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A Floquet-Liouville supermatrix (FLSM) approach is presented for nonperturbative treatment of
the time development of the density-matrix operator of atoms and molecules exposed to intense po-
lychromatic fields. By extending the many-mode Floquet theory (MMFT) recently developed, the
time-dependent Liouville equation for the density matrix of quantum systems undergoing relaxa-
tions (due to radiative decays and collisional dampings, etc.) can be transformed into an equivalent
time-independent non-Hermitian FLSM eigenvalue problem. This yields a numerically stable and
computationally efficient approach for the unified treatment of nonresonant and resonant, one- and
multiple-photon, steady-state and transient phenomena in nonlinear optical processes, much beyond
the conventional rotating-wave-approximation (RWA) method. Connections of the FLSM approach
to the MMFT in the limit of zero relaxations are also made, providing the understanding of the
physical significance of FLSM supereigenvalues and eigenvectors. In addition to the exact FLSM
formalism, we have also presented higher-order perturbative results, based on the extension of the
generalized Van Vleck (GVYV) nearly degenerate perturbation theory, appropriate for somewhat
weaker fields and near-resonant processes, but beyond the RWA limit. The implementation of the
GVV method in the time-independent Floquet-Liouvillian allows the reduction of the infinite-
dimensional FLSM into a finite-dimensional GVV-Liouville matrix, from which essential analytical
results are readily obtained. As an illustration of the usefulness of the new formalism, we extend
both the FLSM and the GVV methods to a formal study of the multiphoton-induced resonance
fluorescence spectra of two-level systems subject to purely radiation relaxations. Both the time-
averaged power spectrum and the time-dependent physical spectrum are exploited in details, and
novel new features in intense fields are pointed out.
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Floquet-Liouville supermatrix approach: Time development of density-matrix operator

I. INTRODUCTION

The investigation of nonlinear optical processes induced
by intense laser fields such as multiphoton ionization and
dissociation of atoms and molecules, resonance fluores-
cence, Raman scatterings, and wave mixings, etc., is a to-
pic of much current interest? both theoretically and ex-
perimentally. At lower fields, perturbative and diagram-
matic methods are often used for nonresonant phenome-
na,? whereas the rotating-wave approximation (RWA) is
most commonly adopted for near-resonant processes.’
The semiclassical Floquet approaches based on the
Schrodinger equation, while providing nonperturbative
techniques for the studies of multiphoton ionization, exci-
tation, and dissociation processes at high fields,* cannot
be applied to processes undergoing relaxations due to radi-
ative decays and collision dampings, etc. In this paper we
present a general nonperturbative semiclassical treatment
of the Liouville equation (allowing for relaxation mecha-
nisms) for the density-matrix operator of atomic or
molecular systems exposed to intense monochromatic or
polychromatic fields. By extending the many-mode Flo-
quet theory (MMFT) recently developed,” the time-
dependent Liouville equation can be transformed into an
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equivalent time-independent Floquet-Liouville superma-
trix (FLSM) eigenproblem.® In addition to being numeri-
cally stable and computationally efficient, the FLSM
method is capable of treating nonresonant and resonant,
one-photon and multiphoton, steady-state and transient
phenomena on an equal footing.

As an illustration of the usefulness of the FLSM
method, we shall study one- and multiple-photon-induced
resonance transitions and light scatterings of an ensemble
of two-level atoms or molecules illuminated by a strong
monochromatic field. While one-photon resonance light
scatterings, fluorescence in particular, have been widely
discussed,>7 13 especially since the work of Mollow,’ the
multiphoton-induced light scatterings have received little
attention.!” With the advent of powerful intense lasers,
we expect the experiment on these multiphoton-induced,
via virtual levels, resonance effects can be accomplished in
the near future. One of the major purposes of this paper
is to exploit new nonlinear dynamical features in
multiphoton-induced resonance fluorescence spectra.

In addition to the exact FLSM formalism, we shall
present some higher-order perturbative results, appropri-
ate for somewhat weaker fields, and near-resonant pro-
cesses, but beyond the RWA limit. The most expedient
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way to accomplish this is to extend the generalized Van
Vleck (GVV) nearly  degenerate  perturbation
theory>(@»5(»20.21 ¢4 the time-independent Floquet-
Liouvillian. This has the effect of reducing the infinite-
dimensional FLSM into a finite-dimensional GVV-
Liouville matrix, from which essential analytical results
for the solutions of the density matrix as well as for the
fluorescence spectrum (in both one- and multiple-photon
resonance cases) can be readily obtained.

In Sec. II we present the general theory of the FLSM.
This is followed by a discussion in Sec. III on the connec-
tions of the FLSM approach to the MMFT approach in
the limit of zero relaxation, thus providing an understand-
ing of the physical significance of FLSM supereigenvalues
and eigenvectors. In Sec. IV the GVV nearly degenerate
procedure is extended to an analytical treatment of multi-
photon resonance transitions for two-level atoms or mole-
cules in the presence of a strong laser field. In Sec. V we
introduce a new scheme of the so-called time-averaged
power spectrum and also derive the formula for the time-
dependent physical spectrum?>~2¢ for the multiphoton
resonance fluorescence by two-level systems. Results and
discussions for a case study are presented in Sec. VI. This
is followed by a conclusion in Sec. VII. Atomic units are
used throughout unless otherwise specified.

II. MANY-MODE FLOQUET-LIOUVILLE
SUPERMATRIX APPROACH

The time evolution of a set of N-level quantum sys-
tems, interacting with an M-mode linearly polarized po-
lychromatic field, undergoing relaxations by Markovian
processes is described by the Liouville equation®?’

i3,p(0)=[H®),p(1),]+i[R p1D] . (1)

Here p is the density matrix of the system, reduced by an
averaging over all irrelevant degrees of freedom action as
a thermal bath, and H(1)=Hy+¥(1). H, is the unper-
turbed atomic Hamiltonian with eigenvalues {E,} and
eigenvectors {|a )}, namely,

Hy|w)=E,|a), a=0,1,2,...,N—1, @)

and ¥ (2) is the electric dipole interaction Hamiltonian be-
tween the system and the M-mode classical fields,

M
Vit)=— 3 p-gcos(w;t +¢;), (3)
i=1
where pu is the atomic dipole moment, and ¢;, w;, and ¢;
are, respectively, the field amplitude, frequency, and
phase of the ith field. The relaxation term [R p(f)] con-
sists of T, (population damping) and T, (coherent damp-
ing) mechanisms which are due to the coupling of the
atomic system to the thermal bath by radiative decays and
collisions, etc. More explicitly, it can be written as?’

(R Plag=—TacPaat+ O Veaps (T1 process) , @)
B (a)

(R Plap= —Tappaps a#B (T, process) . (5)

The relaxation constants appearing in Egs. (4) and (5) are
connected by the relations

Top=75(Tae+Tpg)+Tap (6)
and
Faﬁ:’ rBa s (7)

with the factor I',g usually called pure dephasing. The
feeding term y,p is generally not symmetrical, i..,
Yap7Y pa» DUt can be related to I'y, in the case of closed
systems, namely,

Faa= 2 ‘yaB . (8)
B

In the following, we shall only consider the case of closed
systems in the development of our approach, although it
is straightforward to extend it to the case of open systems.

