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Radiative transport at the 184.9-nrti Hg resonance line. I. Experiment and theory
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Measurements are reported of the radiative decay rate of the Hg O'Pl population under condi-
tions of strong radiation trapping at the 184.9-nm resonance line. The experiments were made in
the afterglow of a low-pressure Hg discharge with a dye-laser absorption method. The radiative de-

cay rate as a function of the Hg pressure shows a pronounced minimum. The value at minimum is

lower than the limiting value at higher Hg densities by a factor of 2. Furthermore, the experimental
rates are up to a factor of 8 lower than those calculated from theory with the usual assumption of
complete redistribution. Indeed, complete redistribution is not expected in the present case, where
the optical thickness is large and elastic collision rates are smaller than the single atom spontaneous
emission rate. We derived an analytical expression for the fundamental-mode radiative decay rate in

a homogeneous medium from a theory based on partial redistribution in frequency. A condition for
the existence of a fundamental mode is discussed and is shown to be largely satisfied in our experi-
ments. The expression for the decay rate was obtained for a resonance line with a hyperfine struc-
ture, and was elaborated for a cylindrical geometry. The resulting calculated decay rates agree with
the experimental ones within 25%.

I. INTRODUCTION

Imprisonment of resonance radiation' ' plays an im-
portant role in many systems. Due to this process the es-

cape rate of resonance photons from a gas-filled enclosure
can be several orders of magnitude lower than the transi-
tion probability for the resonance transition. One of those
systems is the low-pressure mercury —noble-gas discharge,
which is of practical interest because of its application in
fluorescent lamps. In these lamps the Hg resonance radi-
ation at the 253.7- and 184.9-nm uv lines (see Fig. 1) is
mainly responsible for the light production. s The contri-
bution of the 184.9-nm line to the total uv production can
amount to as much as 30'f/o. s A calculation of the radiat-
ed power at this line requires knowledge of the fundamen-
tal mode radiative decay rates caused by the radiation-
trapping processes. However, only very limited experi-
mental data are available in literature. Furthermore, no
sufficiently accurate theory exists, as is discussed below.

The trans~lrt of resonance radiation has been treated
by Holstein, Biberman, and others ' on the assumption
known as complete redistribution in frequency. This as-
sumption implies that the line profile of the radiation em-
itted from a given volume element is proportional to the
absorption line profile of the medium. The effects of
correlations existing between the absorbed and emitted
photon frequencies in the individual absorption-
reemission events are then supposed to be negligible. This
is justified in the limit of many decorrelating collisions
(elastic collision rate y, ) within a natural lifetime
&„=1/y, i.e., when y, /y)&l. ' It has been shown by
Monte Carlo calculations as well as analytically ' that,
if, in contrast, y, /y «1, the radiative decay after a few
natural lifetimes is also predicted well with this assump-
tion in the case that the optical thickness is large and the
wings of the Voigt absorption line profile are optically
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FIG. 1. Simplified energy-level scheme of Hg.

thin and contribute relatively little to the total emission.
This is equivalent to the limiting case of a pure Doppler-
broadened absorption line profile. With complete redistri-
bution in frequency the radiative transfer problem de-
pends only upon the optical thickness at the line center
and on the absorption line profile. Exact and approxi-
mate solutions have been given by many authors. '

However, sizable deviations from the complete redistri-
bution results occur if the wings of the Voigt absorption
line profile are important in the low-collision-rate
(y, /y «1), large-optical-thickness regime. An expres-
sion for the radiative decay rate in this case also depends
explicitly upon the ratio y, /y. It has only been given for
the rate of the early time escape following pulsed pencil-
like excitation along the axis of a cylinder in combination
with side-on observation of a slab region around this axis. 5
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However, in many laboratory experimental situations an
expression for the radiative decay rate in the fundamental
mode, i.e., at "late times, "would be more useful. Such an
expression has been lacking up until now.

For the discharge conditions of fluorescent lamp opera-
tion, the assumption of complete redistribution in fre-
quency fails for the radiative transport at the 184.9-nm
line (O'P, O'S—o}. We report measurements of the Hg
6'P, population decay in the afterglow of a low-pressure
Hg discharge. The decay of this temporary overpopula-
tion in the 6'Pi level, obtained by the fast switch-off of
the discharge (see Sec. III), was measured using a dye-
laser absorption method. The experimental setup is
described in Sec. II. In Sec. III an analysis is given of the
experimental data, and the resulting radiative decay rates
are compared with those calculated from theory with the
complete redistribution assumption. In Sec. IV a partial
redistribution theory is described for the fundamental
mode radiative decay rate P, which is an extension of the
work of Payne et al. The analytical expression for P, ob-
tained for a resonance line with hyperfine structure, is
valid for large optical thickness and a vast range of y, /y
values. A condition for the existence of a fundamental
mode is discussed and is shown to be largely satisfied in
our experiments. In Sec. V the theory is applied to the
case of an infinite cylinder and several results, such as,
e.g., the shape of the emission line profile, are considered
in more detail. Furthermore, an approximation is dis-
cussed which considerably simplifies the calculation of P
at the expense of only a small error. In Sec. VI the radia-
tive decay rates calculated using this approximation are
compared with those obtained from the experiments. Sec-
tion VII contains a summary.

II. EXPERIMENT

The Hg 6 'P
~ density in a low-pressure mercury

discharge was determined by measuring the absorption at
hyperfine components of the 579.1-nm line (6 'Pi —6 'D2 );
see Fig. 1. From the measured decay of this 6'P~ density
in the afterglow of the discharge, the radiative decay rate
of the 184.9-nm resonance line could be derived.

The experimental setup was identical to the one
described previously, except for a somewhat different
discharge-tube geometry. A summary will be given here.
For more details, see Ref. 9. The experiments were made
using a U-shaped cylindrical discharge tube, which per-
mitted the measurement of axially averaged 6'Pi densi-
ties. The geometry of the Pyrex tube ensured that the in-
fluence of end effects on the axially averaged radiative de-
cay rates were small. The tube had an inner radius 8 of
12.5 mm and a middle section of length 1=0.50 m. The
temperatures of the tube wall, T, and of an appendix,
TH&, could be controlled independently by water from two
thermostats. The appendix served as the coldest spot
determining the mercury vapor pressure. Its temperature
TH~ is quoted throughout the paper and was always 1'C
lower than T . The mercury consisted of a natural mix-
ture of isotopes. The mercury vapor pressure ranged from
0.17 to 7 Pa and the discharge current I from 3 to 100
mA. The polarity of the discharge was switched periodi-
cally, so that electrophoretic effects' had a negligible in-
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FIG. 2. Time dependence of the optical density measured
along the cylinder axis for TH~ ——25, 50, and 65'C, and I &I,
(see text). The solid line represents the best fit of a sum of two
exponentials for T~~ ——65 C, I =3 mA; the dashed lines denote
these two exponentials individually.

fluence on the axial number densities. After the initiation
of the afterglow, the discharge voltage dropped within 0.2
ps to —1% of its steady-state value.

The absorption measurements were made using a stabi-
lized single-mode dye laser as a light source. The laser
beam traversed the U-shaped discharge tube in the axial
direction. The logarithm of the ratio of the transmitted
and reference beam intensities was determined by a two-
channel boxcar integrator. The 6 'P& density decay curves
recorded in the afterglow of the discharge were stored in a
computer data file.

