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A nondegenerate perturbation theory is studied using the adiabatic-theorem formalism. A new
factorization of the adiabatic time-evolution operator analogous to that obtained by Morita in his
derivation of the linked-cluster theorem is given by carrying out a series of intermediate representa-
tions. This leads to a new expansion for the perturbed eigenvectors |a) and energies E, which are
analytically expressed with respect to two matrix series "™ and E™. The nth term of each series
(7™ and E™) includes perturbational contributions of power p, p >n. An explicit recurrence,

y(u) V(V"'l) E(n—l)) E(n)

E(z"n=b E®=1) i5 derived and allows us to calculate these ma-

trices to an arbitrary iteration order (n). Th1s is a central feature of our approach since the eigenvec-
tors and eigenvalues can be generated, to this arbitrary order, by a simple numerical program.

I. INTRODUCTION

Perturbation theory is a theoretical physicist’s most
powerful tool.!~> However, the derivation of an explicit
expansion of the wave function and eigenvalues in the per-
turbation is a complicated problem. This difficulty is ap-
parent when the well-known Rayleigh-Schrodinger series
for the nondegenerate case is considered.?

An exp11c1t expressxon for the wave function and for the
energy in a power series of the perturbation was first ob-
tained by Goldstone.® An elegant derivation of the Gold-
stone formula from the Brillouin-Wigner expansion’ can
be found in the work of Brandow.* The Goldstone solu-
tion which concerns a system of interacting fermions uses
time-dependent perturbation theory in the interaction rep-
resentation. Introducing the time-dependent perturbation
V(t)=exp(iHyt) V exp( —iHyt)exp(yt), the corresponding
evolution operator

U,=3,(=i)"

X Jocty oo V@IV Vt)dty - dty

and analyzing the products of time-ordered operators
which comprlse the operator U, by the same algebra as is
used in proving Wick’s theorem, Goldstone showed that
the limit

Ii Uy %o (1)

im ——

y—0 <¢0| U.y | q)o
exists and has an explicit expression with respect to the
linked Feynman graphs (with ®; being the nondegenerate
ground state of Hy). Finally, it was proved that the per-
turbed eigenfunction can be written
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\IJOZE
L
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Ey—H,
where L represents the sum over the linked graphs and
the energy shift

(I)O » (2)

n

1

——V
Eo—H,

AE= E <<I>0 <I>o> , (3)
where »,, means summation over all connected graphs
leading from @ to @, that is, with no external lines.

Following Brueckner’s suggestions,” Huby!® obtained
tractable calculation rules for the two series (2) and (3).
Nevertheless, these rules include nontrivial linear com-
binations of matrix elements whose complexity increases
dramatically with the perturbation order. Thus it is im-
possible to use a numerical treatment to generate these
series up to a high order of perturbation.

This method of investigation, through a power expan-
sion of the U operator and the linked-cluster theorem is
not the only possible solution. In the one-dimensional
(and thus nondegenerate) case, a high-order perturbation
treatment of the Rayleigh-Schrodinger (RS) series making
use of general hypervirial theorems has been proposed by
Killinbeck.!! This formulation has the great advantage
that it does not involve the calculation of perturbed wave
functions and some applications concerning the hydrogen
atom and the perturbed harmonic oscillator have been suc-
cessful.!?> Unfortunately it seems very difficult to general-
ize this approach to the degenerate case.

In this work a third method is presented. A new fac-
torization of the term U, | ®;) in the adiabatic limit
y—0+ is derived, namely [cf. Eq. (1)]

U, | ®g)=Ur{ P | U, | Do) ,

by using a series of intermediate representations of the
adiabatic evolution operator. The basic hypotheses are
presented in Sec. II in a formulation which does not use
second quantization and thus not the exclusion prmclple
(As in the works of Klein'® and Shavitt and Redmon'* at-
tention is focused on the formal aspects and the many-
body -application is ignored.) The explicit calculation of
the factorization is presented in Sec. III. This leads to a
new, nonperturbative expansion of the two factors Uy

2051 ©1985 The American Physical Society



2052

and (®q| U, | o). Iterative rules for the building up of
these two terms from the matrices Hy and ¥V are given.
Section IV puts forward a simple application concerning
the case of a linearly perturbed harmonic oscillator.

II. ADIABATIC-THEOREM FORMALISM
FOR NONDEGENERATE PROBLEMS

Let H be the Hermitian Hamiltonian of an isolated sys-
tem. H is split into a zeroth-order Hamlltoman and a
perturbation:

H=Hy,+V. @

It is supposed that H, and H both have a discrete spec-
trum. In adiabatic perturbation theory the interaction V'
is switched on by adding a factor exp(y?):

V(t)= lim Vexp(yt), —o <t<0. (5)
y—0+

The nondegenerate unperturbed state is denoted boy
|ag? and the corresponding unperturbed energy by E
According to the adiabatic theorem the zeroth- order
eigenket evolves adiabatically into the perturbed eigenket
of energy E,, namely'>~!7 (the convention %=1 is adopt-
ed)

lim exp[—z f Hodt]U(O — )Py
r—0+

=P lim exp[—z f Hodt]U(O,—oo), (6a)
y—0+ —®

where
Py=|ap) ay|, P=|a){a| (6b)

and where U (0, — o) represents the time-evolution opera-
tor defined by the equation

aU(t oo)

V(U (t,— o) (6¢)
at

with

~ t
P=exp [i [ Hodr' |[Viniexp

i 1 _Hoar'].
(6d)

The resolution of the stationary eigenvalue problem in
the adiabatic-theorem formalism is then focused on the
expression

U0, ) |ao)=exp | [ _[Ea(n)—ELWdt] |a) ,
™

where E,(t =0) and | a) are the required eigenvalue and
eigenvector.

