PHYSICAL REVIEW A

VOLUME 33, NUMBER 2

FEBRUARY 1985

Method of analysis of critical-point singularities from power-series expansions

Gustavo A. Arteca, Francisco M. Fernandez, and Eduardo A. Castro*
Divisién Quimica Teérica, Instituto de Investigaciones Fisicoguimicas Tebricas y Aplicadas (INIFTA),
Sucursal 4, Casilla de Correo 16, 1900 La Plata, Argentina
(Received 19 June 1985)

A simple method is proposed for determining characteristic parameters of critical-point singulari-
ties from power-series expansions. It applies to a broad class of functions of physical interest and
provides acceptable, simultaneous approximations to the critical point, exponent, and amplitude.
Several examples of low- and high-temperature series expansions for thermodynamic properties of
spin——;— Ising models are studied, and quite accurate results are obtained for both close- and loose-

packed arrays.

I. INTRODUCTION

Exact solutions to problems in theoretical physics are
rarely attainable. Approximations are often given as
power-series expansions that in most cases are divergent
or at least have finite convergence radii. Owing to this,
great effort has been devoted to the development of ap-
propriate techniques for handling such series.

Power-series expansions with finite convergence radii
nowadays are of great interest in theoretical physics and
chemistry. Among them we can mention low- and high-
temperature expansions for some thermodynamic proper-
ties (such as magnetization, magnetic susceptibility, and
specific heat) of the spin-+ Ising and Heisenberg
models,! 3 virial expansions for simple real gas models,*
series in inverse powers of the nuclear charge for the elec-
tronic energy of atoms,’ and power-series expansions for
the energy eigenvalues of rigid polar rotators in electric
fields (see, for example, Ref. 6 and references therein).

Sometimes the physical value of the expansion parame-
ter lies outside the convergence region, which makes
necessary the use of convenient summation methods. In
other cases (i.e., in the study of critical behavior in lattice
statistics) the singularity determining the convergence ra-
dius has itself some physical meaning. Due to this, great
effort has been devoted to the determination of the
characteristics of the singularities of a function from its
power-series expansion.

The purpose of the present paper is to develop a very
simple procedure for simultaneous calculation of all criti-
cal parameters. As far as we know, none of the currently
used techniques exhibit such an advantageous feature that
in some cases is of paramount importance, as shown
below. The method is presented in Sec. II. Phase transi-
tions for the magnetization and magnetic susceptibility of
a number of two- and three-dimensional close-packed
spin-% models are studied in Sec. III. The procedure is
modified in Sec. IV to deal with loose-packed systems.
Finally, other problems that can be treated this way are
briefly discussed in Sec. V.

II. THE METHOD

As stated before, the aim of this paper is to develop a
systematic procedure for determining characteristic pa-
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rameters of critical-point singularities from power-series
expansions. To this end let us consider a function F(x)
with singularities at X0sX 19Xy« + s where
|xo| < |x1| £ |x,| £ -+ . The Taylor-series expan-
sion Fo+Fx+F,x*+ -+ for F(x) converges in
|x | <|xo| and

lim IF,,/F,,+1|=|X01 . (1)
n— o

The present method applies when a critical (real) ex-
ponent g exists so that the “factorized” function

F(x)=(1—x /xq)°F(x) 2)

is analytic in |x | < |x;|, and 4 =f(x(), the critical
amplitude or singularity amplitude, is non-null. For the
sake of simplicity it is assumed that x is real though
complex x, values can be treated the same way.

In order to obtain x,, a, and A simultaneously, we de-
fine

g(u,b,x)=(1—x/u)’F(x) , (3)

where u and b are adjustable parameters. On expanding
the right-hand side of Eq. (3) in powers of x we obtain

glu,bx)= gulu,b)x™, (4a)
n=0
where
gnlu,b)=73, s (—u)"°F,_, , (4b)
s=0

and (8) are the binomial coefficients.
Clearly, if u =x, and b =a the sequence

N

g8(N,u,b,x)= 3 gn(u,b)x", N=12,3,... (5)
n=0

will converge towards f(x) in |x | < |x;|. In particu-

lar, g(0,x9,a,x9)=A. From a practical viewpoint, prop-

er u and b values are set so that the largest convergence

rate for the sequence (5) is obtained. A sensible conver-

gence criterion seems to be

gnlun,by)=gn _(un,by)=0, N=1,2,3,... (6)

from which we obtain the u and b values for each N
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value. If the sequences uy, by, and Ay =g(N,uy,by,uy)
(N =1,2,3,...) are found to be convergent, their limits
must be xy, a, and A, respectively.

