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The energy of any bound state of the hydrogen molecule ion H,* has an expansion in inverse
powers of the internuclear distance R of the form

E(R)~ J E™MQ2R)"+e R"3 AMQ2R)"N
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+e~2R/" | 3 BM2R)~N+In(R) terms | tie TR FCVQ2R)" N+ - -
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Rayleigh-Schrodinger perturbation theory (RSPT) gives the coefficients E'Y but is otherwise unable
to treat the exponentially small series, which in part are characteristic of the double-well aspect of
H,*. (Here n denotes the hydrogenic principal quantum number.) We develop a quasisemiclassical
method for solving the Schrodinger equation that gives all the exponentially small subseries. The
RSPT series diverges: for the ground state E'Y'~ —(N +1)!/e? for large N. The E'™ asymptotics
are governed via a dispersion relation by the imaginary e ~R/" series, which itself is given by the
square of the e “R/" series times a “normalization integral.” That the expansion itself contains
imaginary terms might seem inconsistent with the reality of the H,* eigenvalues. In fact, the RSPT
series is Borel summable for R complex. The Borel sum has a cut on the real R axis, and its limit
from above or below the positive R axis is complex. The imaginary e =R/ (and higher) series con-
sist of just the counterterms to cancel the imaginary part of the Borel sum. Extensive numerical ex-
amples are given. Of interest is a weak (down by a factor N ~9) alternating-sign contribution to
E™, which is uncovered both theoretically and numerically. Also of interest is the identification of
the Borel sum of the RSPT series with nonphysical boundary conditions. This too is illustrated both
theoretically and numerically.

I. INTRODUCTION

This paper is about the expansion of the energy of the
hydrogen molecule ion H,* in powers of (2R)~!, R being
the internuclear distance. Of course, H,* has special im-
portance as a prototype for molecular binding and for

33

double wells, but it is generally regarded as simple, well
understood,' % and perhaps not very interesting. Exactly
the opposite is true: the study of H,™ at large R has re-
vealed several unexpected features.*$

We list in this introduction seven main results. The
first is that (i) the energy of any bound state is given for-
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mally by an explicitly computable complex expansion that
is discontinuous across the positive R axis,
E(R)~

S ENMQ2R) N +e

——R/nz A(N)(2R)—N
N N
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N
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Here the + is the sign of ImR, and n is the hydrogenic
principal quantum number. When R is real, then the sign
indicates whether it has become real from above or below
the real axis.

More surprising is that (ii) the “sum” of the explicitly
complex series (1) is both real and continuous across the
positive R axis. The explicit imaginary series is canceled
by an implicit imaginary contribution from the sum of
the ordinary, real, divergent Rayleigh-Schrodinger
perturbation-theory (RSPT) expansion, ¥, E™V'(2R)~Y.
This remarkable subtlety involves taking the sum of the
divergent RSPT series to be the analytic continuation
back to the real axis of the Borel sum, which exists for R
complex;® this is equivalent, as we shall see,’ to recogniz-
ing that R >0 is a Stokes line of the expansion. (A simi-
lar cancellation in part has been noticed by Zinn-Justin
for the double-well oscillator.®~!°)

This paper is also about the method used to generate
the solution of the eigenvalue problem by asymptotic
expansion—the  quasisemiclassical (QSC) method.
Through the separability of the H," eigenvalue equation
in prolate spheroidal coordinates,'' which here involves
two separation constants f3; and B,, a systematic pro-
cedure is developed to generate the RSPT series, the

J
—Zf t2e =Yt
=Pe? fow

where P denotes the principal value of the integral. The
second empirical fact is an approximate relationship'? be-
tween the double-well energy gap Eg,p, which for the pair
consisting of the ground and first excited state is
~4Re -1 and the asymptotics of the RSPT coeffi-
cients [Eq. (2)], which by a dispersion relation involves the
“+* discontinuity in Eq. (1). The relationship is

- 2 (N +1)le=%2R)~
N=0

t?e Xt

discontinuity in Eq. (1) ~2mi ($Eg,)*. (5)

Our initial goal was to explain both facts, but in the
process we have obtained many more results, which have
been summarized in Ref. 5. Further, in Ref. 6, the first of
two papers announced in Ref. 5, we have collected the
mathematically rigorous results: proof of the analyticity
of By, By, and E; proof of Borel summability of the RSPT
series for By, B,, and E to eigenvalues of non-self-adjoint
versions of the H,* problem; proof of the approximate

e ~R/" double-well gap series, the e ~R/" real and imagi-
nary series, and so forth. Of course ordinary RSPT gets
only the first of these series.

The third specific result concerns the relationship be-
tween the imaginary ie ~2R/" series and the e ~R/" “gap”
series. These two series arise primarily from the separa-
tion constant B, for which (iii) the corresponding imagi-
nary series as i times the square of the corresponding
gap series times a normalization constant.

Other main points include the following. (iv) The H,*
eigenvalue equation has complex eigenvalues closely asso-
ciated with the real eigenvalues in the sense that they have
the same RSPT, but involve different boundary condi-
tions.>® The “different boundary conditions” can be un-
derstood in a simple way by considering the analytic con-
tinuation of one of the separated equations of a related,
physically interpretable problem:*® an electron moving in
the field of a fixed proton and a fixed antiproton. (v)
RSPT for B, is Borel summable to the complex eigen-
values.>® (vi) The imaginary series determine the large-
order behavior of the RSPT coefficients via dispersion re-
lations. (vii) The imaginary series associated with the
discontinuity of the separation constant 3, across the neg-
ative real axis has logarithmic terms in — R, which lead
to In( N) terms in the asymptotics of the B’ and EV.

Two empirical facts have been our main motivation.
The first is the same-sign factorial divergence of the

RSPT series for the ground state:>!2—14
2 18
EMo _(N4+Dle 2|1 -
R L T S T

(2)

Such behavior is consistent with the asymptotic expansion
of a complex function that is discontinuous across the
R > 0 axis, whose Borel sum would be like

—2R)~!dt [0< |arg(R)| <27] 3)

—2R)"'dt+im4R% ~R~2 (ImR =+0) . (4)

I
formula (5); justification of the dispersion relations; and
justification of the leading asymptotic behavior of the
RSPT coefficients. This paper is the second paper an-
nounced in Ref. 5 in which we develop the QSC tech-
nique, derive the multiply-exponentially-small series, and
obtain the full high-order asymptotics of the RSPT quan-
tities, i.e., all the corrections in formula (2) for the ground
state and for excited states as well.

The organization of the paper is briefly as follows. In
Sec. II, the Schrodinger equation is separated, and the
RSPT solution is sketched. Section III is a long section
devoted to the separation constant S3,, which comes from
the separated equation that contains the double-well char-
acter of H,*. In Sec. IIT A, the quasisemiclassical method
is introduced through the form of the wave function, and
the separated Schriodinger equation is turned into a Ricca-
ti equation. In Sec. III B, the recursive, perturbative solu-
tion of the Riccati equation is sketched, and the usual
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RSPT is shown to fall out. In Sec. III C, it is shown how
the second boundary condition, ignored by RSPT for
H,*, leads to the double-well gap and to exponentially
small (e ~%®) terms. Sections IIID and IIIE give alterna-
tive formulas for quantities that appear first in Sec. III C.
How imaginary terms occur in the expansion for f3, is
first introduced in Sec. III F and further developed in Sec.
111 G, where the “gap-squared” formula is discussed. The
doubly-exponentially-small series contributing to S, is ob-
tained in Sec. IIIH. The final subsection, IIII, is a
mathematical diversion from the physical H,* problem:
the B, equation is solved not on the finite physical inter-
val, but on a semiinfinite interval. As mentioned in (v)
above, the resulting eigenvalue turns out to be the Borel
sum of the RSPT series, and the series for the discontinui-
ty in the Borel sum across its cut is given by the imagi-
nary series obtained in Sec. III G. Section IV contains the
details for the solution of the separation constant 8;. In
Sec. V the two separation constants are put back together
to get the energy E (R). The details are mostly algebraic,
but nontrivial. In Sec. V C the (appropriate) approximate,
gap-squared formula of Brézin and Zinn-Justin is shown
to be true for exactly two terms for all states, not just the
ground state. In Sec. V E the discontinuity in E(R) for R
negative is discussed in preparation for the development
of the asymptotics of the RSPT coefficients via dispersion
relations in Sec. VI. Section VII contains a JWKB-like
reformulation of the method that is easier to use for nu-
merical calculations of the various series, which calcula-
tions are discussed and illustrated in Secs. VIII-X. Sum-
mation of the expansions and comparison with direct nu-
merical solution of the eigenvalue equations are discussed
in Sec. XI. All of the quantities discussed are illustrated
numerically in extensive tables, and the paper is summa-
rized in Sec. XII.

II. PRELIMINARIES: SEPARATION
OF VARIABLES; RSPT RESULTS

The aims of this preliminary section are to give the
separated equations for H,* in prolate spheroidal coordi-
nates,!! to indicate how to carry out RSPT on them, to
state the asymptotic RSPT results, and to set out the nota-
tion. The RSPT results serve both as part of the motiva-
tion and as a point of departure for the QSC treatment
that follows in Sec. III. (For the implementation of the
separability in terms of operator theory in Hilbert space,
see Ref. 6.)

A. Separated equations in prolate spheroidal coordinates

Prolate spheroidal coordinates, with a translation to
make the left endpoints for the £ and n both be 0, are
given by'!

E=(ra+ry)/R—1 (0<€< ), (6)
n=(ry—ry)/R+1 (0<y<2), (7)
¢=arctan(y /x) . (8)

The dependence of the wave function on ¢ is the familiar
and simple e”™# (m an integer). The dependence on £ and

7 is what needs to be determined.
The Schrodinger equation,

HY=(—5V2—1/r,—1/ry,+1/R)¥=(E +1/R)¥,
)

yields two equations for the separation constants 3 and

BZ)

d—2+lr2— B Bit2B, m?’-—1 _
dg? 4 3 E+2 e+
(10)
2 2
_d 1, B B m—1_lg,=0,
dn* 4 2—-n  n*Q2-7)
(11

with the energy E being obtained from S, and S5, by the
formula

E=—3(B1+B8)72. (12)
Equation (12) and the familiar ex?r&sion for the
hydrogen-atom energy eigenvalue, —+n 2, show that

B+ B, may be regarded as a “perturbed principal quan-
tum number n.” The r in Egs. (10) and (11) is a scaled
version of the internuclear distance R:

B. Manipulation of the separated equations
into standard RSPT form

Despite the nonstandard form of Egs. (10)—(13), it is
straightforward to develop solutions by RSPT. We begin
with a scale transformation that makes the unperturbed
problem hydrogenic:

u=r§, v=ry, (14)
[—u d*/du*+su ++(m*—1)/u]®,
+uVi(u,p1+2B5,r)01=5P,, (15)
[—v d¥/dvi+ v +3(m?—1)/v]D,
+ oV, (0,85, 7r)P, =69, . (16)

The expression that occurs in square brackets in Egs. (15)
and (16) is identical with the separated “Hamiltonians”
for the hydrogen atom in parabolic coordinates:'>!¢ we
take it as the unperturbed Hamiltonian for both problems.
Notice also that the factors u and v in u d?/du? and
vd?/dv? imply that the volume elements are u ~'du and
v~ !dv. Thus the unperturbed eigenfunctions are identical
with the parabolic hydrogenic eigenfunctions, and the un-
perturbed separation constants are

Bi=B"=m++(|m|+1) (i=1,2, r=+w), 17

where n; and n, are the usual parabolic quantum num-
bers.

We continue by expanding the perturbing potentials V;
in power series in (27)~! (the perturbation expansions for



the 8"’ are defined below):

Bi1+2B,
V,(u,Bl+232,r)=———u > ++(m?=1)
2 1
— (18
ulu+2r)  (u+2r)? )
=3 vriVaen-v, (19)
N=1

ViV =3(m2— 1N +1)(—u)¥ 2

N-—1
- 3 BP+288)(—uwN k-1, (20)
k=0
VZ(vaB2»r)
BZ 1 2 2 1
T 2r—v +ilm™=1) v(2r —v) + (2r —v)?
21)
= S viVon-r, (22)
N=1
N-—-1
ViV =1m>— (N + V2= 3 gFw¥ k-1 (23)
¥ k=0

Given the expansions (18)—(23), it is straightforward to
solve Egs. (15) and (16) by textbook RSPT. The first step
is to obtain B, as a power series in (27)”! by solving Eq.
(16). The second step is to obtain the series for B8; from
Eq. (15) and the B, series. The third step is to obtain r !
as a series in R ~! from Eq. (13), which then permits E to
be expressed as a series in R !, the fourth and final step.
Note that Eqgs. (20) and (23) are strictly valid only when u
and v are both less than 2. However, the RSPT solution
is an asymptotic power series in 1/2r, and the order-by-
order equations, which are obtained for large 2r, of course
hold formally for all values of ¥ and v. To look at it
another way, if a nonperturbative solution were to be ob-
tained, then by ignoring the corresponding expansions for
u and v greater than 2r, an error that is exponentially
small in » would be introduced into the solution, which
would again therefore be of no conséquence for the 1/2r
RSPT.

Note that B, and B, depend on m only through the
magnitude | m | and not on the sign. To simplify the ap-
pearance of the formulas, we assume from now on,
without loss of generality, that m > 0.

C. RSPT results for the separation constants

The RSPT series for the separation constants have been
calculated as outlined above. We shall not go into the rel-
atively uninteresting details. At low order the series ap-
pear unremarkable. One finds for the ground state
(n;=n,=m=0), for example, that

Bi~ S BM2n-V (24)

N=0

=0.5—(2r)"1 43272 +4021) 3 =152 "4+ - - -,
(25)
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B~ 3 BN n-N (26)
N=0
=0.5—(2r)" ' —(2r)"2—4(2r) 3 -23(2r) 44 - - - .
27)

What is especially significant is that at high order the g’
for the ground state behave asymptotically as

6 2
~— 11—
Boe =N+ D=+ DN
16
T IN+DNWN-=1) J @8)
6 8
ANV 22— 2
Ai~2Nt\ - N(N—1)

48 . ‘ (29)

TNN-DN—2 T

The same-sign factorial divergence of the separation-
constant coefficients, Eqs. (28) and (29), is the same
phenomenon as the factorial divergence®!3 of E), Eq.
(2), discovered by Morgan and Simon.®> This phenomenon
is a main motivating fact for this study. In explaining the
detailed relationships among the RSPT quantities and the
exponentially small quantities associated with the double-
well phenomena, we shall focus on the separation con-
stants. It is easier to deal with the separation constants
than with E directly, because the separation constants are
eigenvalues of ordinary differential equations.

We conclude this section with a remark about the end-
points of the B, equation (16), which have been treated
rather unequally in RSPT. By this we mean that since the
unperturbed problem is defined on the semi-infinite inter-
val, the influence of the second boundary condition is not
seen by the perturbation theory. As a consequence typical
of double-well problems, the characteristic splitting does
not show up: both the symmetric and antisymmetric
partners of a double-well pair have the same 1/2r RSPT
expansion. The quasisemiclassical method developed in
the next section deals explicitly with both boundary points
and consequently gets the double-well splitting.

III. SOLUTION OF THE B, EQUATION
BY THE QUASISEMICLASSICAL METHOD

Rayleigh-Schrodinger perturbation theory is unable to
calculate the double-well gap. In this section we develop a
method for solving the B, equation (11) that gives not
only the gap, but also smaller more subtle effects, while
still yielding within the same formalism the RSPT expan-
sion. The exact relationship between the RSPT asymptot-
ics and the square of the gap is found. The final formula
we are led to for 3, is a complex expansion whose explicit
imaginary terms for real r are discontinuous across the
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positive axis. The explanation of this apparently paradox-
ical representation of a real, continuous function is that
the Borel sum of the real RSPT expansion exists and has a
cut on the positive 7 axis,® so that the value of the Borel
sum continued to the real axis is complex, and the expli-
citly imaginary terms in the expansion are the counter-
terms that cancel the imaginary part of the Borel sum.
This behavior turns out to be widespread: for examples in
familiar functions, such as the Airy Bi function, see Ref.
7.

The Borel sum of the RSPT expansion for B, turns
out>$ not to be the eigenvalue associated with Eq. (16),
but to be the eigenvalue of a related problem. Consider
Eq. (16) both at —r and with a semi-infinite domain.
That is, set #'=—rin V, of Eq. (21):

B
2r'+v

Vy(0,B(—=r'), —r")= ++(m*=1)

_ 2 1
v(2r'+v)  (2r' +v)?

(30)

On the semi-infinite interval, 0 <v < o, Eq. (16), with ¥,
given by Eq. (30), represents a stable, single-well eigen-
value problem whose RSPT expansion is Borel summ-
able™® to the eigenvalue of that problem. That RSPT ex-
pansion is the same as for B,(r) with r replaced by —r'.
This modified problem [Eq. (16) where V is defined by
Eq. (30) on 0<v < ] arises naturally from the separa-
tion of the Schrodinger equation for an electron moving
in the field of a proton and an antiproton.>®

To bring out the connection of the Borel sum with the
imaginary series for 3, mentioned in the first paragraph
of this section, we also solve here by the QSC method the
B, eigenvalue problem on the semi-infinite interval
0<v < 0, but without changing the sign of r. To avoid
the singularity that would occur at v =2r, we make r
complex. Then the QSC method yields an expansion for
the discontinuity in the Borel sum at the »> 0 axis that is
exactly —2 times the imaginary series that occurs in the
finite, 0 <v <2r B, problem, thus clinching the cancella-
tion. (To leading exponential order only, the calculation
of the discontinuity has been made completely rigorous.
See Sec. IV of Ref. 6.)

The method we develop here is semiclassical. It is
closest to the methods of Langer'’ and Cherry.'® It
differs from standard semiclassical practice in that a
singular point of the differential equation, rather than a
classical turning point, is the “anchor point” for the ex-
pansion, and exponentially small, subdominant terms can
enter the actionlike function. To emphasize the similari-
ties and differences, and for lack of a better term, we refer
to the approach as the quasisemiclassical (QSC) method.

The basic idea of the QSC method is to make the per-
turbation expansion on the “natural variable” on which
depends a function that represents the solution of the dif-
ferential equation near one boundary or singular point.
One converts the linear Schrodinger equation into a non-
linear, fourth-order Riccati equation for the natural vari-
able that is solved perturbatively. To satisfy one

boundary condition perturbatively, 3, must be represented
by its RSPT series. To satisfy both boundary conditions,
B, must have an additional, exponentially small (e~")
series that represents half the double-well gap between the
symmetric and antisymmetric states of an associated pair.
In fact there are additional series that are O(e %),
O(e~?%), etc., that are found by satisfying both boundary
conditions to higher exponentially small orders. (We stop
at the e ~ % series.)

A. The quasisemiclassical wave function

The most direct way to characterize the QSC method is
through the form of the wave function. The characteris-
tic of the semiclassical Jeffreys-Wentzel-Kramers-
Brillouin JWKB) method! is that the logarithm of the
wave function is expanded in a power series in #. More
precisely, the wave function is put in the form

Vywkp=(dS /dx)~'/2S/% (31)
s= 3 sWumy (32)
N=0

where S'© is the classical action, and where the correc-
tions Y (N > 1) are determined recursively.

The JWKB method fails at the classical turning points,
where the S¥(x) may have singularities. Langer'’ gen-
eralized the JWKB method to include the classical turn-
ing points in part by solving the differential equation it-
self at the turning point in terms of Airy functions.
Away from a turning point the Airy functions can be ex-
panded asymptotically, and Langer’s method goes over
into the JWKB method.

The points of special interest in the 3, equation (11) are
1n=0 and 2—which are singular points rather than turn-
ing points. (The JWKB method fails even more strongly
at singularities.) Near =0, Eq. (11) is

d? 1 B 21
_"—_2'*'2’2_’_2“" e
dn Ui 4n

®,~0, 33)

which up to rescaling is Whittaker’s confluent hyper-
geometric equation, whose solution'*?® regular at 0 is
denoted by Mg . ,(rn). In the spirit of Langer’s gen-
eralization, we take the solution of Eq. (11) near =0 to
have the form

<1>2=#(d:ﬁ/dn)—’/sz,,,,/zw) . (34)

The Whittaker M function here plays the role of the Airy
function in Langer’s method, while 1/r is like #. The
value of the index b will be clarified later. The problem
of determining the solution ®, of Eq. (11) then becomes
the problem of determining the function ¢ =¢(7,r), which
by Egs. (11), (33), and (34) satisfies the Riccati equation
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dn?

a¢
dn

da¢
dn

4’.2¢2 r2

m2—1 ]_L

Cherry'® extended Langer’s approach by expanding the
function corresponding here to ¢ as a power series in a pa-
rameter that here is (27) "1

s~ S eMimanv.

N =0

(36)

Thus the problem of determining &, becomes the problem
of determining the ¢V

The parameter b in the Whittaker function is ultimate-
ly determined by making ®, satisfy both boundary condi-
tions. We anticipate that it is equal to the unperturbed
value of 3, to zeroth exponential order:

b=BY+0(rk ") (for some k >0) . (37

Then M 5O, m prn)is simply the usual RSPT unperturbed

wave function,"'® ie, a polynomial in 7 times

n™/2+1/2e=r1/2  This value of b turns out to simplify
both the analytic form of the ¢’ and also the asymptotic
analysis of M, ,,, that is needed to match the boundary
condition at 7=2. (Later it will also be necessary to add
exponentially small terms to b, to ¢, and to B, when the
process of satisfying both boundary conditions is extended
to higher exponential order.)

B. Equations satisfied by the ¢'"; explicit solution
for ¢'?, ¢V, and ¢'?; RSPT for g5

To provide a concrete example and to illustrate how
RSPT “falls out,” we calculate ¢'%, ¢!V, ¢'?, and B! ex-

M|
2 .
1d (2) 11d (1) 0 1 d¢\1) 0 ¢(1)
—ﬂ‘érz _z% 45; #9 dy 2 (492
1
‘(mz_l)_(¢(0))2

dé? /dn=—16(BY)n~n(1— 1) —16(8 )V~ (2—m)~!

1
2—7)?

+2[ 4BV +m?—1]
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+2[ =285 +m2—1—-4(B)]

17
1 B |1 1 m2—1 |1 1
==+ —4—1 =0.
4 r |n 2—9 4r2 n+2—17
(35)
[
plicitly.

Put the expansions (36) for ¢, (26) for B,, and (37) for b
into the Riccati equation (35), which can then be solved
recursively. To lowest order in (2r)~1, one finds

—+(d¢ % /dnY+ =0,
d¢(0)/d’f]= l, ¢(0)___n .

Note that the unperturbed value of ¢ is 7, consistent with
the discussion above [between Egs. (33) and (34)] of @,
near 7=0. Moreover, since ®, at 77 =0 behaves like

(38)
(39)

(p2~7,m/2+1/2 , (40)
the equivalent condition for ¢ is
sM=0(n) as n—0, (41)

which also explains the choice of “integration constant”
in Eq. (39).
To first order in (2r)~!, Eqgs. (35)—(41) yield

¢ =168 [0~ In(1— +7)+ 1 1+2[ — 4B +m> —11[(2—n) "' = 7]

+2[ =28 +m2—1—4(B)In[n/(2—7)] .

Equation (46) would display a singularity in ¢'? at =0
unless

B(zl)z_z(ﬁ(zo))2+ %(mZ_l) ,

which is precisely the RSPT result. Then instead of Eq.
(46), $? is given by

(47)

1 d¢'V ol oll 1
- 28— —2 —+—|=0,
2 dy T T || =0, @)
¢V =48"In(1—37) . (43)
To second order in (27) !, Egs. (35)—(43) yield
1 1 1 1)
—280 | =4 —— |+m*=1) |—+—— | =0, (44
& n ' 2— n ' 2—m
RIS (45)
n 2-7
(46)
[
¢ =16(8"Y[n"'In(1—37)+ 3]
+48 12— =21 (48)

The equations for ¢*,¢'%),... get progressively more
tedious. However, each ¢V’ can be found in closed form;
each ¢V is analytic and has a zero at =0, provided only
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that B5¥ ~! is chosen correctly. In fact it is not hard to
show inductively from Egs. (35), (39), (43), and (48) that

—1 can be chosen to make ¢'"’ analytic and zero at
n=0. By the uniqueness of power series, the BN —
determined so that the QSC &, satisfy the boundary con-
dition at 7=0—must be identical with the RSPT 85"’ In
this way the QSC method contains RSPT.

C. Boundary condition at 7=2 and the double-well gap

A major advantage of the QSC method over RSPT is
that the wave function can be made to vanish at =2, as
will now be demonstrated. The basic idea is to generate
QSC wave functions from both =0 and 2 and to match
them in the middle where the asymptotic expansion for
the Whittaker function is valid. A most crucial detail,
however, is that the exponentially small shift [Eq. (37)] in
the b index of the Whittaker function of Eq. (34) must
now be determined. To find this shift, we reexamine the
perturbation hypothesis—namely, that B, and ¢ can be ex-
panded in power series in (27) 1.

As is well known, the RSPT expansion for 3, is incom-
plete in the sense that there is an exponentially small
correction of the form?>*

B~ S BN+ AR 4O (rke )
N=0
(for some kK >0), (49)

0)
+ (2r)2ﬂ‘2 e’
Tyl 4+m)

ABiY ~ (50)

The notation Af !9} is to signify that part of f that is pro-
portional to e ~?". The quantity 2A8 1 is the double-well

splitting [through O (e ~")] that separates the symmetric
and antisymmetric states of a double-well pair, both of
which have the same RSPT expansion. To make it possi-
ble to calculate the exponentially small terms, it is neces-
sary to add them to the perturbation expansions (24) and
(26) for B, and B,, and to permit them to enter the expan-
sions (37) for b and (36) for ¢. This generalization is a
natural but marked departure from the usual semiclassical
practice. We put

Bi~ 3 BN N+ABN+0(rke=) (i=1,2), (51)
N=0

b~BY+Ab M O (rke =) | (52)

o0

p(m,r)~ 3 oM NraellLorke=) . (53
N=0

[In Eqgs. (51)—(53) and in all subsequent equations, we
omit the generic “for some k>0,” which without danger
of confusion may be taken as understood.] It will be seen
later that the leading terms of ABL” and Ab!") are equal:

A =Ab[14+0(r— 1)

(2r)26(20)e“’
T Co AL A — -1
ST, Y [1+0(71)]. (54)

The crucial role played by the shift in the b index is im-
mediately apparent when, in preparation for matching the
wave function (34) with one satisfying the boundary con-
dition at =2, the Whittaker M function is expanded
asymptotically:2°

1 e ETi(m/241/2-b) o Fib .
";!‘Mb'm/z(z)zmwb’m/z(z)-}- T lm +l_b) W_,,,,,,/z(ze ™) (0< targz <) (55)
2 2 2 2
o Emilm/241/2-b) L L
~F(——l————]——b;—zbe‘2/22Fo(7+'{m —b,s—5m —b;;—z7
Tm+a+
+F(—l—}——~7)z—be +22 Fo(t 4 im bt L b 42") (O< +argz <) (56)
7 +m—
Fmiabll)
~(—1)"2(e " )'z”e"’/z-\‘-Abl”(——1)"24Hr12!z“’e*"/2 (0< +argz <), (57)
ny+m)

where we have used the I'-function reflection formula'®
and that b + 5 —3m ~n, + 1+ Ab ! to get

1/T(5+45m —b)

=I(b++5—3m)r~sin[n(b + 5+ —+m)] (58)

" ab 1+ oAb )] . (59)

=(-1)
Note the introduction in Eq. (55) of the Whittaker W
functions, primarily for later use, and in Eq. (56) the usual
generalized hypergeometric series,'®

2
zFo(a,b;;Z)=1+ab—lz'—+a(a+1)b(b+l)%+ .

(60)

When Ab 1520, there is a positive exponential term in ®,.
Consider for the moment how ¥, appears near the point
n=2. The positive exponential in Egs. (56) and (57)
(where z=r¢~rm) is the term that is decaying away
from 7=2 (in the direction of 7=0) and near =2
should be the most important term. In fact, because of
the symmetry of Eq. (11), ®, should be either symmetric
or antisymmetric under the transformation 7—2—1, so
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that both exponentials should be equally weighted. It will
turn out that Ab!!) has exactly the right value to achieve
this symmetry.

It is now straightforward to obtain the leading terms in
the asymptotic expansion of ®,. Take ¢'*’ and ¢'" from
Eqgs. (39) and (43), and use Egs. (34) and (57) to obtain, for
®, anchored at 7=0 (denoted here by ®,¢;),

1\ B 0) ;.0
<I>z[ol'”—(Tl)———&%—"ﬂs 2—m Fe-21 1001
2 !
n _glo 0)
+Ab (=1t ny02r) & ’(2~n)ﬁ(2
X_"—B(zo)e+r'q/2[l+0(r—1)] . (61)

(Here and in the following, we use “anchored at n=a” to
mean a QSC wave function generated by expansion from
the point a.) If instead of starting the expansion at the
boundary point 7=0 we had started at =2, exactly the
same expression would have been obtained for ®, an-
]

{1 =
Ab T nlny4+m)

Fol—ny,—ny—m;;—(rép) ")
KFolny+m +1,n,+1; ;+(7’¢[2])-l)

By &(o; is meant the ¢ for the QSC eigenfunction an-
chored at 71=0, while ¢(,; corresponds to the QSC eigen-
function anchored at 7=2. In fact here
¢[2](7]6r)')=¢[0](2—17,r). The right-hand side of Eq. (64) is

(2r)"* ¢ ~" times a series in (2r)! that is independent of

n.

The index shift Ab!{!) and RSPT can now be put to-
gether to give the O(e™~") contribution AB}! to B,. Re-
call that in the preceding subsection (IIIB) the index b
was set equal to B and then the higher BN (N >1) were
obtained as functions of B by requiring that ¢'¥ +!) van-
ish as 7—0. That process did not depend on the value of

9. If now 3(20)_, O+ Ab!'}, then one can expand out
from the RSPT series the part linear in Ab n

o dBgN
IY: SRV ) B(zo,<2r)-N (65)

N=0 d 2
=Ab[1—482r) " 4 - ], (66)

where Eq. (47) has been used to calculate dB5"/dBY". In
a similar way it follows that

© (N)

agt=aptt 3 el n)- (67)
N =0 2

=r~ A2 —3)+ -+ ], (68)

where Eq. (43) has been used to calculate d¢‘!/dBy .

28
(2r) 2 e" g 0 (dror+dra—2)/2
= (3é0) (%fi’m)‘s5 e I

]l/Z

chored at =2 (P,;}), except that  would be replaced
by 2—1:

(—1)22n"
(ny+m)

0 _go)
2=y

Dy~

__r+r'q/2[1+0(r—l)]

ny+1 ﬂ<20)n B

+Ab(—1)
B(ZO)

nyl(2r)”

X(2—m) et T 14+0(r7 D). (62)

These two equations represent the same wave function
only if

480
(Zr) 2 8_2’ -1
[ty 2L HOU L

which gives the formula (54) for Ab{!}.

The complete series for Ab!1 is obtained by carrying
out the above process to all powers of (2r)~!. The formal
result is

(Ab1)2= (63)

WFol—ny,—ny—m;;—(répoP™") 2

WFolny+m +1,n,+1; ;+("¢[o])—'l)

(64)

T
[Note that ¢'*, Eq. (39), is independent of 8. ]

To use Eqgs. (65) and (67) relating AB&” and A¢!! to
Ab!, it is necessary to calculate the RSPT 85" and the
QSC ¢'M as explicit functions of By. This is easy for low
orders but tedious for high orders. An alternative pro-
cedure is given in the next subsection.

D. Solution of the Riccati equation directly to O (e ")

To avoid solving for B5’ and ¢ as explicit functions
of BY to high order, which would be required to use Egs.
(65) and (67) for ABL! and A¢!!}, we give an alternative
procedure, which is to solve the Riccati equation (35)
directly to O(e™").

