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The microscopic "spin-gas" model reproduces and physically explains the sequence of liquid-

crystal phases, nematic —smectic-Aq —nematic —smectic-A~ —nematic —smectic-A l, which was ob-

served with decreasing temperature in recent experiments. The microscopic frustration inherent to
smectic structures of dipolar molecules is relieved by permeation fluctuations at the atomic and li-

brational length scales. The molecular tail length theoretically required for this quadruple reen-

trance agrees with experiment. The calculated ratios of layer thicknesses in the partia1 bilayer (Aq)

and monolayer (3 l }smectic phases are also in good agreement with experiment.

I. INTRODUCTION

More ordered phases are generally found at lower tem-
peratures than less ordered phases, respectively being
favored energetically or entropically. Nevertheless, in re-
cent years this broadly applicable expectation has been
seen reversed in several classes of condensed matter sys-
tems, such as liquid crystals, '~ spin glasses, and adsorbed
layers. In each such case, our microscopic understanding
can be tested in determining the specific mecha-
nism ' '+ ' that underlies the unusual reversal.

In liquid crystals, the pioneering experiments' of Cladis
and co-workers discovered and established the tempera-
ture sequence of nematic —smectic-Ae —nematic phases.
Thus, as the system is cooled, the less ordered nematic
phase reappears, via a so-called reentrant phase transition,
below the more ordered smectic A~ phase. This
phenomenon occurs in systems of dipolar molecules. The
reentrant nematic phase is continuously connected to the
high-temperature nematic phase, namely the nematic-
smectic phase boundary curves under itself.

A microscopic mechanism for liquid-crystal reentrance
was derived by noting the inherent possibility of antifer-
roelectric frustration within each smectic layer of dipolar
molecules. Positional fluctuations may relieve this frus-
tration, in which case the dipolar interactions provide the
lateral correlations that maintain the smectic layer. Thus,
both the positional and the orientational degrees of free-
dom of individual inolecules are important in the statisti-
cal mechanics of this system. In our previous treatment,
the positional fluctuations were accounted for in a prefac-
ing transformation, from which resulted the strength and
variance of orientational interactions within a triplet of
molecules. A condition was applied to these interactions,
yielding the reentrant liquid-crystal phase diagrams. In
fact, by monitoring the sign of the prefaced orientational
interactions, phase diagrams were found showing the dou-
bly reentrant sequence of nematic —smectic- Ae —ne-

matic —smectic-A i, which had been reported from experi-
ments. Here, partial bilayer (Ad) and monolayer (Ai)
smectic phases are distinguished.

More recent experiments ' have revealed the remark-
ably rich sequence of nematic —smectic-Ae —nematic-
smectic- Ad —nematic —smectic- A ~ phases, encountered as
temperature is lowered at fixed pressure and composition.
We presently report a calculation, with the "frustrated
spin-gas" model mentioned above, which reproduces this
new sequence. A stringent requirement on the molecular
tail length occurs in both our theory and experiment, in

very satisfactory accord. We also calculate the ratio of
the layer thicknesses of the smectic-Ad and -A i phases, in
very good agreement with experiment. A further calcula-
tion with this model provides a comparison of the
specific-heat signals at the various transitions, again in

good agreement with experiment, and will be reported
separately.

II. METHOD

A. Microscopic origin of frustration

The experimental systems we are considering are com-
posed of molecules with a dipole head, with pairwise in-

teraction potential

~(ri si r2») =l ysi s2 —»(si r»)(s2 ri2))~ I riz I

'

where r; is the position of the dipole head of molecule i,
s; is the unit vector describing the dipolar orientation, and
ri2 ——ri —r2 and Vii=ri2/

~
rii

~

. For a purely dipolar in-

teraction, A =B. Thus, this potential [Eq. (1)] is applic-
able for dominant dipolar interactions, modified by tail-
tail interactions, as discussed below.

The nematic or smectic-A phases are, firstly, aligned so
that the s; are predominantly along the z direction and,
secondly, liquids so that the molecules are closely packed.
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Under these circumstances, it is simply inescapable that a
microscopic picture based on Eq. (1) involves important
frustration effects, meaning the substantial cancellations
of forces exerted on inany of the molecules.