Although we do not give either a rigorous proof of con-
vergence or a mathematical justification of the choice (6),
the method is very reliable because the convergence of
three sequences is tested simultaneously. Therefore, for-
tuitous convergence is very improbable. Our assumptions
will be numerically checked in Secs. III and IV. Besides,
it is very easily shown that Eq. (6) leads to the exact result
when f(x) is a polynomial function of degree N —2 in
which case gy (uy,by)=0 for all M > N —2.

The roots of Eq. (6) are easily calculated by means of
the Newton-Raphson method”® and the sequences uy,
by, and Ay are simultaneously obtained. This fact is of
great importance because it is known that the use of pre-
viously computed x, and a values in calculating A leads
to inaccurate results if the input is not very accurate.’

Several ways of estimating x, and a have been pro-
posed. Among them we can mention the following: (a)
the ratio method and its several related variants’%°—1!
that obtain the limit (1) by means of an appropriate
asymptotic expression for F,; (b) some techniques using
Padé approximants, the most successful of which requires
a previous accurate calculation of one of the critical pa-
rameters;'? (c) methods of sequence extrapolation such as
the Neville table”!* and the Wynn-Shanks € algo-
rithm,'%' the latter giving reasonable approximations to
a and x, from the power series for InF and d InF /dx,
respectively; (d) procedures based upon the Borel
transform and its variants;'®'7 and (e) the contour-map
method.”'®1° Some of these procedures require the use of
different functions derived from F(x) in order to calcu-
late x( and a. In the present case both critical parameters
are obtained from the Taylor expansion for F(x).

The contour-map method®!®!? is particularly interest-
ing because it resembles the present one. It applies when
xo= —x1 >0 and consists of defining the function

b m

hmubx)= [1-2| 1+% | Fix). )
u u

Different u and b values are tried for m=0,1,2,... so
that the Taylor coefficients for h decrease in magnitude
and alternate in sign. The uncertainty in the computed x,
and a values decreases as m increases. When there is only
one singularity closest to the origin, the function F(x) in
(7) is replaced by F(x)F(—x). However, in this last case
results are considerably poorer. On the other hand, our
method applies successfully to both cases as shown in
Secs. III and IV provided it is properly modified when
xX1=—x0<0.

Numerical investigation shows that the present method
applies even when f(x) has a branch-point singularity at
Xo. Although at present there is not a plausible
mathematical justification, it seems that the sequences
uy, by, and Ay converge even when the Taylor series for
f(x) at x=x does not. For example, convergence of the
sequences is observed when F(x)=(1-—x/xq)™*
+(1—x/x,)~" where a and t are positive nonintegers
(a>t) and O<xg<x;. Obviously, in this case

f(x)=(1—x/xy)°F(x) is not analytic at x,. For the par-
ticular case a=%, t=1, and xo=x;=1 we obtain
(N=70) a=1.49+0.01, x,=1.00002+0.00002, and
A =1.1%0.1, which agree with the exact values.

III. APPLICATION TO CLOSE-PACKED-LATTICE
SPIN-4 MODELS

The spontaneous magnetization for a two-dimensional
N : 9,20—23
square spin-5 Ising model is known to be

M(x)=(14x)"41—x)"12(1—6x +x2)%, (8)

where x =exp(—4J/kT), k being the Boltzmann con-
stant, T the absolute temperature, and J the spin-spin in-
teraction (coupling constant). This model is a good test
problem since its critical parameters are exactly known.
In fact, it has recently been used to check the € algo-
rithm. 1415

The singularities of M(x) are at xo=3—-23% x,=1,
x,=—1, and x3=3+23"2, and its low-temperature series
expansion converges in | x | <xo. [The coefficients of
the x-power-series expansion for M (x) are easily calculat-
ed.] The closest singularity to the origin, x, is related to
the critical temperature 7T, (Curie temperature) of the
phase transition.