Let g (r) denote the ratio

© dB(zN)

>

N=o dB;”

We anticipate that » ~'Ab{!} is a natural factor in Ag!!},
and we accordingly define the ratio

O(n,r)=A¢! /r =11

g(n=Aag"/ap 11 = 2=V, (69)

(70)

Let ¢ in the remainder of this section denote only the
zeroth-exponential-order part of ¢—i.e., the 1/r power-
series part. In place of ¢, put é+r~'Ab{1)8 into the Ric-
cati equation (35), and put B’ +Ab!!) for b and
3 B (2r)~¥ 4+ Ab g (r) for B,. Expand the equation in
powers of Ab1Y), and keep only the terms first order in
Ab!Y, The result, divided by r ~'Ab!!}, is an equation for
6(n,r) and ¢ (r), given ¢(n,r):
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2
de | |1 B0 m*-v6| ,dedo |1 B mi-1| o1 1
dn | |¢  ré? 2r’g? dndn |4 1 " arg |1 5T 20y
—-1/72 2 —1/2 172 2 -3/2
_ 1 do[de |77 4 |de 1 [de |7 a6 [de |77 4y
2rt dn |dn dn* |dn 2r? |dn | dn? |dn |dn '

To solve Eq. (71), first expand ¢ (r) and 6(n,r) in power
series in (27) 7!

q(rn= f‘, gMen-N, (72)
N=0

o0

0(n,r)=3 6NM(n)2r)~N.
N=0

From Eq. (71) and ¢'? [Eq. (39)], one obtains the zeroth-
order equation,

(73)

1469 /dn=n="—qOp~ ' +2—n)"]. (74)
Since d6‘?'/dn must be finite at n=0,
¢ %=1, 69=2In(1—37) . (75)
Similarly, one obtains the equation
d6'" /dn=(d /dn)[168n~ 'In(1—37)]
—8B9(2—n)2
=248+~ +2—-m '], (76)
From the regularity condition at =0 it follows that
gV=—4p", (77
6V =161~ "In(1—+7)+ +]
—887[(2—m) "' —3]. (78)

Thus the ratios g(r) and 6(7,r) can be calculated by a
recursive, perturbative technique directly, rather than
through the B85’ derivatives of the ¢* and the By, It is
interesting that there is yet another alternative method for
calculating g(r)—a ‘“normalization-integral” method—
that will be given in the next subsection.

E. Normalization-integral formula for ¢ (7)

The two methods given previously for g (r) are general-
izable to higher exponential orders. A third formula is
developed in this section that is less generalizable but
simpler in the respect that it uses only the zeroth-
exponential-order wave function in the practical evalua-
tion of g(r). The argument starts out with a “current-
density” formula and ends up with an expression that
looks like a normalization integral.

Let ®'*) and @'~ denote the paired solutions of Eq.
(11) that differ only in the choice of sign for Ab!!} in Eq.
(64). To O(e™") the difference in the two eigenvalues—
i.e., the double-well gap for these two states—is 2AB£1}.
From Eq. (11) one sees by a standard current-density ar-
gument that

[
D' H(dd' ~V/dn) —d' (d®'+)/dn)
r [T e~ 2—m) Ty

(79)

The numerator is a Wronskian of two functions that
solve the same differential equation if terms O (r*e ~") are
neglected. From the form of ®*’ [in terms of the Whit-
taker M function, Eq. (34)], from Egs. (55) and (56) [or
more simply Eq. (57)] for the asymptotics of the M func-
tion, from the Wronksian of the Whittaker functions,?

208 +0 (e )=

Wb,m/z(Z)“;i;e FTOW _pms2(2e ™)

—e“_*"‘bW_b,m/z(zei”i)-‘-i%Wb,m/z(z)=1 , (80)

and from standard error estimates for formulas of this
type,* it follows that so long as 0<<7<<2, i.e., for
n=1+4¢€ (e~0), the numerator is to first exponential or-
der,

2rn,)Ab M /(ny+m) (81)

Similarly, also for 0 <<7 << 2, the denominator is to terms
O(rke~") independent of 1 and dominated by the ex-
ponentially decreasing component, the W}, ,, » in Eq. (55).
Since for b =B this W is just an unperturbed wave
function, there is no difficulty and insignificant error in
replacing the M by the unperturbed W, expanding the in-
tegrand as e ~"" times a power series in (27)~! and in 7,
and then taking the upper limit of the integral to be .
That is, the denominator is again up to O (rke ")

rl(ny+mN]—2 fo“’ (dg/dm)~' (W, ,(r$) T

X[~ '+ Q2—=n)""1dy . (82)
We emphasize that (82) is not meant literally, but instead
as an asymptotic power series in (2r)~!. Also, ¢ is meant
to be the zeroth-exponential-order solution of the Riccati
equation (35). Thus one obtains for g(r)=aB"/7ap11,

q(r=nyNny+m) l [ agram =Wy, ,(ré)1

-1
X [n—‘+(2—n)—‘]dn] .

(83)

Equation (83), being only an integral to be evaluated, is
perhaps the most useful practical expression for comput-
ing q(r).

F. Imaginary contribution to the index b

As mentioned in the Introduction and in Sec. IIC,
same-sign factorial divergence suggests a complex, discon-



33 1/R EXPANSION FOR H,*: CALCULATION OF ... 21

tinuous Borel sum [cf. Egs. (3) and (4)]. For the RSPT
for B,, we infer from Eq. (28) that for the ground state,
with >0,

@

3 BVenY~— 3 N+ (84)
N=0 N=0

~P focm t2e 't —2r)"'dt
+imdrZe ¥ (Imr =20) . (85)

This motivates us to look for an explicit contribution to 3,
that is O (e %) and that is imaginary, to cancel the imagi-
nary term in Eq. (85).

Since the Riccati equation (35) is formally real, explicit
imaginary terms in 8, can only originate in the index b.
The value of b through O (e ~") was obtained in Sec. IIIC
by matching two QSC wave functions that separately sa-
tisfied the boundary conditions at either =0 or 2, and
that value was real (for real » and 7). The imaginary
O (e %) contribution has its computational origin in the
complex phase factor multiplying the subdominant contri-
bution to the ordinary asymptotic expansion for the Whit-
taker M function, Egs. (55) and (56).

The reader is well aware that the Whittaker M function
is real on the real axis, and that the complex expansion
(56) is not usually considered valid*' on the real axis,
which is a Stokes line of the expansion.?! However, there
is a sense’ in which the complex expansion (56) is valid
also on the real axis. In fact, the two power-series expan-
sions represented by the ,F, functions in Eq. (56) are
Borel summable,” and the overall result is the Whittaker
]

M function in each appropriate half-plane. The positive
real axis is a cut of the Borel sum of the power series mul-
tiplying e *?/2, the dominant expansion. In the limit as
Imz—0 from above or below, the imaginary part of the
Borel sum times e +2/2 cancels the explicit imaginary con-
tribution coming from the phase factor multiplying the
subdominant expansion. This is the sense in which the
sum of the explicitly complex, discontinuous expansion
mentioned in the Introduction is real and continuous.
The same phenomenon that holds for the Whittaker M
function appears to apply to B,. (See Ref. 6 for a proof
that the Borel sum of the RSPT series for 3, is complex.)

Let us now get on with the details of extending the
matching process of Sec. IIIC to O(e~¥). First we ex-
tend the notation to include second exponential order [cf.
Egs. (51)—(53)]:

Bi~ S BMn-V

N=0

+ABIY+ABY O (rke =) (i=1,2), (86)

b~BY +ab L AB D 4 O(rke %), (87)

dmr~ 3 sV N+ Ad1) 4 262 4O (rke =) |
N=0
(88)

Next we keep the phase factor in Egs. (55)—(57) and get
as a requirement for the matching of the two QSC func-
tions, instead of Egs. (64) and (63),

(Ab!11) 4 Ab12))2 = F2midbl!) o [ ioht hand side of Eq. (64)]*X[1+0(Ab!)] (89)
4‘5‘20) —-2r
=e¢2niAb|‘l_(_2’)e—2[1+0(r“l)] (+Imr>0) . (50)
[nyl(ny +m)]

(The O(Ab!Y) error in Eq. (89) comes from replacing the I'(+m + ++b) [cf. Eq. (55)] by (n,+m)! and n,!. There is
no contribution from this term to ImAb {2} (this section), but there is a contribution to ReAb (2} that will be taken care of

in Sec. IIIH.)

The imaginary contribution to Ab (%} comes from the expansion of the phase factor. Take the square root of both sides

of Eq. (89), then expand the factor e *745!");

AL 4 Ab1) =(1FimAb 1) X [right-hand side of Eq. (64)]X[1+0(Ab(!1)] 91)

=(1FirAb ) x Ab 1 x[14+0(ab11)] .

Let A,b!? and A;b!? denote the real and imaginary parts
of Ab!2} when r is real and positive, and their analytic
continuations otherwise:

AL =A, b1 4ipb1P . (93)

Then it is immediately seen from Eq. (92) that the
second-exponential-order imaginary contribution to b is

AbB =37(Ab 1) (+Imr>0). (94)

This relationship between the asymptotic expansions is ex-
act. It is the key to the Brézin—Zinn-Justin conjecture'?
discussed in the next subsection. Note, moreover, that for

(92)

|
the ground state,

Ab ) < Trarle =¥ (Imr=+0), (95)

so that iA;b!?) to leading order is exactly the counterterm
to cancel the imaginary part of Eq. (85).

G. Imaginary contribution to B,. The gap-squared formula

The imaginary series (94) contributing to the index b
leads directly to an imaginary series in 3, that is O (e =%").
Denote by A,By’ and A, B} the real and imaginary series
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contributing to ABS? } when r is real and positive:
A =4, B8 +in B . (96)

By exactly the same argument that led to Eq. (65) for
ABQ”, one finds that the imaginary series to second ex-
ponential order is obtained from A;b!? via

© d N)
A =451 R szo, (2r)=¥ (97)
=4/;bq(r) (98)
0
(2r)‘“g‘2 )e*z’

_1)]

g2 e 40
T g OV

(£Imr>0). (99)
I

L4

0

The importance of A,-B{Z} is the role it plays, via a
dispersion relation® to be discussed later in Sec. VI, in the
asymptotics of the RSPT coefficients 85" :

o +i
BN~ 12N fo "rN—lAimzld,_

The o« +i€ is to indicate that the “Imr >0 sign” is to be
used for A;b!% in Eq. (94). Since the same ratio g(r)
occurs here that occurred for the first-exponential-order
quantity Aty [Eqgs. (66)-—-(69)}, it is possible to express
A,-B&zl directly in terms of AB{Y and ¢(r) via Eq. (94):

ABY =3m(ABYY /q(r) (+Imr>0), (101)

(100)

which, because of Eq. (83), can be written as the product
of ¥, the “half gap” squared, and a normalization in-
tegral, taken in the sense of an asymptotic power series as
explained in Sec. II1E,

(dp/dm)~'[W g0, ,(ré) P[0~ +(2—m) " 1d7

A 2]=__ 1]y2
B =5m(ABY) ny(ny+m)

Recall that the expansion for g(r) starts out with 1 [cf.
Eqgs. (66) and (75)]. Equations (101) and (102) express the
exact relationship between the asymptotics of the B [via
Eq. (100)] and the square of the gap whose leading term
was found numerically by Brézin and Zinn-Justin.’ In
fact, that relationship did not involve B, but the energy
E(R). It will be seen in Sec. VI, however, that the asymp-
totics of the EY) are dominated by A;B8%, so that the
crux of the explanation of the EY) asymptotics has al-
ready been given.

H. Doubly-exponentially-small real series

The matching process described in Sec. IIIC was car-
ried out there to O (e ") for the index shift Ab!') and in

(+Imr>0). (102)

[

Sec. III F for the O (e ~¥) imaginary shift A;5{?). In this
section the calculation of the shift in b to any exponential
order is sketched, and results are given for the real
O(e~%) shift A,b!?) and the real second-exponential-
order A,B&zi.

The formulas in this section involve the logarithmic
derivative of the gamma function,'® usually defined by ¢:

¢(z)=dilnI‘(z) . (103)

Z

The exact form of the matching equation that results
from equating the two QSC functions, one anchored at
n=0, the other at p=2, the O(e~") version of which is
Eq. (64), is [cf. Eqgs. (34) and (55)—(59)]

b=p+Ab, (104)
7= sin}(rAb) = eFomad W g0+ ab,m 274100
[T(ny+m +14+Ab)T(n,+1+Ab)]? eW(dzmM)W_dzm_Ab,m/z(’¢[019 Ty
W 501 pbm 2 T9121)
e‘_“’"'(ﬁ‘zm"’“b) (xImr>0). (105)

W_ g0 _abms'réizie ™)

As with Eq. (64), the n dependence of the right-hand side of Eq. (105) cancels, leaving only a function of . Now expand

Ab in exponentially ordered terms Ab {4},

Ab=S Able) .
g=1

(106)

The asymptotic equation for Ab, which is the general version of Eq. (64) valid to all exponential orders, is obtained by us-
ing the asymptotic expansions [cf. Eqs. (55)—(57)] for the Whittaker functions and taking the square root of both sides of
Eq. (105). To put the result in a form that can be solved recursively for the Ab!?) after expansion, we add
7~ 'sin(wAb) — Ab to both sides (after taking the square root). Then for Im7 >0 (the complex conjugate holds for the re-
verse) we obtain



Ab = —[7'sin(wAb)— Ab]+ £

—mi 280 +286 _
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BY)+Ab B‘2°’+Abe —r(go)+9[2y—2)/2

I'(ny+m +14+Ab)T(ny+ 1+ Ab)

(36107 (36721

2Fol—ny—Ab,—ny—m —Ab;; —(répp)~")

2Fol—ny—Ab,—ny—m —Ab;; —(répo)~") |
2Folny+m +1+Ab,ny +1+8b; 5 +(réop ™)

172

2Fo(n2 +m +1+Ab,n2+l+Ab; ;+(r¢[2])_1)

(107)

The leading term of the second-exponential-order real series comes from the expansion of the I'" functions and of
(2r)*4%, the latter of which leads to In(27) terms. Subsequent terms are down by 1/2r and require ¢ through O(e~").
Like A;b!2), the real A,b!?) is proportional to the square of the first-exponential-order series. The first few terms of

A,b are

A6 =(Ab ") [21n(2r) —lny + D —lny +m + 1) —12802r) "'+ O (r )] .

(108)

The real second-exponential-order contribution A,/S’£2 Vo B, can be found from the index shift as in Sec. III C, Eq. (65),
except that now second derivatives with respect to 85 are required:

dp;
d

© N) © dlﬁ(z
ABP =MbY S — 2NV 3(ab )2 Y ———
N=0 2

we d(BY)? (@~

(109)

As for the first-exponential-order case in Sec. III D, it is also possible to avoid the second derivatives of the 85" by solv-
ing the Riccati E%uation directly to second exponential order, but we omit the details here. The leading terms in the ex-

pansion for A, are
4B(20) -2r
A, 2*=——(3—’)———"——~[21 (2r)—iny+ 1) — i 1
B = i g I 230 =¥ D=z fm +1)

+31F [[21n(2r)—¢(n2+1)—¢(n2+m +1)]

X [—48Y —12(BY)2 +m?—1]—128—2 | +O(r ~2n(2r)) | .

I. The B, equation on a semi-infinite interval
and the discontinuity in the Borel sum

In this section we treat a different problem: we solve
the B3, eigenvalue equation not on the original finite inter-
val, but on a semi-infinite interval. There are two reasons
for considering this modified problem. (i) It has the same
RSPT expansion as the original problem, but the Borel
sum of the common RSPT expansion is the eigenvalue of
this modified problem.>® (ii) The positive 7 axis is a cut
of the eigenvalue of the modified problem, and calculation
of the discontinuity across the cut gives an immediate,
unambiguous meaning to the imaginary second-
exponential-order series A;85 calculated already in Sec.
III G, but which comes up again here: it is the discon-
tinuity that determines the dispersion relation and that
gives the asymptotics of the RSPT coefficients [cf. Eq.
(100) and Sec. VI].

The problem is to solve Eq. (11) with the boundary con-
ditions

®,(171)—0 as n—0 and as Re(nr)—+ o, Im(yr)>0
11y
or equivalently Eq. (16) with the boundary conditions

®,(v)—0 as v—0 and as Rev—+ «, Imr >0. (112)

(110)

The nonstandard aspect of this modified problem is to
avoid the singularity on the positive real axis at n=2 for
Eq. (11) or at v=2r for Eq. (16), as indicated by the
Imr>0in Eq. (112). The modified eigenvalue problem is
related to a standard eigenvalue problem: the £ (or u)
equation when the Schrodinger equation for an electron
moving in the field of a proton and an antiproton [change
the sign of the 1/r, term in Eq. (9)] is separated in prolate
spheroidal coordinates. The u equation is

[—ud?/du*+4u +%(m2—1)/u](l>'1

+uVi(u,B),r')®=69,, (113)
’ ’ Bll
V,(u,B'l,r )——+ 2r,+u
+4(m2=1) 2 1

T u2r'+u) (2r' +u)?

O<u<ow), (114)

where the primes are to distinguish the mixed-charge
problem from H,*. The modified B, problem is the ana-
lytic continuation up to ' =e *™r of the stable, single-well
B problem. (See Sec. IV of Ref. 6 for the use of this ap-
proach in estimating rigorously the leading term in the
discontinuity.)



24 JIRI CIZEK et al. 33

Before giving the details of the QSC solution, one can
anticipate certain of its characteristics, which depend on
how the singularity on the positive v or 7 axis is avoided.
The v case is easier to state but completely equivalent to
the 17 case. By making r complex, the singularity at
v=2r [see Eq. (21)] is moved off the positive axis.
Note*¢ that the positive r axis is a cut for 8}(r), where
r'=e*"y, If Imr>0, then the direct Borel sum [for
which |arg(7’) | <] of the RSPT series will be By(e ~"r),
while if Imr <0, the direct Borel sum will be B)(e*™r).
Now here is the subtlety: suppose one requires the com-
plete asymptotic expansion for B}(e ~™r) both for Imr >0,
where the answer has to be exactly RSPT, and for its ana-
Iytic continuation to Imr <0, where the answer cannot be
exactly RSPT, because for Imr <0 the Borel sum of the
RSPT series is Bi(e *™r). In the fourth quadrant, the
asymptotic expansion for B8)(e ~™r) necessarily must have,
besides the RSPT terms, additional terms that represent
the difference, B)(e ~™r)—B)(e*™r), below the positive
real r axis. In other words, these additional terms
represent the discontinuity in the eigenvalue of the modi-
fied problem across the cut on the positive r axis.

The major difference in the details for the modified
problem versus the original B, problem is the choice of
Whittaker function for the solution anchored at p=2. In
the original case the choice was an M function to be regu-
lar at n=2. In the present case the solution does not have
to be regular at 7=2: instead it must vanish as 7— .
For Imr> 0, the correct choice for ¢, anchored at 7=2
[®3(2;] which vanishes at infinity [cf. Eqgs. (55)—(57)] is
W _bmsle"z):

Dypgy=(—d¢py/dn) " 2e "W _y 1 e TTrdya)
(Imr >0) . (115)

e "W _ymple TTrdr) =e VW _y o ol T Tirgia)) —

~(2r) "ty =b(2 —7)er /2

The details of the calculation of both ¢(o) and ) are
exactly the same as before. Only the value of the index b
needs clarification.

The index b must be chosen to make the two QSC wave
functions the same. The asymptotic behavior for the QSC
function anchored at =0 is given by Eq. (61). It always
has a term with a negative exponential factor e ~"7/2. If
the index shift Ab5£0, it will also have a term with a posi-
tive exponential factor e*’7/2, The QSC wave function
anchored at 77=2 in the present case has only a negative
exponential factor:

Do)~ (—dpra)/dn) = Hrepyy) ~be T4
X Folzm +3+b,7—3m+b;;+(rép) ™"
(116)

~(2r) P2 —n)"be" 14 0(r V)] (117)
Comparison of Eq. (117) with Eq. (61) shows that the two
solutions can be identical (except for normalization) only
if Ab=0, in which case the solution anchored at =0 has
no positive exponential factor, and b = BY. Thus when
Imr> 0, there is no additional, exponentially small contri-
bution to the expansion for B, for the modified problem,
i.e., B\ (e ~™r), as has been shown rigorously.*$

Now consider the analytic continuation of the QSC
function based on the Whittaker W_, ,, /2, across the pos-
itive real axis to Imr<0. Since arg(e ~™r) < —7 when
arg(r) is negative, the asymptotic expansion (116) is no
longer valid. To get the correct expansion for the Whit-
taker function the argument of the r¢p;; must first be
brought within the range (—,7) by the circuital rela-
tion®

21Tin,,,,/2(r¢[2])

(118)
[ +5+3mIT(b++—+m)
27i
270152 —n)? —r+rm/2
(n2+m)!n2!( r)°n=°%(2—mn)’ (119)

Since both exponentials now appear, they must also appear in the M-based QSC function anchored at 7=0. Conse-
quently Ab cannot vanish. The exact matching equation to determine Ab, the analog of Eq. (105), is

s +mwiAb
7= sin(mAb) = 2mie

W g1 a5, m 12 (T 10))

[T(ny+m +1+4+AbT(n, + 14 Ab)]? e+1ri(ﬁ‘2°’+Ab)W 50
)

W g0 s abm2(0121)

X
+7i(B0+Ab)
e W _po_so.m 2 r121

+11'i)

_abmn TPl )

(Imr <O0) . (120)

[Note that even though Eq. (120) appears to be  dependent, as before the 1 dependence cancels out, and Ab depends

only on 7.]

. Compare the matching formula here [Eq. (120)] with Eq. (105). It is easily seen that the lowest nonvanishing exponen-
tial order of the right-hand side of Eq. (120) is the second, that it is purely imaginary, and that it is 27i times the square
of the previously determined half-gap index shift Ab!!} of Eqgs. (63) and (64):

Ab(modified B, equation)= +2mi (Ab!Y)2 4 O(r*e =*) (Imr <O, argr’' < —7)
=2iAb 4O (rke=*) (Imr <O, argr' < —r) .

(121
(122)



Thus the index shift on analytic continuation from the
first to the fourth quadrant is nonvanishing in second ex-
ponential order and is exactly 2 times the second-
exponential-order imaginary index shift already calculated
for the original 3, problem. Since the mechanism by
which the lowest-order nonvanishing imaginary index
shift induces an imaginary contribution to f3, is exactly
the same for both the original and modified problems,
Eqgs. (97)—(102), a second-exponential-order contribution
completely analogous to Eq. (122) holds for the modified

B

Bile~™r) ~ i B(2°)(2r)“N+2iA,-B£2] +0(rke—*)
N=0

(Imr <0, argr' < —m) . (123)

As anticipated, by analytic continuation directly across
the positive 7 axis, one finds a purely imaginary O (e ~%)
series in addition to the RSPT series. At the real axis,
this series represents to lowest exponential order the
discontinuity at the cut of the Borel sum of the RSPT
series,

Bile~r)—Bi(et™r) ~2mi(Ab ) )2g (r) , (124)

and as such is the dominating factor in the dispersion re-
lation that gives the asymptotic behavior of the RSPT
coefficients, to be discussed further in Sec. VI. Since the
RSPT series coefficients are real and the discontinuity is
purely imaginary, the imaginary parts of the Borel sums
just above and below the positive real axis are equal in
magnitude and opposite in sign:

lim
Imr—+0

Im

Borel sum of 3 gV (2r)~V ]

~+m(Ab Mg (r) . (125)

The explicit imaginary series found for the original B,
problem [Egs. (94)—(102)] is exactly this result (125), but
with opposite sign. This clearly demonstrates the cancel-
lation of the explicit imaginary second-exponential-order
series with the implicit imaginary part of the Borel sum
of the double-well problem, the phenomenon of a complex
expansion with a real sum, mentioned in the Introduction.

IV. THE B, EQUATION

Although most of the interesting results for H,™ come
from the B, equation, yet the B, equation adds its own
distinctive twist in the form of a branch cut in the nega-
tive r direction and in the form of logarithmic terms.??
Both g and EV get asymptotic contributions with al-
ternating signs and with a InN dependence, but the rela-
tive magnitudes with respect to the dominant, same-sign
behavior are down by several powers of N.

Before discussing these unique contributions, we
dispense first with the terms in [, that are
“induced” by _ the exponentially small terms
AB=AB + AR + - -+ already in B,. Consider AB, to
be a shift of B5". Then the induced effect on AB is ex-
pressed by the Taylor series
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= (AB)* [ 3
(AB))ing= 2 : iaﬂ(o)
2

k=1 k!

The dependence of 8 on B’ is determined through Egs.
(15) and (18)—(20). The use of Apartial derivatives in Eq.
(126) is to indicate that the B5* (N >1) are to be held
constant. An alternative method to obtain (AfB);,q is to
regard the terms —2u (u +2r)~ (AR +ABY + -+ ) in
Eq. (18) as a second, independent perturbation. The effect
on AB; can then be calculated by double RSPT. In partic-
ular, the leading real first-exponential-order series and the
leading imaginary second-exponential-order series, AB(”
and i A;B{z }, can be obtained by the standard perturbation
formula first order in the exponentially small perturbation
but infinite order in the 1/r perturbation. That is, with
the ordinary RSPT wave function for ®; in powers of
(2r)~!, ®gepr, the induced exponentially small contribu-
tions to B, in leading exponential order are

(A +ia g, ,
—2(AB" +ia B2 [ hspr(u +2r)""du
B [.7 kserlu ="'+ +2r)""]du '

k o0
3 BMen-N.  (126)
0

N=

(127)
Here ®gspr refers to the solution of Eq. (15) by RSPT in
powers of (2r)~!. Both integrals are to be evaluated order

by order in powers of (2r)~'. In short, the induced ex-
ponentially small contributions to B; are straightforward
to obtain but are otherwise unremarkable.

The more interesting exponentially small contributions
to B; come from a cut in the negative r direction, which is
suggested by the singularity in Eq. (15) [cf. also Eq. (18)]
at u = —2r. Associated with this cut is a dispersion rela-
tion that implies alternating-sign asymptotic contributions
to B and to E™, both proportional to
(N —4n,—3m —5)! [which is (n,+4m +6) powers of N
down from the asymptotics of the g5"'].

One obtains an explicit formula for the discontinuity in
B across the cut by connecting a QSC wave function an-
chored at the origin, which we denote by ®[o}, with one
with the correct behavior at infinity, but that is anchored
at u = —2r, which we denote by ®[_,). As in the semi-
infinite treatment of the B, equation in Sec. III 1, the role
of the QSC function anchored at a singularity that is not
an endpoint is to provide control of analytic continuation
around that singularity. As in Sec. IIII, where B, is
analytically continued across r >0, here when S, is analyt-
ically continued across r <0, the Borel sum of the RSPT
series switches branches and is discontinuous across the
cut. A doubly-exponentially-small imaginary series ap-
pears that explicitly cancels the implicit discontinuity in
the sum of the RSPT series. Unlike the semi-infinite B,
case, there is here a new technical feature—the first index
of the W Whittaker function is necessarily a power series
in (2r)~!. This feature leads to logarithmic terms in the
expansion for ABY.

A. QSC wave function at §=0

Near £=0, Eq. (10) is Whittaker’s equation [cf. Eq
(33)],
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[—(d/dEV+5rP—rBi/E+ +(m?—1)/EX] @[ ~0 ,
(128)

and the QSC wave function regular at the origin has the
form

1 -
Doy =~ 7 (d(0)/d8) My m 2 répop) - (129)
]
2 172
(9% | |1 by m?-—1 _ 1 |4
d§ 4 ré;  4rigl r? | dE

Expanding B, and ¢q) in powers of (2r)~! and solving
recursively, one finds that

bo= S e~
N=0

(132)
Bi= i BN,
N=0
dloj=¢€ » (133)
dio)=—4 B2 +28)In(1+ &) , (134)
B =by (135)
B =—2bo)(B” +2B87) - $(mi-1), (136)

and so forth. The value of b is to be obtained by
matching @y with the QSC function that behaves
correctly at . The B™ are determined so that the
¢E6V]+” are analytic and zero at £=0, just as was the case
for the 85"’ in Sec. III B. The B{™ will turn out to be the
RSPT coefficients.

B. QSC wave function at £= —2
Near £= —2, Eq. (10) is again a Whittaker equation,
[—(d/dEV+5r2—r(By+2B) /(E+2)
++(mI—D/NE+22] D ~0 . (137)

The QSC wave function that is exponentially small as
ré— + oo (but singular at £= —2) is [cf. Eq. (115)]

<I)[—2]‘—'(‘1‘75[—2]/‘15)_1/2"Vb[_n,m/z("fi’[_z]) , (138)
with boundary condition
ér_2(—2,r)=0. (139)

The Riccati equation for ¢[_,) is nominally the same as
for ¢[o), Eq. (131), and is not repeated here. One solves
for ¢;_,; as an expansion,
br_a= 3 oV &)2r~N . (140)
N=0
In contrast with the method of solution for ¢(o), however,

both mzv ) and B“V " are already fixed and cannot be adjust-
ed to make ¢{ 3" vanish at £&=—2. Here that role

d2

dg?

The function ¢(o), which plays the “action” role, depends
on both § and r: ¢(o)=4¢[0}(§,7). The boundary condition
at £=0is

B10)(0,r)=0 . (130)
®(0; satisfies the Riccati equation [cf. Eq. (35)],
—-12
déo) 1 B Bi+2B mi—1
dg 4 r& r(E+2)  rEAE+2)7
(131)

r

is taken by the index b[_,; on the Whittaker W function.
The index b[_,; is given by an expansion in 2n~,

b= 3 b0V, (141)
N=0
One finds that

o ln=£+2, (142)
¢ 2= —4B"In(— 3£), (143)
b2y =B"+28Y, (144)
b{y=208"+B8") (145)

=—4B"+BY)=—4n?, (146)

and so forth.

C. Determination of b} by matching ®(o; and ¥ _;,

The index bpg; is evaluated by the condition that the
two QSC functions be the same. Two cases are con-
sidered: r large, but with small phase; and r large, but
with phase more negative than —7. In the former case
one gets RSPT, while in the latter there is in addition an
imaginary second-exponential-order series.

The logic is by now familiar. When ré(o; and ré;_;),
viz., r§ and r(£+2), are large, the asymptotic expansions
for the Whittaker functions give

b by _ B(OJ _
D ~r TEF2) T~ ) e TTEFD2
timm/2+1/2—bg))

(147)

(1)[0] ~ (r§)b[°}

F(%m +%+b[0])

X[(E+2)/2] T g=rer2

1
+ 1 1
(sm +7“b[0])

(r&)""01

X[(E+2)72] 8 grrer (148)

[The + corresponds to the sign of arg(ré(o;).] The elim-
ination of the positive exponential e +"¢/2 series from @,
requires that +m + 5 —b[o] be zero or a negative integer.
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biy=m++m++ (n,=0,1,2,...). (149)

Thus bjo; is the unperturbed eigenvalue of Eq. (15). [Cf.
also Eq. (17).]

To get at the cut in B,(r) on the negative r axis, we now
consider the possibility that r becomes negative. It turns
out that bpo; has a different expansion when argr < —.
Notice from Eq. (18) that the singularity at u = —2r,
which originally occurs at an unphysical value of the
physical variable u, moves into the physical domain when
r is negative. Note also that to keep the physical variable
u approximately positive as r is made negative, £ will also
have to be made negative, but in the opposite sense of r,
since u =r£. Further, it will be convenient to match the
two QSC ®’s in the region between their “anchor” points,
£=0 and —2. Consequently the primary region of in-
terest for £ is near —1, and for 2 + &£ near + 1. The
dominant term 7§ in r@po) will be large and stay approxi-
mately positive, while the dominant term r(§+2) in répy)
will become large and approximately negative. The nega-
tive z axis, however, is a branch cut for the Borel sum of
the asymptotic series for W, ,, »(z). The asymptotic ex-
pansion for W, ,,,»(z) above the negative z axis and its
analytic continuation across the negative z axis will differ
by an exponentially small expansion that cancels the
discontinuity in the Borel sum.

To make this last point more precise, let z =e , and
let z' be approximately real and positive. When
argz = —m7—e€ (€>0), the standard asymptotic expansion
for W, . ,(2) is not applicable. The correct expansion
J

— i
Z

i (—1)"e +1riAb{0]

may be obtained by first applying the circuital relation?
(here argz’= —€ <0),

Wompnlz'e ™ =e "W, . p(z'e™)
e""W _y mp2')
(3 ++3m —b)[(5 —+m —b)
(150)

—2mi

’

and then by using the asymptotic expansions for the stan-
dard domains. As a consequence, ®[_,) will now have a
positive exponential series, and bjo; will be different from
ny+ %m +7. Let

bpoy=B""+Aby, . (151)

Also define 8b _,) by
8bi_y=bi_2—b%y= 3 b{¥52nNV+0(Ab) .
N=1
(152)

Note that A has been used exclusively to denote exponen-
tially small quantities. In this case 8b[_,) is not exponen-
tially small, and 6 has been used instead of A.

To determine Abjq), one obtains the following matching
equation, which is the analog of Eqgs. (105) and (120), and
which is a simple consequence of Egs. (55), (58), and
(150):

7~ sin(7Abg)) =

I'(nl +m +1+Ab[0])r(’11 +1+Ab[o])

X 2sin*(w8b( _5))T(ny +2ny +2m +2+8b;_,))T(n; +2n,+m +2+8b(_y))

o ,0)+Ab[0},m/2(r¢(0’)

—mibr _, :
e 1 ]W—b[_zl,m/Z(rd’[—Z]em)

)
e +m(ﬁ‘l )+Abm))

’

Since r is essentially negative, set r = —r':

r'=e™r (argr'=€e<0).