III. RESULTS AND ANALYSIS

A. Decay measurements

For the O'P~ density decay measurements the laser
wavelength was held at the maximum of the absorption
coefficient, k, of the even isotope hyperfine component
of the 579.l-nm line (6 'Pi —6 'Di )." Some examples of
the resulting curves of k (t}l, the optical thickness along
the discharge axis, are shown in Fig. 2. For r (1 p, s the
decay curves are affected by the finite boxcar sample time
(1 ps). We note here that, in the estimates entering the
discussions below, we used literature data for the 6 P den-
sities, ' the electron density and energy distribution
function, ' and the cross sections for electron impact
(de-)excitation at the atoinic transitions O'So —6 Pp i 2

(Ref. 14), O'So —6'Pi (Ref. 9), and 6 Po, i, 2
—6'P, (Ref.

9}.
At our low discharge currents the time dependence of

the 6 'Pi population in the afterglow is determined by its
fundamental mode radiative decay rate P (see Sec. IV),
which we want to determine, as well as by the behavior of
the 6 P~ excitation. This excitation will be discussed
next. It can be estimated that after the discharge is
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switched off the high-energy tail (electron energy & 5 eV}
of the electron-energy distribution cools off rapidly with a
time constant &~1 ps due to inelastic collisions with
ground-state Hg atoms. Therefore, the direct excitation
of the excited Hg states decreases very rapidly to a much
lower level than in the steady state of the discharge. This
can be illustrated by measurements of the 365.0-nm emis-
sion from the very-short-lived 6 Di level [natural lifetime
-7.4 ns (Ref. 15)], which show a fast decay with time
constant «1 }us, followed after -2 ps by an order of
magnitude slower decay. The 6 'I'~ level population

ns&~, however, cannot follow the decreasing excitation
1

instantaneously, because its decay time constant P ' is
too large [ & 1 p,s (Ref. 9)] due to radiation trapping. In
this way an overpopulation is created at t=2 ps.

For the description of ni, (t) at sufficiently low

discharge currents, the remaining decreasing excitation
for t & 2 ps can be approximated well by an exponential
function of time with rate Pi «P. The radiative deexcita-
tion for t &2 ps can be described by the fundamental
mode radiative decay rate P (see Sec. IV). This is because
the radial dependence of the 6 'Pi excitation and therefore
of the 6 'Pi density in the steady state of the discharge is
already a good approximation to that of the fundamental
mode radiative deexcitation rate. This was confirmed by
measurements of the radial 6 'Pi density profile; see also
Ref. 9 and Sec. IV. Because the same applies in the after-
glow, the 6'Pi density decay curves are given simply as
the sum of two exponentials with rate constants P and Pi,
respectively.

8. Radiative decay rate

The values of P and P, «P were obtained from a
least-squares fit of a sum of two exponentials to the mea-
sured ns, z (t) curves for t & 2 }us (see Fig. 2), and differed

by at least a factor of 10 under all conditions. At a given
mercury density n Hs, P was measured as a function of the
current I, and was found to be independent of I at
currents below a certain current I,(nHs}. I, decreases
with increasing nHs and is larger than 100 mA for

nHs &3 X 1020 m-3; also sm Ref. 9. Estimate show that
in this current region more than 90% of the 6'Pi excita-
tion in the steady state of the discharge is due to direct ex-
citation from the 6'So ground state. It follows from the
discussion above that this yields a large overpopulation at
i=2 }us (see Fig. 2). Therefore, the approximation of the
slow decay of the remaining O'Pi excitation by an ex-

ponential curve of the same radial dependence as the den-

sity in the lowest mode has only a small infiuence on the
accuracy of the fast P values obtained. The values of P,
measured at I &E,{nHs), are shown in Fig. 3 as a function
of the mercury density n Hs( THs ).

The uncertainty of the data is 5%, except at the largest
mercury density measured, where it is 20%. At still
larger mercury densities the error increased drastically,
and no data are presented. This is caused by a decreasing
I, with increasing nH~ and a decreasing 6 I'~ density as a
consequence. Moreover, discharge instabilities are present
at these low currents (5 mA). Estimates show that
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electron-impact depopulation rates are less than 1% of the
radiative decay rates P. Atomic collisional depopulation
rates contribute less than 1% if cross-section values
&0.05/ 10 m are assumed, which seems reasonable
in view of the large energy differences' encountered in
deexciting the O'P~ level (see Fig. 1). Effects of quench-
ing by impurities are negligible since these are removed by
the cleaning effect of the discharge. ' Spectroscopically,
no trace of impurities could be detected during the mea-
surements. All 6 'Pi hyperfine levels of the different iso-
topes' have the same decay rate P, and their population is
to a good a proximation in accordance with the natural
abundance. ' This is due to the strong radiative coupling
(see Fig. 4) and was confirmed by absorption measure-
ments at the other hf components of the 579.1-nm line. "

The p values for 0.4X10 &nHs &2X10 m agree
with those of Ref. 9 when allowance is made for a sys-
tematic error of —10% in the earlier data. This error
arose from the tube construction at the ends of the middle
section of the tube ("end effects") and was nearly absent
in the present experiment. In this work we have measured
P in a much wider range of mercury densities (see Fig. 3).

The radiative decay rate P as a function of the mercury
density n Hs, P(n Hs ), shows a pronounced minimum. The
minimum value is about 60% of the value at the largest
mercury density measured. A minimum in P(n} of the
fundamental mode, i.e., at "late times, " has only been ob-
served for the Ne resonance line at 73.6 nm. The early-
time escape rate at the 104.8-nm Ar resonance line ob-
served under special experimental conditions also showed
a minimum which, however, was less pronounced. %e

nH (ro-3j

FIG. 3. Fundamenta1 mode radiative decay rate P of the Hg
184.9-nm line as a function of the Hg number density nH~ and
the coldest spot temperature TH~. The cylinder radius is
R =12.5 mm. 0, experiment;, present partial frequency
redistribution theory, Eq. (20), with radial profile fo{p);
P=P +P„' see text; theory with assumption of complete fre-

quency redistribution: —.——. Both calculations were per-
formed for a natural abundance in the 6 'P& excited state.
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also calculated p using the complete redistribution theorY

of Ref. 4 for a Voigt line profile, the hfs of Ref. 18, and a
natural abundance in the 6 'P

&
excited state. These

values, shown also in Fig. 3, are about a factor of 8 larger

than our experimental ones and show no minimum as a
function of nH . The occurrence of a minimum in p(nHs )Hg'
in a density range where the Voigt absorption line profile

varies only slightly clearly shows that p is no function of
the optical thickness at line center and of the absorption

line shape only. This is in marked contrast with the com-

plete redistribution formulation.
In the next section a theory will be developed which

takes into account the important physical processes re-

sponsible for the observed behavior of p(n) in the funda-

mental mode.

IV. THEORY: GENERAL FORMULATION

In this section we will derive an expression for the radi-
ative decay rate p of a system of excited atoms in its fun-
damental mode. The expression is obtained for a homo-
geneous inedium and applies for large optical thickness
and a vast range of collision rates. A condition is given
for the existence of a fundamental mode in this regime.
The analytical expression for P is given for a hyperfine
structure of the line. The theory starts from the transport
equation given by Payne et al. and uses an expression for
the photon redistribution function ' with an approxi-
mation first made by Jefferies and White.

