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First-passage times for non-Markovian processes
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First-passage time statistics for non-Markovian processes have heretofore only been developed for
processes driven by dichotomous fluctuations that are themselves Markov. Herein we develop a new
method applicable to Markov and non-Markovian dichotomous fluctuations and calculate analytic mean

first-passage times for particular examples.

The difficulties encountered in obtaining first-passage
time results for even the simplest non-Markovian processes
are well known.! In great part the subtleties arise from the
fact that the first-passage time problem for non-Markovian
processes cannot in general be formulated in the traditional
way of a Markov process, i.e., as a boundary value prob-
lem.%? In this Rapid Communication we present results
based on a procedure that avoids this difficulty.

To illustrate our method, we consider the simplest
dynamical system driven by external fluctuations with a fi-
nite correlation time. Our system is defined by the variable
X (1) whose dynamical evolution is specified by the dif-
ferential equation X = F(¢). The random variable F(¢) is a
dichotomous (not necessarily Markov) process, alternately
taking on the value of @ and — b, with a,b > 0. The times
that the variable F(¢) retains the value a and —b are,
respectively, governed by the distributions y,(¢) and
gy (1).%3 If F(1) is a dichotomous Markov process, then
these distributions are exponential, y;(¢)=\;exp(—A;t),
j=a,b, where A, ! and X\, ! are the average residence times
in the states F(t)=a and —b. Thus, A, ! and A5 ! are
average times between switches, and @A, =b\,. Our first-
passage time theory is the first not to be restricted to these
forms. We assume that successive switches are independent
of each other, i.e., that the switching sequence defines a
renewal process.*’ We note that this assumption in no way
restricts the form of the distributions ¢, (¢#) and ¢, (¢) that
govern the time intervals between switches.**

The random process X (t) can take on all real values
— o0 < X(t) <oo, and we wish to calculate the distribution
of times for X (¢) to first cross the levels *z. In particular,
we are interested in the mean value of this distribution, i.e.,
in the mean first-passage time to |X(¢)|=z Let us begin
the process at X (t =0) =x,. Our procedure is based on the
fact that the process evolves from this initial state in a series
of steps that can be used to construct an actual trajectory by
direct integration for any particular realization of F(t).
Suppose, for example, that F(0)=a. Then we have the
following trajectory:

X(t) =xo+at, O0=r=q,
=xo+at;—b(t—1), nstr=sn+ti,
=x0+atl~bt2+a(t—12—-r1), hth=st=st1++1t;,

>
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The time intervals ¢, are governed by the distributions
Yo () and ¢, (). One such trajectory is shown in Fig. 1,
where the levels * z are also indicated.

Our goal is to calculate the first-passage time probability
density p(¢) defined as follows: p(t) dt = probability that
the process X(r) crosses z or —z in the time range
t <t =<1t+d:t without ever having crossed either of these
levels during the time span 0<r < t. To calculate p(¢), it
is useful to denote each time range f, between switches as
an ‘‘interval” and to define the auxiliary probability
Pn (1) dt = probability that the first crossing of z or —z oc-
curs during the nth interval and in the time range (1, +dr).
Clearly,

p()=3 plt) . @

n=1

The probability densities p,(r) can be constructed explicitly
from the trajectories (1). To illustrate this construction, let
us consider a realization that begins with F(0)=ga, as de-
tailed in Eq. (1). We wish to ensure that no crossings of
+z occurred in the first (n — 1) intervals and that a cross-
ing does occur during the nth interval. During the first in-
terval X () = xo+at, and level z is not crossed if the switch
to F(t)=—b occurs sufficiently early, i.e., if X(#;)
=xo+at, < z or, equivalently, if 1, < (z —x¢)/a. The prob-

X1
7 v
Xo (Xt —— —+ —+
fe— 1| —>e—t,—> —tr—
-z

FIG. 1. A typical trajectory with F(0)=aqa. The first crossing of z
or —z occurs during the seventh interval.
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ability that this inequality holds is

Prob

a

— (z—xp)/a
t1<2 x°]=f0 ° Wa (11) dty . @3)

In writing (3) we have assumed that a switch from
F(t)=—b to F(t)=a occurred exactly at t=0, i.e., that
the switching sequence is an ‘‘ordinary renewal process.””*
Other initial states can be considered and would require a
distribution ¢, (¢) for the first interval that is in general dis-
tinct from that of subsequent ones, leading to a so-called
“modified renewal process.””* To ensure that the second in-
terval does not lead to a crossing of level —z, we must re-
quire that X (1) =xo+at,—bt; > —z, ie., that 1, < (z
+x0+at;)/b. The probability that this inequality is satisfied
is

z+x9+an

(z+x0+arl)/b
Probjt, < =J.0 lJJb(lz)dtz . (4)

then a crossing can only occur at —z during the nth inter-
val, while odd n can only lead to a crossing at z. We select
the former and note that the level — z will be crossed during
the nth interval if X(&)=xo+at;—bt;+ - +at,_,
— bt, < —z. The probability that this inequality is satisfied
is