W—B‘no’—Ab[01'M/2(r¢[°]e

- (Imr < —) .
. —2miby _ .
+m) e [-2] Wb[_Z],m/z("lﬁ[_z]ezm)

(153)

(154)

The right-hand side of Eq. (153) is O (r"*¢ ~2') and is also to this order purely imaginary. Consequently we can write

Abpoy=iAb[B]+0(rke=4m)

where

Ay =2m(—1)"

(155)
il
sin“(mdb[ _5)) (2r,)25ﬁ°>_2bi0_>2]—zab[_ne_2,'
77,2
% F(n1+2n2+2m +2+8b[_2])1"(n1 +2n,+m +2+8b[._2])
n(ny+m)
, _ e e ’ -1
(e =iy (L gy _yy) -1 ot 2R it o))
Folni+m +1,n,+ 1;;—("’(#(0])- )
zFo(nl +2n2 +m +2+8b[_2],n1 +2n2+2m +2+8b[_2]; ;—(r’(b[_z])_l) (156)

WFol—ny—2ny—m —1=8b[_,),—ny —2n;—2m —1—=8b[ _,7;;+(r'é;_o) ™"
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~2m(—1)"16n*
nl!(n1+m)!

(ny+2n,4+2m +1)n;+2n,+m +1)!(2 )—4B‘z°’~2 o
e

rl

X 1——51;—;{8n21n(2r’)——4n2+12( 02 —(m2—1)—8n + 128

—4n’[Y(n; +2n,+m +2)+¢(n, +2n, +2m +2)]} +0[r'~*(nr')?]

The complete evaluation of Eq. (156) is somewhat more
tedious than the preceding similar cases because of the
necessity for expanding the 8b(_,) series out from the two
I’ functions, the sin?, the (%d)[_z])_z (=21 and the
2 r')Sb[‘”, the last of which leads to subseries proportion-
al to powers of (2r')~!In(2r'). It is possible to avoid ex-
panding out the generalized hypergeometrics. Since the
expression is really independent of &, it can be evaluated
at a special value of §. If £= o, then the generalized hy-
pergeometrics are evaluated at O where they are unity.

After evaluating A,-b{é}, the corresponding imaginary
doubly-exponentially-small contribution to the discon-
tinuity of B, on the negative axis can be obtained via

w dBN
ABH=Abl 3 ;@{—]5)‘( —2r)N (158)
N=0 1
As for the B, cases, there are also other methods that
avoid derivatives of the RSPT series, but we shall not go
into the details here.

V. EXPANSION FOR E(R)
FROM THE EXPANSIONS FOR B,(r) AND B,(r)

A. Preliminaries

The asymptotic expansion for E(R) in terms of 2R)™!
can be obtained from Eq. (12) for E in terms of B; and j,,
from Egs. (24) and (26) for the RSPT expansions, and
from the various equations of Secs. III and IV for the ex-
J

(157)

|
ponentially small series contributing to [, and f3,, but
only after r has been found explicitly as a function of R
from the implicit Eq. (13), R(r)=r[Bi(r)+By(r)]. The
process is mainly algebraic. The main complication is
that the transformation itself from r to R contains ex-
ponentially small terms. The purpose of this section is to
clarify the process and to sketch the necessary steps.

Note that 3; and 8, appear in E and R (r) only as the
sum f3; + fB,, which we denote by y:

y(r)=By(r)+B,(r), (159)
yM=pgM1 g | (160)
Ay =agl + AR (g=1,2,...), (161)

and so forth. Further, we denote by y, the formal power
series

von= S y™an-V. (162)
N=

0

In the expression of r as a function of R, there will be a
power-series contribution that we denote by 7, and that is
the formal power-series solution of

1 ’}/o(ro(R))
—_— = 163
2rg 2R (163)
By means of Lagrange’s formula,' the solution can in
fact be immediately written:

1 _n, & |n Ny /) P m) - (Y /)™
1 _n - 164
2ry 2R NE_I 2R ,l,,.z,z_,,.v [N+1— S i liylig! iy {164
(iy+2iy+ -+ +Niy=N) k
2 3
() (2) (12
SRR DU S BT B 5 L it ol B
RT|R| 0 T 2R |Tn T2 ' es)
Here 7 is the usual principal quantum number. Note that y'”=n, y'’= —2n2, and that the “natural” expansion param-
eter is n/2R. In a similar fashion the RSPT expansion for E (R) can be written
S ENQR/m)"N=—1y5ry) (166)
N=0
N i i i
—1, L, & |n (N =30y /n) (P /m)2 - - (N /)N
=—>+n - (167)
2n? NE=, 2R i iy IN—Z— > ik ]!illizl- iyl
(i +2iy+ -+ +Niy=N) k
2 1o (1))2
—1 n (0 n 7))
- L 4 n Y S S . 168
o2 *+ 3R 03 +13R " e + (168)
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The aim now is to express the exponentially small series in E, namely AE 1, AE12), etc., entirely in terms of y4(ro),
AyU(ry), AyPl(ry), etc. That is, the AE 9} should be put into a form in which the exponentially small contributions Ar
tor -—r0+Ar are expanded out explicitly as a function of 7y, and the remaining r, dependence can be replaced by its

power series in R, Eq. (164).

Ay, the second with respect to A(r ~ 1), one obtains

E =Egspr +AE=Egspr +AE 4 AE12} 4

= —%?’o (r)+Ay(rivg r)—2 5 [Ay(r)]zy()’4(r)+
— A /drg Dyelre) 21— £ [AG O (d /drg D yolre) 21+ - - -

=—T7Yolro) 2

+Ayo(ro)7o(ro) 31— 3 [Avolro) Plvolro) ™*1+ - - -

The A(r~') can be expressed directly in terms of AE, Eq.
(169); the AE can then be obtained recursively, as will be
shown in the next several paragraphs:

r-'=R~Yy=RN=2E)""=ry'+A(r7Y), (172)
A(r~" =R 'AE[(—2Egspr) "]
+ 3R~ NAE)[(—2Egspr) ]+ - - - (173)
=AE[rg 'yo(ro)]
+3AE[rg 'yolro)* 1+ -+, (174)

where E =Egspr+AE has
1 —
Egspr=—71%0(ro) 2

been expanded around

B. First exponential order

From Egs. (171) and (174) the following preliminary
formula for AE !} can be obtained:

Aym(ro)

AEM =
Yolro)—rg 'vd(rold /drg

1 .79
)’)’0("0)
The final formula for AE{!) results from inserting Eq.
(164) for ry mto Eq. (175) and using the appropriate equa-
tions for Ay!'}(ry) developed in previous sections: Egs.
(64), (65), (69), (83), (126), (127), and (159)—(161). The

first few terms are

AEWM =+

0)
(2R /n)zﬁ& e—R/n —n
- n3n2!(n2+m)!

L [2nB0 —4(BY)?

+B8"+2n%1+0(R™?)

(176)

C. Imaginary second exponential order;
more on the approximate formula of Brézin and Zinn-Justin

In exactly the same way that Eq. (175) was obtained,
one gets for the imaginary second-exponential-order

In fact by two successive expansions of E = — ¥~ [Eq. (12)], the first with respect to

(169)
(170)

+A(r=)d /dry DAY (ro)volre) 31+ - -
(171)

series, i.e., the imaginary part of AE'?) when R is real and
positive,

AEP =A EP 4 iNEP
Ai?’m(ro)
varo)—rg & ro)d /drg Ny olre)

177

AEP = (178)

When the series (164) for r is substituted into the denom-
inator and into the appropriate expressions for A2,
then one gets the desired formula for A;(E){?). Up to two
terms (but not to three) the formula is, except for sign,
7n? times the square of AE !}, Eq. (176):

AER =37n3AEMY[14+0(R7?)] (£ImR >0) .
(179)

Apart from the adjustment by the factor n>, this result is
the approximation of Brézin and Zinn-Justin,'”> demon-
strated to be valid to only two terms for the ground state
by Cizek, Clay, and Paldus'® numerically, and by Dam-
burg and Propin analytically.!* In fact, it is not difficult
to see that the exact relationship is

, AED
(AE)

+7Th

n3(d /dBY)volro)

3 5 — (180)

Yolre) —rg yo(ro) (d/drgy " )yolrg)
—(2r0)" 4B +0(r=3) (181)
=1—(Q2R/n)"24B%n +O(R ) . (182)

Thus, exactly two terms are given correctly by the gap-
squared formula for every state.

D. Real second exponential order

The extraction of the real second-exponential-order
series for A,E ! is more tedious, as can be seen from the
following equation obtained from Egs. (171) and (174),
and in which all quantities are to be evaluated at r =r,
the power series given by Eq. (164):
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AEPR =y53A,y 3 — 2y 5 Ay 4y A EP g dyordrg )
+AEY[yg rg M d Ay /drg ) = 3y5 Ay Vrg Hdye/dre )]
+AEM2(3r5 U dyo/dry ) + Tyorg 2ld o /(drg 21— 31 Hdyo/drs ') . (183)

The leading term comes from AE!Uyg'rg ' (dAy!"} /drg!), since r—'(d /dr —')e “"=re ~". Consequently we obtain for
the first few terms of A, E (2

(A R0 A2 3, =lAyll})2
ArEm=AE Ayl (ro 2/_3‘? )[1+0(r“2)]+ ;y 2_2170 7_1 (184
Yo—ro (dyoe/drg ) Yo—vYoro (dyo/dry )
=R(AE" )y [1—(2ry) '34+2B8)+0 (rg H]1+n 38,63 [14+0(r5 )], (185)

and finally,
A (E) =nR (AE!)? 1—2—’;—[3+23(20’+2n2+2n11/(n2+1)—+—2m//(n2+m +1)]+5'1’?[4n In(2R /n)]+O(R ~2)

(186)
Note the term (n /2R)In(2R /n).
E. Discontinuity in E (R) for R negative

The last expression we obtain in this section is for the discontinuity of E across the negative R axis, namely,
E(e~™R')—E(e*™R’), with argR’=0. The contributing ex?ressions are Eqgs. (156)—(161), (171), and (174). By the
same logic that led to Egs. (175) and (178) for AE!"} and A;E?), one can see that with ry = —r(,

E(e"™R')—E(e*™R’)

iA: B
e 'B} = , (187)
Yol —ro)—ro~ vol—rold/dro™ )yol—rop)
=in A [1+0(r5™)] (188)
i (—1)™16n (ny+2ny,42m + 1) (n +2n,+m + 1)} (2R'/n)~45‘20)_2e 2R Jm+2m
nl(n,+m))

X 1_2—;’!;7[8n21n(2R'/n)+12(/3‘2"’)2—(m2—1)—8ﬁﬁ°’+4ﬂ‘z°’

—4n [ Y(n;+2n,+2m +2)+¥(n, +2n,+m +2)]— 12080 —4n —8nBY’1+O[R'~X(InR")?] | .

(189)

I
Again, notice the term (n/2R’)In(2R’/n). where again, this integral is meant only in the sense of
power-series expansion. The discontinuity in ] is given
V1. DISPERSION RELATIONS AND ASYMPTOTICS by Eq. (124), which is F2 times the imaginary series
OF THE RSPT COEFFICIENTS entering the expansion for B, when +Imr >0. This fact,
along with the expansion of the denominator (z —r) in a
Dispersion relations are pertinent to the large-N  geometric series, gives [cf. Eq. (100)]
behavior of the RSPT coefficients, whose asymptotic
behavior they permit to be expressed as moments of the

discontinuity of the imaginary part of the eigenvalue N ® o N—1AR(1](12
across the real axis. Dispersion relations arise from 2T f 0 (22.) Ab!l(zrg (2)d (22) (19D
Cauchy’s integral formula by enlargement of the contour ~a! f °“%(22)1" ~1A,B83(2)d (22) (e>0) (192)
to wrap around a branch cut. (These are standard argu- 0
ments. See, e.g., Simon.?3) __ (NA4n+2m + 1)
Consider first the B, RSPT series, whose Borel sum is (n)?[(ny+m)?
Bi(re =) for Imr >0 (see Sec. IIII). One is led to the 02« o0 2
formula (see Sec. IV of Ref. 6 for a rigorous discussion) x [1— 12(," +4B;" —m*+ 1 +O(N™Y)

1 w Bi(re ~™)—B(re ™) N+4n,+2m +1
== : dz,  (190)

( ~1ri)_
Fitre z—r (193)

T 2w
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In this way the discontinuity in B}(re ™), which is imagi-
nary and of second exponential order, determines the
asymptotics of the RSPT 85".

Similar considerations apply to the RSPT series for 3,
which is Borel summable to the eigenvalue of the modi-

fied Eq. (15) when B)(re~™) is used for B,. (See again
Ref. 6 for the rigorous details.) Since, however, B,(r) also
has a cut for negative r, as well as the cut for positive
induced by the cut in 8(re ~™), there are two terms in the
dispersion relation:

]
—By(ze ™)+ By(2)

- (z)—Bi( 21Ti) 0
1 I Bi(z) —By(ze dz o)
z

Bilr)= o — Ryl g P dz (194)
1 » Bi(z)—PB(ze*™) 1 w By(z'e "™)—By(z'e t™) ,
T omi fo Z—r _‘d2+§,7 0 Z4r dz . (195)

As for the 8] (.e, B;) dlsperswn relation, the dlscontmulty on the positive axis, B,(z) —B,(ze*™), is imaginary and of
second exponential order: it is T2 times the (4 Bi )ing Of Ecﬁ (126) and (127). The discontinuity on the negative axis is
given by Eqgs. (156)—(158). Just as for B, one obtains for f3;

oo +i
BNV~ [T 22 (A B (D] ad (22) 4 (2 [ (—2z')N-‘A,-Bl”(z')d<zz'> (e>0)

(N +4n,y+2m)! 4880 (B +12(8

0)
(na!2[(ny+m) l :

+(_1)m+N-——116 4

N +4n,4+2m

(ny+2ny42m +D)n;+2n,+m + 1)

n(ny;+m)

4an2— 128 +m2—1+12n — 128
N —4n,—2m —5

4n*[2(N —4n, —2m —5)—

1+

Y(n,+2n,4+2m +2)—

N —4n,—-2m -5

Note that the dommant asymptotlc behavior coming from the positive cut is a same-sign (N +4n,+2m),

down is an alternating-sign contribution that also involves a InN dependence, since
Because of its relative smallness, the alternating-sign contribution is not immediately apparent

4
buried a factor of N TP+

Y(N)~InN +O (N 1),

(196)
2— (1448 (m2-1)
461 )m +O(N™2)
(N —4n,—2m —5)!
(ny+2 2)
Yot 2natm 421 v -2nn)] (197)
but that

from a numerical table of the 8", but careful numerical analysis can detect it.

Slmllar considerations apply to the RSPT

series for

E(R), which is Borel summable®® to

-3 [B’,(roe ~'T) 4 Bi(ro,B1(roe ~™))] 2. That is, instead of the real B, of Eq. (11), one puts into both Egs. (10) and (12)
the analytic continuation of the ) of Egs. (113) and (114). There are two cuts in this Borel sum, with the key second-

exponential-order quantities given by Egs. (172),

o +i
EN—q=! [ “Q2z/mV10,ER (2)d (22 /n)

(173), and (182). The resulting asymptotics for the EV

+(zm—‘f (2z'/n)¥ ~'[E(R'e~™)—E(R'e *™)]d (2z' /n) (198)
e ™ 4n By —8(B5") +2B5" +4n’
~— N +4n,+2 |1 O(N~2
n3(n2!)2[(n2+m)!]2( Hana2m + D1+ N +4n,+2m +1 +0! )
, (n;42n,42m + 1)K 2n,+m + 1)
(= pymaNlganygys TNTTRTIR T T TIMAM AP 4 _2m —5)
n’n(n;+m)
i 12n2 =128 +m?—1+12n — 128 —4n B
N —4n,—2m —5
4n[2¢(N —4ny —2m —5)—h(n, +2n,+2m +2)—P(n, +2n,+m +2)
- id 2 pin, +2n, v +2n, Lrov=2mmn | (99)
N —4n,—2m —5

Again, note the alternatmg-mgn contribution that is down
6+8n,+4m

by a factor of N from the dominant same-sign

(N +4n;+2m +1)! behavior. The alternating-sign con-

tribution is not readily apparent from a table of the E'V,

but careful numerical analysis can detect it. In fact, it

f

was this unsuspected alternating-sign contribution that
was responsible for the prior difficulty in carrying out the
Bender-Wu analysis of the numerical E'Y’ for the ground
state.!> This point will be discussed in more detail in
Secs. IX and X.
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VII. JWKB-LIKE FORMULATION

The purpose of this section is to simplify the practical
procedure for calculating the O(e™") and imaginary
O (e %) expansions for B; and B,. The procedure so far
involves three steps: (i) solution of a Riccati equation for

% Eq. (35); (ii) determination of the index shift, e.g.,

“ of Eq. (64) (iii) determination of the ratio ¢g(r) by,
e.g., Eq. (69) or (83). What complicates the procedure is
the presence of ¢~! and ¢~ in the Riccati equation,
which is the consequence of starting from the Whittaker
confluent hypergeometric function. The alternative is to

We assume for S (7,7) an expansion of the form

S(n,r)~ 2 SMm2n—Nyorke ),
N =0

(202)

where in fact the SY)(77) can be obtained directly from
the QSC wave function by using the asymptotic expansion
(56) for the Whittaker function and then rearranging
terms appropriately. For instance, Egs. (200) and (61) im-
ply that

A(dS/dn) 12—/

start from an exponential function—i.e., the JWKB-like (_1)"2(2,.)5(20)
form—which leads to a much simpler Riccati equation, =~(nz+—m)!
but which then requires a “connection formula” and an
alternative method to calculate g (7). B Y 1
The JWKB-like form for the QSC wave function ®, XNt (2—m) e M 14+0(r7)]. (203)
[cf. Egs. (31) and (32)] is
Then,
=(dS/dn)~""HAe ">+ Be +"57%) , (200)
—1400. | 2—7 2
where S =S (7,r) satisfies the Riccati equation, S=c+n+(2r) 43(2 In 7 +0(r™), (204)
0)
1 |ds 1 B |1 1 A =(— 1"+ finy 4 m), (205)
dn 4 4 |n 2-7 where ¢ is a constant (with respect to 7) related to the
2 normalization (see below).
m—1 1, _1 The main point, however, is not to obtain the S’ from
ar* |m 2-7m the 'V, but figuratively the reverse, because the SV are
1 [ ds 172 d2 ds —12 much easier to obtain directly from Eq. (201) than the
- |5 201)  ¢'™ from Eq. (35). For instance, given already that
r’ |dn dn’ dn dS'®/dn=1, then for N > 1, SV satisfies
]
N—
dS™M/dn=—+ 2 (dS™® /dn)dSN =R sdn) -4 ~Vp~'+2—m~1

k=1

+28y,(m? = D[~ '+ 2—n) "' —8[(dS /dn)"/Hd*/dn*)\dS /dm)~

from which it follows that (see also immediately below)

dSV/dn=—4 [ ' +2—m~ 1], (207)
SU= 4480n %—71 : (208)
S /dn=—8(BY )V [n~ " +(2—m) ']

—48 I~ +(2—m)1]

+2(m2—1 [~ '+Q2=p)~ 12 (209)
Bl =2+ +(m?-1), (210)
S‘2)=—4B(2”[77“—(2—11)“] , (211)

and so forth. There are two tricky points. The first is
that the Riccati equation (201) involves only derivatives of
S, and not S itself. The integration constants implicit in
Eqgs. (208) and (211) are therefore not determined by the
Riccati equation; they will be explained in the next para-
graph. The second point is that, apart from SV, the $'V)
for N >2 cannot have a Iny dependence. That is, 5~ ~"
has the value that eliminates the % ~' term from the recur-

1/2](N—2) , (206)

I
sive Eq. (206) for S'¥). A most important practical conse-
quence turns out to be that for N >2, dS'¥'/dy is a poly-
nomial Py(n~!) in 7! of degree N, with no constant or
first-order term, plus a similar polynomial in (2—7)~".
Moreover, because of the symmetry of Egs. (201) and
(206) with respect to n—2—1, it follows that

dS™ /dy=Py(n~")+Py[(2—m) "] .

Thus, the S'¥ for N >2 have a much simpler structure
than the 'V in that they are polynomials requiring only
N —1 coefficients, and they have no complicated logarith-
mic terms.

Now we return to the integration-constant problem,
which affects both the absolute normalization, which can-
not be determined from the differential equation anyway,
and the relative weights of the e ¥™5/2 components, which
is a connection-formula problem solved here easily be-
cause the overall Schrodinger equation is symmetric under
n—2—mn. The solution is to make SV satisfy

SM2—n)=sM(y),
and to take A /B in Eq. (200) to be *+1.

(212)

(213)
This then fixes
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also S,

§O=y_1, (214)

as well as the integration constants for all SV,

However, there are still two major remaining problems:
how to get ABL! and A;B1% from @, in IWKB form. In
Sec. III the procedure depended first on calculating the
Whittaker index shift, which does not occur here, and
second, the ratio ¢ (7). Here we can obtain AB&” from the

two functions &5,
O =(dS /dn) = e "2 1o+ @13)

via the standard current density formula, Eq. (79), which
here becomes

2AB£”=—2/ fon(dS/dn)_l(e"S——e’s)
X[~ '+ Q=) dy (0«<n<<2).
(216)

By the same argument as in Sec. IIIE, Eq. (216) can be
put in the form

AB;ll=_e-—r/ fow (ds/d,r,)—le—r(s+l)
X[~ '+Q2—n)~dy, @17

where the integral in Eq. (217) is meant only in the sense
of a series in (27)~!, obtained by appropriate expansion of
J

N-—1
dT™/dn=—
k=0

the integrand, followed by integration term by term.

The determination of the imaginary second-
exponential-order series A,-B&Zl could also be obtained
from the JWKB function by a current-density formula, if
one had the requisite connection formula. Unfortunately,
we have not found a way to get the right formula without
going directly through the Whittaker function. However
we can get A,-B&zl via Eq. (101) from the square of AByf
and from gq(r), the latter of which can be solved for
directly in the JWKB approach. Note that
q(r)=dB2,RspT/dB‘2°) is a series in (27) 7! [Eq. (69)]. Let

TN (n)=dS‘V(n)/dBY . (218)

Then T and g(r) satisfy an equation obtained by differen-
tiating the Riccati equation (201) with respect to 85:

vasar_ o f1
2dndn roaln) n+2—17
-172 -1
_atdr(as |7 a2 (as
2dn |dn dn? |dn
-12 -3
Ll |as |7 ar [as | ar
2 |dy dn? |dn dy
(219)

Further, by taking the 85’ derivative of the recursive Eq.
(206), one obtains

3 @T®/dn)dS"V =9 /7dn)—4gV ~V[p=1 42— 1]

—4[(dT /dn)(dS /dn)~2d?/dn*)(dS /dn)~ "

—(dS/dn)'/2(d?/dn*)dS /dn) >/ 2dT /d )]V 2.

One then finds (recall that ¢'”=1) that

TO=0, (221)
dr'V/dn=—4[n"'2—9) "], (222)
TW=44In —2% , (223)
dT® /dn=—168Y[n~ ' +(2—n)~ '

—4¢ V[ '+ 2—-m], (224)
qg'V=—4p, (225)
TP=168Y[n"'—2—m'], (226)

and so forth. As is by now a familiar argument, the value
of ¢'W—1 is obtained by eliminating the %! term in the
equation [Eq. (220)] for dTY/dyn for N >2. In such a
way ¢ (r) can be obtained, and consequently A; Bﬁ” via Eq.
(101).

Finally, we consider the two contributions to pB;:
apfY +iA;B{*)ng and iABIH(—r) (the discontinuity at

(220)

I

negative r). The induced terms are needed to high order.
They can be calculated from Eq. (127) with the RSPT
wave function, and thus require no further comment. The
discontinuity for negative r, on the other hand, will not be
taken further than the few orders given here explicitly,
and so the JWKB approach will not be sketched.

This now completes the theoretical discussion of the
computation of the asymptotic expansions for 8, B,, and
E. In the remaining sections we give numerical illustra-
tions of the various terms in the expansions, their asymp-
totics, and their interrelations.

VIII. NUMERICAL CHARACTERIZATION
OF THE B, SERIES

In this section we tabulate and discuss the asymptotics
for the various series contributing to the asymptotic ex-
pansion of B3,. First we list in Tables I—III the terms of
the RSPT series, the exponentially small gap series AB%”,
and the doubly-exponentially-small imaginary series
A;B8, all through fifty-first order in (27)~!, for the
ground state (for which n, =0 and m=0) and for two ex-
cited states for which n, and m are (1,0) and (0,1). We
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TABLE 1. Coefficients for the RSPT series, the AB}!! series, and the A; B} series, as defined by Egs. (26), (227), and (228) of the
text, for the (n, =0,m=0) ground state of 3,.

Coefficient

N e

RO

IREL )

0 5. 00000 00000 00000 00000 60000 000 x 10~
i -1, 00000 00000 00000 00000 00000 000 x 10
2 -1,00000 00000 00000 00000 00000 000 x 10
3 -4.00000 00000 00000 00000 00000 000 x 10 ©
4 -2.30000 00000 00000 00000 00000 000 x 10
S -1, 64000 00000 00000 00000 00000 000 x 10
6 -1.36200 00000 00000 00000 00000 000 x 10
7 -1, 27440 00000 00000 00000 00000 000 x 10 ¢
8 -1, 31707 00000 00000 00000 00000 000 x 10
9 -1, 48424 40000 00000 00000 00000 000 x 10 ¢
10 -1,80783 02000 00000 00000 00000 000 x 10 ’
11 -2, 36476 47200 00000 00000 00000 000 x 10 8
12 -3.30587 16700 00000 00000 00000 000 x 10
13 -4, 92007 90504 00000 00000 00000 000 x 101
14 -7.77049 28925 20000 00000 00000 000 x 101
1S -1.29849 09942 92800 00000 00000 000 x 1013
16 -2, 29119 96110 22270 00000 00000 000 x 101*
{7 -4,75726 70215 18900 00000 00000 000 x 10°
18 -8, 31362 93369 26679 00000 00000 000 x 1014
19 -1. 70286 51859 52650 20000 00000 000 x 1018
-3, 65163 71245 95240 29140 00000 000 x 1017
-8, 18363 62546 55226 91640 00000 000 x 1020
2 -1,91352 06010 34558 15834 84000 000 x 1022
23 -4, 64085 99868 46674 53748 97600 000 x 1023
4 -1, 18087 09875 31777 21528 18974 000 x w
S -3, 10748 72059 67308 72311 17543 200 x 1028
26 -8, 48404 03159 03761 99466 43743 720 x 1027
21 -2.39970 72843 52675 68333 74424 049 x 102
-7, 02431 79168 22741 72523 31191 884 x 103
9 -2, 12551 33457 44545 09323 16169 555 x 1052
30 -6 64185 83025 05175 43644 14242 241 x 1033
3 -2, 14120 94328 88922 08476 94351 560 x 105
32 -7, 11497 97941 70243 53743 47647 260 x 103
33 -2.43476 01998 75947 84045 16985 059 x 1058

1, 00000 06000 00000 00000 00000 000 x 10 ©
-4, 00000 00000 00000 00000 00000 000 x 10
-3, 00000 00000 00000 00000 00000 000 x 10
-2, 00000 00000 00000 00000 09000 000 x 10
-1, 46000 00000 00000 00000 00000 000 x 10
-1, 24000 00000 00000 00000 00000 000 x 10 3
-1, 18390 00000 00000 00000 00000 000 x 10
-1, 24324 00000 00000 00000 00000 000 x 10
-1, 41449 00000 00000 00000 00000 000 x 10 &
-1, 73543 12000 00000 00000 00000 000 x 10 /
-2, 27232 04200 00000 00000 00000 000 x 10 B
-3, 16578 38160 00000 00000 00000 000 x 10 °
-4, 67728 16692 00000 00000 00000 000 x 1010
-7, 30893 64286 40000 00000 00000 000 x wi
-1, 20530 61361 62700 00000 00000 000 x w
-2, 09349 93948 78740 00000 00000 000 x 1014
-3, 82297 43917 58058 00000 00000 000 x 101
-7, 32739 10035 20413 40000 00000 000 x 10
-1, 47167 45118 75833 30200 00000 000 x 1048
-3, 09248 48922 41491 97040 00000 000 x 1027
-6, 78854 08446 99841 64988 00000 000 x 1020
-1, 55445 81487 12466 64800 80000 000 x 1022
-3, 70764 85294 68338 29993 46200 000 x 102
-9, 19903 08925 25069 64112 14480 000 x 1024
-2, 37105 59152 59405 74586 84410 000 x 1026
-6, 34097 00820 77188 20855 34988 320 x 107
-1, 75738 83051 43272 09774 64771 848 x 102
-5, 04182 10457 38398 35811 33937 983 x 10%0
-1, 49571 64288 09147 61657 52989 120 x 103
-4, 58365 26145 22014 91608 59148 195 x 10
-1, 44962 62146 16932 19240 75245 053 x 1035
-4, 72499 40495 98641 44352 22329 589 x 1038
-1, 58789 82879 84435 97550 95887 989 x 1038
-5, 49048 73994 89535 01901 11200 499 x 1037

1, 00000 00000 00000 00000 00000 000 x 10 ©
-4, 00000 00000 00000 00000 00000 000 x 10 °
2. 00000 00000 00000 00000 00000 000 x 10 O
-1, 60000 00000 00000 00000 00000 000 x 10 *
-1, 31000 60600 00000 00000 00000 000 x 0 °
-1, 18400 00000 00000 00000 00000 000 x 10 3
~1. 18100 00000 00000 00000 00000 000 x w
-1, 27960 00000 00000 00000 00000 000 x 10
-1, 49465 40000 00000 00000 00000 000 x 10
-1, 84934 68000 00000 00000 00000 000 x 10
-2, 49095 24400 00000 00000 00000 000 x 10
-3, 52338 30400 00000 00000 00000 000 x 10, 9
-5, 27508 14163 00000 00000 06000 000 x m
-8, 33998 05415 40000 00000 00000 000 x w
-1, 38965 93049 57800 00000 00000 000 x 1013
-2, 43408 16100 60240 00000 00000 000 x w“
~4. 48542 46645 13802 00000 00000 000 x 10 5
-8, 64093 78935 33990 80000 00000 000 x 1026
-1, 75413 16654 27886 86800 00000 000 x 10
-3, 70189 81237 24444 08440 06000 000 x 1017
-8. 17064 4365 64111 78302 00000 000 x 1070
-1, 88020 75120 84454 55611 40000 000 x 1022
-4, 50486 43609 14752 88996 53200 000 x 10‘3
-1, 12031 29845 29462 33492 30384000 x w‘
2. 90371 73545 26023 57540 80244 000 x w
7. 79251 53228 08283 84083 62822 940 x 1027
-2, 16661 87672 77887 09457 84670 735 x 102
-6, 23434 80127 14026 00283 15075 752 x 1030
-1, 85459 34956 33853 10071 88516 430 x 10°2
-5, 69801 46494 80673 26407 95454 135 x 103
-1, 80636 35257 23279 36841 49310 267 x 103
-5, 90342 08831 68024 20850 41900 585 x 103
-1, 98723 43570 83596 13745 71503 926 x 10
-6, 88476 83858 90553 46740 93238 203 x 1039

-2, 45295 71861 49525 55312 40654 798 x 104!
-8. 98116 61087 52749 84174 49544 320 x 103
-3, 37687 21026 81779 45823 79481 983 x 1044
-1, 30300 74990 96156 42092 56503 281 x 104
-5. 15849 19022 80787 89237 56353 474 x 10} I
-2, 09457 84455 26994 94656 43290 908 x m
-8, 49071 33574 32356 42848 37178 851 x 10°0
-3, 69707 50313 40410 25599 19234 567 x 10°°
-1, 60935 99125 18770 97479 16088 058 x 10°%
-7, 16506 99757 94250 99220 85582 926 x 1057
-3, 26099 00973 70612 52788 02417 622 x 1057
-1, 51648 59630 26241 83995 46170 341 x 1059
-7, 20246 80972 58068 07728 82973 260 x 105
-3, 49243 55429 46068 17903 53647 809 x w‘“
-1, 72808 26954 32021 67269 69868 230 x 10%4
-8, 72227 43608 43794 99073 75183 599 x 105°
-4, 48909 20002 24446 57754 83776 332 x 10‘7
-2, 35500 24637 87773 35815 26898 324 x 1087

-1, 95258 70796 48423 03941 78559 903 x ao“
-7. 13671 83784 92300 82039 52528 491 x 10} 2
-2, 67897 35693 68627 74424 09797 058 x 1044
-1, 03211 43799 72823 92389 66487 791 x 104
-4, 07848 00503 49129 07760 85440 066 x 1047
-1, 65201 67304 14025 34334 48890 893 x 10
-4, 85524 00386 77524 26835 40750 117 x 105
-2, 91260 01443 40255 49058 66339 557 x 1052
-1, 26636 09070 46195 03421 76231 613 x 10°4
-5. 63158 90714 31873 69861 52625 228 x 105
-2, 56028 91040 18442 42650 46072 008 x 1057
-1, 18940 07040 37408 89247 32088 544 x 10°7
-5. 64356 2351 95807 13378 84842 863 x 1060
-2, 73386 47676 07054 08529 73618 875 x 1082
-1, 35450 99684 21553 94756 34420 727 x 104
-6, 81564 40356 14582 87447 90262 544 x 1083
-3, 50488 21329 08820 26687 38878 986 x 107
-1, 83720 85116 61938 24749 17709 789 x 1057

34 -8.57333 80344 53255 41652 72258 532 x 10°7
3 -3, 10396 56319 28989 55910 55864 809 x 10
3% -1 15461 29420 60419 29018 30718 129 x 1043
30 -4, 40964 88093 35437 27414 23730 083 x 10
38 -1, 72794 59793 86441 83558 55102 283 x w“
39 -6, 4287 54341 40981 30809 13866 808 x 103/ 47
40 -2.85870 36167 95211 42358 58706 384 x 10%
41 -1, 20550 51343 76258 72332 02260 750 x 107
42 -5,20355 49106 85414 14568 64618 160 x 1

43 -2, 29791 48486 18532 42914 00762 910 x 1054
4 -1,03765 25193 10435 21015 42299 284 x 10°
45 -4, 78900 15564 75344 94313 70950 205 x 1057
46 -2,25794 09433 59019 65094 16354 837 x 10°
Q -1, 08708 24854 82559 41044 75467 189 x 1081
48 -5,34207 78495 67110 04754 84898 385 x 10°
49 -2.47841 84985 57226 31974 80156 238 x 1054
SO -1, 36940 98468 24709 74345 22170 539 x 108
S1 -7, 14005 39439 56397 53456 22192 581 x 1087

. . 0
use the notation ¢!'™ and ¢!V for the series coeffi- (27—

cients for the two exponentially small quantities [cf. also Aiﬁf* =¥ m
Eqgs. (54) and (99)]:
x i 21N =N
N=0
Notice that the coefficients (at least those with fewer than
the maximum number of significant digits) appear to be

(+Imr >0). (228)

L2
ng_'('lz +m

AglY = i cW®Rn=N - (27)
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TABLE II. Coefficients for the RSPT series, the AB)'! series, and the A;B{% series, as defined by Egs. (26), (227), and (228) of the

1/R EXPANSION FOR H,*: CALCULATION OF ...

text, for the (n, =1,m=0) excited state of 3,.