A. Transport equation

The transport equation for resonance radiation is given by

8 1/2
(~')&

I
p' —p ~

N(p—,x, t) = yN(p, x,—t)+S(p,x,t)+ykoRm' f dx' I dp'N(p', x', t)R(x', x)
Bt 4~

I
p' pI '-

Here we have neglected the effects of quenching of the ex-
cited atoms or absorption by impurity atoms. Further-
more, p=r/R is the reduced spatial position vector, where
2R is the characteristic dimension of the enclosure, i.e.,
the diameter for a sphere or cylinder and the thickness for
a slab. The reduced frequency distance to the line center
vo is given by

V—Vo
x = —where U =(2kT/m)'

VO

L„{xI

-o{
&H&--2.0x10 m

R = 12.5mrn

1 i

) 1 I

)

li
ll
II

and c, k, T, and m have their usual meanings.
N(p, x, t)dx dp is the number of excited atoms in dp at

p at time t, which will emit photons into the photon fre-
quency interval dx at x, and dt yN(p, x, t)dx dp
represents the number of photons emitted in dt from dp
into interval dx at x. Thus scattering and absorption are
taken account of in equal ways; y is the reciprocal natural
lifetime of the excited state. S(p,x, t)dx dp is the number
of excited atoms in dp at p, which will emit in dx at x
per unit time, created by processes other than absorption
of photons from other parts of the system. The angle-
averaged redistribution function R(x,x) is defined such
that

R(x', x)ds kom'i dx

represents the probability of a photon of frequency x' be-
ing absorbed (or scattered) while traversing a distance ds
and being reemitted into dx at x. V is the volume con-
taining the excited gas, k(x) =kom'~ Lv(x) is the absorp-
tion coefficient, and Lv(x) is the normalized Voigt ab-
sorption line profile given by

2a„+
L,„(x)= dp,3/2 ~ 2+( )2

)

) I

-20 -10
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FIG. 4. Absorption coefficient hyperfine structure of the Hg

184.9-nm resonance line for a Voigt and a Doppler line profile

of the individual components. The asterisk denotes the 2 Hg
line component. The other components represent the isotopes

arith mass number 202—196.

with

a„= (1+y, /y) .y

4m

Here,

(2b)
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2—x
LD(x}= (4)

In the following we will distinguish between the line
core ( (

x
~

&x, ) and the line wings (
~

x
~

&x, ). The
transition frequency x, &0 is defined by the equality of
the first two terms in the asymptotic expansion of Lv(x),
which represent the Doppler and Lorentz contributions to

—X
Lv(x): (1/Mn}e ' =a„/rrx, . This yields for a„«1,
to a good approximation,

2
1

M~1 M~1xc =ln ln ln
a„ a„

8. Frequency redistribution function

The angle-averaged frequency redistribution function
can be written as2' 2'

and for resonance broadening we have, for the elastic col-
lision frequency y„

r. gi N04
gi 6H

where g=1 for exact resonance and (&1 for quasireso-
nance, as occurs in the case of hyperfine structure. No
is the number of atoms per unit volume, gi and gi are the
statistical weights of the upper and lower level, respective-
ly, and Q is the wavelength at the line center.

Furthermore, we will use the normalized Doppler line
profile LD(x),

frequency correlation due to this term causes the coupling
of the spatial and frequency dependence in the excited-
atom distribution N(p, x, t) T. he effect of the 5-function
approximation upon the calculated values of the decay
rate will be discussed later.

The function R«i(x', x), which corresponds to complete
redistribution in the rest frame of the atom, can be ap-
proximated by

Ri«(x x)-Lv(x')Lv(x) .

Using the redistribution function R(x,x}given in Eqs.
(5)—(8) in the transport equation (1), the essential redistri-
bution mechanisms for the calculation of the radiative de-
cay rate P are taken into account.

C. Radiative decay rate

In this subsection we will derive an expression for the
radiative decay rate P of a simply connected volume with
convex boundary, when the system of excited atoms is in
its fundamental mode, i.e., "at late times. " This is quite
different from the situation studied by Payne et a/. , who
calculated the early-time escape rate of the resonance radi-
ation in a slab geometry with an excited-atom distribution
at t =0 uniform over the midplane y =0 and zero else-
where. Equations (9)—(14) below are the local versions of
the analogous equations given by Payne et al. , but with a
more general formulation of the geometrical aspects.

The radiative decay rate is the rate at which the energy
in the excited-atom density decays by means of radiation
transport. We define the local radiative decay rate P(p, t)
as

R (x qx) = ( 1 P& )R«(x &x—) +P&R «i(x &x )

where

(5a} 1
P(p, r) = — N(p, t), —

N(p, t) Br

p XC

V+ VC

is the probability that an elastic collision will destroy the
correlation between the absorbed and reemitted frequen-
cies in the rest frame of the atoms. The terms with P,
and 1 P, give the co—ntribution from the fractions of ab-
sorbed photons being reemitted with and without a
decorrelating collision before emission. The functions
Rii(x', x) and Riii(x', x) obey the sum rule

f dx R««i(x', x)=Lv(x') (6)

For the calculation of radiative decay rates with the use
of Eq. (1), the function R„(x',x) can be approximated
b 26, 5

R«(x', x) Lv(x') I [1—a (x')]LD(x)+a (x')5(x' —x)),
(7)

with a(x) 0 for
~

x
~

&&x, and a(x)=1 for
~

x
~

&&x, .
The first term on the right-hand side of Eq. (7) denotes
the full frequency redistribution in the core of the line by
the Doppler motion of those atoins which scatter the pho-
ton resonantly. The second term expresses the frequency
coherence in the wings of the line where the photons are
scattered predominantly off resonance by all atoms. The f(p,x, t) = N(p, x, t)

N O, x, t
(14)

with

N(p, t)= f dx N(p, x—, t) . (10)

Consider the situation where the nonradiative creation
term S(p,x, t)=0 for t &0. Integration of Eq. (1) over x
yields, with Eq. (9), for t &0,

P(p, t) =y f dx F(p,x, t)rl(p, r„x,t) . (11)

Equation (11) expresses P(p, f) as the integral over all fre-
quencies of the normalized emission line profile,

F(p,x, t) = N(p, x, t)
(12)

N p, t

weighted with the escape function

g(p, r„,x, t) =1—f dp'r„' ' . (l3)
e ' N (p', x, t)

"4gip' —pi2 N px, t

The function r) for the net escape of photons with fre-
quency x from the volume element dp at p depends for
given p, x, t on the optical thickness

r, —=k(x}R,
and on the spatial profile at frequency x,
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For later use, we define

g (p,~„,x, t) = 1 r—t(p, ~„,x, t) . (13')

From Eqs. (13) it follows that for r »1 we have

il «1, whereas for r„~0 we find g~ l. For conditions
of strong imprisonment, only a small fraction of the emit-

ted line profile F(p,x, t) is optically thin (~„&1), so that

for not too strong variation of N(p, x, t) with p we find,
from Eq. (11),P(p, t) «y.