Prob

>

zZ4+xo+ - v +at,,..1l

b
=ﬂz+x0+--' +at”_l)/b wb(t")dt" : (5)

Finally, we must specify when during the nth interval the
crossing actually occurs. For the crossing to occur at time ¢,
it is necessary that X(t)=xo+anh—bh+ --- +tat,_;
—bAp-1=—2, where An“t“(ll+tz+lg+ +tn)'
The probability density for this crossing event is the delta
function

b
p(t:X(t)=—-2)=b8(z+xo+at,— b1,
Similar conditions can be written for the probability that 4+ .-
each successive interval up to and including the (n —1)st
does not lead to a crossing. To proceed with our explicit il-
lustration, we must choose the parity of n: If it is even,

J

: +a[n—l'~bAn—1) . (6)

Collecting the results (3)-(6) immediately gives us the fol-
lowing integral form for the density p,(¢):

(z-x,)/a (z+x,+at)/b (z=xp—at;+bty+ -« +bt )a
0 otan oty n—2
Pn(t)lf(0)=a=bfo dn dla(tl)j:) dea s (13) - - f

n even

dtn—l\lla(tn-l)

Xﬁ s Atn 0s(12)8(z +xo+an—bia+ -+ +at,_1—bA,_1) (7a)
-1

z +x0+all—b12+ s taty

for n = 2, where we have explicitly indicated the initial value F(0) = a and the parity of n. For odd n, the density p,(?) is
found by similar arguments to be given by

(z=xg)/a (z+xg+ary)/b (z4xg+ar —biy+ - +at, /b
Pn(f)lr(0)=a=afo dfllba(lx)fo dtap(13) - - 'fo dty -y Yy (15 —1)
n odd

x.f(z—xo—arl-f»blz-f-~-+br"_l)/adt" ¢“([")8(Z_x0—a’1+b12+ T +btn—l—aAn—1) ’ (7b)
for n =2, and
=a f, —xo—an) =s|i— 22Xl (7
POlrwma=a [ ()8 = xo—an) —Slt . ]f(,-x0>/, dy o (11) (70)
Similar expressions can clearly be obtained for F(0)= — b.

The next step in our procedure is to Laplace transform Eq. (7) and to establish an integral recursion relation to connect
the nth and (n+2)nd densities. The recursion relations for even n and for odd » must thus be constructed separately.
Upon summing the resulting relations over n we obtain an integral relation for each of the functions,

K/(s;xp,z;a) = i Pan+ 1) Foy=a > ®

n=0
where /=1, 2, and where the dependences on the initial values of F(¢) and X(¢) as well as the barrier height z have been

indicated explicitly. Since the integral relations for K; and for K, turn out to have the same form, we can sum them and ex-
hibit a single relation for the combination K (s;x,z;a) = K (s;x,z5a) + K3(s;x0,z;a). We obtain

(z+xq+ar)/b

dig, (1)Ys(h)e

=5t +1,)

(z—xg)/a
K (s;x0,z;a) =p1(s) +pa(s) + dty K (s;xo+ at,— bty,z3a) . C))
0 0

Finally, in terms of these functions and the probabilities wo(a|xy) and wo(b|xo) that F(t=0)=g and F(¢t=0)= — b given
that X (0) = xo, the Laplace transform of the first-passage time probability density p(¢) then is

p(s)=K(s;xp,z;a) wolalxy) + K (5;%0,2;0) wo(b]x0) . (10)

Thus the entire problem has been reduced to the solution of integral equations of the form (9). These equations can in
general not be solved exactly for arbitrary forms of ¢,(¢) and ¢,(¢), but they lend themselves to approximation schemes
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appropriate to specific forms of these functions. There are, however, situations when the integral equations can be solved
exactly for certain forms of Y,(¢) and ¢,(¢), and we here give two such examples.

I. DICHOTOMOUS MARKOV PROCESS F(t)

A dichotomous Markov process F(t) is characterized by exponential distributions of switching times as given earlier and
depicted in Fig. 2. In this case the integral equation (9) can readily be converted to a second-order differential equation.
For the particular example considered here, we obtain

d? Apts Ats| 4 s d? Mts  Ats) o4
—_— _—— - + + 12, ; = | — —_—
0l + 5 Pl roiatrs (s+xa+ ) |K (s32,x05a) axd 5 el e
Nagt+s)Np+s) |, _
——G—‘Tbb— [51(s)+52(s)] . an

The boundary conditions for (11) are deduced directly from (9) and are given by K (s;z,z;a) =1 (ensuring that a process
that begins at xo =z with positive velocity escapes with certainty), and the integral relation
_d
dXo

AgA z - sNz—wu
K(s;z.xo;a)|x0=z=7i—o-[ﬁl(s)+ﬁ2(s)],0=,— abb f_zdue Mo+ (izusa) (12)

We note that the constants of integration in the solution of (11) can be found either from these boundary conditions or
from a substitution of the solution back into the integral relation (9). The solution of (11) when substituted into (10) with
the initial choice F(0) =a [i.e., with w(a|xo) =1 and w(b|x¢) =0] gives the result