Order Coefficient
N N ROL 20
0 1, 50000 00000 00000 00000 00000 000 x 10 1, 00000 00000 00000 00000 00000 0 x 10 O 1, 00000 00000 00000 00000 00000 0 x 10 °
{  -5,00000 00000 00000 00000 00000 000 x 10 0 -2, 00000 00000 00000 00000 00000 0 x 10 1 -3, 40000 00000 00000 00000 00000 0 x 10
2 -1,50000 00000 00000 00000 00000 000 x 10 | 7. 90000 00000 00000 00000 00000 0 x 10 3. 82000 00000 0000 00000 00000 0 x 10 °
3 -1, 24000 00000 00000 00000 00000 000 x 10 2 -1, 40000 00000 00000 00000 60000 0 x 10 -1, 80000 50000 00000 00000 00000 0 x 10
4 -1.40100 00000 00000 00000 00000 000 x 10 3 -1, 44900 00000 00000 00000 00000 0 x 10 3 2. 75900 00000 00000 00000 00000 0 x 10 3
S -1, 89080 00000 00000 00000 00000 000 x 10 -2, 71800 00000 00000 00000 00000 0 x 10 * -1, 28420 00000 00000 00000 00000 0 x 10
6 -2.87790 00000 DOO0C 00000 00900 000 x 10 O 5. 29102 00000 00000 00000 00000 0 x 10 -2, 29554 00000 00000 00000 00000 0 x 10
7 -4,79032 80000 00000 00000 00300 000 x 10 ¢ -1, 07478 00000 00000 00000 06000 0 x 10 -5, 00120 00000 0000 60000 00000 0 x 10
8 -8 55929 01000 00000 00000 00000 000 x 10 -2, 25598 17700 00000 00000 00000 0 x 10 & -1, 11861 67700 00000 00000 00000 0 x 10 8
9 -1, 62192 49080 00000 60000 00000 000 x 10 ° -4, 92147 11960 00000 00000 00000 0 x 10 -2, 57053 15820 00000 00000 00000 0 x 10
10 -3, 23250 48704 00000 00000 00000 000 x 100 -1, 10988 94357 40000 00000 00000 0 x 1011 6. 06569 00350 00000 00000 00000 0 x 1010
14 -6, 73608 46023 20000 00000 00000 000 x 1011 -2, 58205 23355 44000 00000 00000 0 x 1012 -1, 46892 76000 40000 00000 00000 0 x 10
12 -1, 46142 79030 98400 00000 00000 000 x 1013 -6, 18612 91921 55800 00000 00000 0 x 1043 -3, 44875 11428 09800 00000 00000 0 x 1043
13 -3.29060 69379 12680 00000 00000 000 x 101! -1, 52432 98050 56740 00000 00000 0 x 101° -9, 29198 45888 50280 00000 00000 0 x 1014
14 -7, 67143 36414 01820 00000 0000 000 x 103 -3, 85941 36242 03950 00000 00000 0 x 1016 -2, 42511 91536 09848 40000 00000 0 x 101
15 -1, 84843 79970 8064 24000 00000 000 x 107 -1, 00330 60726 60789 13600 00000 0 x 10 -6, 48485 69907 24364 80000 00000 0 x 1047
16 -4,59699 61209 97360 74900 00000 000 x 1038 -2, 67663 65632 22320 18290 00000 0 x 1017 -1, 77635 67105 06533 32930 00000 0 x 1017
7 -1, 17879 08355 24043 11160 00000 000 x 1020 -7, 32537 77992 96708 57596 00000 0 x 1020 -4. 98393 90973 42652 50038 00000 0 x 1022
18 -3, 11421 63901 20289 86921 00000 000 x 1022 -2, 05610 83355 15227 58653 66000 0 x 1022 -1, 43219 30202 07249 22611 42000 0 x 10°2
19 -8, 47414 92481 05832 81940 88000 000 x 1022 -5, 91784 77055 13196 97774 55200 0 x 1 -4, 21508 26751 34774 24225 84800 0 x 102
20 -2.37139 51306 64353 18768 28440 000 x 102¢ -1, 74636 02638 88521 58796 86498 0 x 102° -1, 27053 00054 98321 50863 56998 0 x 102°
M -6, 82900 54018 38489 37056 42440 000 x 102 -5, 28348 72967 01142 31949 67452 0 x 1028 -3, 92228 94820 09263 65812 14534 0 x 1026
22 -2,02232 39028 84232 49825 83059 240 x 1027 -1, 63868 19398 02560 95274 51599 7 x 1028 -1, 24013 69787 85037 54869 30185 5 x 1028
23 -4, 15665 56058 54913 21565 94472 080 x 1 -5, 20985 42615 91048 09353 90467 0 x { -4, 01576 13158 67891 81492 67074 6 x 1027
2 -1, 92622 25472 07042 01876 03172 196 x 10°7 -1, 69776 42417 31158 08294 82577 0 x 103 -1, 33173 39805 98400 16783 83876 6 x 10°
3 -4 19158 27043 12407 71637 60630 245 x 1031 -5, 67028 20309 90721 47662 47606 1 x 10°2 -4, 52261 32888 36149 44349 21485 5 x 10%
2 -2.04405 42323 48321 89800 46461 406 x 1033 -1, 94066 31196 26219 37473 29205 7 x 10°¢ -1, 57268 35502 19543 78418 88854 0 x 1034
2 -6, 92841 54288 88016 44480 78189 018 x 1 -6, 80524 07901 98263 84893 67740 8 x 10% -5. 59907 95879 18291 13573 03940 2 x 103°
28 -2, 41031 48241 35442 14985 99921 841 x 10° -2, 44456 11469 58322 27853 54574 2 x 1037 -2, 04053 92869 53159 10947 16949 2 x 1037
29 -8, 60303 70949 35033 61034 45996 990 x 107 -8, 99343 52514 02760 98447 98358 7 x 1038 -7, 61101 84968 89220 24321 04967 S x 1038
30 -3. 14920 34143 86974 19796 00692 752 x 1057 -3, 38773 08077 53254 59474 22324 9 x 10 -2, 90478 93346 26483 11651 43846 8 x 1010
M -1, 18180 88928 18561 80957 84905 142 x 104 -1, 30626 55389 85574 10499 99715 9 x 1042 -1, 13410 82383 50151 49426 32699 2 x 10%2
32 -4,54478 68051 15425 64706 98675 558 x 1042 -5, 15424 58570 19095 02936 34729 7 x 1043 -4, 52842 75237 74185 49325 41237 6 x 1093
33 -1, 79026 95612 40790 23279 03640 767 x 10%4 -2, 08053 24720 25534 63296 61777 0 x 10%° -1, 84871 98441 10222 11599 98361 { x 10%°
M -7,22069 78673 35164 79148 43644 151 x 10%° -8, 58852 10932 50696 42439 84301 2 x 10 -7, 71431 74222 19582 71894 45968 7 x 10%4
35 -2,98046 04197 44885 29279 22693 454 x 10 -3, 62453 24148 46241 86913 83649 4 x 10 -3, 28923 03154 46304 15004 74978 2 x 108
3% -1, 25873 95363 48933 92704 37018 582 x 10%7 -1, 56324 71918 70763 86589 89602 0 x 10°0 -1, 43260 38556 26793 60235 53027 7 x 10
3 -5.43586 22412 53563 50247 58601 235 x 10°0 -6. 88805 25148 76714 26733 14015 2 x 10° -6, 37170 76617 73232 33429 33548 5 x 1071
38 -2,39956 11218 74005 14118 81227 428 x 1072 -3, 09962 46018 18145 40738 35073 6 x 1033 -2, 89298 01806 22921 36021 74676 4 x 107
39 -1.08230 75925 96434 51732 05279 466 x 10° -1, 42402 25909 58260 78956 41689 7 x { -1, 34046 94982 60535 48097 75340 5 x 103
40 -4,98601 23372 61673 79697 98421 501 x 10°° -6, 67686 03852 12598 42070 65582 9 x 1056 -6, 33655 04597 44654 11445 74583 0 x 10
41 -2, 34515 66937 30906 89225 10321 332 x 1057 -3, 19396 11943 63196 89651 27737 1 x 10°8 -3, 05490 11323 29236 55442 10253 5 x 10
2 -1, 12575 13345 75148 07995 20637 080 x 10°° -1, 55827 96259 78041 30025 50082 9 x 10° -1, 50160 31266 46630 39406 28205 1 x 10°
43 -5,51322 35319 95889 34088 37293 762 x 1080 -7, 75137 20404 41128 23447 33637 7 x 1084 -7, 52305 62992 97730 94890 80388 6 x 1081
4 -2,75363 26072 06983 29451 35466 885 x 10°2 -3, 92998 57306 41202 55583 30987 1 x 1083 -3, 84046 85805 09093 44782 66425 9 x 1083
45 -1, 40244 42335 29008 28314 25044 531 x 1084 -2, 03023 93933 85626 80333 32386 9 x 10%° -1, 99708 45621 87354 15592 29038 2 x 1083
46 -7.27644 04986 88205 51053 40561 273 x 100 -1, 04835 38389 14209 33412 91094 4 x 10° -1, 05756 45263 27929 37440 55075 4 x 1087
47 -3,84717 93139 33494 80978 95448 920 x 107 -5, 72486 63011 85086 61970 23238 2 x 1048 -5, 70152 90109 74236 32455 17242 9 x 1048
48 -2.07168 93981 50953 44764 69212 890 x { -3, 12299 89365 32400 27393 64589 9 x 1070 -3, 12845 65088 91508 89186 25437 9 x 10
49 -1, 13587 70317 33535 44658 77544 574 x 1073 -1, 73385 01676 79170 84494 86717 2 x 107 -1, 74664 95254 45916 75763 02557 9 x 1072
S0 -6, 33916 49503 26059 31915 32049 022 x 1072 -9, 79410 14748 54531 37472 30427 7 x 1073 -9, 91981 41758 09251 08270 34313 5 x 1073
51 -3,59998 13761 20306 92394 57989 742 x 1074 -5, 62748 11044 41740 67043 02348 3 x 107° -5, 72942 93844 75222 29516 04585 1 x 107

integers. The coefficients are estimated to be accurate to

35

(0,1) states. The numerical error seems to depend on n,.

the precision reported, with uncertainty only in the last
digit. Notice that for the (n, =1, m=0) state, only 27 di-
gits have been reported for the coefficients ¢!} and
cB™ two fewer than the 29 reported for the (0,0) and

It is interesting to examine numerically the prediction

of the asymptotics of the S5’

by the dispersion relation

[Egs. (192) and (193)], which in the more general notation

of Eq. (228) becomes
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TABLE III. Coefficients for the RSPT series, the AB}!! series, and the A, B series, as defined by Egs. (26), (227), and (228) of the
text, for the (n,=0,m=1) excited state of 3,.

Order

B(:,N)

Coefficient
RO

LMD

1. 60000 00000 00000 00000 00000 000 x 10 “
~2. 00000 00000 00000 00600 00000 000 x w
-4, 00000 00000 60000 00000 00000 000 x m
~2. 40000 00000 60000 00000 00000 000 x w
-2, 00000 00000 00000 00000 00000 000 x 10 2
-2, 01600 00000 00000 00000 00000 000 x 10 3
-2, 31480 00000 00000 00000 00000 000 x m
-2, 94144 00000 00000 00000 00000 000 x 10 °
-4, 04884 40000 00000 00000 00000 000 x 10
-5. 94958 72000 00000 00000 00000 000 x 10
-9, 35031 48000 00000 00000 00000 000 x 10 8
-1, 54693 27872 00000 00000 00000 000 x 1010
-2, 69193 68374 20000 06000 00000 000 x 1041
-4, 91201 56016 64000 00000 00000 000 x 1012
-9, 37628 90723 32800 00000 00000 000 x 1013
-1, 84885 76969 72800 00000 00000 000 x 101
-3, 88370 71338 67776 00000 00000 000 x 1036
-8, 40420 68016 11857 92000 00000 000 x 1047
-1, 89169 34886 99442 06080 00000 000 x 1017
-4, 42462 17665 65281 05472 00000 000 x 1070
-1, 07440 27756 35857 90894 08000 000 x 1072
-2, 70603 51042 39472 98078 72000 000 x 1023
-7, 04307 14522 84627 41507 27680 000 x 1024
-1, 90884 86356 42899 25508 43187 200 x 102
-5, 33697 33102 89601 45844 41454 080 x 102
-1, 54239 78463 51307 58563 46488 781 x 102
-4, 60376 41702 78433 69811 98374 830 x 1030
-1, 41804 17250 31727 51726 10206 309 x 1032
-4, 50376 94527 22540 95973 68211 057 x 10°3
-1, 47378 96971 25289 26058 30488 482 x 10°
-4, 96521 64280 81112 14342 78197 278 x 10%
-1, 72094 08950 60214 53338 85764 683 x 1038
-6, 13213 57385 70984 69034 47651 078 x 10°7
. 24481 12406 67547 79391 73805 946 x 1041
-8, 43695 38955 83334 49409 59536 439 x 1042
-3, 25353 84079 78630 75435 72353 408 x 1044
-1, 28655 42403 03024 99411 24527 804 x 10%
-5, 24374 94182 38823 50424 48239 120 x 10%7
-2, 16411 43365 49032 40103 03241 461 x 10
-9. 19572 63165 28012 99435 44621 835 x 107
-3, 99801 76984 58478 85839 30951 055 x 1052
-1, 77763 30030 03953 13985 68352 041 x 10
-8, 07927 68518 20944 86792 92822 734 x 109
-3, 75478 44114 84874 93484 01114 947 x 1057
-1, 77929 87191 74216 90990 68731 144 x 10°7
-8, 41433 48316 18318 76745 01538 475 x 100
-4, 25579 46361 88988 40652 73769 831 x 1067
-2, 14464 78468 75634 72822 33920 275 x 1084
-1, 10200 68188 84216 01455 22633 754 x 10°
-5, 77475 57654 61523 65614 94220 444 x 108
-3, 08017 19432 47631 67846 14925 771 x 1087
-1, 67432 05275 14734 41042 82490 310 x 107

ro

1. 00600 00000 00000 00000 00000 000 x 10 O
~1. 00000 00000 00000 00000 00000 000 x 10 *

8. 00000 00000 00000 60000 00000 000 x 10 °
-4, 80000 00000 00000 00000 00000 000 x 10 *
-5, 80000 60600 00000 00000 00000 000 x 10
~7. 48000 00000 00000 00000 00000 000 x 10 3
-1, 03568 00000 00000 00000 00000 000 x 0
-1, 52982 40000 00000 00000 00000 000 x 10 &
-2, 39283 52000 00000 00000 00000 000 x 10
-3, 93987 26400 00000 00000 00000 000 x 10 3
-6, 79920 53760 00000 00000 60000 000 x 10 °
-1, 22590 79884 80000 00000 00000 000 x 1041
-2, 30392 03428 43000 00000 00000 000 x 1042
-4, 50543 56797 82400 00000 00000 000 x 1043
-9, 15592 81229 49120 00000 00000 000 x 101
-1, 93165 90899 22713 60000 00000 000 x 1016
-4, 22741 50482 92408 32000 00000 000 x 1017
-9, 59058 84493 80975 61600 00000 000 x 1018

-2, 25415 45617 81600 41984 00000 000 x 1
-5, 48589 88501 94950 28633 40000 000 x 1024
-1, 38165 27991 83040 49919 74400 000 x 102
-3, 59940 63521 10533 96414 05440 000 x 1024
-9, 69136 19442 67827 05149 13280 000 x {
-2, 49597 43553 29941 41437 42935 040 x 1027
-7. 74284 03451 30866 09938 41119 232 x 10%8
-2, 29445 91630 54104 45539 96369 592 x 1030
-7, 01080 26284 52372 76772 64822 040 x 1031
-2, 20738 20760 34027 12384 02811 521 x 1033
-7, 15688 43088 83317 05244 56626 574 x 1034
-2, 38793 83703 43630 94475 80447 367 x 1038
-8, 19396 72317 89302 91911 53902 723 x 1037
-2, 88975 91120 63477 48480 58175 925 x 10°7
-1, 04678 09528 80914 92932 97202 597 x 10*1
-3, 89237 04949 74876 38441 55236 998 x 10‘2
-1, 48484 64984 86378 34637 92912 871 x 1044
-5, 80778 97647 62745 32334 30782 464 x w 5
-2, 32789 27592 21978 16503 46432 946 x 1047
-9, 55667 27556 83867 27111 41257 767 x 10%8

-4, 01623 40577 77871 93899 63445 474 x 10°0

-1, 72696 91957 80488 63154 53603 438 x 1
-7, 59444 04896 89895 50199 92081 660 x 105
-3, 41391 23547 10593 61242 09256 098 x 10°°
-1, 56805 46075 39565 68345 33212 958 x 10°7

-7. 35590 27477 54297 52543 24834 487 x 10°8
-3,'52287 37604 07422 17599 86641 306 x 100
-1, 72175 41174 38477 02490 31508 341 x 1082
-8, 58402 18479 14235 85944 99103 971 x 1083
-4, 36409 90995 97032 46814 62895 880 x 108°

-2, 26165 57416 42407 33286 94221 004 x 10°
-1, 19434 14723 88742 88435 17899 028 x 1087

-6, 42505 42174 78515 31986 50090 213 x 1070
-2,51972 46750 67149 81233 74327 203 x 1072

1. 00000 00000 00000 00000 00000 000 x 10 ©
-1, 40000 00000 00000 00000 00000 600 x 10
4. 4000 00000 00000 00000 00000 000 x 10 1
-1, 04000 00000 00000 00000 00000 000 x 10 °
-3, 28000 00000 00000 00000 00000 000 x 10
-4, 89400 00000 00000 00000 00000 000 x 10 3
-7, 28000 00000 00000 00000 00000 000 x 10 *
-1, 13612 80000 00000 00000 00000 000 x 10 ¢
-1, 85722 08000 00000 00000 00000 000 x 10 '
-3, 17245 05600 00000 0000 00000 000 x 10 8
-5, 65015 25740 00000 00000 00000 000 x 10
-1, 04728 20344 80000 00000 00000 000 x 1011
-2, 01732 33895 48000 00000 00000 000 w“
-4, 03372 18125 31200 00000 00000 000 x 101
-8, 36544 33929 04240 00000 60000 000 x 10“
-1, 79793 93943 46265 60000 00000 000 x m
-4, 00277 77477 65836 80000 00000 000 x 1017
-9, 22605 31364 71498 75200 00000 000 x 10
-2, 20058 58918 34340 32832 00000 000 x 100
-5, 42916 44313 67332 99097 40000 000 x 10°
-1, 38484 30328 17282 12943 32800 000 x w~
-3, 65033 35474 65427 44333 51680 000 x 10°*
-9, 93822 69721 12706 01209 77408 000 x 1029
-2, 79316 96996 84573 81493 15215 360 x 1027
-8, 09942 37604 10702 89308 06788 096 x 10°
-2, 42173 23352 84385 51231 37515 484 x 10%0
7. 46196 25743 24848 53308 91739 333 103‘
2. 36793 61446 61698 42005 86112 425 x 103 3
7. 73440 17795 78155 86706 42297 178 x 10%¢
-2. 59839 90084 55357 53263 72942 166 x 10°
-8, 97414 37133 40939 98093 29841 256 x 1037
-3, 18427 23534 76594 72900 43246 414 x 1057
-1, 16011 50478 78334 12209 56993 577 x m‘
-4, 33725 58059 49575 09867 31546 774 x m 2
-1, 66306 04740 10825 20485 42504 234 x 10°
-4, 53646 3757 53446 48975 82917 538 x 107 45
-2, 63202 12722 45744 07541 67507 533 x 10%7
-1, 08523 75211 94378 82744 48132 443 x 10%7
-4, 57946 23345 86010 24148 98973 144 x 10°
-1, 97700 10865 55540 07562 14630 475 x 1032
-8, 72657 27525 64503 74852 92694 954 x 1053
-3, 93485 37641 45573 34821 77509 223 x 10°°
-1, 81441 09847 33018 58730 45585 351 x 105
-8, 53928 15714 53621 25202 39539 069 x 10°8
-4, 10233 33480 91543 39763 79749 593 x 1080
-2, 01092 15330 98022 79251 37733 026 x 108
-1, 00542 62179 42892 23922 90764 418 x 10%4
-5, 12552 10656 74154 60584 05945 406 x 10°
-2, 66321 15861 13510 19355 32483 192 x m“
-1, 40995 51338 22096 70891 46864 535 x 10%7
-7, 60315 52940 37439 96066 53109 700 x 107
-4, 17477 40584 97506 34985 77375 030 x 107

(N +4n;+2m +1)!

(nz!)z[(nz—{—m 1?

e
N+4n2+2m +1
22

X

In Table IV, the fit between the numerical and asymptotic

N)’

s is displayed for the same three states for orders

10—150 (by tens). The agreement is similar to that for the
RSPT of the one-dimensional anharmonic oscillator:>*
for large N it is impressive.

The expansion (229) has some of the character of an

+ +
(N +4n,+2m +1)(N +4n,+2m)

(229)

asymptotic expansion in that at first the partial sums ap-
proach the exact result, but then as the number of terms
increases the partial sums eventually diverge. The partial
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1/R EXPANSION FOR H,*: CALCULATION OF. ..

TABLE IV. Accuracy of the asymptotic formula for BN to k terms,

v (N 44n,+2m 1)

BN ~

o i

(n[(ny+m)]? N +dn,+2m +1 T (N +4n,+2m + )N +4n,+2m)
c(Z](k)
+ . + .
(N +4n,+2m +1) -+ - (N +4n,4+2m +2—k)
Number of significant figures® in sum
to k terms for k =
- 8N texact?? - B8Nasympt. to kekpygy)® Kfagy Kbjp 0 5 10 15 20 25 30 35 40 &5 50
Ground state: n»=0, m=0
10 1, 80783 02000 00000 00000 00000 000 x 10 ' 1. B1440 00000 00000 00000 00000000 x10 ' 1 3 0 [1J 0
20 3. 65163 71245 95240 29440 00000 000 x 10 17 3, 45181 12451 23148 80000 00000000 x 10 ¥ 9 9 0 3 [3]2
30 6. 64185 83025 05175 43644 14212 241 x 10 33 4. 64185 67341 40119 51127 36464 741 x10 33 45 14 0 4 5 [6]5 3
40 2.85870 36167 95211 42358 58706 384 x 10 47 2, 85870 36145 32667 9548787068898 x 10 ¥ 20 19 0 5 7 8[10] 7 ¢ 3
SO 1. 36960 98468 21709 74345 22170 539 x 10 6 1, 36960 98448 21937 64957 80688076 x 10 66 25 25 0 5 8 10 10 [12J10 9 7 4
40 4.57887 70826 33415 42505 00263 865 x 10 3 4, 57887 70826 33417 88966 08031546 x10 83 30 30 4 6 9 11 13 13 [15)43 12 10 8
70 7. 78904 18221 69343 93085 42809 826 x 10101 7, 78904 16221 69343 9388249408 962 x 10800 35 35 4 4 10 12 14 15 16 [18) 46 15 14
80 5. 36929 57277 99859 95287 33544 732 x 10120 5, 36929 57277 99859 95288 20414 138 x 10120 40 40 4 7 11 14 14 17 18 19 [20) 49 18
90 1. 26315 59649 87504 79228 93873 012 x 10140 1, 26315 59449 87504 7922893902279 x 10140 45 45 & 7 4 4 17 19 2 2 R[]0
100 8. 86749 22459 42392 25688 59953 573 x 10159 8, 84749 22459 42392 25888 59953849 x 10157 50 S0t 7 12 15 18 21 22 24 24 25 [28
110 1. 66792 36392 98188 02740 52859 789 x 10180 1, 44792 24392 98188 02740 52859 790 x 10380 5y 51 4 8 12 16.19 22 4 25 2 27 2
120 7. 69396 26739 89238 59454 36348 094 x 10200 7, 49396 26739 89238 59454 36348 094 x 1020 51 54 1 B8 13 47 20 23 25 27 29 %0 %
130 8. 08449 83108 04571 30079 40473 389 x 10221 8, 08449 83108 04571 30079 40173 390 x 10228 51 S1 1 8 43 47 24 24 27 29 30 30 30
140 1, 81755 22264 85751 87903 37981 498 x 10243 1, 84755 22264 85751 87903 37981 498 x 1024 54 54 1 B 13 18 22 25 28 30 30 N0
150 8, 28512 52078 66554 03910 47333 007 x 10284 8, 28512 52078 66554 03910 47333008 x 1024 51 51 1 8 14 18 22 26 29 30 30 30 30
Excited state: np=1, m=0
0 3. 23250 68706 00000 00000 00000 000 x 10 10 -2, 97380 16000 00000 00000 00000 000 x 0 1 4 5 0 E 0
20 237139 54306 64353 18768 28440 000 x 10 24 2, 37795 00505 17954 2323200000000 10 24 5 & o0 [3]1 o
30 3, 14920 34443 86974 19796 00492 752 x 10 39 3. 14930 03360 49735 04774 14300 240 x40 3 12 44 0 3 [3]3 2 0
40 4, 98401 23372 61673 79697 98424 501 x 10 4, 98604 72447 12094 7784503028937 x40 > 18 17 0 3 4 S[5]4 3 0
S0 6. 33916 49503 26059 31915 32049 022 x 10 12 6. 33916 49515 77497 2183282665459 x 10 12 24 23 0 4 6 6 75 31
&0 4. 63544 74994 34303 41334 53058 537 x 10 70 4, 43544 74997 58404 5045808091 176 x40 70 29 28 0 5 7 8 9 9[10) 9 8 & 4
70 151618 27058 20331 02030 62578 832 x 10107 1, 54618 27058 20245 49131 12712302 x 40107 35 34 0 5 7 9 10 11 2 [1)42 11 ¢
80 1, 83257 28247 25436 20913 17734 045 x 10328 1. 83257 28247 25136 11398 45455 552 x 10128 40 39 0 5 8 10 12 13 14 14 [18) 44 13
90 7. 05278 04064 63979 98949 48126 581 x 10147 7, 05278 04064 63979 98983 94935 138 x 10147 45 44 0 4 9 11 13 15 46 17 07 [H) 47
100 7. 67353 19779 42229 28064 17139 983 x 10387 7, 47353 19779 42229 28064 35348 651 x 10147 S0 49 0 4 9 12 14 16 18 19 19 20
140 2. 14200 70197 90480 90232 50170 284 x 10188 2, 14200 70197 90480 90232 50439 819 x 10188 Sy 54 0 6 10 13 45 17 19 20 A N N
120 1. 41523 16756 71216 58447 27372 888 x 10207 1, 44523 14756 71216 58447 27373 741 x 10207 5§ S 0 7 10 43 46 {8 20 22 23 24 25
130 2. 06769 54720 42093 58405 38628 350 x 10230 2, 06749 54720 42093 58405 38628 356x1033° St St 0 710 14 17 19 22 24 25 26 27
140 6, 30326 18392 06108 17159 58949 926 x 10291 . 30326 18392 04108 17159 58949 926 x 10°°1  S{ S{ 0 7 {1 {4 18 20 23 25 27 8 9
150 3. 81292 61315 81843 06671 95575 820 x 10273 3, 81292 41315 81843 06671 95575820 x 10273 4 5S4 0 7 11 15 18 24 24 26 28 30 20
Excited state: n»=0, m=1
10 9. 35031 68000 00000 00000 00000 000 x 10 B 1, 14767 04000 00000 00000 00000000 x40 ° 2 4 o0 [1] 0
20 1, 07440 27756 35857 90894 08000 000 x 10 22 1, 07394 06557 43091 91680 00000000 x 10 22 & 7 0 2 [2] 4
30 4.96521 64280 811142 14342 78197 278 x 10 38 4, 94520 42172 87689 89982 16581 626 x10 3¢ 14 13 0 3 4 [4) 3 |
40 3. 99801 26984 58478 85839 30951 055 x 10 52 3, 99801 78419 07896 89409 93296 235 x10 02 19 {9 0 4 5 6 [71] 6 4 2
S0 3.08017 19432 47631 67846 14925 774 x 10 67 3, 08017 19430 76802 74994 53898548 x 10 %7 25 24 0 5 7 8 $[0) 8 7 5 2
60 1, 51064 73927 65909 09148 07783 624 x 10 B7 1. 51064 73927 65876 6331901487 244 x10 87 30 29 0 5 8 9 41 (1 [3)44 10 8 ¢
70 3.54347 72322 614244 05014 24524 985 x 10405 3,54347 72322 61244 26283 70474 596 x 10105 35 34 0 4 B 4 12 13 14 [16] 44 13 12
80 3.22126 21040 05351 38105 57473 453 < 10124 3, 22126 21010 05351 38207 78748 772 x 10124 40 3% 0 & 9 12 14 15 16 17 [18) 47 16
90 9. 66249 66725 03541 81258 59180 043 x 10243 9, 66249 46725 03541 81259 28362982 x 10143 45 44 0 4 10 13 15 17 18 19 19 24 49
100 8. 42390 54522 94459 14273 24223 249 x 10163 8, 42390 54522 94459 06273 21336 172x 10163 S0 S0 0 7 10 13 16 18 20 24 2 2
140 1. 92638 38811 73624 27229 46010 994 x 10184 1, 92638 38811 73624 27229 46011 479 x 1084 St St 0 7 11 14 17 19 21 23 24 25 25
120 106473 84185 01349 96205 76025 413 x 40205 1, 06173 84185 01349 98205 76025 414 x 10205 54 51 0 7 41 15 18 21 23 25 26 27 2
130 1. 31370 34327 74439 73620 80970 sssuo;?‘ 1, 31370 36327 74439 73620 80970 555 x 10725 54 51 0 7 9215 19 22 24 26 28 29 N0
140 3.43511 70363 70619 57753 36932 383 x 10747 3, 43511 70363 70619 57753 36932 383 x 10247 51 5t 0 7 12 16 19 22 25 27 29 30 W
150 1, 80199 07698 85570 23304 01680 424 x 10267 1. 80199 07698 85570 23304 01480 424 x 10247 51 St 0 8 12 16 20 23 26 29 30 30 30
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TABLE IV. (Continued).

2Calculated by standard RSPT. Relative accuracy appears to be at least one part in 10%.

Calculated by the asymptotic formula, truncated at the value of k that gives a result closest to the exact value in the preceding
column. This value of k is denoted by K-

°See b for definition of kye;. Generally, k., increases with N. The “k =51 is not fundamentally significant in the sense that the
maximum number of terms c¢!2/*¥’ available for this table was 51.