In order to attain an expression for P(p, t) from Eq.
(11), we will concentrate next on obtaining an expression
for the emission line profile F(p,x, t). For this purpose
Eq. (1) is transformed into an equation for F(p,x, t) U. s-

ing Eqs. (5)—(14) together with Eq. (1), we find, for t & 0,

F(p—,x, t) = a(p—,~„,x, t)F(p, x, t)+y(1 P, )L—D(x)[1 P(—p, t)/y —e(p, t)]+yP, Lv(x)[1 —P(p, t)/y],

with

f dx F(p x, t}=1 .

Here,

e(p, t) =f dx a(x)g(p, ~„x,t)F(p, x, t) &&1 .

Equation (15) is a differential equation for F(p,x, t} in
which the second and third terms on the right-hand side
act as source terms. These terms depend on time only
very weakly through the small corrections P(p, t)/y and

e(p, t), which we shall neglect henceforth [e(p, t) is of the
order a„/itx, for ~„&1].

The relaxation rate a(p, r„,x, t) of the spectral distribu-
tion F(p,x, t) is given by

a(p, ~„x,t) =y( 1 —a (x)(1 P, )g (p, r„—,x, t)

—P(p, t)/y) . (16)

It is seen from Eq. (16} that in the line core, where
a(x) «1, as well as in the far wing of the line, where

g ~~1, the spectral relaxation rate attains its maximum
value y to first order in P/y (independent of p, ~„,x, t).
This corresponds to complete Doppler redistribution and
complete escape, respectively. Furthermore, for 0 & rl & 1,
which one can ascribe to a not too strong variation of
N(p, x, t) as a function of p, a is always larger than the re-
laxation rate corresponding to decorrelating collisions,
yP, —P(p, t). This minimum value of a is attained in the
near wing of the line when the optical thickness is so large
that the relaxation rate yil due to interaction with other
volume elements can be neglected.

For P, =0 the different frequency intervals in the line
wing act independently, whereas in the line core they are
strongly coupled by the Doppler redistribution. In Ap-
pendix A 1 it is shown that for P, =O a fundamental
mode exists for every wing frequency interval separately,
as well as for the line core as a whole, with spatial profiles
denoted by f (p,x) and f, (p), respectively. The super-
script 0 denotes P, =O; no superscript will be used for
P, )0.

For I', ~0 all frequency intervals are coupled. After a
time sufficiently long for the f (p,x, t) and f, (p, t) in the
P, =0 case to be in their fundamental modes at all x, the
spatial profiles for a nonzero small P, value f (p,x, t), and
thus g, g, and a, vary in time only slowly. This slow vari-
ation in time is mainly due to a time dependence of the
spectral distribution F(p,x, t), which is caused by the

[

weak coupling of the different spectral regions. However,
if the spectral relaxation rate a(p, r„x,t) is much larger
than the decay rate P(p, t) for a given N(p, t), the spec-
trum F(p,x, t) can adapt itself quasi-instantaneously to
the profile N(p, t) In t.his case it is reasonable to assume
that one fundamental mode exists, in which the spectrum
F(p,x), the spatial profiles f(p, x), and therefore
rt(p, v„,x), g(p, r„,x), and a(p, r„,x), are time indepen-
dent. Obviously, P then does not depend on time and po-
sition either, and the decay is exponential with radiative
decay rate P. The condition for the existence of a funda-
mental mode then follows from Eq. (16) if we use the fact
that the lower limit of the relaxation rate a for photons in
the wing is found for a(x)=1 and x =x, (~„=r,). The

condition becomes

P, +(1 P, )rt(~,—) &&P/y .

In this inequality we made the approximation

rt(p, r„x, )=rt(0, ~„x,) = rt( ~, ) .

(17)

The unknown spatial profile f(p,x, ) at x, is called f(p),
so that g at p=O is only a function of r, For the.
behavior of rt(r, } the precise spatial dependence of
f(p,x, ) is of minor importance; see Appendix B.

The fundamental mode radiative decay rate P can be
found in an iterative way by assuming a function f(p,x),
so that the spectrum F(p,x) is, to first order in P/y, ob-
tained from Eq. (15):

(1 P, )LD(x }+P,L—v(x)
F(p,x) =

1 —(1 P, }a(x)g (p,r,x—)

and by varying f (p,x) until the integral

f dx F(p,x)q(p, r„,x)=P/y

is independent of p. In the case of a hyperfine structure
with the strengths of the components d; given by the
natural abundance of the isotopes, an analogous calcula-
tion can be made. Taking proper account of the processes
for the individual components through Eqs. (12)—(18), we
find, for the fundamental mode radiative decay rate of a
hyperfine structure (hfs) with a natural abundance in the
excited state,
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g (1 P—, )1.;LD, (x)+g P, d;.Lv (x. )
+m l

1 —g a;(x)(~ /r. )(1 P—,, )g(~„x)
10

1 I i I I
I

1 1 I 1

koR =10
——:F(o,x I

:G(x)

Xi)(r,x) . (20) 10

Here we used detailed-balance relations for the hyperfine
structure-mixing collisions due to own gas and foreign gas
atoms. The effect of multiplet-mixing collisions due to
foreign gas atoms upon the strength of the fluorescence
radiation has bow treated in Ref. 23. The symbols P, ,

d;, LD (x), Lv, (x), r~, and a;(x) denote the same quanti-

ties as before, but for the hfs component i; r, =g,. r~.
The calculation of v)(p, ~,x) and therefore of P is done at
p=0 for convenience. We have defined t)(v„x)
=vl(0, r~,x).

It is instructive to write expression (20) as

F,G

10'-

&ha=&~+P. (21)

where the two terms P and P, denote the contributions
to Phr, arising from the source terms without and with a
decorrelating collision before emission, respectively.

With increasing density the first term, P~, decreases,
because the optical thickness increases. At low collision
rates (y, /y «1~P, &&1) the second term, P„ increases
with increasing density, because the collision rate, and
therefore P„also increases. Whereas at very low collision
rates the decay rate is mainly determined by the Doppler
redistribution —P~—in a large density range, above a cer-
tain density the collisional redistribution term P, dom-
inates. Therefore if this occurs when P, is still small,
P, «1, a minimum is present in the decay rate P as a
function of density. Moreover, it follows that in this
parameter range the assumption of complete
redistribution —P, =1 in Eqs. (18) and (20)—introduces a
large overestimation of P (see Fig. 3).

F,G

10

10

10

&c Xl Xy

21
l ll,

0 10

P, =10

1
I I I I t i I

20

V. THEORY: APPLICATION TO AN INFINITE
CYLINDER

In this section various aspects of the radiative transport
theory given in Sec. IV are considered in more detail.
Furthermore, the use of an approximate form of the radi-
al profile f(p,x) is discussed, which considerably simpli-
fies the calculation of P, at the expense of only a small er-
ror.

Whereas expressions (1}—(20) are equally valid in plane,
cylindrical, and spherical geometry —the difference show-
ing only in il(p, v„,x)—we henceforth confine our atten-
tion to the case of an infinitely long cylinder. Some quan-
tities to be discussed are calculated at the cylinder axis
p=0 for convenience, where p is the reduced radial coor-
dinate.