To facilitate the evaluation of the reduced density-
matrix operator p(t) in Eq. (1), we reformulate the equa-
tion in an operator (a tetradic, or Liouville) space®
spanned by the basis {|aB)=|a)(B|; a and B=0,

1,...,N —1} as an inhomogeneous superoperator equa-
tion, namely,
id,p(t)=L(n)p(t) +if . 9
Here p(t) is the supervector defined by
p(t)=28pa5[a>(ﬂl ; (10)
a,

f.(t), the superoperator or Liouvillian, in matrix form, is
given by

Loou(=(00 | L(2) | pv)
=Ho, (1)80,— H (1)8¢,
i [<rm+ ¥0)8,08v0

+ 3 (1=85,)7p08u(1—8,0) | ,
B0 (11)

Logu=(aB|L(t)| uv)
=H 0,(1)85,— H 5184,
— (T Baydpy—¥ upBapduy)
(as£0 and/or B#0) ; (12)
and finally, f is the source supervector, defined by

fpv=7/05y05v0 » (13)

where o= 3 5.,7 0, assuming |0) is the ground level.
Note that in deriving Egs. (9) and (11)—(13), use has been
made of the relationship Trp(t)=1 (appropriate for closed
systems) and the following basic properties of the Liou-
ville space: (i) inner product,

(aB|uv)=Tr{ |B) a|u){v|]}, (14)
and (ii) matrix elements of superoperator 0,
(aB |0 |uv)=Tr{ |B){a|O|u){v|}. (15)



1800

The superoperator L (1) defined by Egs. (11) and (12) is
nonsingular, which possesses distinct advantages as will
be shown below.

The inhomogeneous equation (9) now can be solved by
using the method developed to solve the Schrodinger
equation. By invoking the MMFT,*> we can transform
the time-dependent superoperator equation (9) into an
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where Zp is the time-independent many-mode Floquet-
Liouvillian defined in terms of the generalized tetradic-
Fourier basis |aB;{m})=|a)(B|®|{m}), with {m]
=m,,m,,...,my. More explicitly, f; can be written,
in matrix form, as

(aB;{m) |Lg|uv;in})

equivalent time-independent infinite-dimensional su-
pereigenvalue problem,”® namely, M
N =E@B=M 1S miwi80,88(mpin) » (17
S S (aB;{m}|Lp|or{k}) or;{k] | Quuin)) aBipy ~§1 i0i00udpD(m; (n)
o,7 {k}
=Qu‘,,n](aﬂ;[m} IQMW1"}> , (16) with
|
H {M80,—H {80, —i {(Too+70)80,800+ ‘g (1—8g,)7 g8 1 —8,0) |8¢m};10) if @=0 and B=0
0
Lim = (18)
H Mg, —H 13180, —i (T 8,085~V uapdus)B(m); (0} Otherwise
2 (m) X5 ig; —ig; (i)
Haﬂ —Easaﬁslm];f()l“" z Vap(S,,,i,,e +8m'_,_1€ )8[,,,!;{0} , (19)
i=1
Vap=—1(a|pelB), (20)
M
Bim}iin) = Hlﬁm,.,n,- , 21
=
and .
M A+2uw, I B 0 0 0
. B* Atwy I B [} (o]
CHANMES | (22) R T S o
j=1 F 0 0 8 |A-wpl | 8 |
ji 0 0 o | & A-2wp I
where §,, , is the Kronecker delta function. The structure WHERE .
of the Floquet-Liouville supermatrix Ly, which is non- Sl T N 2 2
Hermitian, is illustrated in Fig. 1 for the two-level two- A 5 - < 5
mode case. The multiply periodic structure of Ly renders 0 0 x* Jcwr x
the following important periodic relationships for its su- ° ° ° Xt Jcr2ml
pereigenvalues {),,,.(,) and supereigenvectors | Q. (n;):
M ylojo|o]o ~1{yob* ba! 0 o o
Quvin+k)=Quvs(my + 2, kioo; (23) 8 g 5 v g g R L CL I R °
i=1 oTolol~To 0 o ~wpo-1Tho o
and olofofo]v]} o o 0 wpo~Tha
AND
(aB;{m +k]} |Q#“[n+k])=(aﬁ;{m} ]qu,[n}> . (24) 0 o [-vilf v o o [-va] v
Owing to the non-Hermitian nature of Lj, there exists x: Om (?” I > c(’z) A
biorthogonal relationships, Voo | Voo | © | © Vay | Yeb | © | ©
Vil |-l o o vzl | -yf2 o o
(Qor k) | Qurin)) =80urbikyiny » (25)
where | Q, i fL] 1 R
ere | Qork)) are eigenvectors of L r, namely, FIG. 1. Structure of the Floquet-Liouville supermatrix Lp
L } | Q. { kl>=le’;{ K} |Q;”_’l k;) (26) for the case of two-level systems (with level spacing w,,) in
linearly polarized bichromatic fields. @, and w, are the two ra-
and diation frequencies, V() (i=1,2) are the electric dipole cou-
' li ’ d abs ’ d [y = a 2 i -
Qan[klzﬂzn(kl - 27) plings, and Y4, Ysa» and T'py =(¥ap +7¥ e ) /2 are relaxation pa

rameters.
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Furthermore, the negativity of the imaginary part of all of
the diagonal elements of L guarantees that

Im(ﬂ“,,,[,,])<0 . (28)

In terms of the supereigenvalues and eigenvectors of the
J

Floquet-Liouvillian i[.‘, the reduced density supervector

p(t) of Eq. (9) can be expressed as

p()=U(t;10)plto) (29)

where U is the non-Hermitian superevolution operator
given by, in matrix form,

f\]aﬁ;/,w(t;to)-—_ 2 <a67{m} ICXP[—iEF(t—to)] I#V,{O})

{(m}

+Y8uy 3, > (aBi{m} | Qor k) ) (Qor k) | 00;{0})

o,7 (k)

X [1——exp[—iﬂ,,.;[kl(t ——to)]}/inaﬂ{kl

exp ) (30

M
i .Elmfwjt
]:

and p(ty) denotes the initial state of the system at time #y,. Furthermore, since ImQ <0 for all Q, the reduced density

matrix has a simple asymptotic form at large times t— o0,

paﬁ(l)—’YO 2

{m} | o7 (K}

which is independent of the initial state p(¢y) and is oscil-
latory in the course of the time, dictated by the Fourier
terms exp(i 2;”:1 mjw;t), rather than completely station-
ary, as would be the case in the RWA limit. For the
single-mode case, i.e., M=1, p,g(t) as t— o behaves
periodically in time with the period 27/w, @ being the
single-mode laser frequency. For an ensemble of N-level
systems, we allow for the random interaction durations
for each member of the systems with the laser fields and,
therefore, can average the quantity p,g(t) over a suffi-
ciently long period T >>max{27/w;}, i=1,2,...,M.
This average results in the long time-averaged reduced
density-matrix elements

Pap=702 2 (iQor k)~ @B {0} | Qor i)
o7 k
x(Q;,_,[klloo,{O}) . (32)

We note that because of the parity considerations, via the
electric dipole approximation, the unperturbed tetradic-
Floquet states |aa;{m}) corresponding to the diagonal
density-matrix elements p,,(¢) are only coupled to states
|BB;{n}) with Y {|n;|+ |m;|} even integers and
to states |uv;{k}) with us=v and 3™ { |k | + |m; |}
odd integers. This selection rule implies that the long
time-averaged coherences, i.e., P a#p, are always zero
in the observational (laboratory) frame, while the long
time-averaged population g,,’s are, in general, nonvanish-
ing. The time-dependent coherence p,g(t), a5B, is frame
dependent.