9The kmi, is the value of k for which the term ¢!?® /(N +4n,4+2m +1)- - - (N +4n,+2m +2—k) is smallest in magnitude, and
which is a practical index for determining the truncation of the asymptotic formula.

°The number of significant figures in sum to k terms is operationally defined as the negative of the log;;—truncated to an integer—of
the magnitude of the relative error between the exact 8" and the asymptotic formula. A box surrounds the entry on each line with

the largest number of significant figures.

sum that comes closest to the exact result usually occurs
when the last term is approximately the smallest. Com-
pare the columns k., and kp;, in Table IV. The pattern
of convergence followed by divergence is visible in the 11
rightmost columns of Table IV, in which are listed the ap-
proximate number of digits in the various partial sums
that are the same as in the exact result. The best result is
boxed.

The order at which the RSPT coefficients become
asymptotic seems strongly dependent on n,, more so than
the corresponding n dependence for the anharmonic oscil-
lator.?* In particular, notice here that for the
(n,=1,m =0) state, the best asymptotic value for N=10
does not even have the correct sign, while for the (0,0) and
(0,1) states, for which n, is only 1 less, the errors in the
best asymptotic values for the tenth-order coefficients are
smaller than 2%. On the other hand, at the highest or-
ders the accuracy obtained by using the asymptotic for-
mula (229) is greater than the practical accuracy to which
the RSPT calculation can be carried out.

IX. NUMERICAL CHARACTERIZATION
OF THE B, SERIES

The asymptotics of the RSPT coefficients B{" are more
complicated than in the 3, case because of the presence of
small alternating-sign contributions, as in Eq. (197). First
we list in Tables V—VIII the terms of the RSPT series,
the induced exponentially small gap series (AB{”)ind, and
the induced doubly-exponentially-small imaginary series
(A;BS*)ng, all through fifty-first order in (2r)~!, for the
ground state (n,=0,n,=0,m =0) and for the three excit-
ed states for which n,, n,, and m are (1,0,0), (0,1,0), and

]

o (N +4n,+2m)! FIEI

(0,0,1). We use the notation d{¥ and d®'™ for the
series coefficients for the two exponentially small quanti-
ties, according to

(2r)w2m_ Lo~
), ——ag0
(Aﬁi )md +4B(l nz!(n2+m)!

X i dMW(p) =N, (230)
N=0

480 1
2’.) 2 e—2r
(A;B1))q=+14 0(2r) ° e”"
Bl hma= 4B, [nyM(ny +m)?

x ¥ dH™M2n)~N (+Imr>0) .
N=0

(231)

Notice that the coefficients (at least those with fewer than
the maximum number of significant digits) appear to be
integers, except in the (1,0,0) case for which multiplication
of d!™ and d2I™ by 48°, which had been explicitly
factored out in Egs. (230) and (231) to make the leading
coefficient of each power series equal to 1, is needed to re-
store the integer property of the coefficients. The coeffi-
cients are estimated to be accurate to the precision report-
ed, with uncertainty only in the last digit. Notice that for
the (0,1,0) state, only 27 digits have been reported for the
coefficients d V™ and d13™) two fewer than the 29 re-
ported for the other states. The lower accuracy comes
from the lower accuracy of the AB, quantities for n, =1,
as mentioned in Sec. VIIIL.

It is especially interesting to examine numerically the
prediction of the asymptotics of the BiY by the dispersion
relation [Egs. (196) and (197)], which in the notation of
Eq. (231) becomes

4@

BN 4
i~ 4, () (ny +m)]? R

N+4n2+2m

N tan,+2m)(N tangt2m —1 T
(ni4+2n,42m +1)n; +2n,+m +1)!

+(—1)m+N-116n*
n1!(n1+m)!

1+

4n?— 1280 +m?—1+12n — 128

X

N —4n,—2m —5

(N —4n,—2m —5)!

_ 4n2[2(N —a4n, —2m —5)—P(n;+2n,+2m +2)—P(n, +2n,+m +2)]

N —4n,—2m —5
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1/R EXPANSION FOR H,*: CALCULATION OF . ..

39

TABLE V. Coefficients for the RSPT series, the induced AB|'! series, and the induced A,ﬁ%z } series, as defined by Egs. (24), (230),
and (231) of the text, for the (n;=0,n,=0,m=0) ground state of ;.

(N)
81

Coefficient
O

4lam

5. 00000 00000 60000 0000C 60000 000 x 101
-1, 00000 00000 60000 00000 00000 000 x 10
3, 00000 00000 00000 00000 00000 000 x 10
4. 00000 00000 00000 00000 00000 000 x 0
-1, 50000 00000 00000 00000 00000 000 x m
2. 00000 00000 00000 00000 00000 000 x 10 1
4. 70000 00000 00000 00000 00000 000 x 10 2
2. 08800 00000 60000 00000 60600 000 x 10 3
452370 00000 00000 00000 00000 000 x 10!
2. 69124 00000 00000 00000 00000 000 x 10
2. 88203 40000 00000 00000 00000 000 x 10
3, 29463 40000 00000 00000 00000 000 x 10
4, 47459 56200 00000 000D 00000 000 x 10 3
6. 32327 70640 00000 00000 00000 000 x 10 °
9. 41615 84444 00000 00000 00000 000 x 1010
1, 49445 94569 76000 00000 00000 000 x 1012
2. 50896 24727 14900 00000 00000 000 x 1013
4. 44107 74959 07540 00000 00000 000 x 1014
8. 27630 22888 56874 00000 00000 000 x 1013
1, 62043 42820 08490 14000 00000 000 x 10”
3. 32645 42683 11276 84200 00000 000 x 1018
7. 14803 50018 55492 32880 00000 000 x 1017
1, 60477 13847 23674 76739 40000 000 x 1
3, 75822 42734 76225 74061 28000 000 x 4
9. 16687 40607 24638 94645 79400 000 x 1043
2. 32541 05776 70704 11094 43656 000 x 1020
6. 12658 95311 81374 81240 87256 400 x 1028
1, 67424 38963 83292 13100 20487 472 x 1028
4. 73988 78827 63629 42618 53595 122 x 1027
1, 38857 46039 83325 49450 67309 963 x 103
4. 20484 95981 43437 52856 90821 189 x 1
1 31482 83626 14489 16879 39208 591 x 10
, 24136 03481 22180 14997 27011 495 x 1035
1 41014 46206 91339 49621 17275 387 x 1037
4, 82802 38503 08425 29553 31706 145 x w”
1, 70085 93393 95120 27806 01785 581 x 1040
6. 16061 45090 62291 67417 63524 285 x 10t
2, 29254 43917 84602 54356 91615 649 x m“
8. 75683 13712 37131 11125 90672 419 x m
3, 43337 61289 94243 40892 50487 074 x 104
1, 37996 71455 77679 10787 76135 778 x 10%
5. 68364 56777 76939 56715 93198 012 x 1047
2, 39743 2759 27379 99597 60225 484 x 10°
1, 03541 60128 81049 75473 44800 434 x 1093
4,57224 74033 53407 00487 72182 285 x 10°%
2. 06510 55699 12524 40804 36906 726 x 10°
9. 53293 04351 29736 97591 97094 776 x 1
4, 49551 59480 84994 45992 12675 709 x 10°7
2, 16475 98108 65986 41705 01844 034 x 1081

1, 06397 86918 94291 98777 54447 453 x 1083

5. 33546 42871 48482 10315 34475 375 x 1044
2. 72871 13574 54325 27727 07900 166 x 10%6

1, 00000 00000 00000 00000 00000 000 x 10 ©
-4, 00000 00000 00000 00000 00000 000 x 10 °
-1, 30000 00000 60000 00000 00000 000 x 10

2. 40000 00000 60000 60000 00000 000 x 10 1

7. 80000 00000 00000 00000 00000 000 x 10 *

-2. 41400 00000 00000 00000 00000 000 x 10
-1, 44210 00000 00000 00000 00000 00O x 10
-6. 96400 00000 060000 00000 00000 000 x 10
-1, 35187 40000 00000 00000 00000 000 x 10
-1, 78985 76000 060000 00000 00000 000 x 10

-2. 12840 24600 00000 00000 00000 000 x 10
-3, 04974 30720 00000 00000 00000 000 x 10 7

-4, 54483 24068 00000 00000 00000 000 x 10

-7, 09487 44979 20000 00000 00000 000 x 101*

-i 17305 06423 68100 00000 00000 000 x 101

2, 04480 29491 93520 00000 00000 000 x 10
-3 74334 40154 12722 00000 00000 000 x 10
-1, 19022 18098 94492 80000 00000 000 x 1016

-1, 44695 39118 25111 86400 00000 000 x 1018
-3, 04574 24704 37673 96480 00000 000 x 1017
-6, 69600 56582 50457 56508 00000 000 x 1020
-1, 53530 78046 69211 58453 44000 000 x 1022
-3, 66628 58198 97639 97890 61000 000 x 1023

-9. 10589 61922 53374 11879 54080 000 x 102*

-2, 34923 05463 98923 88120 44786 000 x 102

-6, 28779 53475 23274 79711 73328 960 x 10

-1, 74394 00617 97450 20708 54848 574 x 1027
-S. 00454 90356 19520 14511 37306 079 x 1030
-1, 48413 62899 68405 85578 94408 670 x 10°°
-4, 55672 98159 02719 24283 57532 163 x 1033

-1, 44180 81565 73948 70724 02003 466 x 10
-4, 70355 49835 76415 28224 07054 849 x 1038
-1, 58065 01348 44874 87815 29384 805 x 10
-5, 46739 04626 04654 62131 21114 989 x 1037

-1, 94501 04845 38007 62705 89026 561 x 10 L

-7 11114 88069 46235 45580 81940 492 x 10*

2, 67010 49290 24547 30444 82501 896 x 10 44
-1 02895 47233 99288 02882 42685 448 x 10%¢
-4, 06692 79816 39936 66719 31097 761 x 10%7

-1, 64748 45572 54938 84277 56459 764 x 10
-6, 83859 07904 54300 79642 87541 455 x 10

-2, 90604 57004 74733 80153 60140 153 x 10°°

-1, 26371 98945 70728 34639 32444 929 x 10°¢

-5, 62070 16397 30529 07839 69701 964 x 1075
-2, 55570 06965 13417 47071 75188 468 x 10°7
-1, 18742 45487 22635 93155 27883 184 x 1097
-5, 63487 11230 95230 98226 15587 151 x 100

-2, 72994 27008 91040 44955 52909 076 x 10°

-1, 34972 28597 45531 09158 35676 142 x 1084
-6. 80729 73896 42091 66017 04788 314 x 103
-3,'50090 95278 72955 47800 21045 029 x 1087
-1, 83528 22601 78084 38938 40031 805 x 1087

1. 00000 00000 00000 00000 00000 000 x 10 0
-4, 00000 00000 60000 00000 00000 000 x 10 0
8. 00000 00000 00000 00000 00000 000 x 10

4. 80000 00000 00000 00000 00000 000 x 10 *

3. 50000 00000 00000 00000 00000 000 x 10 *

-2. 80200 00000 00000 00000 00000 000 x 10 3

-1. 24280 00000 00000 00000 00000 000 x 10
-6. 44800 00000 00000 00000 00000 000 x 10
-1, 50376 40000 00000 00000 00000 000 x w
-1, 92040 04000 00000 00000 00000 000 x 10
-2, 30908 57600 00000 00000 60000 000 x 10
-3, 36538 88000 00000 00000 00000 000 x 10
-5. 12049 92481 00000 00000 00000 000 x 10
-8, 07869 01361 00000 00000 00000 000 x 101
-i 35028 57256 35600 00000 00000 000 x 101
2. 37556 62095 05200 00000 00000 000 x 1014

4, 38467 93450 9446 00000 00000 000 x 1015
-8, 48500 32208 31374 80000 00000 000 x 1014
-1, 71897 91414 53706 41400 00000 000 x w“’

-3, 64027 70588 19622 76800 00000 000 x 10
-8, 04706 76187 70086 51282 00000 000 x 10°

-1, 85431 01328 54897 47353 80000 000 x 10‘2

-4, 44824 07790 72045 28938 58400 000 x 1073

-1. 10944 02254 27301 64289 44896 000 x 10‘2

-2, 87312 29928 32114 24853 87076 400 x 107

-7, 71710 75070 84905 96202 39138 160 x 107
-2, 14732 66220 20407 04871 05123 738 x 1027
-6, 18316 65965 47777 29663 63569 926 x 1030

-1, 84053 19599 33359 41159 94180 297 x 10°

-5, 65804 24291 63796 53078 73498 596 x 1033

-1, 79462 10504 71853 93537 76437 803 x 10
-5, 84780 11770 04854 85250 09353 278 x 103

-1, 97408 94485 24209 62107 26071 045 x 108
-6, 84882 80023 28456 58282 40344 483 x 1039

-2, 44102 29561 68495 33074 11857 879 x 10*!

-8, 94038 §3980 72800 43585 02213 994 x 1042
-3, 36254 79378 11179 82704 72966 162 x w“
-1, 29783 74184 84014 23550 13409 900 x 104

-5, 13733 64427 31482 44532 59877 207 x 10¢
-2, 08429 60111 77435 5585 28434 552 x 104

-B. 66232 76799 88636 03867 60700 370 x 10°0
-3, 48573 65945 36765 44188 24983 761 x 10°2

-1, 60472 18947 32593 53788 29146 432 x 10°*

-7, 14545 00217 41842 95198 37721 847 x 40°°
-3, 25267 21114 85612 13205 48935 330 x 10°
-1, 51284 28467 38801 32058 17295 744 x 10°7
-7, 18636 22223 28394 26339 10695 832 x 10‘2
-3, 48497 99601 97580 40174 00095 153 x 10 2

-1, 72460 22071 31291 37859 01445 327 x 106

-8, 70569 08740 69744 26721 82341 450 x 1083

-4, 48103 14973 89847 73962 23980 554 x §
-2, 35100 70046 58677 98591 85924 876 x 10

A (n,,nz,m)

+8m?n*/3+B(n,ny,m)[p(N —

4n,—2m —6)

—¥(1)]

(N —4n,—2m —5)(N —4n,—2m —6)

+ 32n“[

YN —4n, —2m —6)—

PP+ V(N —4n,—2m —6)—

¢(1

(D]

+O(N ~3(nN)?)

(N —4n,—2m —5)(N —4n,—2m —6)

(232)
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TABLE VI. Coefficients for the RSPT series, the induced AB|") series, and the induced A;B|? series, as defined by Egs. (24), (230),

JIRI CIZEK et al.

and (231) of the text, for the (n, =1,n,=0,m=0) excited state of 3.

Order Coefficient
N gV FonY 42
0 1, 50000 00000 60000 00000 00000 0600 x 10 0 1, 00000 06000 060000 00000 00000 000 x 10 ° 1, 00000 00000 00000 00000 00000 000 x 10 0
1 -7.00000 00000 0000 00000 60000 000 x 10 -6, 66866 66666 68666 66666 64686 667 x 10 -B. 88666 66666 66686 84566 66666 667 x 10
2 4. 10000 00000 00000 00000 00000 000 x 10 & -3, 16666 66666 64486 66666 66666 667 x 10 -2, 13333 33333 33333 33333 33333 333 x 10
3 -4, 40000 00000 00000 00000 00000 000 x 10 4, 93333 33333 33333 33333 33333 333 x 10 2 5. 62686 66466 46646 86686 88664 667 x 10
4 -1, 19300 00000 00000 0000 00000 000 x 10 3 1, 15000 00000 00000 00000 00000 000 x 10 3 2. 61686 84666 66666 66666 66666 667 x 10 °
5 4. 11600 00000 00000 00000 00000 000 x 10 3 -4, 23973 33333 33333 33333 33333 333 x 40 ¥ -4, 58340 00000 00000 00000 00000 000 x 10 ¢
6 7. 05420 00000 00000 00000 00000 000 x 10 ¢ 1, 16248 33333 33333 33333 33333 333 x 10 O 2. 31964 00000 00000 00000 00000 000 x 10
7 -8, 29368 00000 00000 00000 00000 000 x 10 7. 72722 13333 33333 33333 33333 333 x 10 ¢ 7. 62324 26466 66666 86666 68866 667 x 10
8 -3.41667 70000 00000 00000 00000000 x 10 8 -6, 18475 22000 00000 00000 00000 000 x 10 7 -7. 72888 00666 66666 66666 66686 667 x 10 7
9 1, 13068 83400 00000 00000 00000 000 x 10 8 -8, 42283 14000 00000 00000 00000 000 x 10 8 -7, 43142 7733 33333 33333 33333333 x 10 8
10 -1, 79195 26200 00000 00000 00000 000 x 10 8 1, 46442 37396 46666 68666 66666 667 x 1010 1, 63754 50149 33333 33333 33333 333 x 101
11 -1, 34513 82472 00000 0000 00000 000 x 1010 3, 43071 4193 00000 00000 00000 000 x 1010 7. 18175 56746 66666 66666 66646 667 x 10
12 1, 09344 37922 20000 00000 00000 000 x 1043 -2, 73967 41295 98446 64646 66666 667 x 1012 -2, 84947 31128 25000 0000 00000 000 x 10°2
13 1, 21222 07307 28000 00000 60000 000 x 1012 1, 27609 49047 87733 33333 33333 333 x 1013 1, 76532 34072 04600 00000 00000 000 x 1013
14 -2.34834 55342 78000 00000 00000 000 x 1043 3, 50924 53122 81990 00000 00000 000 x 10 3. 29743 35833 84813 33333 33333 333 x 1014
15 -6, 64147 48099 48000 00000 00000 000 x 10 -5, 21041 31435 67269 33333 33233 333 x 1085 -5, 96872 95418 82021 33333 33333 333 x 1019
16 3. 68198 03874 95443 00000 00000 000 x 101 -2, 53405 07211 42271 66666 66666 667 x 1016 -1, 48740 75926 99814 86646 66666 667 x 10
17 -2, 42694 33864 25159 40000 00000 000 x 1016 9, 88591 33706 46110 80000 00000 000 x 1017 1, 03249 05058 03139 08400 00000 000 x 1018
18 -3, 40561 99793 92348 74000 00000 000 x 1017 -5, 94101 62495 79187 25800 00000 000 x 101 -8, 12990 29387 30036 64000 00000 000 x 1012
19 7, 09501 97360 50132 44000 00000 000 x 1018 -1, 66998 41800 94913 91504 00000 000 x 1020 -1, 45251 97880 79554 23269 33333 333 x 1040
20 1, 16915 00241 71507 44340 00000 000 x 101 1, 41744 91463 50752 99518 26686 667 x 1021 1, 58760 39756 82137 42742 20000 000 x 10
20 -8.81245 96450 72444 92872 00000 000 x 1020 -5, 56501 87521 77884 73026 66646 466 x 1021 -1, 18562 44344 49751 65837 48000 000 x 1042
n 1, 20751 60057 96417 85615 00000 000 x 1022 -7, 14463 11504 81188 25418 28464 667 x 1023 -8, 03525 14474 24489 17412 33866 667 x 1023
2 1, 97949 89310 65092 43420 91200 000 x { -5. 78042 75533 53166 32533 79840 000 x § -6, 74806 16793 35118 93178 77333 333 x 10°¢
2 3, 26013 25212 39462 02953 56599 999 x 102 -1, 54293 83945 45296 33570 65315 047 x 026 -2, 033645 30320 00410 56577 75020 933 x 1028
P 6. 15097 94937 35826 99326 82760 000 x 105 -6, 28071 67981 19877 21247 12644 960 x 1027 -7, 64122 24966 67400 09200 60580 293 x 10°7
2 1, 92118 08535 14465 11744 90460 920 x { -1, 55442 04421 44982 18418 25633 240 x 10° -1, 89718 52844 56940 23490 18479 820 x 1027
7 4, 15473 29342 15424 88507 72395 568 x 1028 -4, 28157 92804 15504 43335 75287 735 x { -5, 32122 19424 87547 24371 08386 214 x 103
28 1, 22975 30198 48885 90077 25825 155 x { -1, 32939 23829 17679 54615 36481 879 x 1052 -1, 64832 21478 16887 52799 75278 894 x 10°°
2% 3. 76389 92476 17554 97550 20396 163 x 4031 -4, 08341 21033 98877 37883 71430 426 x 1033 -5. 06825 60499 48340 72030 31922 927 x 10%°
30 1. 12470 40077 84147 09191 26189 480 x 4033 -1, 28888 58474 97819 83522 99974 850 x 1030 -1, 60565 88891 13306 34501 41482 892 x 103
3 3, 52426 22803 36178 07278 53762 966 x 103% -4, 22947 71850 19734 28452 66545 917 x 1038 -5, 28036 47481 68471 56190 98295 781 x 10°
) {, 14509 25465 07593 34240 09922 211 x 1038 -1, 42715 05469 04092 29520 13118 295 x 1038 -1, 78503 74027 81790 89405 75054 942 x 10°8
3 3, 81870 52287 5557504208 17372 653 x 1037 -4, 95079 02261 69961 98770 02705 393 x 1037 -4, 20479 76531 90347 86246 40312 857 x 10°7
M 1, 31138 31610 02830 25514 44561 739 x 1037 -1, 74485 55955 97570 54904 12681 767 x 10* -2, 21848 93047 47486 84579 77978 139 x 104
3 4. 63527 95548 81703 42107 57979 025 x 10%0 -6, 47936 62849 79387 92773 32935 212 x 10 -8, 14940 30888 19988 79134 49715 844 x 1042
3 1, 68397 18149 95061 54938 41790 695 x 10%2 -2, 43948 53480 85297 45434 43318 741 x 10%% -3, 07341 22533 12747 37997 19045 305 x 104
N 6. 28413 68274 68655 29873 69117 033 x 1043 -5, 42659 54737 00890 76943 68986 191 x 1047 -1, 18944 11294 93893 42292 68364 024 x 10%¢
38 240732 62624 95121 58317 30959 547 x10%0 -3, 73524 32842 92268 32303 64578 464 x 1047 -4, 72001 88009 45974 02065 18571 093 x 10°
39 9. 46037 67189 73453 98270 12646 060 x 10% -1, 51692 02235 85775 30525 33352 543 x 1047 -1, 91951 59080 15736 62417 05578 442 x 10
40 3, 81149 49519 09701 02495 76615 853 x 10%8 -4, 34013 44694 47637 47524 37046 491 x 10°0 -7, 99542 40832 01651 23764 28846 358 x 10°0
m 1, 57340 44239 91749 11825 05650 747 x 1090 -2, 68725 67307 04044 83977 64280 558 x 107 -3, 40924 20085 10290 08938 00450 007 x 10°
2 6 65115 23979 40872 72589 32947 434 x 1091 -1, 17097 17422 10135 02095 14243 749 x 1054 -1, 48735 55373 75308 07083 86056 362 x 1074
43 2. 87760 16345 26658 55137 53854 547 x 095 -5, 21834 33559 83625 90180 83838 383 x 1050 -6, 63584 84522 20168 59775 35831 723 x 10°°
4 1, 27355 17426 99160 79925 99461 395 x 1095 -2, 37716 19273 03823 97643 48418 574 x 1057 -3, 02618 45821 84015 35826 92686 848 x 1077
a5 5. 76288 84684 97828 21323 99269 039 x 1038 -1, 10643 14593 67734 27399 83948 857 x 10°7 -1, 40997 97023 30513 80341 05193 574 x 10°°
4% 2. 66498 64877 42796 23929 84432 775 x 1 -5, 25941 35460 63484 80773 24744 773 x { -6, 70899 76276 90323 31483 78517 774 x 1080
a 1, 25887 94199 86255 29617 78445 987 x 1080 -2, 55218 69946 45667 82546 43291 314 x 10 -3, 25871 43206 69375 06791 54046 356 x 1082
.8 6. 07179 59383 97913 80942 15037 690 x 10° -1, 26378 20620 84775 64357 76979 738 x 10° -1, 61511 01709 81924 00820 30224 571 x 1084
49 2. 98890 97959 38819 27707 38732 468 x 1083 -4, 38330 44488 82303 07864 73303599 x 1085 -8, 14498 57475 89338 04235 55340 497 x 109
50 1, 5005 14192 52281 88217 50777 945 x 4085 -3, 28751 66731 79286 06794 79285 047 x 1057 -4, 20864 64045 74984 29032 05797 188 x 1087

54 7. 68771 90349 10849 47644 32034 197 x 10%¢

-1, 72576 20869 67645 27532 23739 782 x 1087

-2, 21108 59288 93518 33482 72601 500 x 107

where the coefficients A(n,,n,,m) and B(n,,n,,m),
which are independent of N, are given for the first few
states in Table IX. The #'!(z) denotes the digamma func-
tion,

Y V(2)=dy(z)/dz =d*[InT(2)]/dz? . (233)

In Table X we uncover numerically the alternating-sign

contributions to the asymptotics by subtracting the terms
in Eq. (233) that come from (A,-B{zl)ind (those involving
the coefficients d (2)¥)). We truncate the partial sum after
including the smallest term. Listed in Table X are the ex-
act B‘IN ) the k index of the last correction term included
in the partial sum and the value of that term, the differ-
ence between the exact and asymptotic values—divided by
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TABLE VII. Coefficients for the RSPT series, the induced AB|" series, and the induced A;B1? series, as defined by Egs. (24),

1/R EXPANSION FOR H,*: CALCULATION OF ...

(230), and (231) of the text, for the (n; =0,n, =1,m=0) excited state of ;.

41

Order Coefficient
N g 4D 420
0 5. 00000 00000 06000 00000 00000 000 x 10™* 1, 00000 00000 00000 00000 00000 0 x 10 © 1, 00000 00000 00000 00000 00000 0 x 40 ©
1 -3.00000 00000 00000 00000 00000 000 x 10 -1, 60000 00000 60000 00000 00000 0 x 10 -3. 00000 000D 00000 00000 00000 0 x 10
2 7. 00000 00000 00000 00000 00000 000 x 10 -1, 10000 00000 60000 00000 00000 0 x 10 * 2. 36000 0000 00000 00000 00000 0 x 10 2
3 7. 60000 00000 00000 00000 00000 000 x 10 3, 60000 00000 00000 00000 00000 0 x 10 -2, 72000 00000 00000 00000 00000 0 x 10 °
4 4. 73000 00000 00000 00000 00000 000 x 10 {, 85900 00000 00000 00000 00000 0 x 10 3 {, 15700 00000 00000 00000 00000 0 x 10 3
5 2. 20400 00000 06000 00000 00000 000 x 10 -8, 10400 00000 00000 00000 60000 0 x 10 -3, 33660 00000 00000 00000 00000 0 x 10 *
¢ 2, 45420 00000 00000 00000 00000 000 x 10 * -7. 32858 00000 00000 00000 00000 0 x 10 5 -6. 07552 00000 00000 00000 00000 0 x 10 °
7 5. 88216 00000 00000 00000 00000 000 x 10 ° -1, 53358 14000 00000 00000 00000 0 x 10 -6, 43637 60000 00000 00000 00000 0 x 10
8 1, 15534 45000 00000 00000 00000 000 x 10 -2, 63847 19300 00000 00000 00000 0 x 10 -9. 44010 89000 0000 00000 00000 0 x 10 ’
9 1, 99486 09200 00000 00000 00000 000 x 10 -5, 27898 58240 00000 00000 00000 0 x 10 -2, 57506 07700 00000 00000 00000 0 x 10
10 3, 58753 16660 00000 00000 00000 000 x 10 -1, 22518 92749 40000 00000 00000 0 x 1014 -6. 94628 38292 00000 00000 00000 0 x 012
1 7. 12503 04742 00000 00000 00000 000 x 1010 -2, 92458 45949 28000 00000 00000 0 x 1042 -1, 69282 38371 52000 00000 00000 0 x 1012
12 1, 50488 07901 84000 00000 00000 000 x 1012 -7, 00612 38546 15800 00000 00000 0 x 1043 -4, 10705 37222 23800 00000 00000 0 x 1013
13 3, 27019 82442 13400 00000 00000 000 x 1053 -1, 71634 61686 62416 00000 00000 0 x 1013 -1, 03799 71906 87804 00000 00000 0 x 101
1 7. 35483 87955 93540 00000 00000 000 x 1014 -4, 33544 00299 36582 80000 00000 0 x 1014 -2, 74324 51854 76465 60000 00000 0 x 1036
15 1, 74157 82914 46660 80000 00000 000 x 101 -1, 12642 04094 27557 07200 00000 0 x 108 -7, 25861 96252 52486 40000 00000 0 x 1017
16 4, 12457 16112 31827 45000 00000 000 x 101 -3, 00212 07586 55063 15410 00000 0 x 1017 -1, 98571 92375 00830 26130 00000 0 x 10
17 1, 02434 70197 19984 40400 00000 000 x 1017 -8, 20472 28370 77264 74512 00000 0 x 1020 -5. 56286 69144 26918 07690 00000 0 x 10°
18 2, 62424 97627 20094 94538 00000 000 x § -2, 29954 72976 55993 55852 90000 0 x 102 -1, 59637 9031 37729 53291 32000 0 x 0°
19 . 92538 54395 74197 4311 20000 000 x 1021 -6, 60875 46363 32434 31188 24800 0 x 1023 -4, 49193 48278 39251 52204 54000 0 x 10°3
20 1, 88459 56375 04565 96826 75000 000 x 1023 -1, 94730 33237 03558 56981 86046 0 x 1025 -1, 41226 02958 55028 55237 24914 0 x 10%3
2 5. 26069 16904 99237 79536 26880 000 x 102 -5, 88228 08612 94398 90851 40596 8 x 1026 -4, 35344 24560 09007 63297 15104 2 x 10
2 1, 51293 29457 82333 19589 77795 600 x 1024 -1, 82150 55926 13047 33772 85523 0 x 102 -1, 37439 96748 17561 34582 60723 5 x 1028
2 4, 47414 01342 76342 64495 53986 720 x 1027 -5, 78177 82459 83323 41812 01489 1 x 107 -4, 44376 84615 76293 49221 30142 0 x 1027
] 1, 36012 57090 58448 64003 87781 443 x 10 -1, 88107 21862 51768 19988 56712 4 x 105 -1, 47140 89405 83249 42865 26866 8 x 103
> 4, 24912 38126 88853 45787 73952 599 x 10°0 -6, 27220 10831 94372 87878 32447 5 x 1032 -4, 98921 95028 83656 84990 51092 9 x 10%7
2% 1, 36376 99128 75067 39407 01023 402 x 10°2 -2, 14313 97789 29072 87061 18873 4 x 1034 -1, 73224 48305 62366 72198 85388 2 x 10%¢
27 4, 49541 85682 10455 46472 63013 143 x 1033 -7,50290 31849 57311 71342 16249 3 x 103° -6, 15756 99734 63269 51537 61930 2 x 0%
2 1, 52140 71592 38878 94045 67931 230 x 105 -2, 69076 14480 47055 87220 26024 5 x 1037 -2, 24060 22086 96186 78737 78186 3 x 10°7
2 5, 28467 15512 36667 88595 75075 704 x 1038 -9, 88310 79544 33969 04507 72181 1 x 10°8 -B. 34437 94041 44198 83888 04852 0 x 10°¢
30 1, 83334 79843 92160 98539 04706 216 x 1038 -3, 71687 22699 60920 88735 20085 7 x 101 -3, 17982 74915 14242 22242 27842 8 x 10%0
3 4. 88364 51840 29576 27236 56430 660 x 10°7 -1, 43090 24471 4064 68397 44812 4 x 10*2 -1, 23962 09173 29935 85986 91713 5 x 1042
2 2.57935 21900 02766 31409 31923 341 x 104 -5, 63720 30878 95206 87404 96219 8 x 1043 -4, 94238 35747 05747 99400 48339 3 x 10°?
3 9, 90446 48234 20972 19338 80297 147 x 10%2 -2, 27198 06644 33492 85026 06432 1 x 10%° -2, 01476 80336 03267 59953 27464 7 x 109
n 3, 89583 00598 59278 99861 66241 170 x 10° -9, 36467 56365 68936 33564 11383 7 x 104 -8, 39543 27726 98622 27340 48169 3 x 10%4
3 1. 56904 71125 19523 88830 98567 601 x 10* -3, 94524 22600 40202 03825 69350 8 x 10%8 -3, 57447 58295 46803 60449 80418 6 x 10°8
3% 4. 46780 04383 22177 40983 23330 043 x 1047 -1, 69953 48815 05508 44788 49297 2 x 10°0 -1, 55469 30023 77696 61790 98848 9 x 10°0
3 2, 72759 58567 26749 65576 05805 592 x 104 -7, 47798 70543 94840 03838 19688 5 x 105} -6, 90538 06752 21001 36018 40912 { x 10°
38 1. 17632 09503 68074 33933 05565 329 x 10} -3, 36044 69139 49031 58016 25038 4 x 1073 -3, 13114 76417 84381 12689 93059 2 x 10°°
% 5. 18580 22925 69076 99152 89133 741 x 10°° -1, 54176 77215 37580 87487 55089 8 x 10°° -1, 44895 34974 60787 21752 55337 6 x 109
40 2. 33601 29432 88540 34686 03844 720 x 10°¢ -7, 21943 04199 76172 74275 61786 6 x 10°¢ -6, 84074 12754 02706 37451 18826 4 x 1096
i 1. 07481 07355 18888 10286 39238 594 x 10°% -3, 44907 93995 45493 55225 13672 0 x 10°8 -3. 29392 18626 44321 64684 19958 2 x 10°8
Q 5. 04914 98739 45764 19114 11397 049 x 10°7 -1, 68064 52537 51663 22973 95316 2 x 1080 -1, 41714 97003 01863 59069 86553 9 x 1060
) 2, 42086 25611 74634 93479 28437 857 x 10° -8, 34988 16823 33922 62150 65043 9 x 108 -8, 09247 19541 97947 51152 59699 3 x 106}
a4 1, 18420 76673 22064 89336 55536 184 x 108 -4, 22841 41006 42764 41662 88191 1 x 1053 -4, 12644 10065 18375 08391 53343 4 x 1063
85 5, 90793 85437 45149 24753 04073 134 x 102 -2, 18188 58441 45653 68791 98808 3 x 10%° -2, 14341 03255 98137 49274 17318 9 x 108
4% 3. 00499 12592 94226 08574 01435 798 x 10° -1, 14686 22369 21255 27935 70489 3 x 1087 -1, 13382 10736 83294 68910 78415 7 x 1087
7 1. 55776 74229 43548 10705 53484 823 x 108 -6. 13883 06655 24239 74139 48467 7 x 1088 -4, 10618 77092 76437 4056 96316 6 x 1058
8 8. 22756 64307 51413 82854 65427 712 x 107 -3, 34525 15267 84437 60764 35124 6 x 1070 -3, 34704 65424 72815 14940 39210 2 x 107
4 4, 42599 46484 79762 08813 37494 638 x 109 -1, 85531 33466 22017 11678 58337 7 x 1072 -1, 84881 62659 81557 41120 72547 9 x 1072
50 2, 42430 03916 44025 05264 53488 183 x 1071 -1, 04696 18292 31769 77372 32974 1 x 1074 -1, 05949 17214 63757 51684 52725 0 x 107
54 1, 35465 95277 13310 09839 94743 745 x 1073 -6, 00969 28536 88763 00572 36191 0 x 1079 -6, 11178 96856 09539 41313 74803 3 x 107°

the leading asymptotic term (called the relative asymptot-
ic error in the table), and the relative asymptotic error
after taking account of one, two, and three terms from the
alternating-sign asymptotic formula. These quantities are
listed for various orders, up to order 150.