A. Spectral line shape

We first consider the spectrum F(O,x}. For simplicity,
this is done for a one-component line. The spectrum
F(O,x) is shown in Fig. 5 for the parameter set kzE =10
and 10, a„=0.1, and P, = 10 , 10 , 10 ', and 1. The

10

10

10
xc Xp

32 1'

„gs 1(, t,
0 10 20

FIG. 5. Line shape functions F(0,x) and G(x) for a one-
component line with a„=0.1, and P, =10 3, 10 2, 10 ', and 1,
and the radial profile fD(p) {see text). For P, =l we have
I'(O, x)=G(x)=l.v(x), the full Voigt line profile; the frequen-
cies x„xf, and x, are also sho~n. The values of xf for
P, = 10 ', 10 ~, and 10 are denoted by the numbers 1, 2, and
3, respectively. For kqR =10 the xf values for P, =10 i and
10 nearly coincide. (a) koE. = 10; (b) koE, = 10 .
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radial profile f (p,x ) has been approximated by the
frequency-independent profile fD(p), which is the radial
profile for complete redistribution and a Doppler line

shape in the limit of large optical thickness (see Appendix
A). The calculation of the escape function rI(r, ) in this
case is described in Appendix B. For a (x) in the approxi-
mation (7) of the redistribution function R„(x',x) we

used the function

a (x)=1 LD—(x)/Ly(x) .

Also plotted is the function

G (x)= (1 P, )L—D(x)+P, L y(x),

(22)
jeff

which is the source function in Eq. (15} to first order in

P/y and e F.or P, =l we have F(0,x)=G(x)=Lv(x),
the full Voigt profile.

It is interesting to compare the spectrum F(O,x) with
the Voigt line profile Lv(x), which is the line shape in
thermodynamic equilibrium. With Eq. (22), it is found
from Eq. (18) that in the line core F(O,x) is equal to
Lv(x) to a good approximation for x &x, if i) &(1. This
is analogous to the results of previous calculations. ' In
the line wing, x &x„where the relaxation rate terms yr)
and yP, compete, the spectrum F(0,x) approaches Lv(x)
for those frequencies where the spectral relaxation is dom-
inated by incoherent scattering, i.e., g &&P, . The relative
deviation of F(0,x) from Lv(x) in this case is

(1—P, )r)(r, }/P, . These results apply for all p and ean be
interpreted as follows. At each scattering in the core of
the line a spectral redistribution takes place, for a fraction
1 —P, according to a Doppler profile and for a fraction
P, according to a Voigt profile. The latter fraction is the
main source of supply of photons in the wing, x &x, . For
rl «P, the photons will be trapped in the volume at fixed
frequency until they eventually undergo an incoherent
scattering. Consequently, a buildup of photon density in
the near wing occurs to the full Voigt value, since, on the
average, 1/P, coherent scatterings will take place before
an incoherent one. In the far wing, where the medium be-
comes optically thin (r)=l), no buildup exists and the
spectrum approaches the source spectrum G (x).

8. Effective escape function

An interpretation closely related to that in Sec. V A can
be given by writing the integrand of Eq. (20) for the one-
component line as

10

FIG. 6. Effective escape function rl,g(r) for P, =10 ', 10
10 ', and 1, a{x)=l, and the radial profile fz{p}. For
I', =10 ~ and 1 the curves calculated with the radial profiles

fi.{p}and Jo{2.4p} are also shown. For the sake of clarity, r){r}

from Eq. (29}is not shown here {see text).

Ly(x, ), 0&x, &x,
F(O,x, )=

P,Ly(x, ), x, (x, .+ C

(25a)

For the escape function at xf we find

frequency x remains at x for many coherent scatterings
before it is removed from its wing frequency in an in-
coherent scattering. In Fig. 6, rj,rt(r, x) is plotted for
a(x)=l, several values of P„and three choices of a
frequency-independent radial profile f (p) =f(p,x), so
that rt,rf(r„,x) is only a function of the optical thickness r
at x: rl,rt(r) Note that. for P, =1 we have r),fr——rl.

For use in the next section we define x, as the frequen-
cy at which rl reaches the value 0.5 and xf as the frequen-
cy at %1%eh g ff reaches that value. Simple relations can
be derived for some quantities at the frequencies x, and
xf. We find, for the spectral density at x„

F(O,x)rl{r„,x)=G(x)rl, rr(r, x),
with the effective escape function

r)(r„,x)
1 —(1 P, )a (x)g (r„,x)—

rl(r„,x, }=05, 0&xf. -x, &x,
rl, :r)(r, ,xf}=-

XC QXf QX~+

(26a)

(26b)

Whereas rl(r, x) can be looked upon as the probability for
a photon to escape without undergoing any scattering at
all, g,ff can be regarded as the probability that a photon
escapes before undergoing a frequency-changing scatter-
ing. In the line core r),ft(r„x)=r)(r,x), but in the near
wing the effective escape function rl,ft{r„,x) ean be much
larger than rl(r, x). This is due to the frequency correla-
tion in the scattering process by which a wing photon at

G (x ) Lv(xf )p 0 (xf~~~ (xq
F(Oxf ) = = I+P

Lv(xf )& x& (xf (xz . (27b)
2

(27a)

Using the relations (26) together with Eq. (18), we find,
for the spectral density at xf,
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From Eq. (26b) together with Eq. (88} we obtain, for
xg (xf (xg the approximate relation between r„and P, :

10
ko R=103

r~ =1.2I(P, )'~ (28}
10

C. Integrand of expression for P

For the exact calculation of P, the necessary solution
for the radial profile f(p,x}can be found by the iteration
method discussed in regard to Eqs. (18) and (19). Such a
solution will not be attempted here to completion. In-
stead, we shall go through the first step of this scheme,
i.e., we make a reasonable choice of f(p,x) and show the
relative insensitivity of P for the specific choice off(p,x).

For this purpose, we next discuss the behavior of the in-

tegrand (23) of the integral expression (20) for P. This in-
tegrand is plotted in Fig. 7 for a one-component line, the
same set of a„, koR, and P, as in Fig. 5, and a few
choices of a frequency-independent radial profile f(p),
which are discussed in Appendix A2. The values of x„
x„and x~ are also shown. It is seen that the integrand
attains its maximum near x&. This is analogous to the
case of complete redistribution, which is attained in our
formalism as the special case of P, = 1, giving rl,rr=g and

xf ——x, . Furthermore, it is seen from Fig. 7 that, for the
calculation of P, knowledge of the precise form of the ra-
dial profile f(p,x}is mainly important for x near xf.

To obtain an estimate of f (p,x) near xf, which can be
used in a first approximation at all x in the calculation of
the integrand, we will next discuss the radial profile

f (p,x).

10

10-8
0

10

10

Xc Xf Xg,

21
J ll.

10

(b)

Pc =10

ko R =10
: fo(p)——IL(p)---:3o(2.4 p)

Pc =1

D. Radial profile f (p,x)

Using expressions (12), (14), (16},and (18) we find, for
the radial profile f(p,x) in the fundamental mode,

a(O, r~,x)N (p)
f(p,x)=

a(p, r„x)N(0)

In the most general situation —x, &xf (x,—four spec-
tral regions can be distinguished for f(p,x):

(a) The core of the line: 0&x (x„a(x)«1, g=l;
f (p,x)=f, (p), independent of x, corresponding to com-
plete Doppler redistribution.

(b) The near wing of the line: x, &x &xf, a(x}=1,
g=l; f (p,x)=f, (p), independent of x, due to redistribu-
tion through incoherent scattering only.