III. CONNECTION TO THE MANY-MODE
FLOQUET HAMILTONIAN APPROACH

To identify the physical meanings of the supereigen-
value (Vs and supereigenvectors | Q)’s of the Ly in Sec.
II, we shall now consider the case where all the relaxa-

S S (aB;{m} | Qork) ) { Qor iy 1 00,{0} ) /i Qoo

M
exp |i 3 miw;t| ast—o , (31)
j=1

r

tions are quenched. Here, the density-matrix operator plt)
can be formed by the state wave function |W¥(¢)) of the
system, namely,

pl= | W) (W) |, (33)
where the state wave function | ¥(z)) is governed by the
time-dependent Schrodinger equation

id, |W(n)y=H() | W), 34)
and the total Hamiltonian H(1) has been defined in the
beginning of Sec. II. By invoking the many-mode Floquet

theory, we can transform Eq. (34) into an eqivalent time-
independent eigenvalue equation*>

Eﬂ:%<a:{m}|ﬁp|ﬁ;ik}><ﬁ;;k1|x,,;,n,>
=Aumlas{m} | Ayny) ,  (35)
where ﬁp is the time-independent Hermitian Floquet

Hamiltonian. In terms of the generalized Floquet basis
|a;{m})=|a)® | {m}), Hr can be expressed as

(a;{m) |Hp|B:{k})

~ M
=H¢lz'5 —kl+ 2 m,-w,-&,,,gsi,,,]_[k] , (36)

i=1

where fIL’,'} has been defined in Eq. (19). The (real)
quasienergies A, ,; and quasienergy eigenvectors

| Au;(n) ) pOssess the following periodic properties:

Apiin 4k} =Ap;(n)+ igl k;o; 37
and

(as{m +k} | Aygnsi)) =Ca;{m} | Aysiny) - (38)

By directly comparing Eq. (16) with (35) and (17) with
(36) and making use of relations (18), (19), (23), (24), (37),
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and (38), we arrive at the following relations:

(aB;fm} | L ¥ |uvi(n})
=(a;{m} | Hr |u;(n} ).

—(v{m} | Hp | B;(n))8a,

+ gx m;@;8au8,88(m);(n} » (39)
D 1) =R (0} — A o) + _351 no; (40)
and
(aB;{m} | Q0 10))

_2<‘1: 1 Ausi0) Y Ayspoy | Bi{n —m ), (41)

where the superscript (0) appearing in the superoperator
L o , supereigenvalues Q'?', and supereigenvectors | Q?)
mdlcates that all relaxations in Eqgs. (4) and (5) have been
set to zero. Equation (40) suggests that (i) there exists N
zero supereigenvalues Qw L‘?l"o ©n=0,1,2,... ,N—1,
for the Floquet Llouvxlhan L 9 defined in Eq. (39) and
(ii) the superelgenvalues qu fo} for ps£v are the differ-
ences between two quasienergies A, (0] and A, (o) and thus
characterize the “difference spectrum” of the multiphoton
process Equation (41) shows how the superelgenvectors
|Qw[0]) are related to the dissipationless quasienergy
eigenvectors | A, {0} and | A o))

Other quantities of interest are the long time-averaged
density-matrix elements in the limit of no relaxations.
Assuming the initial condition pgglty)=38400g, and
averaging p(t)=p(t —tg;to) over first the random initial
times ¢y and then all possible elapsed times t —t;, we ob-
tain

N-1
Pap= 3, (aB;{0} | Q10> Q21 (0) ] 00;{0}) , 42)
u=0
which is to be compared with Eq. (32) where relaxation
terms are nonvanishing. Furthermore, making use of re-
lations Eqs. (40) and (41), the long time-averaged popula-
tion at level 8 becomes

Pgs= E 33 1Bim} | Ay n) ) Ay 10:{01) |2,
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which is simply what we have derived previously using
the Floquet Hamiltonian method based on the
Schrodinger equation.*>%°

IV. GENERALIZED VAN VLECK
NEARLY DEGENERATE PERTURBATIVE
TREATMENT OF THE FLOQUET-LIOUVILLIAN

The general theory outlined in Secs. II and III enables
us to explore nonlinear optical processes in intense po-
lychromatic fields much beyond the limit of the often-
used RWA. To exploit the analytical properties of multi-
photon processes undergoing relaxations, we shall now ex-
tend the generalized Van Vleck nearly degenerate pertur-
bation theory®?»3¢:20.21 {5 the Floquet-Liouvillian. This
reduces the infinite-dimensional Floquet-Liouville super-
matrix L F into an effective non-Hermitian finite-
dimensional GVV-Liouvillian vav, from which essential
multiphoton dynamics can be readily obtained either
analytically or numerically.

In a proper rotating frame>? (not the RWA) [see Eq.
(51) below for an example], the density-matrix operator
p(t) satisfies approximately the GVV-Liouville equation,
namely,

(44)

ia,p(t)=fc,vvp(t)+ifGVV ’

where fgyy is the GVV-source supervector. Without loss
of generality, we shall consider the specific case of a sys-
tem of dipole-allowed two-level atoms undergoing
(2n 4 1)-photon resonance transition in the presence of a
single monochromatic linearly polarized laser field
characterized by the frequency w; and amplitude ;. The
two-level |a) and | b) (E, <E,) are of opposite parity
and the phase of the laser field is assumed zero, i.e.,

¢, =0.

the resonance condition wy, =E,—E,
=(2n + 1)w,, with positive integers n, is satisfied, the un-
perturbed tetradic-Floquet states |aa;m), |bb;m),
|ab;m +(2n +1)), and | ba;m —(2n +1)), with arbi-
trary integer m, form a four-dimensional nearly degen-
erate set and span the GVV “model space.” In terms of

u=0{n} m] this model space, the effective GVV-Liouvillian L Gvv has
(43)  the following matrix form:
!
—i(Ya+¥sa) O Su —3u
R iYap —1¥ba —5u Tu
L =
avv 1u —tu —(A+8)—iTy 0 ’ 3)

where v, and y,, are feeding rates and I, is the coher-
ence damping rate discussed previously due to spontane-
ous emission, colhs1ons, etc. In the pure radiative case,
Yap=0 and 'y, = 2 3 Vba>» With 74, the spontaneous decay

I
rate from the upper level | b) to the ground level |a).
The detuning A is defined as

A=wy, —2n + 1o, , (46)
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and the resonance shift 8, corrected to second order in b
=—3(a|p-e.|b)), and the effective Rabi frequency
u, corrected to (2n + 1)th order (in b), are given, respec-
tively, by

2
2b n=0
(z)ba+(l)L
5= 4b%,, (47)
, n%0
ol "7
and
2n
b b
su=(=1)"|— In. 48
yu=(—1) 20 | 12 for all n (48)

We should mention that the quantity u can be expressed
more accurately for each (2n +1)-photon resonance pro-
cess at the expense of a general form such as Eq. (48), e.g.,

1 b3
su=b——"""=, n=0 (49)
(wpg + 1)
and
4b3w
Ju=— - , n=1, (50)
(mba —awr ) (wba +wy )
etc.