The positional and orientational degrees of freedom are
strongly coupled due to possible frustration. Within such
a three-dimensional system, a layer of molecules can be
identified by the coordinates z; being inside the interval
ZQ+ I/2, where l is an effective molecular length. A given
positional configuration of the layer could be such that an
infinite subset of its molecules has one orientational con-
figuration that strongly minimizes the energy. The sta-
tistical ensemble could well be dominated by such posi-
tional configurations, each occurring with the preferred
orientational configuration of its infinite subset. Via the
orientational correlation exhibited by its members, the in-
finite subset can be seen as a polymeric entity along the xy
directions. The smectic phase is due to a spontaneous
layering of the system by the formation of these polymers,
stacked along the z direction and each extending in the xy
planes. Note that the polymers cannot interpenetrate,
since a given layer can accommodate only one infinite
(percolating) cluster. Also note that the infinitely many
molecules that form the polymers can still be a very small
fraction of the total number of molecules. Thus, poly-
mers underpin the smectic phase. Alternately, the ensem-
ble can be dominated by positional configurations in
which the energy is strongly minimized by mutually
orienting the molecules within factorized n-mers Thes.e
n-mers can uniformly distribute, without blocking each
other as the polymers do, along the z direction, consistent-
ly with the nematic phase.

step of the treatment is to obtain the strengths of the
orientational couplings averaged over positional fluctua-
tions. One should, in principle, include positional fiuctua-
tions in the xy as well as z directions. However, fluctua-
tions in the z direction (permeation fluctuations) are
necessary and sufficient to obtain reentrance. Having
checked that the further inclusion of xy fluctuations does
not bring qualitative changes, we pursued results with per-
meation fluctuations only, to alleviate the computational
burden.

Twa length scales enter the states of relative permeation
of the three molecules, which are scanned as follows:
First, one molecule is fixed, while each of the other two
molecules can shift in the +z directions to preferred posi-
tions ("notches") dictated by the carrugation of the tails.
We consider n notches separated by l/n F.or example,
for n =5 the dipole head of a neighboring molecule could
either be at the same z; as the fixed molecule, or be dis-
placed by one or twa units of I/5 in the +z directions
(Fig. 1). This corresponds to an atomic length scale and
will be referred to as atomic permeation. (In reality the
tails are disordered and therefore the atomic notches are
irregularly arrayed; taking a regular array is still another
calculational simplification which should not affect quali-
tative results. ) Secondly, each molecular position can
fluctuate within each potential minimum caused by the
tail corrugation. Thus, within each notch we allow m
subnotches separated by 5« I/n This s.ubatomic per-
meation will be referred to as librational permeation.

The n Xmi states of relative permeation of the triplet
are summed over in a special prefacing transformation.
This partial sum of the partition function in effect pro-

B. The frustrated spin-gas model

The concepts described above can be tested by calcula-
tions with a microscopic model. Fluctuations towards
the isotropic phase will be ignored, so that aligned mole-
cules are considered: s;=+z, notated as s;=+1 in the
following. As justified by the screening in real systems,
only nearest-neighbor molecular interactions are con-
sidered. These simplifications cannot qualitatively change
our results on the nematic versus smectic-A phases (and
can be cured in future developments of the theory, which
would then include the possibility of a smectic-C phase).
The tails of the molecules affect the theory in two impor-
tant ways. Firstly, the tail-tail forces modify a purely di-
polar interaction which would have A =8 in Eq. (1).
Thus, tail-tail forces are accounted approximately. Net
steric hindrance between tails tends to antialign molecules,
therefore being mimicked by A &8, strengthening the an-
tiferroelectric term. Conversely, net van der Waals attrac-
tion between tails tends to align rnolecules, therefore being
mimicked by A &8, weakening the antiferroelectric term.
Secondly, the corrugation of the tails creates some ener-
getically preferred positions of mutual permeation

~
z; —z/ ~

for a nearest-neighbor pair of molecules.
The study af the model proceeds with the smallest unit

of possible frustration, which is a triplet of molecules.
Three nearest-neighbor molecules forming a triangle of
side a is our reference positional configuration. The first

II
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FIG. 1. Examples of configurations of a triplet of molecules.
(a) The atomic permeation positions of the dipole heads. Libra-
tional permeation positions are illustrated only in the upper
right-hand corner. (b) A frustrated configuration: A zero net
force is felt by either of dipoles 1 and 3. (c) Another frustrated
configuration: A zero net force is felt by dipole 3. Configura-
tions (b) and (c) are thus not conducive to layering. On the other
hand, (d) and (e) are configurations in which frustration is re-
lieved by atomic permeation, respectively conducive to interdigi-
tated bilayer (Aq) and monolayer (A I) smectic layering.
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jects the average strongest, intermediate, and weakest anti-
ferroelectric couplings:

C exp(Kss, sz+Kiszs3+K~s3$ i )

r exp — V r~,s~, r2, sp V r2 $2 I3 $3

Pv(rz s3 rl si )]

where the labels (12), (23), and (31) respectively span the
strongest, intermediate, and weakest antiferroelectric cou-
plings. When the resulting couplings are subjected to the
Houtappel condition' for the triangular Ising model,

sinh(2Es )sinh(2EI ) +sinh(2EI )sinh(2Eu )