Notice that for the ground state the residual remaining
after subtraction of the same-sign terms is alternating in
sign after order N=32, and that it has relative magnitude

107'° at order 150—which is small compared to unity,
but large compared with the corresponding relative resi-
dual for B(ZN ), which at order 110 is already less than
107%°. The first alternating-sign asymptotic contribution
significantly overcompensates, but by the third
alternating-sign contribution the relative error has
dropped by a factor of 1073 at N=150 (see Table X).

For the excited states, the threshold for alternation is
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TABLE VIII. Coefficients for the RSPT series, the induced AB|" series, and the induced A;B|? series, as defined by Egs. (24),

JIRI CIZEK et al.

(230), and (231) of the text, for the (n;=0,n,=0,m=1) excited state of 3;.

Order Coefficient

N o 4D 42

0 1. 00000 00000 00000 00000 06000 000 x 10 1, 00000 00000 00000 00000 00000 000 x 10 ° 1, 00000 00000 00000 00000 00000 000 x 10 °
1 -6.00000 00000 00000 00000 00000 000 x 10 ° -9, 00000 00000 00000 00000 00000 000 x 10 © -1, 50000 00000 00000 00000 00000 000 x 10 *
2 2. 00000 00000 00000 00000 00000 000 x m -3, 60000 00000 00000 00000 00000 000 x 10 * 1. 40000 00000 00000 00000 00000 000 x 10
3 7. 20000 00000 00000 00000 00000 000 x 10 * 1, 68000 00000 00000 00000 00000 000 x 10 ° 3, 72000 00000 60000 00000 00000 000 x 10

4 ~2. 94000 00000 00000 00000 00000 000 x 10 7 2 2. 88400 00000 00000 00000 00000 000 x 10 3 1. 94800 00000 00000 00000 00000 000 x 10 3
S -2, 97600 00000 00000 00000 00000 000 x w -1, 67160 00000 00000 00000 00000 000 x 10 ¢ -3. 41520 00000 00000 60000 00000 000 x 10 *
6 2. 46400 00000 00000 00000 00000 000 x 0 * -4, 45200 00000 00000 00000 00000 000 x 10 5 -3. 87488 00000 DOOO0 00000 00000 000 x 10 3
7 3 74712 00000 00000 00000 00000 000 x 10 -g. 39280 00000 00000 00000 00000 000 x 10 1. 66396 80000 00000 00000 00000 000 x 10
g8 -2, 25740 00000 0000C 00000 00000 000 x 10 2. 18013 12000 00000 00000 00000 000 x 10 / 2. 41559 52000 00000 00000 00000 000 x 10 |
§ -1, 27848 96000 00000 00000 00000 000 x 10 -4, 17311 74200 00000 00000 00000 000 x 10 & -4, 01960 36800 00000 00000 00000 000 x 10
10 3, 37753 98400 00000 00000 00000 000 x 10 -1, 20459 12192 00000 00000 00000 000 x 1010 -1, 07949 72000 00000 00000 60000 000 x 1040
1 6. 29207 80800 0000 00000 00000 000 x 10 -1, 11054 41817 40000 00000 00000 000 x 1013 -6, 17923 47840 00000 00000 00000 oooxm1
£2 4, 46035 53024 00000 00000 00000 000 x 10 -1, 49466 42764 16000 00000 00000 ooono -1, 24621 59482 88000 00000 00000 000 x 1012
13 7. 15418 32089 60000 00000 00000 000 x 1041 -4, 48421 14789 69600 00000 00000 000 x 1013 -4, 45028 24904 00000 00000 00000 000 x 1013
1 2. 03944 95740 14000 00000 00000 000 x 1013 -9, 83228 35735 52440 00000 00000 000 x 1014 -9, 00754 33791 33440 00000 00000 000 x 1044
{5 3, 91597 65945 64800 00000 00000 000 x 10¢ -1, 85692 24673 25772 80000 00000 000 x 1036 -1, 67195 75006 63654 40000 00000 000 x 10
16 6. 96322 20405 08928 00000 00000 000 x 10! -4, 01464 36322 76270 08000 00000 000 x 1017 -2. 80749 84293 01468 14000 00000 000 x 1017
17 1, 46605 53194 98629 12000 00000 000 x 1017 -9. 46012 45723 67989 24800 00000 000 x 10 -7, 17003 67331 94149 02400 00000 000 x 1018
18 3, 29272 11924 03306 49600 00000 000 x 1018 -2, 23320 58433 09975 34768 00000 000 x 1020 2. 17489 35595 90026 08640 00000 000 x 100
19 2. 40730 32159 32305 40800 00000 000 x 1017 -5, 40352 14885 93495 77267 20000 000 x 1021 -5, 33572 67800 95879 02648 80000 000 x 1022
20 1. 72541 16432 82305 15916 80000 000 x 1021 -1, 36437 79028 23278 43743 14400 000 x 1043 -1, 36710 90561 57953 16249 90400 000 x 10°3
2 4, 20880 66125 03693 22352 64000 000 x 1022 -3, 56771 47632 05346 92466 89280 000 x 1024 -3, 61494 68087 31243 86955 67360 000 x 1024
n 1, 06438 80878 57307 70455 64140 000 x § -9, 62363 70434 66291 72383 66208 000 x 1025 -9, 86029 61822 99713 08328 55040 000 x 107
e 2. 78393 13703 74200 11050 02496 000 x § -2, 68089 98759 50788 22605 89199 360 x 1027 -2, 77518 47502 25593 04541 45487 040 x 10°
2 7.53852 00041 68339 87337 84316 800 x 1058 -7, 74195 72340 42472 84314 97265 152 x 1028 -8, 06032 89809 48260 83524 83905 534 x 10L9
2 2, 11198 74904 88910 99508 67046 400 x 1038 -2, 28861 33721 35542 53994 10402 755 x 1030 -2, 41344 41537 00352 84655 40085 176 x 1030
2% 6. 11464 65872 55323 40683 39523 584 x | -7, 00170 66012 65845 26038 53523 976 x §031 -7, 44555 57545 58028 54011 04329 214 x 1031
2 1. 82797 96604 62615 88022 55010 857 x 1031 -2, 20700 93799 04238 39749 51855 376 x 103 -2, 36537 72243 61303 17432 05487 wxw33
8 5. 63852 03255 91947 05247 64528 440 x 1052 -7, 16299 43040 34201 28929 77653 586 x 103¢ -7, 73360 48344 22401 45356 56815 643 x 1034
2 1, 79312 47384 82091 52262 65275 347 x 10 -2, 39247 16874 59205 51969 91700 407 x 1038 -2, 60061 25445 47291 12371 87470 "48\(103
20 5. 97451 48992 96748 23194 89954 723 x 1055 -8, 24525 55000 34453 27540 43155 874 x 1037 -8, 98920 26054 14045 09471 12333 781 x w
3 1, 98119 32373 63998 58121 55427 092 x 4037 -2, 89940 92932 46504 76441 02995 823 x 1057 -3, 19198 92003 63830 27048 95663515x10
2 6. 87325 20735 84420 35294 02226 527 x | -1, 05097 34607 02630 44992 05085 627 x 10%8 -1, 14370 41845 89977 27541 21056 789 x 107!
1 2, 45148 34082 97553 95324 88815 umw“ -3, 91028 47723 82726 92217 39085 mxw‘~ -4, 35330 85497 95494 62054 08953708)(102
3 2, 97998 82196 75969 55623 82117 975 x 1041 -1, 49247 59671 91028 47855 01526 5s9xw -1, 67012 29776 37649 12978 13267 481 x 103 4
3 3, 37739 10182 51818 55680 08871 467 x 1043 -5, 84042 04840 89666 09999 73313066 x 10%0 -4, 56743 30633 07798 27704 63949 694 x 10°
3% 1. 30323 41503 40617 74793 17227 smw‘ -2, 34197 33079 60815 58421 88893 9nxw7 -2, 64565 52721 49439 17631 61585 426 x 10%7
kY 5. 15434 55948 30872 56299 24925 933x10% -9, 61815 74995 36974 88794 25465 360 x 10%8 -1, 09129 04998 01908 92295 o9mazaxm9
3 2. 09065 82562 58745 50545 57167 087 x 108 -4, 04345 64385 14972 65290 03940 175 x 1090 -4, 40484 37915 84883 54394 05309 554 x 10°0
3 B, 48187 52142 23307 11183 62797430 x 10 -1, 73920 40891 88114 13444 90475 746x105‘ -1, 98936 99758 47439 27652 34344 784 x 1057
40 3, 69063 26675 18006 00208 40429 354 x 1051 -7, 45033 79882 36403 00791 15754 417 x 40°3  -B. 78368 46027 07649 53056 63673 097 x 1073
4 1, 60518 01749 19564 75006 47462 211 x 4093 -3, 43987 47287 25057 07624 64147 698 x 1050 -3, 94363 59948 50748 39338 07890 750 x 107
2 7. 13953 55081 81224 56795 12009 987 x 109 -1,'58032 05317 54483 47365 57341 989 x 1097 -1, 82747 40290 18809 47226 51926 740 x 1057
43 3, 24589 95781 17038 85425 61729 472 x 10°¢ -7, 41484 32510 73020 13385 05689 433 x 10°8 -8, 40144 47974 09253 37993 68754 724 x 1098
“ 1, 50772 70549 53703 73005 42506 269 x 10°8 -3, 55171 28458 38617 24523 02337 743 x 1080 -4, 13279 53435 36142 71584 33200 534x106
I 7. 15227 04422 62387 82302 78905 417 x 10°7 -1 73610 83866 30573 56724 54188 435 x 1082 -2, 02618 40080 46676 34647 15810 363 x 1082
4 3. 46351 27027 92517 52568 83207 133 x 1081 -8, 45672 46881 41991 49853 13887 812 x 1063 -1, 01320 38574 82571 76908 11616 640 x 10¢¢
Y 1, 71145 75733 99702 90564 51859 238 x 1083 -4, 40156 74704 32062 42241 23152 694 x 1085 -5, 14583 23267 77434 18550 99552 836 x 1059
48 8. 62627 34972 23210 78390 48989 304 x 10%¢ -2, 28130 19298 15868 74203 94559 384 x 1057 -2 68446 04615 27810 01250 47482 301 x 108
49 4, 43328 20579 38499 70577 93143 863 x 1056 -1, 20484 08918 78608 36066 66226 748 x 10° -1, 42134 589464 00774 32425 47090 578 x 1087
50 2,32228 57781 67440 81308 76905 700 x 1088 -4, 48191 04733 54002 05926 80356 188 x 1070 -7, 66524 46235 73762 00834 94081 407 x 1o7°

3 1, 23948 91484 14093 91644 14728 722 x 1070

-3, 55409 59039 00731 77995 57258 289 x 107

-4, 20918 33669 92515 24030 37021 756 x 1072

pushed higher to N=38 for (1,0,0), N=67 for (0,0,1), and
N=112 for (0,1,0). For (1,0,0) the alternating-sign contri-
bution is moderately larger than for the ground state—a
consequence of the increased value of n,. For (0,0,1) and
(0,1,0), the alternating-sign contribution is significantly
smaller, which is a consequence of the dependence on n,
and m that bring it down from the same-sign contribution

—8ny—4m —5

by a factor of N Thus, for (0,1,0) the
altemating-sign contribution is ~—10"2° versus
— 10719 for the ground state.
Comparlson of Table X with Table IV reveals clearly

that the B\’ becomes asymptotic much more slowly than
the 85"
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B(nhnZ)m)’
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C(ny,ny,m), and D(n,,n,,m) for the

alternating-sign contributions to the asymptotics of 8", as in Eq. (232), and to the asymptotics of E™V,

as in Eq. (236).

ng np m A(ny,no,m) B(ny,ny,m) C(ny,nyym) D(ny,noym)
0 0 0 83 -120 243 -184
i 0 0 2983 -2656 6179 -3680
0 i 0 7459/9 -4960/3 2203%/9 -7264/3
0 0 i 2060 -6848/3 13492/3 -9536/3

X. NUMERICAL CHARACTERIZATION
OF THE ENERGY SERIES

The asymptotics of the RSPT coefﬁcwnts E™ for the
energy are similar to those for the B{": again there is an
alternating-sign contribution down several powers of N
from the dominant same-sign contribution [cf. Eq. (199)].
First we list in Tables XI—XIV the terms of the RSPT
series, the exponentially small gap series AE!Y, and the
doubly-exponentially-small 1magmary series AE (2}, all
through fifty-first order in (2R /n)~!, for the ground state
(ny=n,=m =0) and for the three n=2 excited states for
which n,, n,, and m are (1,0,0), and (0,1,0) and (0,0,1).
We use the notation C!M™ and C!™ for the series
coefficients for the two exponentially small quantities, ac-
cording to [cf. Egs. (176) and (179)]

+ (2R /n)’ #y —R/n—n

(2R /) ¢ 2R/ —2m
3[n2'(n2+m)']2

AEB =37

0

x2C

CB™QR /n)~N (+ImR>0). (235)

As for B, and f3,, the coefficients are estimated to be accu-
rate to the precision reported [29 digits for
(ny,n,,m)=(0,0,0), (1,0,0), and (0,0,1), and 27 digits for
(0,1,0)]. We call the reader’s attention to the sign pattern,
which settles down quickly to uniform minus signs for the
ground state and two of the excited states, but which is
quite irregular until after twenty-seventh order for the
(1,0,0) state.

1 S 1w -N
AEM = n3ny(ny 4 m)! Nz_ CM2R /n) The asymptotics of the E'Y) have two contributions, as
=0 did the B{™. In the notation of Eq. (235), Eq. (199) be-
(234)  comes
|
EM__ e (N +4ny+2m +1)! clm cl2@

n3(ny ) (ny+mP?

N +4n,+2m +1

* (N +4n,+4+2m +1)(N +4n,+2m) *

(ny+2n,42m +1)(n +2n,+m +1)!

+(=1)m+N=le2"16n
n(n,+m)!

n?—12(8) +m

2_1+412n —1289

(N —4n,—2m —5)!

)_4npY

N —4n,—2m —5

3 4n’[2¢(N —4ny —2m —5)—(n, +2n,+2m +2)—(n, +2n, +m +2)]

N —4n,—2m —5

C(nl,nz,m)+8172n4/3+D(nl,n2,

NN —4n, —2m —6)—1(1)]

(N —4ny,—2m —5)(N —4n,—2m —6)

ot [Y(N —4ny—2m —6)— () P+ [N —dny, —2m —6)— (1))

+ 32n

+ON3nN)?) |, (236)

(N —4n,—2m —5)(N —4n,—2m —6)

where the coefficients C(n,,n,,m) and D(n,,n,,m) are
independent of N. The first few are listed in Table IX.

In Table XV we uncover numerically the alternating-
sign contributions to the asymptotics by subtracting the
terms in Eq. (236) that come from A;E (2} (those involving

I

the coefficients C!3/*¥)). We truncate the partial sum
after including the smallest term. Listed in Table XV are
the exact EY, the k index of the last correction term in-
cluded in the partial sum and the value of that term, the
difference between the exact and asymptotic values—
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TABLE X. Asymptotic analysis of the RSPT B{". The dominant, same-sign subseries in the asymptotic formula (232) of the text
is truncated with the inclusion of the smallest term, whose index has been indicated by k.. The relative asymptotic error refers to
the difference between the exact coefficient 81"’ and the asymptotic formula to the indicated number of terms, divided by the leading
asymptotic term, which is (47, +2m +2)(N +4n,+2m)!/(n,1)*[(n;4+m)]% For sufficiently large N, the relative asymptotic error,
after accounting for the same-sign subseries, is alternating in sign. The effect of the alternating-sign subseries is seen through the in-

clusion of up to three terms.
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same-sign subseries

alternating-sign subseries

relative relative asymptotic error after inclu-
smallest asymptotic sion of terms through order n N°9)
N B(i“)(exact) kmin term error 0 i 2
Ground state: ny=0, n2=0, m=0
30 4.20484 95981 43437 52856 90821 189 x 10 3% 1 L1x107¢ -34x10 77 10x10 77 -2.0x10 77 -t4x10 7]
3 131482 83626 14689 16879 39208 591 x 10 3¢ 1 58xi0 7 -24x10 77 64x10 77 36x10 7T -3.9x10 77
32 4, 24136 03481 22180 14997 27011 495 x 10 3 15 32x10 77 -2.3x10 77 £0x10 "7 -1.0x10 7 -7.4x10 8
33 1, 41014 46206 91339 49624 17275 387 x 10 37 15 18x1077  70x10 7 27x40 77 -1.0x10 7T -13x10 77
30 482802 38503 08125 29553 31706 145 x 10 38 16 95x107®  -45x10 77 94x10 8 -sox108  -28x10 8
35 1, 70085 93393 95120 27806 01785 581 x 10 40 16 s52x10°8  g3xg0 8 4x10 77 24x1078  -q0x10 8
36 6 16061 45090 62291 67417 63524 285 x 10 41 17 28x10°8 -gox0 ! 22x10 8 24x107% -psxi0 ?
31 2,29254 43917 84602 54356 91615 649 x 10 43 17 15x10® grxt0 8 86x10 8 fex10? -t2x10”
38 8, 75883 13712 37434 11125 90672 419 x 10 8 80x10™? -7ax10® s9x10 8 -15x10® -zax10?
39 3.43337 61289 94263 40892 50487 074 x 10 44 18 43xi07?  sexi0 8 57x10 78 esx10 7 -34x10
40 1. 37996 74455 77679 10787 76135 778 x 10 19 23x1077  -sexi0 8 sx10® 9ax10 7t -toxio?
45 2,06510 55699 12521 40804 34906 726 x 10 2 x0Tt 3axgp 8 23x10 78 a2xt0 P cagxiot
60 1, 49440 30280 94080 14957 04185 790 x 10 82 % sexio P 2exi0 ! a3x10 7 apxa0tl 29 xgett
75 4,55831 43582 14424 59695 34188 535 x 1010 o oaxe¥ 27k 2x10 79 17x10710 paxgp7t?
90 277057 11141 95650 94203 64577 899 x 10138 W20 gxg0 act07l0 saxgott o agxi07t
105 203771 32634 96922 30359 18417 524 x 10168 s 50x10728 5240710 1768070 gexgot a5yt
120 1,27029 42073 70747 46762 41761 449 x 10177 51 60x10732  -2.7x10710 29xi07t e2xt07t 39 xp07td
135 51395202223 01706 16760 5411 113 x 10230 st 290 skl P UEY PY U TR PEl
150 1. 09457 73249 78189 44805 40729 875 x 10263 st 28x10738  -gqxyo7l! aaxtot w10t gaxgot
Excited state: ny=1, no=0, m=0
35 443527 95548 81703 4207 57979 025 x 10 40 M 10x10 77 soxi0 4 Lext0 ¢ 87x107¢  gsx10 ¢
36 1.48397 18149 95061 54938 41790 495 x 10 42 # o oa2xi0 q3xp0 L7407 LAx10 0 Lexq0
3 6. 28413 48274 48655 29873 69117 033 x 10 43 d 18x10 8 -33xg0 7 66x10 78 -tax10 ¢ -1exi0 ¢
38 2.40732 62624 95421 58317 30959 547 x 10 M aixi0? -gexi0 7 19x10 % -25x10 78 -2.0x10 ¢
39 9.46037 67189 73453 98270 12646 060 x 10 44 M 3x10 70 s9xt0 ! 48x10 76 21x10 78 15xi0 78
40 381149 49519 09701 02495 76415 853 x 10 48 d o 18x10 7 -17x10 7 20x10 ¢ -13x10 ¢ -g3xi0 !
41 1,57340 44239 91749 11825 05650 747 x 10 50 M 8sx10t0 gqxg0 8 -18x10 78 Lix1078  sexi0 7
42 4 65115 23979 40872 72589 32947 434 x 10 1 a0 43x10i0 g2xg0 7 L6x10 6 -9.6x10 7 -5.0xi0 !
43 2.87760 16315 26658 55137 53854 547 x 10 O3 M 22x10 13x10 7 44x10 78 saxi07  agxi0 !
44 1,27355 17426 99160 79925 99461 395 x 10 O° a0 12x10710 g2xg0 7 12x40 ¢ -23x10 77 -33x40 7
45 5,76288 84684 97828 21323 99269 039 x 10 O a0 saxtoM gixt0 7 44x10 8 saxi0T 27rx10 77
60 4, 25449 21649 34195 83172 33508 800 x 10 82 2% 5.0xi0d -47xi0 78 2x10 77 -tixi0 7 -taxio 8
? 1, 31285 33314 91568 17177 38410 795 x 10110 3 25x10Y 2441078 42x10 8 28x10 78 aaxgoll
90 8.03918 89765 54943 53588 04877 827 x 10138 W 11x10723 1010 8 22x10 8 axi0? aaxioil
105 5.94338 14408 72294 73269 41028 217 x 10148 51 47x10728  s3x10 ! 9ax109  asxg0 Y -23x10710
120 3. 74916 15533 21328 05918 28739 902 x 10177 5 57x10732  -3.0x40 7 5x10 % -15x10? 12x10710
135 150912 32797 30845 49194 88339 840 x 10431 5§ 27x107 18x10 77 23x10 77 23x10710 g3xg07d
150 3.22727 61757 73643 99640 39047 709 x 10263 59 24x10738  -14x10 7 13x10 77 -28x10710 34xgoH
Excited state: ny=0, n>=1, m=0
110 3. 84066 68154 66344 53494 67272 941 x 10186 5t 48x107  2qx10723 -43x107 23x108 paxq0??
114 4,42831 79529 24774 51425 18522 473 x 10188 st 27x407 -s2x10724 20x10783 -35x1072 ~q2x103
142 5. 15003 54797 28241 91850 55330 994 x 10470 St 15x1074 -10x10723 Mx1072 ix1078 a3xg07
143 4 04072 59073 33858 38876 59420 723 x 10172 St BAx1072  18xip7dd 1.2 x107 £4x10728 -s0xq072
144 7. 14569 41846 99620 35747 03243 307 x 10174 51 48x10725  -5.4x1072 s.2x10°24  gax107? -ggx10D
45 8. 52403 88989 87193 37750 23460 236 x 10176 51 2.7x1025  1.8x1072 27x107 26x107 3x10M
116 1,02532 59914 08535 71897 61735 152 x 1077 S L6x107 -34x1072 5.0x10724  -41x1072 24 x107f
147 1. 24355 32652 55245 94115 13581 471 x 10201 St 9.0x10728  2.0x1072 55x10724 25x1072  -g3xep7Yd
148 1.52062 98594 46173 47627 08409 775 x 10203 St 53x10726 24107 43x10° 28x107% sqxi07%




TABLE X.
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( Continued).

same-sign subseries

alternating-sign subseries

relative relative asymptotic error after inclu-
smallest asymptotic sion of terms through order (in §h
N Bm)(exact) kmin term error 0 { 2
9187460 BS416 42265 94440 30816 980 x 10203 st 3ax107¥ gaxqo A2x107 2201072 g0
120 2.32968 62305 67245 00079 98391 415 x 10207 5t 1.8x10726  -19x10724 5% 24x102 s0x107D
125 7,77622 45330 15126 32981 58234 992 x 10217 St 14x1027 pixi072 x40 ix10? 32x1070
130 3. 14585 46826 64292 16242 59039 798 x 10“9 5t 12x1078 g6 x107 12x10728 -03x107D 17440700
135 1,53154 39326 78449 42414 90862 477 x 102%7 st 12x4078 4244070 2.2x10°% 37xm‘1’5 -9.7x1078
140 8. 91417 76528 46513 18858 83709 809 x 10247 50 13x40730 274107 4Ax10°8 2x107% s xq0728
145 6. 16495 24436 76917 94321 95285 938 x 10240 st 15x107 1241078 270008 13xi078 3354076
150 5.03716 89616 45249 73328 18252 223 x 10271 St 20x10732  -gyx107 1L7x4078  29x107%%  2.0x10728
Excited state: ny=0, n2=0, m={

65 1,13885 00590 21654 30449 69843 011 x 10 °° i 33xte M gaxg0td 23x1078 goxit zoxt
66 7.77531 43019 45827 29475 89791 639 x 10 7 N trxw0 gox107!S ax107 paxte cpaxget
67 5.38584 79493 22852 74308 15564 229 x 10 78 2 eaxt0 x4 w0x107 29x107H 3yt
68 3.78430 66855 26025 29819 08827 997 x 10100 3 soxio P 3kl 2.9 x m‘“ taxio gyl
69 2.69667 40945 68716 52063 62962 081 x 10102 B 2a7x10 Y gaxgotd 20x107H xSyt
70 1, 94848 30612 01337 28345 91680 476 x 10304 M tax10B gaxgel 2ax 10 oo s ygptS
7 1,42728 01030 14265 96995 99307 339 x 10106 M 26x107i6 55y gD Loxtolt 120t asxatt
72 1,05970 92346 33030 19254 82579 320 x 10108 35 a0x107t 39xg07 -wa 2.0x1071  -15xq07t
37,9735 05617 87022 18242 24594 741 x 10309 33 22x10716 _qgxg0hd 13x107H  -3x1071S  poxg07lé
M 4.07895 46016 11356 16506 76649 181 x 10111 % Lax107l 33yq07h 1.2 %107 “ 69x1078 —pixi0t®
75 469509 80519 05535 03298 01084 648 x 10113 % six10t? 3gxi07t L0x107H ikt oxgoté
90 4 17505 47693 53232 78059 13419 611 x 10142 W aix10l gyt 47x1078 ggxiotd cpsygo
105 4. 22596 42490 25580 41268 06350 781 x 10172 st 24x1078  -20xq07H¢ 39x10718 -ggxs07ié aqxp0l?
12 3, 46894 43375 28781 08724 93612 405 x 10°03 5 36x1070  gsxi0l ix1078 agx107l? <26 xq0718
1351, 78742 61945 4035 87670 0?584213x10‘35 st 2.0x407% -4 x10°l 35x$07t —g3xt07l? 22x10718
150 4.73149 48064 78678 R1088 48155 313 x 10°7 st 30x10P  poxi0l -3x107 asxi07t® coxp0?

divided by the leading asymptotic term (called the relative
asymptotic error in the table), and the relative asymptotic
error after taking account of one, two, and three terms
from the alternating-sign asymptotic formula. These
quantities are listed for various orders, up to order 150.

Notice that for the ground state the residual remaining
after subtraction of the same-sign terms is alternating in
sign after order N=25, and that it has relative magnitude
7% 107! at order 150—which is small compared to unity,
but large compared with the correspondmg relative resi-
dual for ), which at order 110 is already less than
10-%, The first alternating-sign asymptotic contribution
significantly overcompensates, but by the third
alternating-sign contribution the relative error has
dropped by a factor of 10~ at N=150 (see Table XV).

For the excited states, the threshold for alternation is
pushed higher to N=139 for (1,0,0), N=50 for (0,0,1), and
N=93 for (0,1,0). For (1,0,0) the alternating-sign contri-
bution is significantly larger than for the ground state—a
consequence of the increased value of n,. For (0,0,1) and
(0,1,0), the alternating-sign contribution is significantly
smaller, which is a consequence of the dependence on n,
and m that brings it down from the same-sign contribu-
tion by a factor of N —8ny=dm =6 Thus, for (0,1,0) the
alternating-sign contribution is ~5X107%4, versus
~7x 10! for the ground state.

Comparison of Table XV with Tables IV and X reveals
clearly that like the B{", the E'Y) become asymptotic

much more slowly than the 5.

It is of some interest to turn to an observation made in
Ref. 13, that the “Neville table” for the ground-state E'V
seems to converge in a zigzag fashion,'? and that much
better convergence is obtained by treating the even and
odd terms separately. An aim of that study was to con-
firm the asymptotic behavior, EY)~ —e ~2"(N +1).. The
Neville table for the quantities ay is the matrix, defined
recursively with ay =ay,

ak=[Nak='—(N—kak=11/k . 37
If ay is given asymptotically by the expression
ay~1+A/N +B/[N(N —1)]
+C/[N(N—-1D(N-=2)]+ -, (238)

then the difference between each entry and unity, af —1,
approaches 0 as N —k-1""If, however, ay has add-
itional terms, say of the form

(—DVD/[N(N —1)(N —2)(N —3)(N —4)(N —5)] ,

as is the case for E'Y for the ground state, then the entry
a¥ has an altematmg sign contribution proportional to
N¥=6  That is, the difference with unity has an
alternating-sign contribution that grows with k. This is
the explanation of alternation phenomenon observed in
Ref. 13. If the alternating-sign contribution could be
eliminated, then the Neville table should converge more
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TABLE XI. Coefficients for the RSPT series, the AE!!} series, and the A;E!?! series, as defined by Eqs. (166), (234), and (235) of
the text, for the (n, =0, n, =0, m=0) ground state of H,*.

