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Critical behaviors in the two-phase region of a micellar solution
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This work investigates the critical behavior of a micellar solution pentaethylene glycol-mono-n-dodecyl
ether (C&2E5) + water when the critical mixing point is approached within the two-phase region. The

coexistence curve with exponent P =
4 and light scattering measurements in the two coexisting phases are

reported. The temperature dependence of the isothermal osmotic compressibility and the correlation length
in the two coexisting phases have been found to obey power laws which disagree with those expected for
the mean-field theory and also for the three-dimensional Ising-like model.

INTRODUCTION

Aqueous micellar solutions show complex phase behavior
at ambient temperatures. In very dilute solution, the am-
phiphilic molecules exist as molecules distributed in water.
Above a critical micellar concentration, extensive associa-
tion takes place to form aggregated micelles due to the pres-
ence of both polar and nonpolar portions in the same am-
phiphilic molecule, the distribution of which is random in
the system. At higher concentrations, liquid crystalline
phases consist of aggregates of different intrinsic shapes
packed with a characteristic symmetry. As the temperature
is raised above the minimal point in certain water-rich areas
of the phase diagram, the system may undergo a phase
separation into two coexistent isotropic phases. This point
has been regarded as the critical mixing point in a micellar
solution. Below the critical temperature there exists only a
single phase including micelles.

Recently reported light scattering measurements' have
suggested that micellar solutions exhibit a critical-like
power-law behavior as the temperature approaches the criti-
cal mixing point in a micellar solution. A common feature
of systems near critical points is that the power-law
behaviors of corresponding physical properties exhibit quan-
titative as well as qualitative similarities and have identical
critical exponents within the same universality class.

In contrast with the hypotheses of critical-point universali-
ty, the exponents y for the isothermal osmotic compressibil-
ity xr and v for the correlation length g deduced from light
scattering experiments for several micellar systems appear to
depend on the system studied and to be inconsistent with
the corresponding ones predicted from the three dimension-
al Ising-like model for the universality class of a fluid

(P = ~, y ——1.25, and v = 0.63), except for the system

triethylene glycol hexylether (C6E3)+water. 2 To interpret
the behavior of a micellar solution near the critical mixing
point, it is important to examine the asymptotic behavior of
a number of physical properties along the specific thermo-
dynamic paths associated with the critical mixing point. Lit-
tle experimental work has been reported on the two coexist-
ing phases of a 'micellar solution, although it would be in-
teresting. The homogeneity and the scaling hypotheses in

critical phenomena predict the symmetry relations that the
critical exponents for corresponding physical properties are
identical both above and below T,.~ In this work we report
measurements of the coexistence curve and scattered-light
intensities in the two coexisting phases for a micellar solu-
tion pentaethylene glycol-mono-n-dodecyl ether (Ct2E5) +
water near the critical mixing point. To compare the results
in the two-phase region (T & T, ) with those in the one-
phase region (T & T,), we also report the results obtained
from light scattering measurements in the one-phase region
along the critical isochore.

EXPERIMENT

A differential refractometer has been used to determine
the concentrations of two coexisting phases at various tem-
peratures. The concentration dependence of the refractive
index for the system C~2E5 + water was evaluated to be
n = (1.3325 +0.0009) + [(1.240+0.016) &&10 ']c at 22'C
for a He-Ne laser (h.o= 633 nm), in which the concentration
e is expressed in the weight fraction of C~2E5. The quoted
error represents the standard deviations. The differential
refractometer was also calibrated with solutions of known
composition for C~2Eq + water. The coexistence curve of
the system Cq2E5 + ~ater is shown in Fig. 1, where the
closed symbols represent the diameter associated with the
symmetry of the coexistence curve. The critical mixing
point was determined to be T, = 305.06 K and
c, = (1.200+0.040) &&10 2, which was ascertained by the
equal-volume criterion. The density measurement was car-
ried out in the range of 2.44&10 «e «9.62x10 by
using an Anton Paar densimeter. The density data showed
a small systematic deviation at temperatures very close to
T„which can be attributed to a critical anomaly in the den-
sity, i.e., 1.8X10 /o at ~=8.11&10 and 2.5X10 /0 at
a=2.44x10 '. This negligibly small deviation was ignored
in the present analysis.