+sinh(2En )sinh(2Es) =1, (3)

where E~ are K~ with or without any pairwise change of
signs, an approximation to the nematic-smectic phase
boundary is obtained. '"

HI. RESUI.TS

A. Quadruply reentrant phase diagram

The ratio of the average lateral separation to the effec-
tive molecular length a/I can be expected to decrease
monotonically with increasing pressure and, for mixtures
of two components of unequal effective molecular sizes,
with an increasing concentration. Thus a/I is a dimen-
sionless inverse pressure and/or concentration variable.
Similarly, it is seen from Eq. (1) that I kT/A is a dimen-
sionless temperature variable.

The generic topology of phase diagrams, for 8/A
around 1.5, is shown in Fig. 2. The typical parameter
values that were used are n =5,7; m =2,3; and 5 between
0.011/n and 0 021/n .In the . monolayer smectic (3 i)
phase, the dipole heads of nearest-neighbor molecules are

more likely to point in the same direction. In the interdi-
gitated bilayer smectic (A~) phase, they are more likely to
point in opposite directions (see Table I). Corresponding-
ly, these phases are distinguished in our calculation by
whether the dominant prefaced interactions Es and EI
are both positive or not, respectively. In the displayed to-
pology, it is clear that the generic reentrance sequence, as
temperature is lowered, is doubly reentrant as
X~A~~X~A~. A sequence including A~~N does
not occur, nor does a direct finite-temperature A~~Ai
transition.

The interesting fact now is that for a narrow range of
parameters (1.856&8/3 & l.g96 for n =4, 1.445 &8/3
& 1.466 for n =5, and 1.468 & 8/A & 1.479 for n =6), a
qualitatively new topology is found, as shown in Fig. 3 for
8/3=1.451 and n =5. As temperature is lowered at
fixed a /I, the quadruply reentrant sequence N ~A~
~N~A~~X~A i is encountered within a range of a/I
values. The details of the mechanism underlying the three
smectic segments are given in Sec. IV. Presently we note
that this same quadruply reentrant sequence has been
found experimentally ' in the pure substance DB&ONOz
and its mixtures such as with DBsONOz or DBieONOz.
Our theoretical phase diagram in Fig. 3 here is strikingly
similar to the experimental phase diagram in Fig. 6 of
Ref. 7. Furthermore, that this quadruple reentrance
occurs for a narrow range of microscopic model parame-
ters concurs with the experimental fact that, of the by
now large number of liquid crystals with reentrance, a
small subset apparently has the molecular prerequisites
for quadruple reentrance. In the same vein, we have
found quadruple reentrance with the number of notches n

equal to 4, 5, or 6 (for different narrow ranges of 8/A),

'o JI
~

~A&

0.2 0.4
o/Z

0.6 0.455 0.460 0.465 0.470
a/2

FIG. 2. Generic topology of a liquid-crystal phase diagram
exhibiting nematic {N), partial bilayer smectic {A~), and mono-
layer smectic {A I) phases. Such phase diagrams were obtained
for 8/A around 1.5; n =5,7; m =2,3; and 5 between 0.01l/n
and 0.02l/n. In this figure {8/A=1.5, n =5, m =2, and
5=0.01l/n), the phase boundary curvatures at the lowest tem-
peratures are exaggerated for illustrative purposes.

FIG. 3. Phase diagram containing the quadruply reentrant
sequence X~A& ~%~Aq ~%~A I, as temperature is
lowered. This phase diagram was calculated for 8/A =1.451,
n =5, m =3, and 5=0.015l/n, and is remarkably similar to the
experimental phase diagram in Fig. 6 of Ref, 7. The dashed line
only marks where layer thicknesses were calculated, given in
Table I and compared with experiment.
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Phase 1 kT/A (sisi)
d /d (A i, T =0) d /d (A &)

Theory Expt. '

Ag

Ag

Ag

Aq(reent. )

A)

'Reference 6.

2.75
2.25
1.75
0.30

-0

—0.22
—0.22
—0.23
—0.12

1.00

1.30
1.30
1.30
1.28
1

1.28
1.29
1.30
1.42
1

TABLE I. Calculated layer thickness ratios and nearest-
neighbor dipolar correlations in the smectic phases, at different
temperatures. The phase diagram of Fig. 3 is scanned at con-
stant pressure and concentration variable a/l =0.463 (i.e., along
the dashed line in Fig. 3). For comparison, experimental thick-
ness ratios from Ref. 6 are also given.

ture with nearest-neighbor (sis2) =1, while the smectic-
A~ phase is characterized by an interdigitated bilayer
(partial bilayer) structure with (s~sz ) &0.