(c} The middle wing of the line: xf &x &x„a(x)=1,
g=l; f(p,x) is a function of x and is determined at each
x by the (source) function f,(p) as well as by P, and r

(d) The far wing of the line: x &x„a(x}=1,g &&1;
f(p,x)=f, (p), independent of x, since for the emitted
photons the medium is optically thin.

The radial profile f(p,x) is always broader than the dif-
fusion profile Jo(2.405p), and we assume f (p,xf) to be
not much broader than fL(p) (see Appendix A). For the
calculation of P, we then approximate f(p,x) at all x by
fD(p), which lies in between Jo(2.405p) and fL(p), in this
way smoothly joining the regime of complete Doppler
redistribution. Here, fi (p) and fD(p} are the radial pro-
files for complete redistribution and a Lorentz and

I

10

xc
/

3 2 1

10

Xy-

20

FIG. 7. Integrand of Eq. (20), Fr), as a function of x for a
one-component line with a„=0.1, P, =10, 10, 10 ', and 1,
and the radial profile fo(p}. For P, =10 ' and 10 ' the curves
calculated with the radial profiles fL(p) and Jo(2.4p) are also
shown; the frequencies x„xf, and x, are also shown. The
values of xf for P, =10 ', 10, and 10 are denoted by the
numbers 1, 2, and 3, respectively. For koR =10 the x~ values
for P, =10 and 10 nearly coincide. (a} koR =10'; (b}
koR =10

Doppler line profile, respectively.
For these frequency-independent radial profiles the es-

cape function at the cylinder axis only depends on the op-
tical thickness r, : g(r„,x) =g(r, ). The calculation of
rl(r ) for the radial profiles fD(p), fL(p), and Jo(2.405p}
is described in Appendix B. The resulting curves of rl(r )



are shown in Fig. 6. Using the g(r„) functions for fD(p)
and fL(p) in Eq. (20), we have checked that for the case
of complete redistribution (P, =1) and a one-component
line in the limit of large optical thickness, the analytical
results of Ref. 4 for P are reproduced within 1% or better
for any Voigt profile (a„&0). It has been shown in Ref.
4 that, for a general Voigt line profile I.v(x) and complete
redistribution in frequency [Eq. (20) with P, = 1], values
of P with 10% accuracy are obtained with g(~„) given by

5

8 ~

perfine interaction is not small enough to be neglected
during the collision (see Omont and Meunier ), this
theory applies only for the even Hg isotopes (70% of the
total Hg density' ), which have zero nuclear spin. We as-
sumed that the broadening for the hf levels of the odd Hg
isotopes, which have nonzero nuclear spin, is equal to that
for the even ones. Using Eq. (3) with g= 1, we find, for
P, from Eq. (5b),

0.029 ~ nHgP =
1 0029, nH~ in 10 m

The values of g(r ) from (29) are now shown in Fig. 6 for
the sake of clarity. For r, & 1.5 they are larger than rl(~, )

for the radial profile fD(p), with a maximum difference
of 5% at r, =0.6. For r, &1.5 they are smaller than
g(w ) for f D(p), with a maximum absolute difference of
10%, independent of r for r„)3.

The radiative decay rate P cannot be calculated from
Eq. (20) using the escape function for fD(p). The error in

P due to this approximation can be estimated from the re-
sults obtained with the escape functions for Jo(2.405p}
and fi (p).

VI. COMPARISON AND DISCUSSION

The fundamental mode radiative decay rate P for the
184.9-nm Hg line was calculatmi on the assumption of a
natural abundance in the 6 'P~ excited state and is shown
in Fig. 3. The condition (17) for the existence of a funda-
mental mode is largely satisfied: P, +rI(r, )&100(P/y)
for all experiments. The contributions P«and P„ in Eq.
(20), as well as the results for the complete redistribution
assumption [P, =1 in Eq. (20) and rl(r, ) from Eq. (29)],
are also given. The latter P values can be as much as a
factor of 8 larger than our experimental rates. The values
obtained with the present theory [Eq. (20) with P, given
by Eq. (5b)] are in much better agreement, differing by at
most 25% from experiment. For a(x) we used the ex-
pression in Eq. (22).

The escape function q was calculated with the
frequency-independent radial profile fD(p) for all mercu-
ry densities (see Sec. VD). For n»s &2X10 m, fD(p)
is a good approximation. For nH~ &2)&10 m the in-
fluence of the uncertainty in f(p) is small: f(p) equal to
Jo(2.405p) or fL(p) leads to 7% higher or 4% lower P
values, respectively, whereas the values obtained with
iI(r ) from the analytical expression (29) are & 3% lower.

The atoniic data used for the calculations are the natur-
al lifetime r„=1.31 ns (Ref. 30) and the hyperfine struc-
ture of the line. ' ' The Voigt line profile was calculated
using the routine given in Ref. 31. The optical thickness
at the axis of the cylinder ~„=k(x)R is shown in Fig. 4
for the complete Voigt line as well as the Doppler line
profiles of the hfs, and n»s ——2X10 m . This figure
also gives a good impression of the situation in the whole
range of experimental conditions reported, since a „
changes less than —10%.

For the Hg collisional broadening we used the theory of
Ref. 27 for resonant collisions. In our case, where the hy-

The use of the theory of Ref. 28 for quasiresonant col-
lisions, which also applies for the even isotopes only,
would yield an averaged 15% lower collision rate for the
total hfs [(=0.85 in Eq. (3)], on the same assumption as
used above. This would have resulted in values of the de-
cay rate p which, for mercury densities of 4X10',
2X10, and 1X10 ' m, are only 1%, 13%, and 11%
lower than those obtained with g= 1.

Our use in the theory of the angle-averaged redistribu-
tion function limits its application to cases of strong im-
prisonment, where the absorbed emission comes nearly
equally from all directions, so that the emission is approx-
imately isotropic. The redistribution function given in
Eq. (5) has been calculated quantum mechanically for
foreign gas broadening in the rest frame of the atom. The
expressions for Rii(x', x) and R», (x',x) in the laboratory
frame z are rather complicated. The more simple ex-
pressions (7) and (8) usixi in our theory in Sec. IV are ap-
proximations. It is argued in Ref. 5 that, with y, /y given
by Eq. (3) and using Eq. (8) for R»i(x', x), Eq. (5) should
also hold for self-broadening. The approximation of
R»i(x', x) by Eq. (8) is best when used for large values of

~

x'
~

or
~

x ~,
' i.e., at large optical thickness where the

wings dominate the radiation transport process. For the
wings of a hfs of overlapping line components, this ap-
proximation is even better justified than for a single line,
because on the average the frequency distance to the line
center of the hf components is larger.