-Bz—xy) r(z+xg —rlz+xq)

p(s)=[(a+r)e*”—(a—r)e 7] e [(a+r)e )—(a-r)e ]

+ Aaieﬁ(z+x0)(er(z—x0) _ e—r(z—xo))] , (13)
[
where Using Eq. (13) in Eq. (16), we obtain
arpt+br,+(a+b)s 1]s+As  s+A, 22—x¢ z—x9 a/rt+z(a+b)/b
_ —1|2T% T, (z,x) = + 17)
* 2ab Y e 1(zx0) == a a/ha +22 (
r=1482+4s(s + N, +\p)/ab]"? . (15)  where D =a?b/r,(a +b). This result was also obtained by

Hinggi and Talkner! using an entirely different procedure
restricted to dichotomous Markov processes F(¢). For the
special case a =b and A, = \p, the mean first-passage time

The distribution (13) yields analytic expressions for arbi-
trary first-passage time moments. In particular, the mean
first-passage time is given by

Tl(z,x0)=f0wdttp(t)=—-dqs-ﬁ(s)h=o . 16)

I
(o] 1.0 20 30

t

0 1

FIG. 2. Distribution (7) of time intervals between switches of
F(t) from one value to another. The mean time between switches
is unity (A=1). Solid curve: exponential y(r) corresponding to a
dichotomous Markov process F(¢). Dashed curve: a y(¢) corre-
sponding to a non-Markovian F(¢).

FIG. 3. Mean first-passage time 7} to +0.99 vs initial position x
for a process that begins with positive slope. Dotted curve: dichot-
omous Markov fluctuations with A=1 and a=1. Solid curve: di-
chotomous non-Markovian fluctuations with A=1 and a=1.
Dashed curve: diffusive process with 2D = 1.
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(17) reduces to the simpler form

2__ 2 —
TX 27X (18)

T}(Z,Xo) = 2D a

where now D =a?/2\,. The first term in (17) or (18) is
the mean first-passage time in the limit of Gaussian white
noise in which b,a — oo, Ay, A\; — o, and D =constant.
The remaining contribution in (17) and (18) gives the devi-
ation from this limit and leads to a jump in the mean first-
passage time at xo= —z. This finite value of T,(z, —z) is
the reason why the first-passage time problem in the pres-
ence of colored noise cannot be described in terms of a
standard boundary value problem. Equation (18) is shown
in Fig. 3 as is the Gaussian white noise result for compar-
ison.

II. A NON-MARKOVIAN PROCESS F(t)
As an example of a non-Markovian dichotomous process

F (1), we choose the distributions y,(#) and y,(¢) to have
I

is)=|12+8
a

o287 [i__’B]e—uz
a

L(eﬂ(z—xo) _ e—B(z-—xo)
2a

X )+

S48
a

-1
1-45 —p-2m/a
A

eﬂ(z+x°) _ [i_B]e-B(z—xo)
a

the form shown in Fig. 2, ie., for j=a,b we take
g () =x;/2 if 0=<r=<2/);, and ¢;(1) =0 otherwise. The
mean times between switches are A\, ! and A; !, and again
aly=b\,. With this choice of switching distributions, it is
again possible to convert the integral equation (9) to a

second-order differential equation:

d’ A —4s? ) )
j&g‘*‘T K (s;x0,23a)
d? s2 .- N
o "2 [51(s)+5:(s)]1 , (19

where we have taken a/\, = b/\, > z. The boundary condi-
tions can again be found directly from (9), or alternatively,
the solution of (19) can be substituted into Eq. (9) for the
determination of the constants of integration. For the case
a=>b and A, =As=\ and with the initial choice F(0)=a,
we obtain for the Laplace transform of the first-passage
time distribution

e—s(z+x0)/a —-s(z—-xp)/a

+ +4)‘ie ) (20)

where 8=i(A\?—45?)2/2a. Once again all first-passage time moments can be obtained analytically from (20). In particular,

we obtain for the mean first-passage time

Tl(Z,Xo)= 7\(2 "‘XQ)

Az +x0)

+co

2a 2a

2 Qa-a) |
a\ cos(rz/a) [sm

Again we note that, whereas T1(z,z) =0, T1(z, —z) has a
finite value. Further comparisons between the results (21)
and the Markov results (18) are shown in Fig. 3.

We find that in general for a given value of A (i.e., for a
given mean time between switches) the mean first-passage
time for the process to reach a boundary is longer (shorter)
for a process driven by the non-Markovian F(¢) if the ini-
tial state is very near the lower (upper) boundary and the
process begins with a positive slope. The differences in the
mean first-passage times of the processes driven by Markov
and non-Markovian dichotomous fluctuations are most pro-
nounced when the mean distance a/\ covered in one inter-
val is comparable to the distance 2z between the boundaries.
When a/\ is very small, the process becomes diffusive,

(21)

1]4a
a

[

while a larger value of a/A leads in either case to
a mean first-passage time 7T,=(z —x)/a, representing a
direct arrival at the boundary during the first interval.
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