%e have thus calculated layer thicknesses along the
dashed line in the phase diagram of Fig. 3 for different
temperatures. Table I gives the ratio of these thicknesses
to the thickness of the low-temperature monolayer
smectic-A~ phase. Comparison with experiment is im-
mediate, using data from Table I of Ref. 6, given in the
last column of Table I in this paper. The agreement be-
tween theory and experiment is seen to be rather satisfac-
tory, especially in the high-temperature smectic-Ad phase.
The experimentally observed increase in the reentrant Ad
phase is, however, not captured at this stage of the theory.

IV. FINAL COMMENTS

but not with n =3, 7, 8, or 9. This is a reflection of the
experimental finding ' that the phenomenon depends sen-
sitively on chain length. Moreover, n =4 or 5 are indeed
the most reasonable notch numbers that are deduced from
considering DB9ONO2 with its tail of nine carbon atoms
in the trans configuration.

d=l+((b, h) )' (4)

using the standard deviation of hh, the difference between
the z coordinates of the centers of two nearest-neighbor
molecules. The thermal average is taken within the triplet
used in the prefacing transformation, over all permeation-
al (z;) and orientational (s;} degrees of freedom. This
mean mutual permeation is calculated between the mole-
cule with the fixed dipole and one of its neighbors. Tak-
ing the distance between the center of a molecule and its
dipole head to be 1/2,

b, h =h ) hz ——(z i —z2 ) —(s—) —s z )1/2,

and

d =1+[((zi —z2 } ) +1 (1—(s is 2 ) ) /2]'~

The latter equation clearly shows how layer thickness and
orientational correlation are linked. Predominant fer-
roelectric nearest-neighbor correlation ((s,s2) &0) will
typically yield a thinner layer than predominant antifer-
roelectric nearest-neighbor correlation ((s,s2) &0). The
smectic-A~ phase is characterized by a monolayer struc-

B. Smectic-Aq and -A
~ layer thicknesses

Another calculated quantity, for comparison with ex-
perimental results, involves layer thicknesses in the dif-
ferent smectic regions. The effective molecular length 1,
used above, is the length of a stretched molecule shortened
by the bends of the disordered tail. Accordingly, to obtain
absolute thicknesses, a microscopic calculation of the in-
tramolecular tail configurations is necessary. However,
the distinction between the various smectic regions is pri-
marily due to intermolecular correlations. Thus, by con-
sidering the latter, the ratio of the thicknesses in the dif-
ferent smectic regions can be estimated.

A meaningful estimate of the average thickness of a
smectic layer is given by

It is seen above that a satisfactory agreement is
achieved between our microscopic theory based on the
frustrated spin-gas model and experimental data on (qua-
druply) reentrant liquid crystals. The basis of quadruple
reentrance can be further understood by explicitly moni-
toring the classes of triplet states that dominate the pre-
facing transformation of Eq. (2) due to the combined ef-
fects of their entropy (multiplicity) and energy. The
smectic-A i phase is dominated by ferroelectrically orient-
ed triplets atomically permeated by two, two, and four
notches pairwise, as shown in Fig. 1(e). The smectic-A&
phase is dominated by triplets that are antiferroelectrically
oriented. Frustration is lifted in the lower- and upper-
temperature A~ segments respectively by librational and
atonic permeation. The low-temperature reentrant
nematic phase is due to the competition between ferroelec-
tric and antiferroelectric states. The intermediate-
temperature reentrant nematic phase is due to molecular
pairing: In the dominant states, two mutually unpermeat-
ed molecules antialign and thereby annul their coupling to
the third molecule. The high-temperature nematic phase
is of course due to conventional thermal fluctuation.

One final comment involves the mechanism of smectic
order for the interdigitated bilayer phase. The prefacing
transformation (2) and the Houtappel condition (3) gauge
a special type of molecular statistics: whether, in a triplet
of molecules, the average intermediate-strength dipolar in-
teraction is closer to the average strong interaction or to
the average weak interaction. It is of distinctive interest
that these special statistics underly the present ordering
problem. This also extenuates the failure' to detect a
reentrance mechanism by detailed but conventional spec-
troscopic experiments. Finally, another aspect of interest
is the dielectric properties of the reentrant liquid-crystal
systems. No definitive statement can, of course, be made
without an actual calculation using the frustrated spin-gas
model, but estimates made by Benguigui' certainly look
encouraging.
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