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Resonance contributions to the electron-impact excitation of ions
in the distorted-wave approximation
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In analogy with recent work on dielectronic recombination, an average-configuration distorted-
wave method is developed to calculate resonance structures in the electron excitation of ions. Con-

firming previous results, large resonance contributions are found for the 2s~3s and 2p ~3s excita-
tions of 0 +. Large resonance contributions are also found for the 2p —+2p 3s excitation of Ti' +.
Radiative-coupling and electric-field-mixing effects are discussed.

I. INTRODUCTION

Electron-ion scattering processes play a key role in the
understanding of many types of high-temperature plas-
mas. Excitation, ionization, and recombination cross sec-
tions may be strongly influenced by the presence of au-
toionizing levels within a highly ionized atom. ' Even in
simple heliumlike ions ground-state excitation collision
rates at certain temperatures may be enhanced by a factor
of 2 due to autoionizing resonances. Early predictions of
large resonance enhancements in the excitation cross sec-
tions of lithiumlike ions have been confirmed by recent
close-coupling and distorted-wave calculations. ' Al-
though the lithiumlike ions are perhaps the best studied
experimentally, the only specific measurements are on
the 2s~2p excitation which is not predicted to have and
does not show any resonance enhancement.

An indirect check on the various theoretical methods of
calculating the effects of resonances in electron-impact ex-
citation is provided by recent dielectronic-recombination
cross-section measurements. ' The dielectronic recom-
bination process may be thought of as resonant recom-
bination into an autoionizing level followed by radiative
decay. The indirect-excitation process may be thought of
as resonant recombination into an autoionizing level fol-
lowed by an autoionizing decay. Theoretical methods
based on the direct computation of energies and wave
functions of the many autoionizing levels, followed by
distorted-wave calculation of autoionizing rates and
resonant-recombination cross sections, have proved quite
successful in describing the dielectronic recombination
process. In this paper we apply the same methods to the
calculation of those electron-impact excitation cross sec-
tions where resonance enhancements are believed to be
strong. Gne of the nice features of this approach is that
one focuses on the identification of possible autoionizing
levels, their relative position in energy, and their possible
paths of radiative or autoionizing decay. In this way it

serves to complement those theoretical methods which ei-
ther directly calculate the collision scattering matrix in
the presence of closed channels' or analytically continue
the known S matrix below threshold. '

In Sec. II we review the calculational method and dis-
cuss the average-configuration indirect excitation cross
section. In Sec. III we apply the method to the calcula-
tion of the 2s~3s and 2p —+3s excitation cross sections in
lithiumlike oxygen. Comparison is then made with previ-
ous theoretical calculations. In Sec. IV we calculate
the 2p —+2p 3s excitation cross section in neonlike titani-
um. The same transition in neonlike iron has been
predicted to have a large resonance enhancement near
threshold. ' These results should be of interest to those
researchers' ' who model neonlike excitation schemes
for the production of soft-x-ray superfluorescence. ' In
Sec. V we give a short conclusion.

II. CALCULATIONAL METHODS

In the independent processes approximation, the total
electron-impact excitation cross section from a state of
level i to all states of level f is given by

o, (i ~f)=crd„(i'~f)+o;„(i~f),
where od„(i~f) is the direct excitation cross section and
tr;„(i~f) is the indirect excitation cross section due to
resonant processes. The indirect section is given by

cr;„(t'~f)= g cr, (t'~j)I3,j(~f),
where o„(i +j ) is the resonant-recom—bination cross sec-
tion from a state of level i to all states of the autoionizing
level j. The branching ratio for autoionization from a
state of level j to all states of level f is given by
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A, (j ~f)
&, (j ~f)= g A, (j ~m)+ g A, (j~n) (3)

where A, (j~ m) is the autoionization rate to all states m
which lie below j, including levels i and f, and A, (j ~n)
is the radiative rate to all states n which lie below j.

The general cross section expression of Eq. (1), and the
corresponding transition rates, may be evaluated in any
pure or intermediate coupling scheme. However, in com-

plex configurations it may be next to impossible to carry
out a level to level calculation of the total cross section be-
cause of the very large number of levels involved. Thus
when performing survey calculations for a variety of
atomic ions, it is useful to develop a method which
dramatically reduces the number of individual rates which
must be calculated.