On applying the present method it is found that the er-
rors |a—by|, |Xo—ux|, and |A —Ay | are smaller
than 10~ for N 223. Notice that the three critical pa-
rameters have been obtained with the same accuracy,
which does not happen when using other techniques.

The reduced magnetic susceptibility X can be approxi-
mated by low- and high-temperature expansions.>?° Only
the latter will be considered here because it has been the
most frequently studied (see Ref. 20 and references
therein). This series is of the form

X=3X,x", 9)
n=0
where x =tanh(J /kT). The coefficients X, for some lat-
tice arrays can be found in Ref. 20.

The singularity of X(x) closest to the origin for close-
packed lattices (ferromagnetic singularity x>0) factors
as indicated in Eq. (2).'~% On the other hand, the mag-
netic susceptibility for loose-packed arrays is singular at
x>0 and x;= —x( (antiferromagnetic singularity), due
to which they are studied in Sec. IV.

The close-packed arrays to be studied here are the two-
dimensional plane-triangular (PT) and the three-
dimensional face-centered-cubic (fcc) lattices. Let us first
consider the former. The first 16 coefficients X, for the
PT Ising model obtained by Domb? have been used to
build the sequences by, uy, and Ay in Table I. They
seem to converge and, as usually happens,'’ uy ap-
proaches the limit more quickly than the others. The
contour-map method'® enables one to calculate only x,
and a and its results are less accurate than those estimated
from Table L.

In order to obtain closer approximations to the limits of
the sequences we have tried two convergence-accelerating
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TABLE 1. Sequences for the magnetic susceptibility for the
two-dimensional plane-triangular Ising model.

TABLE III. Sequences for the magnetic susceptibility for the
three-dimensional face-centered-cubic Heisenberg model.

N by uy Anx N by Uy An

13 1.74927 0.2679439 0.848 80 6 1.304 24 0.24513 1.269 51
14 1.749 09 0.2679419 0.849 12 7 1.398 39 0.248 10 1.11368
15 1.74928 0.2679439 0.84876 8 1.527 60 0.25107 0.89725
16 1.74947 0.2679458 0.848 39 9 1.506 95 0.250 67 0.93183

techniques, namely, the € algorithm (EA) (Refs. 14, 15,
and 24—26) and an N ~! extrapolation (E), using the last
terms of the sequences. Since these procedures are widely
used they require no further comment. Similar results are
obtained in both cases as shown below.

For the critical exponent we have a~1.7492 (EA) and
a~1.7503 (E) which agree with the exact exponent value
a =+, which is supposed to occur in all two-dimensional
lattices. The present estimate for x, is x~0.267942
(EA) and xq~0.267954 (E), the exact result being
xo=(2+3'2)"1=0.2679492... . The A values ob-
tained in this paper, 4~0.8491 (EA) and 4~0.8467 (E),
agree with that coming from the ratio method (using ex-
act xo and a values)’ and other procedures:*""?
A =8472+0.0002. It is worth noting that much more ac-
curate critical parameters are obtained if at least one of
them is exactly known. However, we do not profit from
this fact because the present method is developed to deal
with more realistic models where no exact critical param-
eter is available.

Table II shows the sequences for the critical parameters
of the fcc Ising model constructed from the first 12 coef-
ficients X,.2° The critical parameters obtained directly
from Table II are more accurate than those coming from
the contour-map method.!® Besides, our results can be
improved by using the aforesaid convergence-accelerating
techniques. A  straightforward calculation yields
a~1.2462 (E), a~1.2473 (EA), x,~0.101729,
x9=~0.101731 (EA), A~0.9753 (E), and 4~0.9675 (EA)
which agree with the results  obtained through other
methods: a = —i— (which is supposed to occur in all three-
dimensional arrays), x,.10175+107%%% and 4 =0.963
+0.002.%°

Although more accurate results than the present ones
are available, we deem that our method is interesting be-
cause it is very simple and enables simultaneous calcula-
tion of all the critical parameters. Besides, it poses a nov-
el way of approaching the problem of critical behavior
and offers some advantages as shown in Sec. IV.