Light scattering measurements for the angular distribution
over the angular range of 25' «8 «130' were carried out at
five temperatures in the range of 5.57 & 10 «g ~ 1.24
X 10 along the coexistence curve. The light scattering
measurements were performed in a thermostat having a
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trated phases in terms of the weight fraction. The plot
c"—e' for e is seen to give a good straight line over the-

range of 9.83x10 «e«2. 36x10 and a marked curva-
ture at large ~ in Fig. 2. The result of the fit c"—c' for ~

gives a simple power law c"—c' = Be~ with
8 = (1.155 +0.075) & 10 ' and P =0.249+0.007 in the
range of 9.83x10 «~ «2.36x10 " as shown in the solid
line (a) of Fig. 2. The results of the other fits were essen-
tially the same. We have also analyzed these data on the
asymptotic coexistence curve by the fit c' —c, = —B'e& for
the dilute phase and by the e"—c, =-8"e& for the concen-
trated one, respectively, where the values P and T, are kept
fixed. The asymptotic behavior of the coexistence curve
has been confirmed to be symmetric, with 8'=8"=8/2
within a 5% error and c, = (1.200+0.040) && 10 2. To inves-
tigate the coexistence curve over the entire range of
9.83x10 «e «4.32x10 we have tried to apply the
%egncr' expansion with a higher-order correction to a sim-
ple power law bys

c"—c'=as(8+8&e ),
~here 6 is a correction exponent which has been calculated
to be 0.50 for the universality class of a fluid. We have es-
timated 5 = 1.01 + 0.05 and the ratio 8~/8 = (1.9 + 0.1)
x 10 by means of a three-parameter least-squares fit for the
fixed P. The residuals from the fit to Eq. (1) were almost
random. The result for the ratio 8&/8 is considerably larger
than the value Bt/8=0. 31 for xenon, Bt/8 =0.47 for
carbon disulfide + nitromethane, '0 and Bt/8 =0.4 —3.1 for
macromolecular solutions. "' The correction to the simple
power law in Eq. (1) is small at small e and very large at
large e, i.e., approximately 4% at a=2.36x10 "and 79% at
&=4.32x10 '. It should be noted that the asymptotic ex-
ponent P and the correction exponent 5 for the system
C~2E5 + water significantly differ from those predicted for
the universality class of a fluid.

Theoretical and experimental suggestions '3' have been
made that the diameter of the coexistence curve for a fluid
near the critical point exhibits a weak anomaly as e' with
the specific-heat exponent o, =0.12 different from that of
the law of the rectilinear diameter. This means that the dia-
meter would become tangent to the coexistence curve at a
critical point. The diameter of the coexistence curve for the
present system has been described by

the Ornstein-Zernike-0ebye theory. ' The zero-momen-
tum-transfer —scattered-light intensity I (0) [ = limk OI (k) ],
which is directly proportional to the isothermal osmotic
compressibility Xr, and the correlation length g are shown
in Fig. 3, where the values for the dilute and the concen-
trated phases are denoted by open and closed symbols,
respectively. The symbols of triangles and circles are used
to stand for [I(0)] ', i.e., Xr ' and g. Figure 3 shows that
the data plotted as a function of e obey power laws with the
exponents y' = 1.66 + 0.03 (5) and v' = 0.676 + 0.012 (0)
and y" = 0.740+ 0.011 (k) and v" = 0.464+ 0.010 ( ~ )
over the range of 5.57x10 «e«1.24x10 ', where the
prime and double prime refer, respectively, to the dilute and
the concentrated phases. We find that y'/7"=2. 24+0.05
and v'/v"=1. 64+0.04. It should be noted that along the
coexistence curve the temperature dependence of Xr and g
has a great asymmetry between the dilute and the concen-
trated phases.