There are several important points here concerning the
GVV-Liouvillian fgvv of Eq. (45). First, in the case of
one-photon resonance transition, i.e., n=0, the GVV-
Liouvillian vav reduces to the commonly used RWA-
Liouvillian when neglecting the resonance shift & and
terms higher than first order in b in the effective Rabi
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frequency u, ie, su=b. Second, in the case of
(2n 4+ 1)-photon resonance transition with ns£0, the
GVV-Liouvillian vav resembles a single quasiparticle
process carried by an effective coupling term u, which, of
course, has a leading term in the (2n 4+ 1)th order in b.
Finally, in the one-photon case, the shift 8, of the second
order in b, is one order of magnitude smaller than the
Rabi frequency b, whereas in the (2n 4 1)-photon case,
n > 1, the resonance shift 8, always of the second order in
b, is orders of magnitude greater than the corresponding
effective Rabi frequency u, which is of the (2n +1)th or-
der in b. This last point plays an important role in
achieving the saturation of the population distribution
among various levels through multiphoton resonance
transition, or pumping, which, in turn, determines the in-
tensity of the lights scattered by the atoms.
In the rotating frame defined by the transformation

0

RS (51)

~ 1
R(t)=
:

the density-matrix operator p(¢) obeys Eq. (44) with the
GVV-Liouvillian Lgyy defined by Eq. (45), and the
source supervector fgyy becomes

Yba

0
vav = 0 (52)

0

in the two-level one-mode case. The GVV-Liouville equa-
tion can be solved most expediently by first making the
Laplace transform®® of Eq. (44), yielding an algebraic

equation

i i
3+ (Yab+7Vba) 0 24 ——u
; ; Py (s) Paa(0)+ (Vg /3)
—YGb "+yb¢ -‘Eu Eu Pbb(d) Pbb(O) (53)
LI _iy 54T —i(A+8) 0 Pap(2) Pas(0)
2 2 Py, (3) Pra(0)
—Lu Ly 0 4T +i(A+8)
2 2
where the Laplace transform P(s) of the density-matrix operator p(t) is defined by
Ps)= [~ pltle=*'dt (54)

and p(0) describes the state of the system at the initial time #,=0. Equation (53) can be easily solved algebraically, and
we present only the solution for the case where the system is initially in the ground level | a ):

Yab[2+ o —i (A+8)1[8+ g +i(A+8)]+ 7u* (s +Tpy)

= 55

Pyy(3) 55 0) , (55)
—éu(é—‘yab +7ba)+TTpe +i (A+8)]

P = 56

ab(3) 3D (s) ’ (56)

Py (s)=Py(s), (57

and
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Py (s3)= él —Py(3), (58)
where
DI)=0+Yap+V5a)[2+Tha =i (A+8)[64+Tpg +i (A+8)]+u*(s+Tp) . (59

In general, the inverse Laplace transform on P(3) is not easy to evaluate, but at the exact “shifted” resonance condition
A +8=0 one can readily carry it out and arrive at the following analytical expressions for the density-matrix elements:

0 Yab Do+ 51’ 4 Yap(3 4+ Tpa) + 7u? Gt
= expls
o e+ 75 Toa 442 20, [(Vap+ 70— Do P72 00 F
Yab(4_+Tpa)+Tu?
- 2 e expls 1), (60)
25 _[(Yab+7Vba—Tpa )" —4u"]
] i
éu('}’ab‘?’ba) —gu[4++(m—m)l
()= + exp(s . t)
Pab (Yab+V0a) Toa+12 25 [(Vap+Vba—Tpa)?—4u?]'"2 P2+
éulé—*'(}’ba—?’ab)]
+ exp(s_t), (61)
25 _[(Vab+¥ba—Toa P — 4?1720
Poa(t)=pop(t) , (62)
and
pm(t)=1—pbb(t) ’ (63)
where

0+ =51 —Yab+Vba+Tba) E[(Yap +¥ba — e — 4?13} .

We note that both s and s_ possess negative real parts which are responsible for the damping of the oscillation of the
density-matrix operator p(t) when evolving in time and driven by the laser field. The steady-state solution of Eq. (44),
not restricted to the resonance condition A +8=0, also can be easily obtained,

Ya(A+8)2+ T3]+ +u’Th,

5 — : (64)
P oat Y (A +0P+ T 1+l
_ U (Voo —Vap)[(A+8)—iT 4]
pﬂb= 2 2 2 b (65)
(Yoa +Yap (A+8) + T 1 +uTy,
Pba =ﬁ:b » (66)
and
Paa=1—Pob » (67)

which are independent of initial conditions and become time independent in the appropriate rotating frame defined in
Eq. (51).

V. MULTIPHOTON RESONANCE FLUORESCENCE SPECTRUM OF TWO-LEVEL SYSTEMS

To elucidate the usefulness of the current approach, we present the first study of the multiphoton resonance fluores-
cence spectrum of an ensemble of two-level systems driven by polychromatic fields in a thermal bath undergoing purely
radiative relaxation. The relevant quantity is the autocorrelation function’! of the transition dipole operators
d'=|b)(a| and d=|a)(b |, namely, g(;t')=(d '(¢)d(1)), t > ', in normal order. The two-time average g (¢;t')
can be evaluated by the use of the quantum regression theorem'®%3? and expressed as

8(t58")=Upg ;00151 Pap(t') + Upaya (831 (), (68)
where U(t;t') has been given in Eq. (30) and p(¢) in Eq. (29). Explicitly, Eq. (68) can be written as

gt;t)=3 3 (G1G,+G3Gy) , (69)
(m} {n}
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where
Gi=3 3 (ba;(0} | D a) ) (Qvsiay | aa;{m})
v (k)
X {exp[ —iQy,; (k)(t —1")]
Y ba M M
- exp | —i 3 mjw;(t —t') | —exp[ —iQy, k)t —t')] | texp | —i X mjw;t’ |,
IQuy; (k —m) j=1 j=1
G,=3 3 (ab;{n} | Quux ) { Qs (&) | aa;{0})
w.v [k}
. , Yba . , .l /
X |exp( —iQyuy k)t )+ T [1—exp(—iQ, 4y2")] |exp |i 3, njw;t’ |,
Qs k) j=
. M
G3=3 3 (ba;{0} | Quy; (k) ) (Quys (k) | ba; {m} dexp[ —iQuy, (i) (t —1)]exp | —i 3, mjw;t’ |,
wv (k] j=1
and
Gi=3 3 (bb;{n} | Qupix) ) Qs | aa;{0})
w,v (k)
X exp(—iﬂ,w,‘k}t’)-i-—y—[l—exp(—tﬂw‘k}t exp 2 njo;t' |,
i Qv (k)

assuming the two-level system is initially in its ground level | a ), i.e., Pap(0)=8,,8g,. The important feature here is the
nonstationary nature of the correlation function g(¢;t’) even at some large time ¢’ i.e., g(¢;¢') depends upon both the
correlation time 7=t —t' and the starting time ¢’. [Note that in the GVV, or RWA, limit, g(¢;¢')—g(7), to be shown
later, independent of ¢'.] Thus it is a natural step here to bring up the notion of the time-dependent physical spec-
trum?2—26 which takes into account the true environment in which the detection of the scattering lights is performed.
However, it is also possible to introduce a meaningful time-averaged scheme on the correlation function g(¢;¢') based on
the fact that different two-level systems may have entered the laser fields at different times, e.g., in the atomic beam ex-
periment, therefore rendering a meaningful power spectrum as in the exactly stationary case.

A. Power spectrum—exact nonperturbative treatment

We define the time-averaged correlation function as

g(r)= lim

T,—»w

TJ
7 J, dre )| (=), (70)
s

involving integrating g (¢;t’) over all possible times ¢', while keeping the correlation time 7=t —t' constant. The power
spectrum I(w) corresponding to the time-averaged correlation function g(r) can then be evaluated via the Fourier
transform:

Tw)=Re | [, dre*ieg(n) 71
T(®) can be decomposed into a coherent part T ;(w) and an incoherent part I;,.(w), namely,
_ M
Icoh(co)=—1ry,2,aRe[2 > 3 (ba; {0} | Quy k) Qi (k) |aa; {m}) 9 8 |lo— 3 mo;
(m} | pv (K} uv;(k—m] i=1
X Ez(ab m} iﬂm,{k))(ﬂw{kﬂaa {0}) (72)
p.v [k} Qpuv; k)
|
and_ 4= (ba; {0} | Quv; (k) Qs k) | ba; {m })
Tinc(w)=—yuRe [ S (AB +CD) ] (73) pv k]
(m}

where X (Quy k) —@) 7",
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B=33 (bb;{m}| Q)

wv (k]
XAz k) 1005 {0))/ Dy i

C= 22} (ba; {0} | Qi) Quvsixy | aa; {m})
wv {k

X[l+i7'ba(ﬂﬂv,lk—"'l)_ll(ﬂuw{kl_w)_l )

and

D=3 (ab;{m}| Q)

v [k}
XA Qv k) 1905 {0}) /Ry () -

Equation (72) shows that the coherently scattered light
comprises not only the elastic components (Rayleigh
scattering) at w=w,,0,, . . . ,0y, but also various har-
monic components at o= 3.1, m;»;, where 3, m; must
be odd integers. Equation (73) shows that the incoherent-
ly scattered light contains frequency components at the
positions defined by the denominator ({2, k)—co)“,
where 3 = 3, k; is an odd integer if p=v and an even
integer if usv. Thus there exists in principle an infinite
number of components, with the intensity of each com-
ponent depending upon the degree of mixing of the two
levels by the fields. In particular, for a one-mode laser
field (with the frequency w;), the coherently scattered
light (of infinitesimal narrow width) can be detected at
frequencies w=w;,3w;,50r, ..., and the incoherently
scattered light (appearing generally in triplet) will appear
also at w=w,3w;,50r,... . We emphasize that the ex-
pressions Egs. (72) and (73) are general results applicable
to arbitrary numbers and strengths of the fields.

B. Power spectrum—GVYV perturbative treatment

In the one-mode case, when the resonance condition
wpe =(2n + 1wy, with n =0,1,2, ..., and the laser field
is not very intense, we can make use of the GVV-
Liouvillian presented in Sec. IV to derive a completely
stationary correlation function g(¢;¢') at some large ¢’
and thus the corresponding power spectrum. We again
employ the expression Eq. (68) to evaluate the required
correlation function, but at the moment we assume the
atom is in equilibrium with the laser field, i.e.,

g(t—-t’)=(?bam(t—t’)ﬁ,,,,+l7,,a;ba(t——t’)p‘,,,, , (74)
|

2
9’/(—iv)=uT(yba~—yab){z"(-iv+z)( |z |2k +uTpg)

where OU(z —1'), the GVV-superevolution operator, is to
be derived from Eq. (44), and the steady-state quantities
Pap and Py, have been given in Egs. (64) and (65). Instead
of obtaining an expression directly for the correlation
function g(z —¢t') in Eq. (74), we can first carry out the
Laplace transform of g (¢ —t'), namely,

G(o)= [ "g(re~"dr, (75)
which gives the relation

G (3)=pa;0a'3)Pab + % ba;ba(3)Pbb » (76)
where

U ba;aa(d)= fow fI,,a;,,a(T)e —dr (77
and

Usapa(3)= [ Upaypa(r)e ~"7d7 . (78)

Using Eq. (53), Egs. (77) and (78) can be recast into
analytical forms,

i%(4+y,,a~yab)[.¢+l“ba——i(A+8)]

Y bajaa(9)= 59

79
and (79

2
(3+Yab+7ba )[o+l‘,,,,—i(A+8)]+“T

D(s) ’
(80)

@ba;ba(é)=

where & (s) has been given in Eq. (59). The power spec-
trum corresponding to the correlation function given in
Eq. (74) can thus be written as

ilo—(2n+ Dy Jr

T(w)=Re [ fo'”g(r)e dr|, (81)
which contains a coherent part
Toon(@)=T|Pap | 26 ®)) (82)

and an incoherent part

Tinc(@) =Re[ Z py.pa ( —iV(0) s + 7 (—iV(@))] ,
(83)

where

+ Voo =Y — |2 | H—iv+2 —iv+k +2*)+uHz* Ty — |z | D]

X[D(—iv)(|z |k +u®Tp )",

with
viw)=w—12n + 1o, ,

k =%Vab+Vba >

(84)

I
and

z2=T4 —i(A+5) .

In the one-photon, i.e., n=0, RWA limit, the power spec-
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trum given in Egs. (82) and (83) has been analyzed in
great detail by Mollow. In the multiphoton, i.e., n£0,
resonance case, because of the close resemblance of the
multiphoton GVV-Liouvillian icvv in Eq. (45) to the
RWA-Liouvillian, similar conclusions to those in the
RWA 1imit>!° hold, namely, (i) the coherent scattered
light occurs at w=(2n +1)w; and (ii) the incoherently
scattered light spectrum consists of either one peak cen-
tered at @ =(2n + 1)o; when the effective Rabi frequency
| 4 | <<¥pg Or three peaks centered at w=(2n + 1)w; and
separated by distance | 4 | when | u | >>¥p,. In the pure
radiative case, i.e., Y4 =0 and @'y, =77V, the three
peaks are symmetrical and approach integrated strengths
of +, +, and + and radiative linewidths of 37, ¥4, and
2 b respectively, when | u | >>7¥pq.

C. Time-dependent physical spectrum

It has been shown®® that the time-dependent physical
spectrum of any signal can be expressed as a twofold con-
volution integral over the time and frequency of a filter
function and a time-dependent quasispectrum that de-
pends on the signal only. We follow closely, apart from
an overall constant, the procedure introduced by
Nienhuis*® of defining the time-dependent physical spec-
trum, namely,

T(w,;0)= [ dag fowdTS(wo,T;I‘)I(w—wo,t—T),
(85)

where the filter smoothing function S(wg,7;I") takes the
form

S(wo,T;F)=517—7‘1‘2[(%[“)2+w(2,]—’exp(—FT), (86)

with T denoting the filter width, and the quasispectrum
(the Page-Lampard spectrum) I (v,t) is defined as

I(V,t)zRe[f_rwdt’ei"('_")g(t;t') , (87)

with the correlation function given in Eq. (69). Assuming
the laser fields are turned on abruptly at time t=0, com-
bination of Eqs. (85)—(87) yields the integral

T(@,;;T)=TRe| [ dtexp[ Tt —1,)]

_L,
2 1

1 )
X fo dtyexp(—iwt;)

X expliwty)exp

X exp %t; g(t,;t;)] ,

(88)

which can be carried out analytically. The result is
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I(w,t;T)

=Re[2 g

{(m} {

(Q1+02+0Q3+0Q4) |,

Vv (k) p' v (k')
(89)

where
Q1=75TCC3B/(4,—4,),
Q=76 [(C3C,+C4Cs)By (A —A43) ,
Q3=vp I'C1CB3(A4—A4;),

and
Q4=F(C3C6+C4C7)B4(A4“A3) )
with
M
Ay=lexp |—i| 3 (mj—m])o;t
j=1
M
—exp(—TI't) / Fr—i 3 (mjy—mjo; |,
j=1
r M
A, = {exp —-2—t exp |i lo— 3 mjw; |t
j=1
r M
—exp(—TI't) / 7'*'1' o= 3 mjo; ||,
j=1
A3= |exp | — 1 |exp[i (@ —Qyy (x))1]
r .
—exp(—T'1) / i 0= ) |

A= {exp[ —i(Quy; (k' +m —mt]
_exp(—Ft)}/[I‘«i(ﬂ;‘i‘/;{k1+m_m,])] s

M -1
B1= —2‘—-1 w—ijwj ’
=1
r -1
B,= ?—i(w"‘npv;{k—m+m'])} s
r -1
B3= T_i(w+ﬂ;1’v;{k'—m'}) »
—1
Bs= —211—i(w—ﬂ,‘v;{k_m]+ﬂ;‘f,/,[kr_m';)} ,

Ci=(ba;{0} | Q. (x))

X Qv k| aa; {m}) /(i Qs (k —m)) »
Cy=(ab;{m'} |y, i)

XAy iy | aa; {0}) /iy i)
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Cy=(ba; {0} | Q.4
X Qv (k) laa;(m]) ‘1—.——“’——J ,
Qs (k —m)
Ca=(ba;{0} | Q. (i) ) Quys (k) | ba;{m}) |
Cs=(bb;{m’} | Qv (k)
XAQty (kg 1aa; {03) /G Qpy (xy)
Co=(ab;{m'} | Qi)

XA,y | aa;(0)) [1— =12 |,
' Iy i)
and
Cr=(bb;{m"} | Qv 1ay)
X Qv (i) | aa;{0)) 1—4“—— :
iy, ky

We note the following. (i) For the single- mode case,
when the laser frequency w; is close to wp, =E, —E,, Eq.
(89) reduces to that of Eberly et al.2%® in the RWA limit.
This can be easily seen first using Eq. (44) via (48) by
neglecting antirotating terms, i.e., =0 and 3u =b, and
then invoking Egs. (68) and (88). (ii) In the limit t— oo
and I'—0, I(w,t;T) reduces to the time-averaged power
spectrum I(w) given by Egs. (72) and (73).