In order to show that the convergence of the sequences

TABLE II. Sequences for the magnetic susceptibility for the
three-dimensional face-centered-cubic Ising model.

is not fortuitous or model dependent we now consider the
magnetic susceptibility for the fcc spin-3 Heisenberg
model.”’ The sequences for the critical parameters
displayed in Table III were obtained from the first nine
coefficients X, of the series in powers of x=J/kT.%”
They appear to converge more slowly than those studied
previously and therefore the results are expected to be less
accurate. In this case we have (only N~! extrapolation
has been tried) a~1.4, x(,~0.25, and 4~1.10 that agree
with @=1.4340.01 and x,=0.249+103 (Ref. 29) and
with a~1.406 and x,~0.245.'> As far as we know the 4
value was not reported previously.

IV. APPLICATION TO LOOSE-PACKED-LATTICE
ISING MODELS

It is well known that the magnetic susceptibility for the
loose-packed-lattice Ising models has two closest singular-
ities to the origin that correspond to the ferromagnetic
(xg>0) and antiferromagnetic (x;= —x,) phase transi-
tions.> Owing to the presence of the antiferromagnetic
singularity the sequences uy, by, and Ay as defined in
Sec. II exhibit a characteristic odd or even superimposed
oscillation that leads to too rough estimations of the criti-
cal parameters. However, the procedure of Sec. II is still
useful since it reveals the existence of the singularity at
—XQ.

In this section we study the high-temperature
magnetic-susceptibility series [x =tanh(J/kT)] for the
body-centered-cubic (bcc) and simple-cubic (sc) Ising
models. The Taylor coefficients X, are given in Ref. 20.

The sequences uy, by, and Ay for the bce lattice are
shown in Table IV as an illustrative example. On estimat-
ing the limits of the odd and even sequences separately
and then averaging the results we obtain a~1.3+0.3 and
x¢=~0.154+0.004 that agree poorly with the much more
accurate results a~1.25 and x,~0.1562.°

It is clear that the antiferromagnetic singularity has to
be taken into account explicitly, as in the case of the
contour-map method,'® in order to obtain acceptable re-

TABLE IV. Sequences for the magnetic susceptibility for the
body-centered-cubic Ising model (method of Sec. II).

N bN Uy AN N bN Un

9 1.247 66 0.1017392 0.97248 12 1.73584 0.136 82
10 1.24776 0.1017401 0.972 30 13 1.02602 0.15348
11 1.24756 0.1017385 0.972 69 14 1.72136 0.13907
12 1.24728 0.1017364 0.97323 15 1.028 12 0.15386
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sults. To this end let us suppose that the magnetic suscep-
tibility for the above-mentioned three-dimensional Ising
models can be written as?®28

X(x)=f1(x)(1=x /x0) "+ f2(x)(1+x/x0)* ,  (10)

where |a | > |a’| and f,(x) and f,(x) are analytic in
—xg<x=<xo and —xy=x=x,, respectively. The fer-
romagnetic and antiferromagnetic amplitudes are defined
as A=f(xo) and A'=f(x,), respectively.

The odd and/or even superimposed oscillation of the
sequences must approximately be due to a contribution of
the form A'(1+4x/x,)*. To remove it we define

F(x)=X(x)—v(1+x/u)®, (11)
and

g(u,b,v,x)=(1—x /u)’F(x) . (12)

From the Taylor series for g(u,b,v,x) we build the se-
quence of partial sums

N-2 by N R N-2
o= | 3 (=1)" n uy """ XN_n-2 / (=1
n=0 n=0

and the Newton-Raphson method is used to obtain uy
and by from the remaining algebraic equations. Obvious-
ly, the critical parameters xq, a, 4, and A’ are the limits
of the sequences uy, by, Ay=g(N —3,uy,by,vx,un),
and vy, respectively, provided they converge.