Order Coefficient
N £ cthan c2a
0 -5.00000 00000 00000 00000 00000 000 x 10”1 1, 00000 00000 00000 00000 00000 000 x 10 ° 1, 00000 00000 00000 00000 00000 000 x 10 °
1 -2.00000 00000 60000 00000 00000 000 x 10 1, 00000 00000 00000 00000 00000 000 x 10 0 2. 00000 00000 00000 60000 00000 000 x 10 O
2 0. 00000 00000 60000 00000 00000 000 x 10 -1, 25000 00000 00000 00000 00000 000 x 10 -1, 80000 00000 00000 00000 00000 000 x 10 *
3 0. 00000 00000 00000 00000 00000000 x 10 © -2, 1833333333 33333 3333333333 333 x 40 3 -4, 46466 66646 46646 48666 64466 667 x 10 |
4 -3,60000 00000 00000 00000 00000000 x 10 1 -1, 63458 3333333333 3333333333 333 x10 £ -1, 40333 33333 33333 33333 33333 333 x 102 2
5 0. 00000 00000 00000 00000 00000 000 x 10 © -1, 24165 83333 33333 33333 33333333 x40 3 -1, 52440 00000 00000 00000 00000 000 x 10 3
& -4,80000 00000 00000 0000000000 000 x 10 > -7 24887 36141 11411 11141 11141 111 x 10 -4, 24825 77777 77712 1171 11177 118 x 40
7 -6, 81600 00000 00000 00000 00000 000 x 10 3 -1, 01012 48313 49206 34920 63492 063 x 10 -1, 24665 30793 65079 36507 93650 794 x 10
§ -3, 10200 00000 00000 00000 00000 000 x 10 ¢ -9, 36248 50969 74206 34920 63492 063 x 10 > -1, 32387 27047 61904 76190 47619 048 x 10 §
9 -4.53888 00000 00000 00000 00000 000 x 10 -1, 03330 47428 96549 82363 31569 665 x 10 7 -1. 48046 78106 52557 31922 39858 907 x 10 !
10 -5. 42457 40000 00000 00000 00000 000 x 10 & -1, 39652 84569 23856 37125 22045 855 x 10 -1, 90613 92758 70194 00352 73368 407 x 10
4 -5.95039 48000 00000 00000 00000 000 x 10 -1, 78848 65467 99068 53755 81208 915 x 10 -2. S2087 44293 93246 75324 67532 468 x 10, °
12 -8, 38205 20800 00000 00000 00000 000 x 10 & -2, 54750 96449 21180 08687 23611 779 x 1030 -3, 59704 02597 82538 82742 77143 166 x 1030
13 -1, 18278 18240 00000-00000 00000 000 x 1010 -3, 93101 33620 54025 84926 48683 621 x 1011 -5, 49379 21993 59230 00427 44457 189 x 101
14 -1,78418 03616 00000 00000 00000 000 x 1011 -4, 30840 30120 96369 94706 69711 865 x 1012 -8, 84328 05607 80952 19263 98116 874 x 10
15 -2,89561 86272 64000 00000 00000 000 x 10 -1, 07905 24375 52958 94081 47697 134 x 1014 -1, 1035 49002 20563 37248 24107 893 x 10
16 -4.94927 77000 42800 00000 00000 000 x 1013 -1, 94504 09431 65771 57194 65044 203 x 10 2. 72436 22449 18935 43643 79387 025 x 10} 5
£ -8, 95386 41889 94560 00000 00000 000 x 101 -3, 69190 69424 98648 33380 88003 127 x 1036 5. 16228 40287 16972 74018 42068 987 x 1018
18 -1.70775 91118 31129 60000 00000 000 x 1018 -7 36491 08844 93962 34950 04035 051 x 10¢ -1, 02917 32010 86507 40946 31176 246 x 101
19 -3.42401 84054 44785 60000 00000 000 x 1017 -1, 54150 20632 41004 58543 97150 697 x 10 -2, 15160 26728 99255 60449 59473 763 x 1027
20 -7.20352 74847 96734 02400 00000 000 x 1018 -3, 37647 18615 98035 45095 74336 884 x 1020 -4, 70830 56141 97598 24827 92116 495 x 10*
20 -1,58663 37018 30904 41984 00000 000 x 1020 -7, 72759 40864 27204 89987 64471 393 x 1023 -1, 07651 94098 84186 93990 97946 024 x 1022
22 -3, 65198 45724 20448 69676 80000 000 x 1025 -1, 84481 55054 45899 90504 36842 115 x 102 -2, 56744 52149 71371 40328 15826 700 x 10°
23 -8, 76818 18011 54661 46806 40000 000 x 10? -4, 58661 97503 05278 22926 67251 432 x 1024 -4, 37499 28377 52626 56173 24947 149 x 102
2 219237 89692 87299 63470 43120 000 x 1024 -1, 18581 57747 76732 14364 04939 318 x 1026 -1, 44709 96320 07583 72117 51034 632 x 1024
2 -5, 69988 90347 32373 98500 94080 000 x 1025 -3, 18355 83644 61635 78147 16798 644 x 1027 -4, 41778 93549 93934 37636 08871 324 x 10°7
? -1, 53848 45406 24901 90391 24834 540 x 1027 -8, 84359 51548 82034 55518 28981 017 x { -1, 22885 62062 29670 07480 29362 914 x 1027
21 -4,30701 59428 07344 63159 84849 344 x 10 -2, 55604 56435 44030 79195 81850 995 x 1o3° -3, SADSS 42239 64881 51840 39522 499 x 1030
28 -1, 24856 46387 44255 27154 90329 645 x 1030 -7, 62581 42566 49438 2433 69133 689 x 1031 -1, 05538 73385 15058 26984 44609 363 x 103*
29 -3.74403 87313 41340 10875 15630 039 x 103} 2, 35118 32175 44112 98058 07830 405 x 1033 -3, 25123 45534 80517 31436 45408 326 x 10°
30 -1, 16009 28548 92770 55962 97709 645 x 1039 -7, 43383 24003 70202 63362 29847 187 x 1 -1, 03403 30618 00998 71361 63200 561 x 1o°5
3 -3, 71037 69005 48712 87703 51920 613 x 1034 -2, 45684 57197 25637 52075 09725 748 x 1038 -3, 39194 73864 39399 24362 25343 054 x 10%¢
32 -1,22376 73764 98047 98279 36551 621 x 1038 -8, 31094 43578 93358 83865 73372462 x 1037 -1, 14655 49540 07235 99096 60792 257 x 10°8
33 -4, 15850 46386 52791 79250 06421 463 x 1037 -2, 89447 16053 73106 19846 75975 367 x 1 -3, 99023 68870 75134 01710 49646 266 x 103
M -1, 45466 05269 16266 44223 27876 155 x 1039 -1, 03699 81564 05009 79484 75183 657 x xo -1, 42857 74193 90117 87840 62240 525 x 10! i
35 -5. 23380 8909 58899 15495 95876 552 x 10} 40 _3 91892 67451 11900 64517 64777 557 x 102 -5, 25744 62109 52309 55992 57531 415 x m l
36 -1, 93541 35686 18694 56546 97666 524 x 104 -1, 44458 10606 36116 14398 05282 839 x w‘ -1, 98743 80445 14512 84289 85592 760 x 103
3 -7, 35041 S2418 21237 04191 42047 088 x 10‘3 -5. 60889 64415 57971 74124 95354 039 x 104 45 _7,71183 32271 33780 24422 34967 571 x 1093
38 2. 6505 73217 64526 57741 39553 536 x 10} A5 223388 80962 10866 74370 87630 041 x 10} AT .3, 06958 62026 56960 89416 42834 872 ¢ 10%7
39 -1, 14538 73358 92800 41315 04907 402 x w -9, 12054 35207 82225 47445 27322 087 x 1048 -1, 25252 61489 84422 94865 32767 287 x 10%7
40 -4,69352 18341 43224 86001 66161 484 x 108 -3, 81501 09910 40204 37443 1749 417 x 10 -5, 23622 58322 48924 38716 29520 814 x 107
41 -1.97021 74451 55746 54651 93292 483 x 1030 -1, 63394 92914 80080 03879 36472 874 x 1052 -2, 24143 56144 80234 39000 70866 983 x 10°°
2 -B. 4674517579 34230 37130 94628 S68 x 109 -7, 16164 61078 88398 19543 79712 967 x 1093 -9, 81944 64503 04750 45047 14147 540 x 10°3
43 -2,72374 19906 83640 20995 29606 338 x 1033 -3, 21064 45125 22034 10147 66875 402 x 10°° -4, 39981 49010 52340 1194 82742 265 x 1095
44 -1, 67483 04120 56231 51325 53616 379 x 40°° -1, 47450 46629 92978 43009 77497 609 x { -2, 01554 24510 55075 37912 12031 149 x 1057
45 -7,70037 25595 40304 33979 57208 022 x 10° -6, 89149 31471 87806 72268 13012 454 x 1098 -9, 43494 05210 86612 28038 44183 249 x 10°8
46 -3 61740 69023 44197 43149 03727 041 x 10°8 -3, 29647 34909 93636 44250 90128 325 x 10 -4, 51105 03260 68594 13184 53064 808 x 1040
41 -1,73552 47980 40244 27895 64957 019 x 100 -1, 40983 10532 42913 94475 07304 622 x 1052 -2. 20199 90440 66198 93151 (15453 (5 x m‘“
48 -8.50009 57733 00430 30156 84665 842 x 1081 -8, 02275 02931 69226 37180 63385 367 x 1083 -1, 09692 00411 48850 99681 67440 533 x 10°
49 -4, 24810 45332 66548 46607 67018 480 x 103 -4, 07852 65026 04111 74618 73019 639 x 10°° -5, 57411 30964 ST813 74075 94343 361 x 103
S0 -2, 14556 55778 20181 55845 44248 962 x 1055 -2, 11422 94904 67728 48102 87477 156 x 10‘7 2. 88835 80523 22927 76072 46918 834 x 1067

54 -1, 12560 24353 67844 96777 46394 055 x 1087

-1, 11714 04828 30431 70236 36058 355 x 10%7

-1 52559 23473 13970 04827 93441 487 x 1087

normally. In Table XVI we have calculated the Neville
table for the quantity —1—EYe2/(N +1)! with up to
three alternating-sign contributions removed, as indicated
by Eq. (236) and by Table XV. The value before any pro-
cessing differs from 0 by ~0.012 for N between 145 and
150. The subtraction of the alternating-sign terms shows
up only in the twelfth decimal place. As the Neville itera-

tion is carried out, the entries without removal of the
alternating-sign contribution reach —0.00002 for k=2,
but then grow to +0.024 at k=4. The sign alternation is
clearly evident. As the leading, 1/N, and 1/N?
alternating-sign terms are incorporated, the growing,
alternating-sign behavior is pushed to higher values of k,
and the approach of the entries to zero is closer. The best
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TABLE XII. Coefficients for the RSPT series, the AE!!) series, and the A;E 2! series, as defined by Egs. (166), (234), and (235) of

the text, for the (n,n,,m)=(1,0,0) excited state of H,*.

Order Coefficient

N £ RO (2D

0 -1, 25000 00000 00000 00000 00000 000 x 10™ ¢ 1, 00000 00000 00000 00000 00000 000 x 10 ° 1. 00000 00000 00000 00000 00000 000 x 10 °
1 -1.00000 00000 00000 00000 00000 000 x 10 O 1, 20000 00000 00000 00000 00000 000 x 10 * 2. 40000 00000 00000 00000 00000 000 x 10
2 3. 00000 00000 00000 00000 00000 000 x 40 © -1, 70000 00000 00000 00600 00000 000 x 10 1 1. 22000 00000 00000 00000 00000 000 x 10 °
3 -6, 00000 00000 000DD 00000 0000D 000 x 0 & -2. 47333 33333 33333 33333 33333 333 x 10 3-8, 46666 66666 66486 66686 64666 667 x 10 2
4 -7,80000 00000 00000 00000 00000 000x10 9. 10000 00000 00000 00000 00000 000 x 10 2 -4, 47500 00000 00000 00000 00000 000 x 10 3
s 1, 22400 00000 06000 00000 00000 ooouo -7, 45733 33333 33333 33333 33333 333 x 10 3, 19546 66666 66866 66666 66656 687 x 10 ¢
6 -8.81400 00000 00000 000CO 00000 00O x w 5, 87785 55555 55555 55555 55555556 x 10 ¢ -1, 28483 77777 1M1 117 717 118 x 40 0
7 -5. 28000 00000 00000 00000 00000 oooxm -7, 06445 42857 14285 74428 57142857 x 10 5 -9, 87438 85714 28571 42857 14285 714 x 10 °
8 8, 27434 00000 00000 00000 00000 000 x 10 © -3, 53690 35873 01587 30458 73015 873 x 10 ¢ 9, 95790 05396 82539 68253 96825 397 x 10 4
9 -9, 61396 80000 00000 00000 00000 000 x 10 ‘ 1, 88686 30944 62081 12874 77954 145 x 10 8 -8, 44073 03731 92239 85890 65255 732 x 10 |
10 9. 90721 80000 00000 00000 00000 000 x 10 & -3, 15201 17418 04058 20105 82010 582 x 10 -2, 39704 42908 35978 83597 88359 788 x 10 8
1 1, 27262 10240 00000 00000 00000 000 x 10 1. 28815 59385 49584 73625 14029 181 x 10} -3, 21851 07104 84143 01747 63508 097 x 10 °
12 -1.99901 00364 00000 60000 00000 000 x 1040 3, 81023 29566 40769 17321 36176 584 x 10! 4, 33491 10283 20819 83859 76163 754 x 1010
13 8, 53720 25136 00000 00000 00000 000 x 1010 -1, 02389 55657 81621 55671 48900 482 x 1013 -1, 18745 17415 48802 85146 95184 362)(102
14 2. 15315 34954 24000 00000 00000 000 x 1012 9. 35632 83452 95452 46611 11962 699 x 1013 -2, 39992 54892 79449 59790 35641 575 x 1013
§5 -5, 08411 84927 84000 00000 00000 mmxm13 3. 85854 62758 17243 37551 53331 873 x 10° 5, 13239 50387 76483 74741 22976 769 x 1014
16 4 36975 77689 27280 00000 00000 000 x 1024 -3.02931 91770 33217 82359 46064 547 x 108 -9, 74182 13840 45106 44740 13994 823 x 105
17 2. 27309 65366 68000 00000 00000 000 x 101 4. 48498 24456 60625 75432 48386 szsxm” -2, 88337 84590 36878 24022 37981 mxwi
18 -1, 29108 99772 26249 42000 00000 000 x 1017 -2, 45880 27158 17418 87245 87083 116 x 10! 1, 49556 21500 83097 01324 88019 435 x 1018
19 1, 84814 58775 44340 67200 00000 000 x 10 -6, 79303 43668 58330 24709 04376 503 x 10} -s 34675 75848 58079 53131 26858 617 x 101
20 -8, 33084 55869 39679 03600 00000 000 x 10} £, 64252 04268 70773 53086 99474 202 2 x 102! 1. 54633 15097 94322 94457 05069 356 x 1020
A -2,40972 22867 09166 75664 00000 000 x 1020 2, 30142 43946 06663 17965 20081 224 x 1042 -2, 24360 52023 96051 22924 27741 883 x 10°
2 & 09101 69950 00482 14223 60000 000 x 1025 -3, 64230 75819 53202 55256 24975 926 x 1022 -2, 50584 90464 58102 43373 17750 548 x 103
23 -7.51468 51164 92636 15363 51999 999 x 1022 3. 11833 11862 12830 99609 67381 6osx102‘ -1, 27088 63506 42950 81661 03911 480 x 10°3
2 4, 45799 85403 42591 05397 19999 958 x 4022 -1, 26484 17602 52519 49054 53520 383 x 1026 -7, 86996 73272 15504 21484 38953 706 x 073
P 1, 08630 12941 492140 00574 99680 001 x 1075 1, 59628 06441 87831 40637 72599 200 x 1026 -1, 77906 31207 18445 75737 46227 773 x 10%7
26 -3, 32143 46075 60316 24709 48791 604 x 1026 -2, 11549 84193 83341 04488 88562 507 x 1029 -3, 41218 37700 54843 32830 92946 730 x m~9
2 1. 72292 23997 49134 89775 87364 494 x 1027 -B. 42246 26381 03414 45635 40509 730 x 1027 -1, 28293 06078 42347 05692 44147 478 x 10
28 -4, 47444 20271 47563 05334 34104 099 x 1048 -1, 30087 98641 10444 15623 48850 491 x 1031 -3, 23806 09854 04302 80546 18391 779 x 103!
29 -1 4S8 15772 76205 08945 5097 847 x 1030 -5, 76496 70788 60371 45434 01386 740 x 1032 -9, 75845 26387 98411 17263 25821 476 x103‘
0 2. 37954 29016 54278 26085 66449 166 x 1031 -1, 63152 67399 37452 08595 28386 649 x 103} -3. (5362 99087 36676 43429 29934 883 x 1034
3 -4, 24203 33874 78179 98084 22666 394x1033 -5, 13239 85663 09207 3998 97200 639 x 1035 -9, 50983 24985 28737 47424 02797 166)(1035
32 -3,54702 67825 83947 44775 °9oszqszxw3 -1, 74041 46349 26595 87684 77324 874 x 1037 -3, 13135 11053 71890 51165 18470 806 x 1037
33 -1, 19516 26701 97816 94921 46572 314 x 1038 -5, 82804 40599 29408 17651 08755 412 x 1038 -1, 05487 39712 70458 60728 28247 671 x 10
3 -4, 20663 29269 84478 44058 81886 028x1037 -2, 04721 13913 99884 96056 03412 083 x 10 -3, 46268 39010 DAADS 38687 5215 380 x 107 40
35 -1, 47781 93269 22509 49398 00218 mxw’ -7, 37127 62923 91937 06836 07554 473 x 40%1 -1, 31039 00757 92959 77590 48194 142 x 1042
36 -5.42131 69465 84306 30428 52084 376 x 1000 -2, 72736 36101 25607 79065 29713533 x 40%3 -4, 84841 79188 04250 01683 92780 839 xm“
37 -2.0346% 96166 09154 99124 05276 702 x 1042 -1, 03759 29809 16146 20193 70873 mxw‘5 -1, 82134 02407 12747 30857 16204 462 x 10%°
38 -7.84562 80622 84487 21909 84822 569 x 10%3 -4, 05422 30560 32525 49842 30735 332 x 104 -7, 04944 48583 01165 03503 25827 492 x 1048
39 -3, 10431 97519 61902 94805 38840 486 x 10%% -1, 42295 45793 49161 02695 75880 397xw43 -2, 81590 12538 76096 09805 21502 918 x 1048
40 -1.25968 87575 41054 10432 57093 mxw” -6, 66601 12631 84854 79432 97128 839 x 10* -1, 15025 19028 17681 37812 77845 181 x 10°°
44 -5, 23747 50130 94393 89530 20851 158 x 1048 -2, 80547 29821 42826 69650 76335 332 x 10°1 -4, 81558 78661 47003 5007 25500 657 x 1091
42 -2,23079 43468 42744 90353 52610 975 x 1090 -1, 20910 84648 99724 79837 40847 927 x 1053 2. 06496 74807 37093 29418 99378 545 x 1073
03 -9, 72417 45894 3816 20660 32204 663 x 1050 -5, 33944 64157 47437 039 25207 48 A05® -9, 06461 14197 43912 47668 82241 735 x 10°¢
44 -4,33750 12238 23479 90153 12750 852 x 10°3 -2, 40656 13515 99441 81091 85731 154 x 1098 -4, 07107 88631 34689 63643 31718 159 x 109
45 -1,97804 24293 54898 01864 26922 166 x 10° -1, 11023 50140 03369 15709 91292 642 x 1058 -1, 84972 93004 39003 25397 19637 015 x 10°°
46 -9.22105 32631 10449 88955 27997 887 x 10%8 -5, 23417 74637 67447 53852 94920 033 x 10%7 -8, 77671 53968 46893 2419 35444 155 x 1057
47 -4, 39063 14994 42184 66619 03868 999 x 10°% -2, 52055 30044 96779 32327 15978 697 x 108 -4, 20892 76739 67323 48257 10893 144 x 106!
48 -2.13508 23157 37712 97855 05133 847 x 1080 -1, 23926 39677 92349 83731 44021 570 x 1083 -2, 06106 71076 13584 18954 23307 887 x 1063
49 -1, 05957 13537 85055 12879 30535 346 x 1052 -6, 21820 64425 33572 78929 57093 596 x 10%¢ -1, 03017 64447 04438 25290 30053 ?96x106
50 -5.36552 30971 89024 45500 82759 098 x 1063 -3, 18290 40555 79916 74828 40595 uexm“ -5, 25342 34104 40529 75013 18298 572 x 1054
54 -2.77062 58304 65887 09708 47673 808 x 108% 1. 66136 75110 70091 61856 23152 256 x 1058 -2, 73222 08689 54459 04897 04853 559 x 1068

example is for N=150 and k=3, for which the entry XI. NUMERICAL SOLUTION FOR B,

with three alternating-sign terms accounted for is
0.0000004, and which is an improvement of three orders
of magnitude over the corresponding entry with no
alternating-sign correction terms.

AND SUMMATION OF THE EXPANSIONS

In this section we compare values of 3, obtained by nu-
merical solution of the eigenvalue equation with values
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TABLE XIII. Coefficients for the RSPT series, the AE (!} series, and the A;E?) series, as defined by Egs. (166), (234), and (235) of
the text, for the (n,n3,m)=(0,1,0) excited state of H,*.

Order Coefficient

N £ clhawn (2

0 -1.25000 00000 00000 0G00C 00G00 000 x 10”1 1. 00000 00000 00000 00000 00000 0 x 10 0 1, 60000 00000 00000 00000 00006 0 x 10 °
{  -1,00000 00000 00000 00000 00000 000 x 10 ° -4, 00000 00000 00000 00000 00000 0 x 10 -8, 00000 00000 00000 00000 00600 0 x 10 °
2 -3.00000 00000 00000 00000 00000 000 x 10 0 6. 30000 00000 00000 00000 00000 0 x 10 -7, 40000 00000 00000 60000 00000 0 x 10
3 -6, 00000 00000 00000 00000 00000 000 x 10 ° -2, 77333 33333 33333 33333 33333 3 x {0 -1, 62666 66666 66666 66666 86666 7 x 10 2
4 -9.00000 00000 00000 DOOOO 60000 000 x 40 -1, 96766 66666 66666 66666 86666 7 x 10 3 2. 88333 33333 33333 33333 33333 3 x 0 °
5 -1, 22400 00000 00000 00000 00000 000 x 10 3 -3, 08476 00000 00000 00000 00000 0 x 10 ¢ -6, 59786 64666 66666 66686 66666 1 x 10

& -1, 19220 00000 00000 00000 00000 000 x 10 ¢ 4. 51557 37707 M T T B x 0 S -3, 18823 54141 11114 11144 11144 1 x40 °
7 -1, 48444 00000 00000 00000 00000 000 x 10 ° -7, 45529 11365 07936 50793 65079 4 x 10 & -6, 61211 50730 15873 01587 30158 7 x 10 &
8 -2, 45434 80000 00000 00000 00000 000 x 10 -1, 39686 45440 95238 09523 80952 4 x 10 9 -1, 21726 02948 25396 82539 68254 0 x 10 8
7 -4,04557 92000 00000 00000 00000 000 x 0 ¢ ! -2, 65014 09796 83950 61728 39506 2 x 10 7 -2, 31846 76383 35097 00176 36684 3 x 10 *
10 -6 76111 89000 00000 00000 00000 000 x 10 8 -5, 10616 90774 20007 05467 37243 4 x 1010 -4, 66622 71320 45954 14462 08112 9 x 10
£ -1, 23090 34464 00000 00000 00000 000 x 10} -1, A7 12453 03395 32447 53246 8 x 1012 -9, 84809 97179 54261 69432 83629 9 x 101
12 -2,38412 99211 40000 00000 00000 000 x 1041 -2, 23016 29450 85629 37865426754x103 -2, 14980 07877 36538 29748 58532 4 x 1013
13 -4, 78926 88827 34000 00000 00000 000 x 1012 -4, 91944 72944 29282 58912 11669 0 x 1014 -4, 83496 01163 42940 68018 23690 7 xw ‘
14 -1,00299 40764 62920 00000 60000 000 x 104 -1, 12225 28675 25748 45145 samsuoi -1, 12408 35072 4704 94486 12528 0 x 1014
15 -2, 19391 40584 10784 00000 00000 000 x 1015 -2, 65295 91858 70059 08542 19598 3 xm 2, 70125 37563 66712 47262 570434xw 17
16 -4.98913 38393 59109 60000 00000 000 x 1016 -6, 48199 61850 23826 22729 67446 6 x 1018 -6, 69779 85890 44998 34046 32374 8 x 10!
17 -1. 17721 33789 78895 71200 00000 000 x 1018 -1, 63494 40327 64396 18599 43983 0 x 1020 -1, 71247 09879 02293 66130 3sssnxm~
18 -2.88058 43388 66001 82580 00000 000 x 1017 -4, 25659 28284 19743 45424 73387 8 x { -4, 54439 22010 11258 82664 38084 { x 10°!
19 -7.30209 82248 39883 55520 00000 000 x 102 -1, 14334 33867 13204 03393 45887 2 xw3 -1, 22655 00201 58564 38832 39288 5 x 1043
20 -1, 91564 48562 67545 21945 00000 000 x 1022 -3, 16673 73813 03954 79804 08780 5 x 1024 -3, 43325 19223 39610 05699 4087 sn.w
? -5, 19690 13809 24973 94791 21600 000 x 1023 -9, 04044 65735 66963 94912613403)(1025 -9, 89740 48575 41075 24003 79363 9 x 1093
2 -1, 45686 05280 77824 53024 96252 000 x 102 -2, 65909 74088 83205 00554 27661 4 x 1027 -2, 93755 78773 12364 95086 14964 8 x 10°7
23 -4, 21719 12580 22755 91174 19011 200 x 1028 -8, 05487 45908 80379 25062 66439 5 x 108 -8, 97310 57626 32034 42631 39732 5 x 10°8
24 -1, 25967 94654 24442 36755 85922 504 x 1028 -2.51173 13301 48409 92987 62592 6 x 1 -2, 81984 43774 15905 44331 56212 8 x 1
25 -3,88002 45958 54034 72757 66618 730 x 1027 -8, 05898 08749 29748 77315 30944 6 x 103 -9, 11294 89928 60740 81497 89730 & x 103
26 -1, 23156 18914 48207 79510 27323 520 x 103 -2, 65934 77299 91991 69947 04818 7 x 1033 -3, 02733 18655 21278 75404 05841 9 x 10%3
21 -4,02566 98806 20394 69138 44635 383 x 1032 -9, 02084 17726 16145 42317 13540 3 x 103* -1, 03332 27845 45672 54025 31966 2 x 107
2 -1, 35424 24210 14489 21939 79592 444 x | -3, 14397 93313 12732 90947 29422 5 x 1038 -3, 42232 76612 73675 84487 97258 2 x 1038
29 -4, 68544 75442 38667 24995 04874 748 x 10°° -1, 12526 07148 84044 aaomussixw” -1, 30350 01473 24107 21489 04879 0 x 10%8
30 -1 66619 91081 12221 44530 75990 316 x 103 -4, 13376 48554 81829 50643 mzsuuﬁ -4, 81280 77930 09928 29278 75091 9 41039
3 -6 08431 04372 84698 90199 00511 196 x10%8 -1, 55788 53861 85628 91404 25986 4 x 10 3 -1. 82239 14592 48996 77682 45153 6 x 10] 4
2 -2.782728 12507 85834 12798 14822 652x100 -6. 02006 93400 94138 15840 47590 2 x 10% -7, 07344 66737 29949 37561 84717 2 x 10%°
33 -8.78042 25977 17389 15037 56947 826 x 1041 -2, 38410 42750 50020 18495 10149 6 x 10 -2, 81293 24755 22493 31340 eumo,uu“
3 -3, 46372 59781 40770 70431 46364 763 x 10%3 -9, 67145 13086 63695 32105 62437 6 x 10 -1, 14556 85717 78145 62829 08794 2 x 104
3 -1, 40026 99808 77340 28790 33201 461 x 10%° -4, 01688 83158 69910 15916 67148 4 x 1047 -4, 77545 13746 07933 01640 60098 4 x 1047
36 -5.79810 75784 61483 13779 28371 024 x 10% -1, 70731 38981 54727 92312 48876 2 x 10% -2, 03676 63980 95327 10302 79579 2 x 10%°
37 -2.45776 83447 34762 55880 08187 252 x 1048 -7, 42269 27067 44164 25656 63287 9 x 1030 -8, 88398 42234 76867 67453 97625 6 x 10°0
38 -1, 06600 08819 26512 34909 70387 860x1050 -3, 29942 67297 25793 16904 29985 3 x 10°° -3, 94118 52062 63918 08076 43542 6 x 1037
39 -4, 72852 35475 23039 41684 75576 411 st -1, 49883 69874 28103 85887 03408 0 x 10 -1, 80471 79835 05479 76991 45339 9 x 10°¢
40 -2, 14408 42507 99885 67706 80474 753xm3 -6, 95544 43277 62059 42755 27395 3 x 10°° -8, 39810 83786 08792 46629 11403 1 x 10
44 -9.93369 12043 03364 97060 47121 705 x § -3, 29587 86844 69093 03980 2"8329x1057 -3, 98995 29490 85848 17879 20812 8 x 10
42 -4.70049 09765 31913 16033 29034 337x105‘ -1, 59411 73680 19089 84037 10866 1 x 10°7 -1, 93463 75203 34546 40507 16008 5 x 10°7
43 -2.27068 85253 36619 89256 94923 984 x 10°8 -7, 86691 49377 51629 50970 48554 9 x 1080 -9, 57003 24977 08557 92413 42140 9 x 1060
44 -1, 11938 16840 65051 88188 31837 106 x 100 -3, 95949 18532 28589 44223 ssmnm‘? -4, 82781 43119 36926 66208 37658 9 x 1062
45 -5, 62905 98312 32797 88997 01881 543 x 108 -2, 03204 80899 73028 22339 94284 3 x 1054 -2, 48288 92737 25694 54558 34330 0 x w°
46 -2.88647 15078 74552 54081 55714 251 x 103 -1, 06284 55007 01580 81728 63182 1 x 1084 -1, 30132 20428 4040 em’sumxm"
47 -1,50874 14896 77968 88842 09398 943 x 1049 -5, 66399 19589 73089 66761 04483 5 x 10°7 -6, 94845 83468 13190 87646 67923 7 x 1087
48 -8, 03574 94933 05403 97340 24811 168 x 1084 -3, 07431 88224 77668 01154 28549 8 x 10° -3, 77857 82063 30328 50661 93961 0 x 1047
49 -4,35968 37949 97962 43339 35268 334 x 1058 -1, 69906 86483 08437 42409 10465 5 x 1071 -2, 09203 52686 24217 27613 67235 4 x 1071
50 -2, 40856 65421 69654 47050 34554 238 x 1070 -9, 55817 58313 17034 50810 29931 8 x 10 -1, 17890 47292 28163 21278 91491 0 x 107
5§ -1, 35456 58158 53828 79035 71962 601 x 107 -5, 47156 58928 71467 87770 00035 0 x 107 -6. 75974 05784 98781 49704 68065 1 x 107}

obtained by summation of the asymptotic series.

As mentioned in the Introduction, proved in Ref. 6, and
discussed in Sec. III I, the Borel sum of the RSPT series is
the eigenvalue of the % equation [(11) or (16)] considered
on a semi-infinite interval—that is, the £ equation for the
proton-antiproton-electron analog of H,¥, analytically

continued to negative r'=e*™r. We illustrate this fact by
numerically solving Eq. (11) and comparing the results

with the Borel sum of the RSPT. Also, as mentioned in
the Introduction and elaborated in Sec. IIII, the imagi-
nary second-exponential-order series cancels (in that or-
der) the imaginary part of the Borel sum. This too is il-
lustrated numerically.

To solve the 7 equation [Eq. (11)] numerically is
straightforward. There are two cases: the physical prob-
lem, for which the boundary conditions are
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TABLE XIV. Coefficients for the RSPT series, the AE '} series, and the A;E!?) series, as defined by Egs. (166), (234), and (235) of
the text, for the (n,,n,,m)=(0,0,1) excited state of H,*.

