to neglect the contributions to
the branching ratios from these sparsely populated states.
Additionally, the contribution to the branching ratio from
the off-diagonal density-matrix elements is restricted since
the magnitude of these elements is limited,

L
i (

L L )1/2
I pim, i m, I Plm(, imrpi'm/, i'm, ' (13)

To accurately determine the population of n =2 hydro-

gen atoms which have been produced in various atomic
collision processes, cascade contributions from the n =3
level are needed. These contributions can be determined if
the n =3 populations are known along with the n =3 to
n =2 branching ratios. When an electric field is applied
to measure the population of metastable 2s hydrogen
atoms, the branching ratios for n =3 atoms in an electric
field are needed. This paper gives these branching ratios
for electric fields in the range 0—1000 V/cm.

The key result presented is that, when an electric field
is applied, the total n =3 to n =2 branching ratio de-

pends on each independent element of the density matrix
which completely describes the n =3 hydrogen atoms.
This result emphasizes the need to determine the off-
diagonal coherence terms as well as the diagonal cross-
section terms when studying atomic collision processes. If
the values of the off-diagonal density-matrix elements are
not known, it is preferable to use transverse electric fields
since contributions to the total branching ratio from these
eleinents are less than with axial fields.
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Thus, if particular diagonal elements are small, the corre-

sponding off-diagonal elements will be small and it may
be possible to neglect contributions from these elements.

IV. CONCLUSION
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