The exact antiferromagnetic critical exponent is
known to be a’=+ (Refs. 20 and 28) and for the sake of
simplicity we use this value in the present paper. If it
were unknown we could calculate it simultaneously with
the other  critical parameters by  defining
F(x)=X(x)—v(l—x/u)* and then solving gy_3
=8N-2=gN—l=gN=o (N=3y4’5: .ol for Uy, bN7 UN,
and cy. The last sequence will converge towards a’'.

The sequences for the bec lattice are given in Table V.
Upon comparing Tables IV and V we notice that the use

n
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TABLE V. Sequences for the magnetic susceptibility for the
body-centered-cubic Ising model (method of Sec. IV).

N bN uy Un AN
12 1.21649 0.155918 0.51095 1.062 66
13 1.21397 0.155889 0.51317 1.06797
14 1.22150 0.155973 0.52749 1.05227
15 1.21959 0.155955 0.52911 1.056 59
N
g(N,u,bv,x)= g,(u,b,v)x", (13)
n=0

and the values of the parameters u, b, and v are set so
that

gn—2un,by,vy)=gn_1(un,by,vN)
=gN(uN7bN)vN)=O > (14)

for N=2,3,4,... .
It immediately follows from gy _,(uy,by,vx)=0 that

) (15)

N—n-2

of (11) greatly reduces the odd or even oscillation leading
to quickly converging sequences.

As stated before, simultaneous calculation of all the
critical parameters is of great importance because too
much manipulation of the power series may lead to inac-
curate results. This is the case of the antiferromagnetic
amplitude that could only be roughly estimated,?®?® and
the results obtained do not appear to very reliable. The
present method yields 4’ values that are as accurate as
the A values. We deem that our A’ values are the most
accurate reported in the literature up to now.

Standard graphical and numerical polynomial extrapo-
lations have been used to estimate the limits of the se-
quences uy, by, vy, and Ay. Present critical parameters
compare favorably with the most accurate ones reported

TABLE VI. Magnetic-susceptibility critical parameters for loose-packed-lattice Ising models.

Model Method a X0 A A’
bee Present 1.250+0.004 0.156 12+0.00004 0.966+0.006 0.609+0.005
Padé (Ref. 19) 1.250+0.004 0.1562+0.0002
N=15 Ref. 19 1.250+0.01 0.1562+0.0002
Refs. 20 and 27° 0.156 12+0.00003 0.965+0.003 0.536, 0.622
sc Present 1.250+0.002 0.218 15+0.00004 1.016+0.004 0.644+0.004
Padé (Ref. 19) 1.250+0.004 0.2182+0.0003
N=17 Ref. 19 1.249+0.02 0.218 12+0.000 04
Refs. 20 and 27° 0.218 13+0.00001 1.016+0.001 0.561, 0.630

*The exact a value is used.
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in the literature as shown in Table VI. There is great
disagreement in the case of 4’ but we consider that our
A’ values are highly reliable because the sequence vy is as
smooth as A4y (see Table V) and our A values are in close
agreement with those reported in Ref. 19. This is one of
the advantages of the simultaneous calculation of the crit-
ical parameters. In addition to this, the present method is
simpler and more straightforward than any other that
yields results of the same accuracy.

The magnetic susceptibility for the two-dimensional
loose-packed lattices has a logarithmic antiferromagnetic
singularity.?’ It is believed that X(x) is of the form

X(x)=f1(x)(1—x/x4)"°
+£2000(14+x /xo)In(14x /%) , (16)

due to which F(x) has to be defined as
X(x)—vIn(1+x /u) in order to apply the present method.
The calculation is similar to that discussed above.

V. FURTHER COMMENTS AND CONCLUSIONS

A method for studying critical behavior was developed
that applies successfully to a wide class of physically in-
teresting nonanalytic functions. Its main advantage is to
allow simultaneous calculation of all the critical parame-
ters, which leads to very reliable results.