Order Coefficient

N £ clhan R

0 -1, 25000 00000 00000 00000 00000 000 x 10™: 1. 00000 00000 00C00 00000 00000 000 x 10 © 1 00000 00000 00000 00000 00000 000 x 10 ©
{ -1, 00000 00000 00000 000G0 00000 000 x 10 6. 00000 00000 00000 00000 00000 000 x 10 1, 20000 00000 00000 00000 00000 000 x 10 1
2 0. 00000 00000 00000 00000 00000 000 x 10 -4, 00000 00000 00000 00000 00000 000 x 10 2. 60000 00000 00000 00000 00000 000 x 10 1

3 4. 00000 00000 00000 00000 00000 000 x 10 0 -3, 13333 33333 33333 33333 33333 333 x 10 2 -9, 30846 66465 64686 86866 66686 867 x 10 2
4 -7.80000 00000 DOOOO 0D000 00000 000 x40 1 -6, 36000 00000 00000 00000 00000 000 x 10 © -3 88800 00000 00000 00000 00000 000 x 10 °
5 0. 00000 00000 00000 00000 00000 000 x 10 -9. 74346 66446 68666 84646 66466 47 x 10 3 4, 25173 33333 33333 33333 33333 333 x 10

6 2, 40000 00000 00000 00000 00000 000 x 10 -6, 6305 T TN AN I 8 x40 ¢ -8, 92423 14141 11444 14441 41441 411 x40 ¢
7 -3.38880 00000 00000 00000 00000 000 x 10 & -8, 72937 90476 19047 61904 76190476 x40 5 -2, 38407 58095 23809 52380 95238 095 x 10 §
g8 -2,04552 00000 00000 00000 00000 000 x 40 ° -2, 06407 56317 46031 74603 17460 317 x 10 7 -2, 39404 25092 04349 20634 92063 492 x 40

9 1, 83590 40000 00000 00000 00000 000 x 10 & -1, 44124 98162 48077 60141 09347 443 x 10 & -2, 93346 08305 89065 25573 19223 986 x 10 8
10 -2, 84832 00000 00000 00000 00000 000 x 10 -2, 09346 28756 24973 54497 35449 735 x 10 © -4, 63594 52743 {5767 19576 71957 672 x 10
14 -5.03357 18400 00000 00000 00000 000 x 10 ” -5, 70273 72832 45704 02437 06910 374 x 1010 -7, 85280 39569 24771 36443 80311 047 x 1010
12 -3,22391 80800 00000 00000 00000 000 x 40 & -7, 52912 16606 84289 46917 85580 674 x m‘ -1, 25763 36191 02109 51846 50740 206 x 01
13 -6, 05107 89120 00000 00000 00000 000 x 1010 -1, 10073 27081 05853 48409 34840 937 x 10 -2, 07249 94023 45520 68612 86864 287 x 1013
14 -1, 55779 98520 32000 00000 00000 noouoh -2, 56776 25455 98525 52148 33373 564 x 1014 -3, 94915 29593 73711 61752 43921 276 x 1014
{5 -1, 55274 77514 24000 00000 00000 000 x 1013 -4, 67624 56349 41309 76112 04660 517 x 1015 -7, 63729 81098 84979 04298 51802 127 x 1013
16 -3.55602 36364 87680 00000 00000 000 x 1014 -8, 69833 64731 46741 38952 49319 757 x 10} 16 .4, 48433 14650 21301 54467 04211 250 x 101
17 -8, 45853 72059 48894 00000 00000 000 x 101% -1, 94449 25940 50903 22910 74877 754 x 10! -3, 14044 57783 86843 13845 77898 246 x 1018
18 -1, 55030 34534 40357 12000 00000 000 x 101 -4, 23441 34580 44079 75888 46140 692 x 1017 -4, 88146 50168 65476 54439 58189 105 x 1017
19 -3, 47435 07633 56000 25600 00000 mmuw1 -9, 47952 49136 31857 714985 45924 974 x 1020 -1, 55217 89645 30295 12284 42711 434 x 10°1
20 -B.26403 64221 95610 41920 00000 000 x 107 -2.27942 53793 24052 23534 50475 530 x 4022 -3, 68030 04405 46240 72734 48513 140 x 10°2
20 -1,93593 62616 33120 65740 80000 000 x 4021 -5, 62934 64395 36119 66727 47596 637 x 1023 -9, 06656 89837 58496 80487 69325 947 x 1023
22 -4.83196 36650 94828 52352 00000 nooxm“ -1, 44079 90980 28800 94926 31215 775 x 1050 -2, 31486 05013 69089 36122 67602 133x10‘
23 -1, 25672 41823 94826 59550 00320 000 x 1024 -3, 84388 95512 42487 36148 29820 5"Sx1026 -6, 14236 84542 90483 96293 14621 596 x 102
24 -3,3701329576 46045 01404 26240 000 x 4025 -1, 04435 67327 59470 75379 34351 339 x 1028 -1, 48936 34595 43544 26784 87746 187 x 10°
25 -9.39290 75638 92952 64919 65030 400 x 1026 -3,03376 12021 30512 42240 06684 568 x 1077 -4, 81024 54768 03946 65503 88209 722 x 40
26 -2.71132 00561 65065 36836 23198 720 x 10° -8.97386 81029 2775 14417 97191 38 x1030 -1, 41714 07609 16723 79689 97457 405 x 10!
21 -8.09128 32612 42646 01222 90729 779 x 1027 2. 74271 70573 43868 58021 36429 000 x 1035 -4, 31482 59411 72027 81563 48012 436 x 103
2 -2, 49548 99420 83753 11255 23605 488 x { -e 65417 13474 22334 60100 18384 5<3xw3 -1, 35645 10024 47194 41857 90235 353)(103
29 -7,94489 17212 85325 72940 45433 642 x 1032 2. 81665 70663 08002 65701 39940 827 x 103 -4, 39899 31536 84522 79913 57202 104 x10
0 -2, 40850 98915 74160 48759 40746 084 x 409 -9, 44739 79326 16179 43050 82872 490 x 1036 -1, 47037 16906 69530 38102 56997 560 x 1037
3 -B. 82462 45508 00721 88099 02514 514 x 103° -3, 26287 92722 86534 06252 05338 oauao“ -5, 06130 97420 74784 39918 58599 659x1038
2 -3,07346 14862 62045 86105 09599 824 x 1057 -1, 15945 84093 45338 37345 86528 "58x10 -1, 79272 88486 36957 26310 14564 378 x 10%0
3 -1, 10142 73649 30558 82575 59892 250 x 103 -4, 23588 81092 84443 58024 43893 83ix10 -6, 52906 45911 03117 41294 04729 508 x 10}
3 -4, 05503 45195 29641 16680 23721 088 x 10° -1, S8984 29830 7319 32496 31244 358 x 10} 3 -2, 44318 29183 87407 82755 20664 104 x 10%3
35 -1,53385 27943 91403 90547 20192 044 x 1042 -6, 12610 64551 10198 67769 01142 mxw -9, 38702 74388 65808 mnumsuxm“
36 -5.95532 36273 01744 53409 88975 043 x 1043 -2, 42184 08439 48805 73956 79783 "53x10 -3, 70066 17534 38737 75273 38728 640 x 10, 4
31 -2,37178.07899 28912 95636 13997 205 x 108 -9, 81691 53742 78235 87270 35546 216 xw -1, 49601 18442 74354 98293 15059 027 x 1038
38 -9, 68324 74094 63935 57357 24092 937 x 10° -4, 07756 90855 82929 08403 15521 049 x 1047 -4, 19772 73227 03502 30614 23742 777 x 0
39 -4,05025 00974 05692 38867 98013 331 x 1098 -1, 73451 81709 04197 01774 38845 435 x 1031 2. 62978 82798 73247 54954 59236 777 x 10
A0 -1, 73465 86175 36075 37666 46654 630 x 1050 -7, 55212 90343 41741 80522 56409 454 x 1052 -1, 14224 71213 20255 94148 37941 054 x 1093
41 -7.60291 70182 24680 08150 85650 852 x 4091 -3, 34391 53585 79469 67683 84916 436 x 4094 -5, 07599 00458 59755 30397 78225 672 x103 4
42 -3,40843 47604 02489 55538 40620 653 x 1093 -1, 53740 18449 00582 50921 85434 809 x 10°6 -2, 20465 71954 95785 04387 82845 898 x 1096
43 -1,56214 88856 74643 09257 31923 393 x 1090 -7. 13161 76542 23869 05167 95196 474 x 1057 -1, 07136 23139 48148 46122 10361 335 x 1098
40 -7.31403 73941 1773354980 96019 876 x 1098 -3, 39114 13767 52748 22306 21643 045 x 1057 -5, 08348 67259 82297 59093 05435 433 x 10°7
45 -3.49959 20366 93598 91668 17769 328 x 1058 -1, 64652 69780 08236 65118 71084 320 x 1083 -2, 46329 58768 55334 29456 33945 448 x 10‘“
46 -1,70905 84893 95210 74016 63064 942 x 1050 -8, 15944 39044 03937 03795 80043 150 x 1057 -1, 21832 47347 46780 24063 44817 uoxxo
47 -8.51750 20559 09728 74944 57078 558 x 1041 -4, 12552 04419 44326 19565 13532 794 x 108 -6, 14811 05845 66131 44197 51279 3zsxw
48 -4,33020 10973 72823 98193 40749 684 x 1053 2. 12724 58801 31380 60942 97415 307 x 1058 -3, 14430 59499 84058 53906 59799 837 x 1086
49 -2.24479 16414 87821 85905 65104 858 x 1085 -1, 11821 41804 45854 03997 46226 «sxw“ -1, 64038 53659 20864 96222 15559 216 x 10%8
S0 -1, 18618 97135 90882 24223 81705 143 x 1057 -5, 99021 82780 86620 26463 55509 093 x 106 9 -8, 87920 00375 59267 12556 46813 721 x 104
51 -4, 38684 60774 93345 40838 33238 854 x 1088 -3, 26902 63820 18303 29932 40091 959 x 1071 -4, 83748 94548 79326 00323 72842 538 x 1071

D,(n)~n™ 2172 at =0, and y(n)~(2—n)"/>+1/2 4
1n=2; and the semi-infinite problem for which the boun-
dary condition at =2 is replaced by ®,(n)~e ~"1? as
n— co. In both cases the wave function near the origin
can be expanded in a convergent power series in 1. For
the physical case, the power series can be summed at the
midpoint of the physical interval, n=1, and the eigen-

value 3, determined to make either ®, or d®,/d7 vanish
for odd or even states, respectively. For the unphysical
case, e""/2®, for large 7 can be expanded in a divergent
series in powers of ~!. This series can be summed to
sufficient accuracy for the ground state for |7 | near 4,
and then integrated numerically by a fourth-order
Runge-Kutta algorithm? to a value of 7% for which the
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TABLE XV. Asymptotic analysis of the RSPT E‘Y. The dominant, same-sign subseries in the asymptotic formula (236) of the
text is truncated with the inclusion of the smallest term, whose index has been indicated by k;,. The relative asymptotic error refers
to the difference between the exact coefficient EY’ and the asymptotic formula to the indicated number of terms, divided by the lead-
ing asymptotic term, which is —e ~2(N +4n,+2m + 1)!/(n;))*[(n,+m)}%. For sufficiently large N, the relative asymptotic error,
after accounting for the same-sign subseries, is alternating in sign. The effect of the alternating-sign subseries is seen through the in-

clusion of up to three terms.

JIRI CIZEK et al.

same-sign subseries

alternating-sign subseries

relative relative asymptotic error after inclu-
smallest asymptotic sion of terms through order (in Nh
N E(N)(exact) kmin term error 0 i 2
Ground state: ny=0, np=0, m=0
20 -7.20352 74847 96734 02400 00000 000 x 10 18 9 taxt0 "t -zoxf0 52x10 75 -43x10 7Y -sex10 Y
20 -1, 58463 37018 30904 41984 00000 000 x 10 20 10 8ix107  fixi0d 27x40 7% 20x10 7 1gx10 Y
22 -3, 65198 45724 20448 69676 80000 000 x 10 2! 10 46x10 7 -95x10 78 22x10 75 -42x10 5 -45x10 7O
23 -B. 74818 18011 54461 46806 40000 000 x 10 2° o 25x107°  -2.9x10 77 87x10 % sox107®  39x10 7t
-2, 19237 89692 87299 63470 43120 000 x 10 24 1 14x107  -19x10 ¢ 87x10 ¢ -s9xi0 ¢ sax10 ¢
25 -5, 49988 90347 32373 98500 94080 000 x 10 23 22 78x10 ¢ -18x10 78 Wx0 ¢ 12x10 76 2710 7
26 -1.53848 45406 24901 90391 24834 560 x 10 7 12 43x10°°  36x10° 27x10 78 20x10 7% -47x10 74
27 -4.30701 59428 07344 63159 84849 344 x 10 8 13 24x107%  -15x10 ¢ 17x10°8  35x10 77 taxio !
28 -1, 24856 46387 44255 27154 90329 645 x 10 0 13 13x107%  s2xi0 ! 47x10 ¢ -67x10 77 s3x0 !
29 -3.74403 87313 41340 10875 15630 039 x 10 31 o 20x1077 -tixt0 "t 95x10 77 1ix1077  taxio ®
30 -1, 16009 28518 92770 55962 92709 845 x 10 4 38x10 77 76xi0 77 89x10 7 -22x10 77 -texi0 7
45 -7, 70037 25595 40304 33979 57208 022 x 10 % 2 29xtod -gsxio 8 aax10 8 -15x10 7 a9 xi07l0
60 -7.05864 08371 50714 38838 94260 882 x 10 &2 1 17x1078 gexso® 62x10 7 3sx107l0 syl
75 -2, 61042 76701 03107 25304 94597 603 x 10! 37 83x10720  -a2x10? 14x10 7 -gextott 320l
90 -1.86576 07764 04173 29829 65438 924 x 101 5 38x10 2 paxn? Adxt070 ascget gt
105 -1.57799 46924 10063 42268 12341 752 x 10 st 17x1078 5750710 £axt07i0 g0l 3axgotd
120 -1, 11215 08837 06133 49504 42764 523 x 10200 5t 23x10732  2.46x40710 S8x0M a0 g7yt
135 -5, 01981 18745 10824 25402 25491 753 x 10231 st 12x10F -axqo7i0 26x107H isxa07i2 g
150 -1, 18207 97343 39949 69405 83966 744 x 10484 st 17x10738  gexqH 43x107 20x107 —e3xg0?
Excited state: ny=1, n»=0, m=0
35 -1, 47781 93269 22509 49398 00218 784 x 10 B 2ix10 7 -ssxe0 ? -33x10 73 -48x10 3 -g8xi0 3
36 -5.42131 69465 84306 30428 52084 376 x 10 0 2 s0xi070  gyxg0? 24x10 7t saxt0t 20xi0 7
30 -2, 03461 96166 09454 99124 05276 702 x 10 2 2x10710 900 78 15x10 73 qaxt0 7t raxwo !
38 -7, 84562 80622 84487 21909 84822 569 x 10 43 2 13x10710 2gxq0d 43x10 73 39x10 Y s3xi0 7Y
39 -3, 10431 97519 61902 94805 38840 486 x 10 ¥ 2 ssx10M 550 Ax10 3 2axi0 7Y ek
40 -1.25968 87575 41054 10432 57093 241 x 10 ¢ 3 24x0 gsxi0d 86x10 Y -text0 Y goxt0 Y
44 -5.23747 50130 94393 89530 20851 158 x 10 48 2 tixte 't gaxie 2x10 7Y f2x10 7t -3axi0 Y
42 -2.23079 43468 42744 50353 52610 975 x 10 30 2 sax1012 gaxio ixt0 Y esx10 Y 26xi0 Y
43 -9, 72417 45894 88816 20660 32201 663 x 10 °1 2 24xi072 2exi0 Y s2x10 4 7axi0 S -agxg0 7
44 -4, 33750 12238 23479 90153 12750 852 x 10 53 3 12x10782 2407 45x10 7 sex10 7 tixin !
45 -1, 97804 24293 56898 01864 26922 166 x 10 3 40x108 -g7x10” 39x10 4 asx10 Y -raxio
60 -1.65302 36941 22050 24932 71446 744 x 10 81 2 13x107} 2gxg0 P 55x407%  75x10 77 1.0x10
75 -5.76286 57185 48714 72612 15623 042 x 10408 3 20x10720  -2.0x10° 2x107% 95x10 77 -13xi0 ¢
90 -3. 95393 93851 27749 03143 18218 325 x 10137 5 24x1078  27x10 7 27x10 78 a0xi0 7 25xi0 7
105 -3, 24525 84385 46167 21188 41955 517 x 10367 5t 30x1072)  -1.2x10 8 13x10 ¢ -t4x10 77 -syxi0®
120 -2, 23532 44929 47468 07900 46507 163 x 1018 59 40x10733  5.4x10 5ax10 7 22x10 78 gext0 8
135 -9. 90814 88514 78231 94553 22580 787 x 10227 st 24x10738 2.9 x10 77 25x10 77 -3axi0® -s2xi0?
150 -2, 29920 86344 41569 20265 54610 723 x 10262 st 30x10° 1exi0 7 42x1077 17x108  1exi0
Excited state: ny=0, ny=1, m=0
90 -2, 14579 08730 97608 03804 76312 533 x 1014° W 7.2x1070 g x1p720 -39x10720 2231070 29410720
91 -2, 06235 64052 64978 98704 71054 615 x 10147 85 3.9x10720  30x10722 1.3x10720  -qax10°22 4 xy072t
92 -2.00275 88289 87262 10407 16448 254 x 10147 5 21x10720 g9 xg072 4610720 aaxgot -ggxiond!
93 -1, 94488 19052 26077 10849 82754 454 x 10151 6 14x10720 g7 xg072 29x10720 210l ggx02t
94 -1, 94734 22525 53073 90485 34596 759 x 10133 6 60x107 faxg022 82x10720 41x10722  2gx07ld
95 -1, 94940 56487 88341 35709 98583 644 x 10157 0 32x107 cpgxgedt 5.3x10720  20x10720  g5x10722
96 -1,97093 89906 0687 68548 88768 219 x 10457 a 1ax10d goxqe7d -49x1072 g3x10 g7 xi0R2
97 -2.01239 36508 51418 68518 27733 602 x 1017 8 nix10722  -14xq072 32x1072 —pexi07?l 33xg0lt
98 -2.07481 83306 90000 98785 56764 834 x 10161 B8 48x10722  13x1072d 23x107d 13x102 40x10722
99 -2, 15990 16249 32295 06419 32336 636 x 1046 9 26x10722 241072 27x10°2 g2x1072t 20x10722
100 -2.27004 65857 57870 57892 29947 158 x 10165 9 14x10722 gyxi072 24x10720 fox107?! agx1072?
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TABLE XV. (Continued).

same-sign subseries

alternating-sign subseries

relative relative asymptotic error after inclu-
smallest asymptotic sion of terms through order (in N
N E(N)(exact) kmin term error 0 { 2

105 -3 34887 31765 21245 83788 50242 260 x 1017 st saxt0 sgxip®? Lixt07 sx1072 107l
110 -4, 19247 46051 35553 40449 62734 926 x 10185 St 2.9x10720  3qx107i 52x402  25x1072 37xq07

445 -1.42134 73900 14061 05464 23906 579 x 10178 st L1x1028 -17x1022 30x4072  -12x10722  18x107
120 -4.01350 46348 84955 00256 59932 505 x 1020 i L2ax102 egxi07d 16x 107 ax1078 95107
125 -1,38280 24776 68477 37274 74455 133 x 1021 st 9ax107? 57 xq07 B7x1078  aux10® spxae
130 -5, 74908 79997 60099 90273 22398 986 x 1027 st 83xi070 34107 A9xi0 B ext0® 20
135 -2.89404 47723 41030 70694 09814 842 x 10238 st 83x4073! -2.0x10723 281078 -0x10 50
140 -1.73425 01258 17999 54002 35382 259 x 10247 St nAx10 32 g2x0 6x 108 s0xt0 -agxi07
145 -1.23389 62504 95032 24434 05554 295 x 10240 R T R Y 9ax102 asx102 S0

150 -1, 03641 42160 71805 70362 06542 761 x 10271 st 15x10033  49x1070 40x107M 24x107 29k

Excited state: n4=0, n3=0, m=1

45 -2,49959 20366 93598 91648 17769 328 x 10 38 2 15xt00 27xq0710 -66x10710 224y 10710 g7 x40710
46 -1.70905 86893 95210 74016 43064 942 x 10 60 B a1x10l0 soxget? 30x10730  29xgott rgxiolt
41 -8,51750 20559 09728 74944 57078 558 x 10 61 3 22x10710 gxgot! 3x10710 qaxget og3xgo
48 -4, 33020 10973 72823 98193 40749 484 x 10 &3 w1207l gt 18x1070 apxtot sycgel
49 -2, 24479 16414 87821 85905 45104 858 x 10 43 M saxtot 3exi07i? 6x10710 saxget? ggxsoit
S0 -1, 18418 97135 90882 24223 81705 143 x 10 47 5 aaxiot o -7xqo7tt Lix107i0 axgtt aaeqet!
5§ -6. 38684 40774 93345 40838 33238 654 x 10 48 5 18x107i eaxgo7t? 96x107H naxgott gpertt
2 -2.50285 91147 92997 94351 76467 618 x 10 1 26 99k -tax 1071 2xi0 M pxtt cpexgot
53 -1, 95622 12316 73804 17530 76068 320 x 10 12 % saxioi? goxiot aaxtod et gaxgeit
54 -1, 11207 12495 26913 49740 74599 369 x 10 7! 7 28xt072 opgxqot! agxto p2xott -paxqet
S5 -6, 43326 98100 20438 74103 15384 765 x 10 7 7 15x10712 gsxio7l? 40x10 e3xi0712 gsxiotl
40 5. 36148 52495 03114 46697 41902 328 x 10 84 0 sdxtoM qaxioi? 15xi07i aoxt0t? 27kt
75 -2.97729 96882 1636 90670 94542 361 x 10112 7 aaxt0i® o gyxqet3 4ax10712 37xg07td gaxgeld
90 -2.98060 26338 04127 24387 81243 041 x 10141 5 26x10722 -gxqold 20x10713 ss2xp0 M pyxiod
105 -3 34203 13361 38534 15647 21639 506 x 10371 st 1sxd0® 27k axatt ettt naxaoTs

120 -3.04696 22545 61093 87351 74675 528 x 10207 5t 24x10730 27 xg0 g2x10715  22x1078 -20xi07t
135 -1, 71925 10469 39378 61467 12246 696 x 1023 st 15x107383  25xg0h 24x1078 sexeté 23x10718
150 -4, 94850 17433 83943 65938 49553 170 x 10286 51 23x10738  -gq 0716 85x10716  -18x107  24x10718

series at the origin converges. The value of B, is deter-
mined by matching logarithmic derivatives. The integra-
tion path is kept away from n=2, at which the potential
is singular, by keeping 7 in the lower half-plane. As a
consequence, f3,(r) for r>0 is continuous with Imr>0.
The numerical values of 8, so obtained are listed in Table
XVIL

To calculate the Borel sum is also straightforward.?
For unimportant reasons of convenience, the values re-
ported here were not calculated directly by the Borel
method, but instead by the sequential Padé approximant
method of Reinhardt,?” which for the related problem of
the LoSurdo-Stark effect in hydrogen?%?” is known from
numerical studies to give the same results as the Borel
method. (The idea of this method is to generate the
power-series expansion at some point away from the ori-
gin via Padé approximants of the series at the origin. At
a point near the real axis in the right half-plane, f3, is an
analytic function of r, and the power series at that point
converges on the nearby real axis. The procedure is most
easily implemented in a continued-fraction representation
of the RSPT series in which the even and odd approxi-
mants are the [N/N] and [N/N + 1] Padé approxi-
mants,?5?® We were able to calculate up to 70 continued-

fraction coefficients for the function and its first 70
derivatives— using the RSPT coefficients through order
140—before completely losing numerical significance.)
The numerical results are illustrated in Table XVII for the
ground state at three internuclear distances. The values
obtained by summing the RSPT series agree within the
accuracy of the calculations with the values obtained by
solving the differential equation numerically on the semi-
infinite interval.

Summation of the imaginary second-exponential-order
series for A; 8% [Eq. (228)] and the real first-exponential-
order series [Eq. (227)] is also reported in Table XVII.
The sequential Padé-Padé method again was used, since
these series are even more divergent than the RSPT series.
Since only 51 power-series coefficients are available for
these two series, Table I, the accuracy of the approxi-
mants for the higher derivatives is not as great as for the
RSPT series. For r=12 and 10, the imaginary series can-
cels quite well the imaginary part of the Borel sum. For
r=6, the cancellation is not so marked: clearly, higher-
exponential-order series are not so small in the r=6 case
and are needed to cancel the imaginary part of the Borel
sum.

It should be noted that for each of the exponentially
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TABLE XVI. Neville table for — EY)/[e ~% N +1)!]—1 with up to three alternating-sign correction

terms, for the ground state.

kth Neville iterate for 4 =

N 0 1

2 3 4

with no alternating-sign correction term

145 0.01282 68094 126 0. 0009 887
146 0.01274 56323 545 0. 0009 750
147 0. 04266 54677 424 0.0009 614
148 0.01258 62975 623 0. 0009 483
149 0.04250 81030 048 0. 0009 353
150 0.04243 08668 759 0. 0009 227

with first alternating-sign correction term

145 0.01282 68095 127 0. 0009 887
146 0.04274 56322 555 0. 0009 749
147 0.01266 54678 345 0.0009 615
148 0. 01258 62974 739 0. 0009 483
149 0.04250 81030 867 0. 0009 353
150 0. 01243 08667 744 0. 0009 227

with two alternating-sign correction terms

145 0. 01282 68094 954 0. 0009 887
146 0.04274 56322 719 0. 0009 749
147 0.01266 54678 188 0.0009 615
148 0.01258 62974 889 0. 0009 483
149 0.04250 841030 724 0.0009 353
150 0. 04243 08668 081 0. 0009 227

with three alternating-sign correction terms

145 0.01282 68094 963 0. 0009 887
146 0.04274 56322 744 0. 0009 749
147 0. 01266 54678 196 0.0009 615
148 0.04258 62974 881 0. 0009 483
149 0.04250 84030 731 0. 0009 353
150 0.01243 08668 074 0. 0009 22

-0.0000 199 -0. 0003 504 -0.0253 500
-0. 0000 124 0. 0003 444 0. 0250 107
-0. 0000 190 -0. 0003 365 -0. 0246 785
-0.0000 119 0. 0003 308 0. 0243527
-0. 0000 182 -0, 0003 233 -0.0240 335
-0.0000 115 0.0003 179 0.0237 204
-0. 0000 156 0. 0000 697 0.0050078
-0. 0000 166 -0. 0000 669 -0. 0049 134
-0. 0000 149 0. 0000 462 0.0048 212
-0. 0000 159 -0. 0000 635 -0.0047 316
-0. 0000 143 0. 0000 629 0.0046 440
-0.0000 153 -0. 0000 604 -0. 0045 589
-0.0000 163 -0. 0000 032 -0. 0002 738
-0. 0000 159 0. 0000 042 0.0002 678
-0. 0000 156 -0. 0000 034 -0. 0002 621
-0.0000 152 0. 0000 039 0. 0002 564
-0. 0000 150 -0. 0000 029 -0. 0002 510
-0.0000 146 0. 0000 037 0. 0002 456
-0. 0000 163 0. 0000 006 0.0000 024
-0, 0000 159 0. 0000 005 -0. 0000 022
-0. 0000 156 0. 0000 005 0. 0000 021
-0, 0000 153 0. 0000 005 -0. (000 022
-0. 0000 150 0. 0ooo 005 0. 0000 024
-0.0000 147 0. 0000 004 -0. 0000 022

small terms, the sum of each real power-series factor is it-
self also complex. However, here we have only listed the
contribution that comes from the real part of the sum of
each power-series factor, since the imaginary part would
be expected to be canceled by higher-exponential-order
series.

The sum of the first-exponential-order series can be ei-
ther added or subtracted to the sum of the RSPT, leading
to the symmetric or antisymmetric members of the
double-well pair. Moreover, for quantitative accuracy, it
is also necessary to include the real second-exponential-
order series, for which we have given two terms in Egs.
(227) and (110), and which comes in only with one sign.
The agreement of the sum of the asymptotic series with
the numerical eigenvalues for the physical double-well
pair is nicely illustrated for »=12 and 10, as well as the
deteriorating convergence at r=6. At this shortest dis-
tance, the two-term truncation of the real second-
exponential-order series is inadequate, and higher
exponential-order contributions are also significant both
for the accuracy of the real part and to cancel the imagi-
nary part.

XII. SUMMARY

As set out in the Introduction, we have developed the
quasisemiclassical method to solve the H,' eigenvalue
problem by asymptotic expansion. The bulk of the calcu-
lation has focused on the separation constants f3; and f3,,
which arise from separation in prolate spheroidal coordi-
nates (Sec. IIA). The transformation from separation
constants to energy E (R) is relatively elementary (Sec. V).

The development of asymptotic expansions for f3; (Sec.
IV) and 3, (Sec. III) depends first on solving the separated
Schrodinger equation near the boundary points, which are
also singular points, in terms of Whittaker confluent hy-
pergeometric functions. These solutions are extended
away from the boundary points, by expanding the natural
variable in a series in the reciprocal internuclear distance.
The Schrodinger equation is thereby turned into a Riccati
equation that is solved by expansion. A crucial role is
played by the b index of the Whittaker function. If taken
equal to the unperturbed separation constant, then RSPT
is the result of solving the Riccati equation, but the wave
function satisfies only the boundary condition at n=0. If
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TABLE XVII. Comparison of values of 8, obtained by summation of the asymptotic expansion and
by numerical solution of the eigenvalue equation (11) with (physical) boundary conditions at 7=0 and
=2, and with (nonphysical) boundary conditions at 7=0 and 7= oo, for the ground state.

Computational Method

Bolr)

r=12

Numerical solution, boundary conditions at 0 and w-1e

Sequential Padé-Padé [35/35] for RSPT series

Sequential Padé-Padé [25/26) for 485
Sequential Padé-Padé [25/26) for 14857
Two-term formula (110) for 4,85

RSPT + 485 + 18,882 + A 42

Sym. num. solution, boundary conditions at 0 and 2

RSPT - a8 + 14,052 + 4, 8%

Antisym. num, solution, boundary conditions at 0 and 2

r=10

Numerical solution, boundary conditions at 0 and o -ie

Sequential Padé-Padé [35/35] for RSPT series

Sequential Padé-Padé [25/26] for 485"
Sequential Padé-Padé [25/26] for 14,85
Two-term formula (110) for 4,82

RSPT + A@Y +ia,8§2 + 2 85"

Sym. num. solution, boundary conditions at 0 and 2

RSPT - A8% + 12,852 + 8 8%

Antisym. num. solution, boundary conditions at 0 and 2
r=4

Numerical solution, boundary conditions at 0 and o -ie

Sequential Padé-Padé [35/35] for RSPT series

Sequential Padé-Padé [25/26] for A8
Sequential Padé-Padé [25/26 for 14,857
Two-term formula (110) for APB%Z)

RSPT + A% + 18,857 + 4 87

Sym. num. solution, boundary conditions at 0 and 2

RSPT - A8 + 14,00 + A 8P

Antisym. num. solution, boundary conditions at 0 and 2

0.45620 5560536 + i 0.51348  x107'
0.45620 55605 36 + i 0.51347 x40’
-0.00012 17975 46
-i0.54348  x1077
0.00000 01152 38
0. 45608 38782 28
0. 45408 38789 89
0. 45632 74733 20
0. 45632 74743 50
0.446759779593 + i 0.1816534 x107°
0.44475 9779592 + i 0.1816534 x107°
-0.00071 57275 4
-i0.18166  x1070
0.00000 37943
0. 44604 78463

0. 44604 78627 33

0. 44747 93014
0.44747 93660 55

0.40438983904 + i 013374 2866 x4072

0. 40438 984 +i0.433743  x107°
-0.01825 5
-i0.135080 x10°2
0.00211 94
0.38825 4 -10.004337 xi072
0.38805 89412 28
0.42476 5 -i0.004337 x107°

0.42504 99757 82

the boundary condition at =2 is also to be satisfied, then
the b index gains a sequence of exponentially small series,
which in turn imply exponentially small contributions to
the separation constant.

The explicit complexness of the expansions, starting in
second exponential order, is a consequence of the explicit
complexness of the asymptotic expansions for the Whit-
taker function. That a real function should have a com-
plex asymptotic expansion is not as paradoxical as it
might seem (Sec. III F): the asymptotic expansion for the

Whittaker function is summable through the Borel sum-
mability of its associated power series. The real axis is a
cut of the Borel sum. Thus the Borel sum of the RSPT
series is complex and discontinuous on the real axis, but
the explicit second-exponential-order series has the effect
of canceling the implicit imaginary part and making the
sum of the entire expansion (including all exponential or-
ders) real and continuous.

The explicit imaginary series is directly related to the
discontinuity on the positive real axis (Sec. IIII) of the
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Borel sum of RSPT for the separation constants, which in
turn determines the asymptotics of the RSPT coefficients
via a dispersion relation (Sec. VI). In the course of deriv-
ing the imaginary second-exponential-order expansion, the
relation to the square of the first-exponential-order expan-
sion is obtained, which is the exact version (Secs. IIIG
and V C) of the approximate relation discovered by Brézin
and Zinn-Justin.!? There is also a second imaginary series
(Sec. IV) associated with the discontinuity of B; on the
negative r axis that leads both to alternating-sign and log-
arithmic contributions to the asymptotics of the RSPT
coefficients (Sec. VI). These contributions had in fact im-
plicitly been discovered in an earlier Bender-Wu analysis
of the asymptotics of the RSPT for H,*."

Extensive numerical illustration has been provided for
both the values (Tables I—III, V—VIII, and XI—XIV) and
the asymptotic behavior (Tables IV, X, XV, and XVI) of
the coefficients of the various series. In particular, the re-
lation between the imaginary series and the RSPT asymp-
totics is verified in practice (Tables IV, X, XV, and XVI).
The higher the quantum numbers n; and n, the more
slowly the RSPT approaches asymptotic behavior. The
alternating-sign contributions to both B and to EV
have been explicitly demonstrated (Tables X, XV, and
XVI).

The RSPT series for 3, has been summed and shown
(Table XVII) to agree numerically with the numerical
solution of the differential equation for B8, on a semi-

infinite domain, the analytic continuation to negative 7’ o1
the closely related Bi(r') for the electron moving in the
field of a proton and an antiproton. For instance, at
r=10 the sum of the RSPT series for f, is
0.446759779592+i0.181 6534 10~>, while direct nu-
merical integration of the differential equation gives
0.446759779593+i0.1816534x 10~>. For the physical
B,, the sum of all the B, subseries together agrees well
with the numerically solved values for B, for large r
(> 10), but still more terms and subseries are needed for
smaller r (=6 being the example given in Table XVII).

Such a richly complex asymptotic expansion for such a
simple problem was not anticipated.
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