V1. CASE STUDY OF MULTIPHOTON RESONANCE
FLUORESCENCE—RESULTS AND DISCUSSION

We consider a closed system of an ensemble of two-
level atoms driven by a strong linearly polarized mono-
chromatic field of frequency w;. The two levels are of
opposite parity with separation wg, =E, —E,~100.0 (ar-
bitrary units). Only radiative damping is considered. The
spontaneous decay rate from the upper level | b) to the
ground level |a) is y,, and the (half—)Rabi frequency
characterizing the interaction strength of the atom with
the field is ¥,, =+ | {(a |p-e|b) |. Both strong field and
medium field results will be presented.

A. Strong-field-case (exact) results:
Ya»=1.0 and V,; =25.0 (arbitrary units)

In order to demonstrate the strong field effects, here we
have assumed a rather large spontaneous decay rate and a
very strong strength when compared with the magnitude
of the energy level difference of the two levels.

1. Quasienergies, supereigenvalues,
and long time-averaged populations and coherences

There are intimate relationships between quasienergies
Agm, supereigenvalues Q,g.,,, and the long time-averaged
density-matrix operator p. In Figs. 2(a) and 2(b), A,,, and
Qqp.m are shown as functions of the laser frequency w; .
These eigenvalues are obtained by numerically diagonaliz-
ing tnglcated, but converged, up to the five-photon ma-
trices Ly in Eq. (17) and Hy in Eq. (36), respectively. Ex-
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plicitly speaking, the truncated matrix L F is 2 44X 44 ma-
trix [the Floquet-Liouvillian fp diagonalized has been
transformed to a one-photon rotating frame, cf. Eq. (51),
and only the parts coupled together are retained; there-
fore, each photon block is a 4X4 submatrix], while the
truncated H F is a 22X22 matrix (a 2X2 submatrix for
each photon block in ordinary Floquet basis [cf. Ref.
29(a)]). The relationships between A and ) are given by
Eq. (40): the pattern of avoided crossings, the periodic
structures when varying from one photon block to another
(cf. the indices on the right-hand sides of the figures), and
distances between avoided crossing levels. Furthermore,
the dashed squares shown in Fig. 2(b) show the strong
mixed regions of the two levels caused by one-, three-, and
five-photon resonance transitions, respectively. The split-
tings and stretches of the avoided crossing regions indi-
cate the widths of the corresponding line shapes of the
long time-averaged excitation spectrum gy, as a function
of wy, depicted in Fig. 3(a). Another important feature of
the A and Q figures is that they display the shift of the
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FIG. 2. (a) Quasienergies (A’s) and (b) supereigenvalues
(ReQV’s), for a closed system of two-level atoms driven by a
monochromatic field of frequency w;. Parameters used are
0pa =100.0, ¥ =1.0, 745 =0.0, | Vi}'| =25.0, and ¢'=0.0 (ar-
bitrary units). Note that Q. and Q,,x are almost degenerate
and cannot be distinguished in the graph.
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resonance transitions away from the natural frequency
®pg, i.€., strong resonances occur at frequencies other than
those given by the equality wp,=(2n+1)wy, with
n =0,1,2,... . This is most clearly seen in Figs. 3(a) and
3(b), the long time-averaged population g, and coherence
Pap- In this case the one-, three-, and five-photon reso-
nances have been shifted, respectively, from 100.0, 33.333,
and 20.0 to 106.335, 41.295, and 24.525 [cf. Eq. (47)].
The width of the individual resonance line shape is ap-
proximately proportional to { V3 *'/[(2w.)*(n!)?]}
given by Eq. (48). Also shown in Figs. 3(a) and 3(b) are
the counterparts of gy, and g, in the limit of y,, =0, in-
dicating that the degree of the excitation caused by the
external field may be substantially suppressed by the ex-
istence of the spontaneous decay from the upper level.
This suppression is more pronounced for the higher-order
photon resonance due to the decreasing effective coupling
[cf. Eq. (48)]. We note that in this very strong field case,
the GVV perturbative results (not shown) do not give
good agreement when compared with the numerically ex-
act results reported above.

Pbb

0.1J ICH

Yoo 1O

LONG-TIME-AVERAGED POPULATION

0, 1 L L 1 L i i i
20 30 40 50 60 70 80 90 100 110 120 130 140 150
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T T T T T T T T T T T 1

0d. (b) |

Re (#,p)
\ 4
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1 1 L ! 1 1 I L J
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LONG-TIME - AVERAGED COHERENCE 7,y

FIG. 3. (a) Long time-averaged population gy, of the level
| b) and (b) coherence p,, between the two levels for a closed
system of two-level atoms driven by a monochromatic field of
frequency w;. Parameters used are the same as those in Fig. 2.
The one-, three-, and five-photon resonances (solid curves) occur
at w; =106.335, 41.295, and 24.525, respectively. Also shown
are results for the nondamping (y 5, =0.0) case (dotted curves).
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2. Time evolution of the density-matrix operator

Temporal distribution of the populations and coher-
ences of an ensemble of systems reveals details of dressed
atomic structure in the presence of strong fields, e.g., via
the study of free-induction decay, and also dictates the
character of the light waves generated during the scatter-
ing by atoms. In Figs. 4—6 we report the time-dependent
behavior of both the population py,(¢) and the coherence
Pap(t) at the shifted one-, three-, and five-photon reso-
nances, i.e., at oy =106.335, 41.295, and 24.525, respec-
tively. There is a 1:1 correspondence between the charac-
teristic periods of the oscillation of py,(2) and p,, () and
the quasienergy structure Alw;) in Fig. 2(a) or the su-
pereigenvalues Q(w; ) in Fig. 2(b). The dominant charac-
teristic period in the one-photon resonance case is caused
by the oscillation between the two adjacent quasienergy
levels indicated by the Floquet indices (a,m) and
(b,m —1), appearing on the right-hand side of Fig. 2(a).
The separation between these two levels approaches the
Rabi frequency 2V,, at the weak field limit. The secon-
dary characteristic period is dictated by the quasienergy
differences (Ap;—Ag0),(Ap _1—Ag —2),... which intro-
duce small wiggles on the predominant structure. The
large spontaneous decay rate from level | b) to level | a)
quickly suppresses the oscillation of p(t), centered at its
time-averaged values, cf. Fig. 3(a), after the system flip-
flops between the two levels about 30 times. We note that
the coherence p,(¢) for each of the one-, three-, and five-
photon cases has been transformed into an individual ap-
propriate rotating reference frame according to Eq. (51).