In the approximation of Rii(x', x) by Eq. (7), the use of
the first term also requires strong imprisonment:
koR & 50.5 The effect of the approximation of the second
term by a 5(x' —x) function is discussed in more detail
in Appendix C. With this Jefferies-White approximation
the decay rate P is underestimated if the line wing is opti-
cally thick and the collision rate low (P, «1}.The intro-
duced error in P is estimated in Appendix C to be largest
when P«and P, of Eq. (21) are about equal, i.e., near the
minimum in P(n»s) This is .confirmed by our data in
Fig. 3. From a rough estimation we find in Appendix C
that at n„x=1.5X10 m the decay rate p is underes-
timated by about 30% owing to the use of the J%' approx-
imation. We feel that the observed maximum difference
of 25% between experiment and theory around the
minimum in P(n»s) is due, at least for a large part, to the
JW approxiination in R»(x', x), although the good agree-
ment with the estimated error is fortuitous because of the
roughness of the estimation. The use of the JW approxi-
mation then predicts a somewhat too pronounced
minimum in P as a function of density. This has also
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been found for the early-time escape rate of Ar resonance

radiation.
The range of P, values where expression (20) applies is

mainly determined by the condition (17) for the existence

of a fundamental mode in the IW approximation. It can

be shown that for koR & 50 and a„« 1 we have

P, )&P, /y. We then find that condition (17) is satisfied,

for all P, if

(1—P, )g(&, ) )&P /)'

and for P, »P /y if

(1 P, )r—l(~, ) ~p /y.

For a single-line component, r)(~, ) can be easily estimat-

ed, using ~,=0.1koRa„.

VII. SUMMARY AND CONCLUSIONS

Measurements are reported of the effective radiative de-

cay rate of the Hg 6 'P, overpopulation under conditions
of strong radiation trapping at the 184.9-nm line. The
measurements were made in the afterglow of a low-

pressure Hg discharge using a dye-laser absorption
method to detect the Hg 6'P~ density decay. The decay
rate as a function of Hg density shows a pronounced
minimum. The experimental rates are up to a factor of 8

lower than those calculated from theory with the assump-
tion of complete redistribution in frequency. From a
theory based on partial redistribution in frequency, we de-
rived an expression for the radiative decay rate in the fun-
damental mode for spherical, cylindrical, and slab
geometry. The analytical expression obtained for a homo-
geneous medium is valid at large optical thickness in a
wide range of y, /y values and also applies for a hyperfine
structure of the resonance line. A condition is given for
the existence of a fundamental mode and is shown to be
largely satisfied in our experiments. The rates calculated
with this expression agree within 25% with our experi-
mental data obtained for the Hg 6'P, population decay
rate.

In paper II (Ref. 32) (following paper) an extensive
series of experiments will be reported, which allows a
comparison between theory and experiment for a much
wider range of experimental conditions.
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1. 5, =0

Consider in the redistribution function approximation
of Eqs. (5), and (7) and (8), the case where P, =0, and as-
sume that a spatial distribution of excited atoms exists,
created at t =0 in such a way that the spectral distribu-
tion is nonzero in the optically thick wings (r„»1). For
x &x, this situation is completely analogous to the "one-
speed" (or "constant-cross-section") approximation in the
neutron transport theory. The results of this theory
show that the radial profile f (p,x) for 0&p&1 —1/~„ is
given to a good approximation by the solution of a
diffusion equation with the boundary condition

f ( 1+0.71/r„, x) =0. The superscript 0 denotes the very
special situation of P, =O; no superscript is used for
P, & 0, as occurs in real physical situations.

Therefore, a fundamental mode exists for each x &x,
independently, with the radial profile

Po( ) J 2 405
1+0.71/~„

x &x„0&p&1—I/r, . (Ala)

It follows that f (p,x) is always broader than Jo(2.405p),
the fundamental mode diffusion profile with its first zero
at the wall. For r„»1 the differences, however, are very
small. For the line core an analogous situation would ex-
ist, were it not for the Doppler redistribution exerting a
strong coupling for all x with 0 & x &x, . We therefore
expect the line core to act as a whole in a fundamental
mode behavior with the radial profile f, (p) independent
of x and given by

Jo(2.405p)&f, (p)&JO
'

p
0 2.405

1+0.71/~„

x &x„0&p(1—I/r„. (Alb)

2. P, &P

Now let P, become nonzero, P, &0: Then there exists a
certain coupling between the different frequency intervals
which will yield spatial distributions different from Eq.
(Al). Because the f (p,x) are for all x broader than
Jo(2.405p), this will remain valid for f (p,x). In the line
core, f, (p) will become broader due to the coupling to fre-
quency regions with broader f (p,x). Because f (p,x) is
broader for larger x, it can be expected that the strongest
infiuence on the broadening of f, (p) comes from x~f,
where gd~-0. 5. This comes about since for x &xf the
photons mostly escape before a frequency-changing
scattering occurs: g,ff(1 x)) 7/ ff(1 xf ) =0.5; more-Zf &

over, their generation rate decreases: G(x) &G(xf). For
x, & x & xf the opposite is true. We then find

APPENDIX A: SPATIAL PROFILE f (p, x )

In this appendix the spatial profile f (p,x) in the funda-
mental mode is discussed in more detail for the case of an
infinitely long cylinder. For a plane or spherical geometry
analogous expressions can be obtained.

Jo(2.405p) &f(p, x) &Jo p
2.405

1+0.71/v„

0(x &x/, 0&p(1—lie„. (A2)

Therefore, if P, (&1, then ~„&&1,and f(p,xf) and f, (p)Zf
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are given to a good approximation by the narrowest possi-
ble profile: f(p,xf )=f, (p)=JO(2.405p). If P, increases,
~„decreases, and f,(p) and f (p, xf ) become broader .Zf

To what extent f, (p} is broadened can be seen best from
the situation of complete redistribution (P, = 1), where r,Zf
is smallest r =w =1, and f(p,xf)=f,(p)=f(p).
this case the spatial profiles fD(p) and fi.(p) for a
Doppler and Lorentz line shape, respectively, are both
broader than Jo(2.405p). For a Voigt line shape the spa-
tial profile fv(p) will be in between fD(p) and fL(p), de-
pending on the values of a„and koR. Although the frac-
tion of emitted photons per unit optical thickness with
~„=1 is much larger for a Lorentz than for a Doppler line
shape, fL(p) is still only 10% larger than fD(p), except
very close to the wall. It follows that the influence of the
photon fraction with ~„=r, upon the broadening ofZ —Zf

f, (p) is not very large.
Thus we have found the following for the radial profile

at xf, f(p,xf).

(i) If xf &x„ f(p,xf)=f, (p) in the limits of both
P, «1 and P, =l. We assume that it will not be much
broader than f, (p) for all P, values. In fact, we will as-
sume that f (p,xf ) is not much broader than fL(p).

(u) If xf~, &x„
2.405f(P f ) =fc(p) 0

1 0 71 P &fD(p)1+0.71 i,
since the broadening influence of line-wing photons de-
creases.

(iii) If xf ——x, &x„f(p,xf ) =f, (p)=fD(p), since the
line wings are optically thin.

In all cases, f (p,xf ) is broader than Jo(2.405p).

f(p)= g a,„(1—p'"),
n=1

"mm

g a,„=l .
n=1

This gives

(83a)

(83b)

i}(r)=g ai„i}2„(r), (84)

m'/2

d 8 sm8 Iq„(r/sin8), (BSa)

(2n )! " (2n )! e

i (2n —k)! 0" (85b)

Equation (85b) was obtained from Ref. 33. In this way
i}q„(~}and therefore r}(r) can be obtained from Eqs. (85)
by numerical quadrature. However, for small ~, i.e., small
cr, and large n, loss of significant figures occurs due to
cancellation of terms. By expansion of e in its power
series, it can be shown that all terms with 1/o, k & 0, in
I2„(~) cancel, leaving

Ii„(a)= g ci„j(—o 8,
j=0

2n, j=
2n —1 (-1)'(2n)!