The direct excitation cross section may be calculated in
an average-configuration distorted-wave approximation.
Consider the following transition between configurations

(nulli) '(n2lq) 'k;l;~(nili) ' (nzlz) ' kflf, (4)

where n; is the principal quantum number, I; is the angular-momentum quantum number, q; is the occupation number,
and k; is the linear-momentum wave number. The average-configuration direct excitation cross section from configura-
tion I to configuration F is given by (in atomic units)

Sm q i (412+2 —q2 )
od„(I~F)=. g g (2l;+1)(2lf+1)

k; kf l; If

g a (li, l;, lz, lf, A, )[R (nzl2, kfif, n, li, k;I;)]

+ gb(li, l, , /2, lf, A, ')[R (kflf npl2 n, l„k;l;)]'
A,

'

—g gc(li, l;, lz, lf, A,, A, ')R (n2l2, kflf nili, k;l;)R (kfif nfl' nili k'li)

where R (ij;rt) is the usual Slater radial integral for the
Coulomb interaction between electrons and the angular
coefficients a, b, and c may be expressed in terms of stan-
dard 3-j and 6-j symbols, as found in previous work. '
The continuum normalization is chosen as one times a
sine function.

In analogy with recent work on dielectronic-recombina-
tion, ' one may also calculate the indirect excitation cross
section in an average-configuration distorted-wave ap-
proximation. Using the isolated resonance approximation
and the principle of detailed balance, the resonant-
recombination cross section is given by

o„(ij)= 2 A~(j ~i),2+ gj
Ac k; 2g;

o;„(I~F)
QA, (j ~i) QA, (j ~f)

2m 1

gek, .~ 2GI . J QA, (j~m)+ QA„(j ~n)

(7)

where GI is the statistical weight of configuration I.
Equation (7) can be greatly simplified in two limiting
cases. If gf A, (j~f) is much greater than the sum over
all other autoionization and radiative decay channels,
which is typically the case, then Eq. (7) becomes

o;„(I~F)= 2 A, (J~I),2m'

Ask;

where hc is an energy bin width larger than the largest
resonance width and g; is the statistical weight of level i.
Combining Eqs. (2), (3), and (6), the average-configuration
indirect excitation cross section from configuration I to
configuration F through configuration J, is defined by

where the average-configuration autoionizing rate from
configuration J to configuration I is given by

A, (J~I)= ggj. Q A, (j ~i) .1

Gg
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On the other hand if g,. A, (j +—i) is much greater than
the sum over all other autoionization and radiative decay
channels, then Eq. (7) becomes

o;„(I.~F)= ~ A, (J +F—) .
2w'

Ask;

The working equation for the average-configuration in-
direct excitation cross section is an interpolation between
these two limiting cases:

GJ A, (J~I)A, (J~F)o;„(I~F)=
ask, ' 2GI y A. (J I)+ gA, (J ~)

M N

where A„(J~X) is the average-configuration radiative
rate. Explicit expressions for the average-configuration
rates 2, and 3, in terms of Slater and dipole radial in-
tegrals are found in a previous work. '

A variety of calculational programs were used to gen-
erate the average-configuration cross sections of Eqs. (5)
and (11) for a particular atomic ion. The bound-state en-
ergies and atomic orbitals for the many configurations
needed to evaluate a total excitation cross section are gen-
erated using the radial wave function code developed by
Cowan. ' These bound radial wave functions are solu-
tions to the Hartree-Fock equations with relativistic modi-
fications, which include the mass-velocity and Darwin
corrections within modified differential equations. The

continuum radial wave functions are calculated using a lo-
cal semiclassical approximation for the exchange interac-
tion. This exchange term simplifies the solution of the
differential equation and generally gives results in close
agreement with results obtained from a full non-local
Hartree-Fock continuum calculation. Relativistic effects
are also included in the distorted-wave continuum wave
functions by the addition of a local mass-velocity poten-
tial.

III. RESULTS FOR LITHIUMLIKE OXYGEN

To test the average-configuration approximation and
our numerical methods, we first calculated the 2s~3s
and 2p —+3s excitations in lithiumlike oxygen. Direct ex-
citation cross section results for several transitions in 0 +,
obtained using Eq. (5), are given in Table I(a). Our
distorted-wave results are in good agreement with the
distorted-wave results of Mann, and in fair agreement
with the close-coupling results of Bhadra and Henry.
Based on a comparison of excitation collision cross sec-
tions, one might suspect that the relatively weak 2p —+3s
transition might be strongly influenced by autoionization
states found below the 3p and 3d thresholds.