The three-photon resonances py(t) and pg,(2) are
shown in Figs. 5(a)—5(c). The time dependence of these
two quantities is now predominantly determined by the
values (A,o—Ap, _3),(Ag3—Ap, _1),. . . and modified by the
differences (Ay;—Ag0)s(Aga—Ap, _3),. .. . Because in this
case it takes longer, cf. the big hump in Fig. 5, to pump
the system going up and down between levels b and a
than in the one-photon case, the oscillations of py,(¢) and
Pab(t) are not quite overpowered by the spontaneous decay
damping, as in the one-photon case (cf. Fig. 4).

In Figs. 6(a)—6(c) we depict the time dependence of
Py (2) and Py, (1) at the shifted five-photon resonance. In
this case the dominant oscillation is dictated by the
quasienergy differences (Ag,o—Ap _5),(Aga—Ap _3),. .. .
Corresponding to a large flip-flopping period (beyond the
figure) of the two levels, while less important oscillations
due to differences (A o—Ap, _3),(Agy—Ap _s),... survive
almost completely from the damping caused by the spon-
taneous decay. It is striking to note that even though the
system has reached its steady state, it still oscillates vi-
gorously with large amplitude.

3. Time-averaged multiphoton resonance fluorescence:
Power spectrum

Resonance fluorescence scattering by atoms in the pres-
ence of strong laser fields is a delicate nonlinear process at
least in two aspects: (i) It is a cascade process via an in-
finite number of dressed atomic states and (ii) it requires
strong resonance mixings, either by one photon or by
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FIG. 4. (a) Time-dependent population py,(¢) and (b) and (c)
coherence p,(t) at the one-photon resonance frequency
w; =106.335 (cf. Fig. 3). Parameters used are the same as in
Fig. 2. The results are calculated in the one-photon rotating
frame, see Eq. (51), n=0, assuming each atom is initially in its
ground level | a).
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FIG. 5. (a) Time-dependent population py,(¢) and (b) and (c)
coherence p,(t) at the three-photon resonance frequency
w; =41.295 (cf. Fig. 3). Parameters used are the same as in Fig.
2. The results are calculated in the three-photon rotating frame,
see Eq. (51), n=1, assuming each atom is initially in its ground
level | a).
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several photons, between unperturbed atomic levels. The
strong mixings of levels produce sidebands, due to the ac
Stark effect, in addition to those corresponding to the
natural transition frequencies. The resonance fluorescence
processes are schematically depicted in Fig. 7, where each
doublet is characterized by a splitting u between a pair of
nearly degenerate quasienergy levels, and arrows indicate
fluorescence cascade patterns. At each resonance condi-
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FIG. 6. (a) Time-dependent population 5,,(¢) and (b) and (c)
coherence p,(t) at the five-photon resonance frequency
oy =24.525 (cf. Fig. 3). Parameters used are the same as in Fig.
2. The results are calculated in the five-photon rotating frame,
see Eq. (51), n=2, assuming each atom is initially in its ground
level | a).
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FIG. 7. Schematic cascade fluorescence processes of two-
level atoms driven by a monochromatic field of frequency o, .
The splitting u of the doublets in each column is the splitting of
the adjacent quasienergy levels in fig. 2(a) and is caused by the
ac Stark effect and possible detuning A=w,, —(2n +1)w, at
nearly resonant conditions. Each column is a collection of
quasienergy levels of like parity; quasienergy levels belonging to
different columns are of opposite parity. Arrows indicate parts
of cascade fluorescence down the infinite number of quasienergy
levels.
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FIG. 8. Fluorescence spectra 1(w)=1(w,t;I"—0), Eq. (73),
near w=w; for a system of two-level atoms driven by a mono-
chromatic field, @, tuned at the shifted one-photon resonance
o; =106.335. Parameters given in Fig. 2. The inset shows the
schematic cascade diagram (not to scale) (cf. Fig. 7).
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tion wp,=(2n +1)wy, n=0,1,2,..., the most intense
fluorescence light occurs around w=(2n +1)w; and
shows a triplet pattern. It is instructive to note that if we
cut a cross section out of the supereigenvalue profile in
Fig. 2(b) at a certain laser frequency w;, we would see the
intersection curves give the absolute positions of the spec-
tral lines which are indeed infinite in number. However,
only at the pseudocrossing regions can significant fluores-
cence lights be observed.

Figure 8 shows the fluorescence power spectrum, Eq.
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FIG. 9. Fluorescence spectra I(w), Eq. (73), near (a) o~wy,
() w~3w;, and (c) w~5w; for a system of two-level atoms
driven by a monochromatic field, @; tuned at the shifted three-
photon resonance w; =41.295. Parameters given in Fig. 2. The
inset in each figure shows the schematic cascade diagram (not to
scale) (cf. Fig. 7).
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FIG. 10. Fluorescence spectra I(w), Eq. (73), near o =w,,
3w., Swr, and 7w, for a system of two-level atoms driven by a
monochromatic field, w; tuned at the shifted five-photon reso-
nance wy =24.525. Parameters given in Fig. 2. The inset shows
the schematic diagram (not to scale) (cf. Fig. 7).

(73), at the shifted one-photon resonance frequency, i.e.,
oy =106.335, along with a schematic cascade diagram,
similar to that of Fig. 7. The pattern of the three-peak
spectrum, centered at w; =106.335, is almost the same as
that first obtained by Mollow® in the RWA: The ratios of
heights and widths are, respectively, about 1:3:1 and 3:2:3
as predicted by the RWA calculations. The sidebands are
separated from the central peak by an amount approxi-
mately equal to u =2V, =50.0. Other fluorescence trip-
lets (not shown) at 3w;,5@r,... are too small to be
detectable.

Figures 9 and 10 show the first results obtained for in-
tense field multiphoton resonance-induced fluorescence
spectra. At the three-photon shifted resonance frequency,
i.e, w; =41.295, we report strong triplet fluorescence
spectra at two locations w~w; and 3w, [Figs. 9(a) and
9(b)] as well as a much weaker triplet around w=~5w;
[Fig. 9(c)]. Particularly interesting is the strongly asym-
metric three-peak structure nearby w~=~w;. This asym-
metry can be largely attributed to the strong mixings not
only among the resonant, or nearly resonant, unperturbed
tetradic-Floquet states, e.g., | aa;0), | bb;0), |ab;+3),
and | ba;—3), but also of the nonresonant states,e.g.,
|ab;+1), |ba;—1),.... At a much weaker field (to be
seen later), only those nearly resonant states are mixed,
thus intense fluorescence light can only be observed at
3w; and possesses a symmetric triple-peak appearance.
The intense fluorescence light and its asymmetric outlook
at w; in this three-photon resonance case are really strong
field effects.

In Fig. 10 we present the fluorescence power spectrum
at the shifted five-photon resonance frequency
wp =24.525. A series of single peaks appearing at the fre-
quencies oy ,3w;,50r,7wr, . . ., is seen with the strong-
est one at Sw; . In this case the splitting u at the pseudo-
crossing region is very small compared with the spontane-
ous decay rate ¥, =1.0 so that the would-be triplet pat-
tern is obscured.

From Figs. 8—10, we can conclude a general rule con-
cerning the intensity of the fluorescence lights: When the
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laser field is intense enough to induce multiphoton reso-
nances [say wp, =(2n + 1), ], the dominant fluorescence
component always occurs at @ ==(2n + 1)w;. Components
in the lower-frequency side of the predominant one can
have comparable intensities and often exhibit large asym-
metry in the three-peak structure, while components in
the higher-frequency side usually decrease rapidly in in-
tensity as the harmonic order increases.