The procedure developed in Secs. II and IV applies to
other problems in theoretical physics and chemistry than
those discussed here. As an example, let us consider the
Mathieu equation’

V' (6)+[E(A)—Acosf]¥(6)=0, a7

where W(0+7)=W(6). On taking into account well-
known results’**~32 one can argue that the characteristic
values E(A) are of the form E(A)=F(A)
+(14+42/A3)"/2F,(1), where A3>0 and F;(A) and F,(1)
are analytic in |A| <R > |Ag|. The coefficients of the
A-power-series expansion for E(A) is available’® and the
present method applies to E(A)—E(Aq). The critical pa-
rameters Ay, F;(Aq), and F,(Ay) can be simultaneously
calculated in a way similar to that shown in Sec. IV. Re-
sults for this and other problems will be presented in a
forthcoming paper.

ACKNOWLEDGMENTS

INIFTA is a research institute jointly established by the
Universidad Nacional de La Plata, the Consejo Nacional
de Investigaciones Cientificas y Técnicas, and the
Comision de Investigaciones Cientificas de la Provincia de
Buenos Aires, Argentina.

*To whom correspondence should be addressed.

IM. E. Fischer, Rep. Prog. Phys. 30, 615 (1967).

2C. Domb, Adv. Phys. 19, 339 (1970).

3Phase Transitions and Critical Phenomena, Vol. 111, edited by
C. Domb and M. S. Green (Academic, New York, 1974).

4A. Baram and M. Luban, J. Phys. C 12, L659 (1979).

5J. N. Silverman, Phys. Rev. A 23, 441 (1981).

6R. Propin, J. Phys. B 11, 257 (1978); S. A. Maluendes, F. M.
Fernandez, and E. A. Castro, Phys. Rev. A 30, 2227 (1984).

7P. Henrici, Elements of Numerical Analysis (Wiley, New York,
1964).

8W. E. Milne, Numerical Calculus (Princeton University,
Princeton, N.J., 1973).

9D. S. Gaunt and A. J. Guttmann, in Ref. 3, Chap. 4.

10C, Domb and M. F. Sykes, Proc. R. Soc. London, Ser. A 240,
214 (1957).

11C, Domb and M. F. Sykes, J. Math. Phys. 2, 63 (1961).

12G, A. Baker, Phys. Rev. 161, 434 (1967).

13D. L. Hunter and G. A. Baker, Phys. Rev. B 7, 3346 (1973).

14M. V. Sangaranarayanan and S. K. Rangarajan, Chem. Phys.
Lett. 101, 49 (1983).

I5M. V. Sangaranarayanan and S. K. Rangarajan, Pramana 22,
183 (1984).

16M. V. Le Guillou and J. Zinn-Justin, Phys. Rev. Lett. 39, 95
(1977).

17J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. B 21, 3976
(1980).

184, J. Guttmann, B. W. Ninham, and C. J. Thompson, Phys.
Lett. 26A, 180 (1968).

19A. J. Guttmann, B. W. Ninham, and C. J. Thompson, Phys.
Rev. 172, 554 (1968).

20C. Domb, in Ref. 3, Chap. 6.

211, Onsager, Nuovo Cimento Suppl. 6, 261 (1949).

22C. N. Yang, Phys. Rev. 85, 808 (1952).

3T, L. Hill, Statistical Mechanics (McGraw-Hill, New York,
1956).

24D, Shanks, J. Math. Phys. 34, 1 (1955).

25P. Wynn, Math. Tables and Aids to Comput. 10, 91 (1956).

26Padé Approximants, edited by P. R. Graves-Morris (Institute
of Physics, London, 1972).

2TM. F. Sykes and M. E. Fischer, Physica 28, 919 (1962).

28M. F. Sykes, D. S. Gaunt, P. D. Roberts, and J. A. Wiley, J.
Phys. A 5, 624 (1972).

29G. S. Rushbrooke, G. A. Baker, and P. J. Wood, in Ref. 3,
Chap. 5.

30N. W. McLachlan, Theory and Application of the Mathieu
Functions (Oxford University, London, 1947).

3IH. P. Mulholland and S. Goldstein, Philos. Mag. 8, 834
(1929).

32C. J. Bouwkamp, Proc. K. Ned. Akad. Wet. 51, 851 (1948).