The energies of several autoionizing configurations in
0 +, obtained using Cowan's wave function code, ' are
shown in Fig. 1. The energies are calculated relative to
the ls 3s configuration of 0 +. For the autoionizing
configurations converging to the 3p and 3d thresholds,
only the lowest angular momentum state of a given 3pnl
or 3dnl set of configurations is shown; while all the con-

TABLE I. 0 + excitation cross sections near threshold. (a) Shows nonresonant cross sections. (b) Shows total cross sections in-
cluding only 3pnl and 3dnl configurations. (c) Shows total cross sections.

Excitation

2$ —+ 3$
2$ ~3p
2$ ~3d

Average-configuration
distorted wave

1.58 Mb'
0.62 Mb
2.35 Mb

(a)
Close coupling

(Ref. 4)

1.27 Mb
0.93 Mb
2.13 Mb

Distorted wave.
(Ref. 24)

1.51 Mb
0.59 Mb
2.36 Mb

Green's function
(Ref. 3)

1.76 Mb

2p —+3$
2p ~3p
2p ~3d

0.19 Mb
2.86 Mb
6.96 Mb

0.36 Mb
1.50 Mb
5.09 Mb

0.15 Mb
2.76 Mb
7.06 Mb

0.34 Mb

(b)

Excitation
2$ ~3$
2p ~3$

Average-configuration
distorted wave

3.03 Mb
4.70 Mb

Close coupling
(Ref. 4)

2.68 Mb
2.62 Mb

Close coupling
(Ref. 5)

2.70 Mb
3.48 Mb

Distorted wave
(Ref. 5)

2.77 Mb
3.30 Mb

Excitation
2$ ~3$
2p ~3$

Average configuration
distorted wave

3.94. Mb
5.38 Mb

(c)

Green's function
(Ref. 3)
3.46 Mb

10.9 Mb

'1 Mb=1. 0&&10 "cm
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FIG. 1. Energy-level diagram for autoionizing configurations
of 0 +. All energies are relative to the 1s 3s configuration of
O5+

figurations converging to 4l thresholds, in this energy
range, are shown. More accurate calculations are needed
to determine the precise position of 3d9l configurations
relative to the 3s threshold.

We first concentrate on the autoionizing configurations
converging to the 3d threshold, since they make the larg-
est contribution to the 0 + indirect 2s —+3s and 2p~3s
excitation cross sections, obtained using Eq. (11). For the
3dnl configurations explicit autoionization and radiative
rates were calculated for n &21 and l &6. For higher
values of n, A, goes approximately as 1/n, while A„ is
nearly a constant. %e extrapolated the autoionization
rates to high values of n by fitting the calculated values of
n A, to the formula A +BIn +CIn For highe. r
values of l, A, was calculated using hydrogenic wave
functions while A, is again nearly a constant. For n (18
the 3dnl configurations can autoionize to the 2s, 2p, and
3s configurations of 0 +. For n ) 19 the 3dnl configura-
tions can also autoionize to the 3p configuration of 0 +.
When available the 3p decay rate is usually an order of
magnitude greater than the other three channels com-
bined.

In calculating radiative rates we must distinguish be-
tween two, types of radiative transitions. The first type in-
cludes those in which the Rydberg electron is a spectator;
for example, transitions of the form 3dnl~2pnl+ hv or
3dnl~3pnl+hv. %'e ignore cascade effects by leaving
out radiative transitions to 3pnl configurations for which
n & 11. In the second type the Rydberg electron is the ac-
tive electron; for example, transitions of the form

FIG. 2. Autoionization and radiative rates for the 3d 10l con-
figurations of 0 +. The label A, (nl') refers to the autoionizing
transition 3d 10l~nl'+e . The label A, (2p) refers to the radi-
ative transition 3d 10l~2p 10l +hv.

3dnl —+3dn'l'. For O + second type transitions are not
very significant, but in atomic ions at higher stages of ion-
ization they prove quite important.