(2n —1 —I)!(j+ 1+I)!

In the calculation of g2„(r},Eq. (85b) was used for o & 1

and Eq. (86) for o & l. In the limit of large r we find,
from Eqs. (84) and (85),

with
~/2

F12„(~)=1—f d8sin8 f dp e i ~""e(1—pi")
0 sin8

APPENDIX 8: CALCULATION OF ESCAPE
FUNCTION rl(r}

4 a2
g(r) =air}i(v )=—

3 2 (87)

In this appendix we will calculate the escape function
rl(~} at the axis of an infinitely long cylinder for a given
spatial profile f(p),

We are left with the determination of the power series
which describe the radial profiles fD(p), fi (p), and
Jo(2.405p) sufficiently well. It turns out that these pro-
files can be approximated within less than 1% by the ex-
pression

~-&Ip'I
r}(~)=1—f dp'r

2 f(p') .
4n ip'f' (81) 3 3

f(p)= g ai„(1—p ")+ 1 —g a2„(1—p'),

In a coordinate system with the spherical coordinates p',
8, and y (8 is the angle between p' and the cylinder axis,
and y is the angle in the 8=m/2 plane) and the origin at
the cylinder axis, ri(r) can be written as

~/2 1/sia8
rl(r)=1 —f d8sin8 f dp've '~f(p'sin8) . (82)

Here we have used the cylindrical symmetry of the prob-
lem, which implies that f(p') is an even function of
p

—p'sin8. The integral in (82) can be simplified by an
approximation of f(p) by a power series of a large but
finite number of terms. With the boundary conditions
f(0)= 1 and f(1}=0, we find

ri(~) = 1

0.72+ 1
(88)

with the coefficients a2„given in Table I. The coeffi-
cients az, which determine the behavior of ri(r) for large
~, can be determined with good accuracy from Ref. 4
(fD, fL) and Ref. 34 (Jo), respectively. The coefficients
a4 and a 6 were obtained by a least-squares fit
(as = 1 —a2 —a4 —a6).

For use in Sec. VB, we note that the curves of g(r)
sho~n in Fig. 6 are described within 30% for all w by the
function
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TABLE I. Coefficients of the power series expansion

, ai„(1—p ") for the radial profiles fL(p), fo(p), and

Jo(2.405p).

fi.(p)
fo(p)
Jo( 2.405p~

0.8983
1.0712
1.4450

0.3028
—0.0109
—0.5212

—1.6008
—0.7878

0.0799

1.3997
0.7275

—0.0037

It is illustrative to see that the decay rate at large opti-
cal thickness r for the Jo(2.405p) radial profile obtained
from Eq. (B7) and az from Table I is exactly equal to the
rate v~ obtained from the diffusion equation with boun-

dary conditions

thinner frequency regions are neglected. This diffusion
process occurs if P, «1 due to a finite mean frequency
shift M „which is inherent in the scattering term
LD(x' x—) and because of the larger number of photons
emitted with frequency nearer the line core. The mean
frequency shift M, =0.7 (Ref. 36) acts as a mean free
path in the diffusion in frequency space. The neglect of
this diffusion process causes Eq. (20) to underestimate the
decay rate p. For x, &x, (nHs&3X10' in ) the pho-
tons emitted in the optically thin wings escape on their
first attempt and the approximation has no influence
upon the calculated decay rate value.

For x, &x, (nHs) 3X10' m } a large role in the ra-
diation transport is played by photons in the wings, and
the situation is more complicated.

Photons from two sources contribute to the decay rate

d 1 df vgR f=0, f'(0)=0, f(l)=0,
dp p dp D

and using D = —,
' y/k (x}(the equivalent of the gas kinetic

diffusion coefficient D = —,
'

A.u). We find

rly=vg =1.926y/r, .

APPENDIX C: JEFFERIES-%HITE APPROXIMATION

In this appendix the influence on the calculated decay
rate due to the Jefferies-White approximationz in the
redistribution function Rii(x,x} is discussed in more de-
tail.

For large optical thickness the function Rii(x', x) can
be approximately written as

R n(x', x)-&-v(x') [b (x ',x)LD(x)+ a (x',x )LD(x
' —x)],

(C 1)

with b(x', x)=1 and a(x', x)=0 for
~

x'
~

&&x, and, fur-

ther, b(x', x}=0 and a(x',x)=1 for
~

x'~ &&x, . As a
function of

~
x'~, a(x', x} rises from zero to unity for

~

x'
~

near x„ the rate of rise depending somewhat on

~

x
~

. The function b (x',x) behaves complementary.
The function LD(x' x) in the second—term denotes the
Doppler shift experienced in the nonresonant coherent
scattering of the photons.

In the approximation first introduced by Jefferies and
%Rite, this function is approximated by the 5(x' —x)
function, and Rn(x', x) is expressed by Eq. (7). The
function a(x') in Eq. (7}, which is better documented
than a (x',x},rises strongly for

~

x'
~

near x„as is shown
in Ref. 26 [also see Eq. (22)]. In the JW approximation
the wing photons can only escape from the volume at
their frequency of "creation. " Thus the effects of one-
dimensional diffusion in frequency space ' from wing
frequencies near x, to more outward lying optically

(i) Photons created in decorrelating collisions (P, ). Be-
cause the term P,Lv(x) in the source spectrum G(x) is a
slowly varying function of x in the wing, and a large frac-
tion of the escaping photons comes from x values where

1, the error in P, will not be large.
(ii) Photons emitted by the Doppler redistribution (P ).

This term contributes potentially the largest error to P if
the JW approximation is made. It is seen from the
behavior of the nonresonant coherent scattering term
a(x', x)LD(x' —x) in Eq. (Cl) that photons scattered by
this mechanism to the optically thinner line wing mostly
come from the frequency region x &x, . For x, & xf &xg

(nHs) 3X10' m ) the error in p~ increases with in-
creasing mercury density, as long as P, «1. Therefore,
the error in P will be largest when P and P, of Eq. (21)
are about equal (nHs-1. 5X 10 m ), as is confirmed by
the data in Fig. 3. With further increasing ground-state
density, the error decreases fast. This is because, on one
hand, the diffusion length M=Mi/(P, )'~ decreases
(due to the increasing P, value), whereas, on the other
hand, the frequency distance

~ x/ —x,
~

to the effectively
optically thin region increases. The chance that a photon
will diffuse over a distance

~
xf —x, ~, estiinated roughly

as

exp
&f —&C

C

J

is about 0.97 for nHs-1. 5X 10 m, but has decreased
to about 1&10 already at nH ——6&10 m

An estimate of the error in P made using the JW ap-
proximation is rather difficult and also has to take into
account the expressions used for a(x'), Rii(x', x), and
Riii(x', x). From a rough estimation we find that the de-

cay rate p at nHs ——1.5X10 m ' is underestimated by
about 30% owing to the use of the JW approximation.
For this estimation we assumed that in the real situation
50% of the Doppler redistribution photons emitted with
x &x, diffuse into the line core and 50% into the line
wing [i.e., using rl,rr=0. 5 for x &x, in the P~ term of
Eq. (20)]. Here, x, of the hfs was determined from the
equality of the Doppler and Lorentz contributions to the
Voigt line profile of the hfs.
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