4. Time-dependent physical spectrum

Eberly et al.?%®>28® have presented careful examina-
tions on time-dependent physical spectra at the one-
photon resonance of two-level systems by assuming sud-
den switch-on and switch-off of the external field. Here
we shall concentrate on the time-dependent physical spec-
tra at the three-photon resonance of two-level systems by
suddenly switching on the laser field. Making use of Eq.
(89) and assuming the filter width ['=0.1, we show the
time-dependent physical spectrum I(w,t;I'=0.1) at
w; =41295 and at t=2.5, 5.0, 10.0, and 30.0 in Figs.
11(a) and 11(b). By increasing the time ¢, we see that the

(b) r-=01

IHHw,t;T)

135.0

FLUORESCENCE FREQUENCY w

FIG. 11. Time-dependent physical spectra I(w,t;I"), Eq.
(89), near (a) w=w; and (b) w=3w; for a system of two-level
atoms driven by a monochromatic field, w; tuned at the shifted
three-photon resonance w; =41.295. The filter width is [ =0.1,
assuming the field is abruptly turned on at the time r=0. Pa-
rameters given in Fig. 2.

three-peak structures, both at w=w; and 3w;, gradually
grow from zero and converge to the steady-state line
shapes, very close to the ones shown in Figs. 9(a) and 9(b),
except that each peak now is further broadened by an
amount I'/2 [cf. constant B’s in Eq. (89)] and is some-
what lowered down.

B. Medium field cases

In the first case (Sec. VIA), we have discussed results
for a very strong field situation where nonperturbative
calculations must be employed. In the following we shall
present somewhat weaker field cases where the perturba-
tive procedure, namely, GVV nearly degenerate perturba-
tion theory, provides accurate results. The first medium
field case will compare the GVV and RWA calculations
at one-photon resonance, whereas the second medium
field case is devoted to the GVV results at three-photon
resonance. In both cases we are especially interested in
the fluorescence power spectrum, i.e., Eq. (83).

1. One-photon resonance case:
Ysa=1.0 and |V, | =10.0 (arbitrary units)

In Fig. 12(a) we present the GVV and RWA results for
the long time-averaged population py, as a function of
laser frequency w;: While the RWA results peak at the
natural frequency w,, =100.0, the GVV ones peak at a
shifted resonance frequency w$’=100.995 which reveals
the Bloch-Siegert shift due to the antirotating terms. We
note that the RWA calculation is equivalent to a first-
order GVV perturbation calculation, i.e., dropping all
correction terms of higher than the first order in Eq. (45).
It is obvious that the width of the power-broadened one-
photon resonance peak is one order of magnitude larger
than the corresponding Bloch-Siegert shift, so that the
more accurate GVV resonance profile is slightly displaced
away from the RWA resonance profile. In Figs. 12(b),
12(c), and 12(d) we depict the fluorescence power spectra
I{w), i.e, Eq. (83), at three different laser frequencies
oy =100.0, 90.0, and 110.0. It is seen that nearby the res-
onance frequency, i.e., w; ~100.0, the triplet spectra of
the GVV and the RWA calculations agree with each other
almost perfectly, cf. Fig. 12(b), while away from the reso-
nance frequency, e.g., w; =100.0+10.0, the two calcula-
tions show large differences both in the height of the indi-
vidual line shape and in the separations between the side
peaks and the central one [cf. Figs. 12(c) and 12(d)]. At
the lower laser frequency, e.g., Fig. 12(c), the GVV triple
peaks are lower and more distanced than the RWA ones
and vice versa at the higher laser frequency, e.g., Fig.
12(d). This can be attributed to the fact that the GVV
resonance spectrum py, is shifted to the right away from
the RWA counterpart [cf. Fig. 12(a)]: At the lower-
frequency side, e.g., w; =90.0, the GVV calculations
predict a smaller long time-averaged population py, of the
upper level b and vice versa. The difference, both in gy,
and I(w), between the GVV and the RWA results at the
one-photon resonance is expected to gradually diminish as
we further reduce the magnitude of the Rabi frequency
| Var | and as the Bloch-Siegert shift becomes increasing-
ly negligible.
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FIG. 12. (a) Long time-averaged population p, as a function of w;, of the level | &) and (b), (c), and (d) fluorescence power spec-
tra T(w) at oy =100.0, 90.0, and 110.0, respectively. Parameters used are wp, =100.0, ¥4, =1.0, ¥4 =0.0, | ¥, | =10.0, and

$V'=0.0 (arbitrary units). Solid curves, GVV; dotted curves, RWA.
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FIG. 13. Long time-averaged populations gy, as functions of
the laser frequency w;, at a, | V5 | =0.75; b, | Vg | =1.0; and
¢, | Va | =1.25; respectively. Parameters used are wp, =100.0,
Vba =1.0X 1074 y,,=0.0, and ¢'=0.0 (arbitrary units). Re-
sults are obtained from the GVV calculations.
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FIG. 14. Three-photon resonance fluorescence power spectra
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2. Three-photon resonance case: vy =1.0x10~*
and |V, | =0.75, 1.0, and 1.25 (arbitrary units)

As pointed out previously, in the multiphoton reso-
nance case, i.e., wp~(2n +1)w;, n5<0, the resonance
occurs at a shifted laser frequency which is orders of mag-
nitude greater than the corresponding width of the reso-
nance spectrum pBy,(w; ), unlike in the one-photon case.
In Fig. 13 we present the three-photon resonance spectra
Pub» as functions of laser frequency wy, at three different
| Va |, i-e., 0.75, 1.0, and 1.25. We note the following.
(i) The magnitude of the resonance shift is much larger
than the corresponding width of the resonance line shape;
the width increases, of course, as | ¥, | increases. (ii)
The height of the resonance peak at smaller | V,, |, e.g.,
0.75, is lower than that at the larger | V,, |, e.g., 1.25, due
to the competition between the pumping rate from the
lower level a to the upper level b by the laser field and the
spontaneous decay rate from the level b to the level a. As
the Bloch-Siegert shifts are rather large, it is apparent that
when the laser frequency w; is exactly equal to w,, /3, the
unshifted three-photon resonance frequency, the reso-
nance transition between the two levels is completely
quenched, in contrast to the one-photon resonance case.

The three-photon resonance fluorescence power spectra
at | V, | =0.75, 1.0, and 1.25 are shown in Fig. 14 at
each individual shifted resonance frequency, namely,
o; =33.341771, 33.348 335, and 33.356 775, respectively.
The familiar three-peak line shape seen at the one-photon
resonance case is observed again at the shifted three-
photon resonance case: the symmetry of the side peaks
about the central one and the relative ratio of the heights
and the widths of peaks. We should note that (i) at an
even higher multiphoton resonance case, as long as the

laser frequency w; can be exactly tuned to the corre-
sponding shifted resonance frequency, the induced three-
peak fluorescence light spectrum can be intense enough
and become detectable, and (ii) the three-photon case dis-
cussed here has been modeled in such a way that it closely
resembles a real two-level system (such as the Na atom) as
far as the relative magnitude of the spontaneous decay
rate 7, and the energy difference w,, of the two levels is
concerned.

VII. CONCLUSIONS

In summary, we have shown that the many-mode Flo-
quet theory® can be extended to treat the time-dependent
Liouville equation, and that the resulting generalization
provides a powerful time-independent nonperturbative
technique for the treatment of intense field multiphoton
processes (undergoing relaxations) in polychromatic fields.
In addition, the GVV-Liouvillian approach allows a
natural higher-order perturbative extension of the conven-
tional RWA limit, providing useful analytical results and
new physical insights regarding various nonlinear optical
phenomena. Extension of the method to the study of Ra-
man scattering, collisional redistribution of radiation, re-
normalized nonlinear susceptibility, etc., is in progress.
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