Autoionization and radiative rates for the 3d10l con-
figurations of 0 +, calculated in the average-
configuration distorted-wave approximation, are shown in
Fig. 2. This type of figure has been used before to explain
various aspects of the dielectronic recombination pro-
cess. Consider first the 2s~3s indirect excitation ignor-
ing autoionization to the 2p configuration. In this case
the conditions leading to Eq. (8) are quite well satisfied
and the 2s —+3s cross section is governed by the lower 2s
decay rate. Even with the 2p decay rate included we ex-
pect the 2s~3s cross section calculated from Eq. (11) to
be fairly accurate. On the other hand consider the
2p~3s indirect excitation ignoring the 2s decay rate.
Since the 3s and 2p decay rates are of similar magnitude,
we do not expect that the average cross section of Eq. (11)
to be as accurate for this case. Based on previous work, '

we suspect that Eq. (11) will tend to overestimate the true
2p~3s indirect cross section.

The total cross sections for the 2s —+3s and 2p~3s ex-
citation of 0 +, obtained using Eqs. (5) and (11), are
shown in Figs. 3 and 4, respectively. Resonance contribu-
tions from the 3pnl, 3dnl, and 4l4l' configurations are in-
cluded. The slowly oscillating theoretical curves were ob-
tained by convoluting the spectrum of narrow resonance
peaks generated by our computer codes with a Gaussian
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FIG. 3. Electron-impact 2s~3s excitation cross section of
0 +. The solid curve is the direct excitation cross section, while
the dotted curve is the sum of the direct and indirect cross sec-
tions.

coupling calculations, our results in Table I(b) only in-
clude contributions from the 3pnl and 3dnl autoionizing
configurations. The average-configuration distorted-wave
results for the 2s —+3s excitations are 9% to 13% higher
than previous calculations, ' while the 2p —+3s excitation
results are 35%%uo to 79% higher than previous work. ' We
note that the close-coupling calculation of Clark et al. is
33% higher than the close-coupling calculation of Bhadra
and Henry for the 2p —+3s excitation. Since the Green's
function calculations of Presnyakov and Urnov did in-
clude the configurations converging to the 4l thresholds, a
separate comparison is made in Table I(c). The 2s —+3s
distorted-wave results are about 14% higher than the pre-
vious calculation, while the 2p~3s excitation results are
51% lower than previous work. It can be concluded
from all of these calculations of lithiumlike oxygen that
large resonance enhancements are present in the 2s~3s
and 2p~3s excitations and that our study indicates that
the average-configuration distorted-wave method should
yield an accuracy of better than a factor of 2 in predicting
the average total cross section.

energy distribution with a full width at half maximum
equal to 0.3 eV. Electron energy distributions in crossed-
beam experiments typically have an energy width of this
magnitude. In Fig. 3 the first peak in the spectrum at
80.1 eV is from the 4s4p configuration, the shoulder at
80.5 eV is from the 3d 101 configurations, and the largest
peak at 81.1 eV is from the 4s4d configuration. In Fig. 4
the first peak in the spectrum at 68.1 eV is from the
3p11/ and 4s4p configurations, the next peak at 68.5 eV
is from the 3d 101 configurations, and the largest peak at
70.2 eV is from the 4p 4d configuration.

In order to compare our total cross section results for
0 + with previous theoretical calculations, we make a
simple average of the slowly oscillating curves of Figs. 3
and 4 over the energy range from the 3s to 3p thresholds.
For comparison with previous distorted-wave and close-

12.O
E
C3

10.0-
D

8.0-

IV. RESULTS FOR NEONLIKE TITANIUM

Direct excitation cross section results for several transi-
tions in Ti, obtained using Eq. (S), are given in Table
II(a). Based on a comparison of excitation collision cross
sections, one might suspect that the relatively weak
2p ~2p 3s transition is strongly influenced by autoioni-
zation states found below the 2p 3p and 2p 3d thresholds.
The energies of several autoionizing configurations in
Ti"+, obtained using Cowan's wave function code, ' are
shown in Fig. 5. More accurate calculations are needed to
determine the precise position of the 2p 3p 91 and
2p 3d 61 configurations relative to the 2@53s threshold.

Autoionization and radiative rates for the 2p 3d 7l con-
figurations of Ti"+, calculated in the average-
configuration distorted-wave approximation, are shown in
Fig. 6. For calculation of the 2p ~2p 3s indirect cross
section, conditions leading to Eq. (8) are extremely well
satisfied. We thus expect that the average-configuration
cross section for the 2p ~2p 3s excitation of Ti' + to be
more accurate than either of the excitations considered for
0 + in Sec. III. The total cross section for the

6.0-
I—
U
LIJ 4.0-

TABLE II. Ti' + excitation cross sections near threshold. (a)
Shows nonresonant cross sections. (b) Shows total cross section.