On the other hand, it is of particular interest to compare
the results above and below T, for the present system. The
power-law behaviors of xq~ e " with y =1.035+0.028 and
/=foe " with $0= (3.27+0.23) X10 7 cm and v= 0. 154

+0.012 have been confirmed to be valid over the range of
4.64x10 «e«1.78x10 2 along the critical isochore in
the one-phase region of the system C~2E5 + water. Experi-
mental details will appear elsewhere. The values for y and
v in the one-phase region are in good agreement with those
predicted by the mean-field theory (@=2'=1). We find
the inequalities y'& y & y" and v'& v & v" for the system
C~2Eq + water. Specifically, the scaling relations between
the corrresponding exponents for Xr and g above r„ i.e.,
y'/v' = 2.46 + 0.06 and y "/v" = 1.59 + 0.04 are found not to
agree with y/v = 2 for the mean-field theory or with
y/v= 2 —ri at a small positive value of the critical exponent
q=0.03 for the three-dimensional Ising-like model within
the universality class of a fluid. 4'

%e have also examined the nature of the critical behavior

(c'+ c")/2 = c, +3 e' (2) lQ )Q

over the entire range of 9.83x10 «&«4.32x10
have estimated 1 —a=0.97+0.04 and g/c, =(2.2+0.5)
x10~. Our result gives no indication of the anomaly in the
diameter of the coexistence curve. The reduced coefficient
A/c, associated with the second term in Eq. (2) is some-
what larger than those for macromolecular solutions. ' In
the asymptotic range of e & 2.36x 10 4, the sccoInd term in
Eq. (2) gives little contribution at the level of the experi-
mental error. Thus, the diameter for the present micellar
solution, (c'+ c")/2, gives a constant value with the critical
concentration c„ independent of temperature over the range
of 9.83x10 «e «2.36x10 as shown in the solid line
(b) of Fig. 2.

For the light scattering data of the dilute and the concen-
trated phases on the coexistence curve at temperature T, the
plots of inverse scattered-light intensity [I(k)] ' versus the
square of the (momentum-transfer) wave number k were
found to obey an approximate linear behavior predicted by
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FIG. 3. The log log plots of I I (0) ] ', i e., the isothermal
osmotic compressibility X~, and the correlation length (' vs ~ in the
two coexisting phases. The values for the dilute and the concentrat-
ed phases are denoted by open symbols (0 and 4) and closed ones
(0 and i), respectively, where the symbols of circles and triangles
are used to stand for g and for I(0},i.e., X~, respectively.
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in the two-phase region of the micellar solution C~2E5 +
water. It is found that the asymptotic coexistence curve is
quartic, flatter than cubic. The present analysis provides no
indication of the anomaly in the diameter of the coexistence
curve. The quartic coexistence curve has been predicted by
the analytical classical equation of state in the fifth degree,
i.e., the five-point contact in the terminology of Baehr. '
This is suggestive, not only of the results associated with
the coexistence curve and the diameter, but also for the
mean-field values of the exponents y and v in the one-
phase region. A similar coexistence curve has been also
predicted by Keyes for the model of the nematic-isotropic
tricritical transition, ' although we are unable to present a
reasonable explanation for regarding the present work as
demonstrating this kind of transition. The temperature
dependence of the isothermal osmotic compressibility g~
and the correlation length g along the two branches of the
coexistence curve obey a power law, but there is a great
asymmetry between the dilute and the concentrated phases.
We find then the inequalities y' & y & y" and u' & v & v"
among the exponents for xr and g both above and below
T, . One might ask whether the values of the exponents for
xr and g are the true asymptotic ones. In fact, we have al-

ready observed an apparent deviation from the power-law
behaviors of xr and ( very close to T„ i.e. , within the range
6 & 1.97 & 10 above 1 and the range e & 4.64 & 10
below T, . We feel further work is still necessary for a fully
developed interpretation of the region of a micellar solution.
In spite of these problems, it is worth noting that the
power-law behaviors of xr and f should be valid over the
intermediate range of 5.57&&10 «e «1.24&10 above
T, . Thus, we conclude that the behavior of the physical
properties investigated in this work resembles in some im-
portant aspects that of a fluid near the critical point, while
the set of the exponent values differs significantly from
those predicted by the mean-field theory and also by the
three-dimensional Ising-like model for the universality class
of a fluid.
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