(a)
2.0

CL 00— I I 'I

67.0 68,0 69.0 70.0 7 1.0 72.0 73.0
ENERGY (ev)

FIG. 4. Electron-impact 2p —+3s excitation cross section of
0 +. The solid curve is the direct excitation cross section, while
the dotted curve is the sum of the direct and indirect cross sec-
tions.

Excitation

2p ~2p 3$

2p ~2p 3p
2p ~2p 3d

Excitation

2p ~2p 3s

'1 Mb=1.0)&10 ' cm .

(b)

Distorted wave

0.017 Mb'
0.256 Mb
0.491 Mb

Distorted wave

0.736 Mb
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FIG. 5. Energy level diagram for autoionizing configurations
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CL

FIG. 6. Autoionization and radiative rates for the 2p 3d71
configurations of Ti"+. The label A, (2p) refers to the autoion-
izing transition 2p 3d71~2p +e . The label A, (3s) refers to
the autoionizing transition 2p 3d71~2p 3s+e . The label

A„(2p) refers to the radiative transition 2p 3d71 —+2p 71+hv.

o.o
U 45o o 465.0 480.0 495.0 5 10.0 525.0

ENERGY (eV)
FIG. 7. Electron-impact 2p ~2p'3s excitation cross section

of Ti' +. The solid curve is the direct excitation cross section,
while the dotted curve is the sum of the direct and indirect cross
sections.

V. CONCLUSIONS

We have shown that the calculation of electron-impact
excitation cross sections in the average-configuration

2p ~2p 3s excitation of Ti' + is shown in Fig. 7. Reso-
nance contributions from the 2p 3pnl, 2p 3dnl, and
2p 4141' configurations are included. A full width at half
maximum equal to 1.5 eV is used to convolute the narrow
resonance spectrum. The large peak at 465 eV in the
2p —+2p 3s cross section of Fig. 7 is from the 2p 3d61
configurations. The equally large peak at 480 eV is from
the 2p 3d 7I configurations.

Our total cross section results for Ti' + are given in
Table II(b). The average cross section near threshold is a
factor of 40 times the direct nonresonant cross section.
Collision rate coefficients for the 2p —+2p 3s excitation
of Ti' + are given in Table. III. The abundance of the
neonlike ionization stage of Ti is expected to be highest
for the electron temperatures chosen. At the lowest tem-
perature the rate coefficient is enhanced by a factor of 6
while at the highest temperature the rate coefficient
moves up by a factor of 3.

Recent dielectronic recombination cross section mea-
surements ' have sparked renewed interest in the effects
of external electric fields on electron-ion scattering pro-
cesses. ' ' Using Fig. 6 one can make a qualitative argu-
ment in regard to the effect external electric fields will
have on the indirect excitation cross section of Ti' +. For
all values 1 of the 2p 3d 71 configuration, the 2p autoion-
ization decay rate, which governs the cross section, lies
below the 2p 3s decay rate. This remains true for all

2p 3dnl configurations with n & 7. Thus Stark field mix-
ing of the levels of each of the 2p 3dnl configurations will

change the shape of the autoionization rate curves as a
function of 1, but cannot change the fact that the 2p de-

cay rates are smaller than the 2p 3s decay rates. We thus
expect that the effect of external fields on the 2p ~2p 3s
excitation cross section in Ti' + is quite small. In fact for
most electron-ion excitation cross sections we expect that
external electric fields will have a negligible effect on the
average total cross section.
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Temperature

2.29X10' K
4 57X10 K
6.86X10' K

TABLE III. Ti' +2p ~2p 3s collision rates.

Nonresonant collision rate

3.6X 10 ' cm /sec
8.2X 10 ' cm /sec
9.9X10 ' cm /sec

Total collision rate

2.5X10 " cm /sec
3.4X10 " cm /sec
3.0X 10 " cm /sec

distorted-wave approximation can prove quite useful in
estimating resonance enhancement effects. We plan to ex-
tend our survey calculations to other atomic ions where
resonance effects are expected to be important. These
average-configuration calculations will also provide a
guide in developing more detailed computational methods
based on intermediate-coupled level to level excitation
cross sections. We hope that both the survey and detailed
methods will prove useful to those researchers examining
the radiative output of high temperature plasmas.
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