An explicit calculation of |a) and E, can then be
made from Eq. (7) by using Wick’s theorem to express the
Feynman!® diagrams and Dyson’s expansion!® of U,

U(O—OO)— 2 Uo___w)
n=0
‘_’)" f_ dt, - P

(8)

- dt, T[V(t,)
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This application of Wick’s theorem to the eigenvalue and
eigenvector problem is known as the linked-cluster
theorem. A simple derivation of this theorem and its ex-
tension to the degenerate case has been proposed by Mori-
ta.?% In Ref. 20 it is shown that U(t,— o) | ap) has the
following form:

U(t,-oo)|a0>=U(t,—oo)|a0)c(a0| U(I,-*oo)lao) .
9)

The first factor on the right-hand side (rhs) represents
the sum of all possible products of connected diagrams
which are open to the future at time ¢. This term is regu-
lar in the adiabatic limit (i.e., its power expansion does not
introduce any singularity proportional to 1/¢") and veri-
fies the condition

lim —a?U(t,—oo

Jim |3 )| @) |=0. (10)

Moreover, Morita showed that

U0, —w)|a). (11a)

and

E,={ap|HU(0,— )| ap). (11b)
are the eigenvector (normalized so that {(a,|a)=1) and
the corresponding eigenvalue. These results which were
derived by Morita for H, quadratic in the electron opera-
tor have been generalized by Bulaevski?! for arbitrary H
and V.

The main feature of Feynman-diagram expansions
relevant to Eqgs. (11) is that the expansions are power
series in the perturbation V. Unfortunately, there is not

‘an explicit recurrence between two successive perturbation

orders and it seems difficult to generate these series with a
recursive numerical program.

The aim of this work is to show that it is nevertheless
possible to derive a factorization similar to Eq. (9) in
which each factor, calculated in an iterative procedure, is
expressible with respect to two matrix series 7~ and E; the
nth-order terms 2~ and E'™ include contributions of
power p (n <p < o) in the perturbation and are generated
by a recursive program from ¥ (n —1) and E"—1,

To do this no particular form is given to the Hamiltoni-
an H. It is only assumed that H is Hermitian and that it
can be expanded on the basis of H eigenkets:

H(t)= 3 E{|io)io| + 3 3 Cio | V(D | jo) | io) o] -
i ra

(12)

The operator |ip){jo| which includes the transition
ig—jo obeys the following commutation rule:

[1io)<ols [ ko <lo|1=|io){lo|8;6— | ko) {jo |8y -
(13)

As previously noted this expression does not guarantee the
preservation of antisymmetry and many-body applications
would require further expansions.
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III. THEORY

The aim of the calculations presented in this section is
to factor the term U(0, — ) | ap) as in Eq. (9). This fac-
torization is obtained by making a series of intermediate
representations.??> The two following basic points concern
the choice of this series.

() In Eq. (9), the term U(0,— ) |a), is relevant to
the diagrams open to the future at time O and which con-
nect |ag) to |jo), j#a. The operators |jo){ag| which
produce these transitions can be extracted in the
intermediate-representation formalism by making repre-
sentations with respect to

2 ol Vi) o ao] -

j
(j#a)

(ii) The complexity of the expansion of the eigenvalue
and eigenvector in the RS series comes partly from the
fact that this series involves the unperturbed eigenvalues
exclusively. This can be overcome in the representation
formalism by making representations with respect to the
projection operators | jqo) {jo | -

The series of representation will now be set out in de-
tail. Its choice is based partly on the suggestions given
previously in points (i) and (ii) and partly on intuition.

A. First interaction representation

A first interaction representation is made with respect
to the diagonal part. To the partitioning

HO=V+VQ

corresponds the expansion

UH)Po=U(V)U(VY)P, (14a)
with .
Po=|ag){ao| (14b)
and with
VW= 3 Vyesp | [ (EO+Vy—EP—v,dr
"k ‘
X |io) ol - (140)

(The subscripts d and od, respectively, indicate the diago-
nal and the off-diagonal parts. It must be noted that V'
incorporates H,. For the sake of clarity the two limits
t=—o0 and ¢ =0 do not need to be written in each U
factor.) This first operation is the standard intermediate
representation often introduced in the adiabatic approach.

B. Continuation with series of similar transformations

The calculation is then continued using an infinite
series of similar transformations. Each one is composed
of two successive operations. For instance, the pth
transformation is composed as follows. First an interac-
tion representation with respect to the non-Hermitian
term is made:
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VEP,= 3 (VE)jaljo)(ao]

J
(j#a)
[where V& represents the residual Hamiltonian after the
(p — Dth transformation] and then an interaction repre-
sentation with respect to the diagonal terms

Ve =3 (VP 1io) ol

J

which have been generated by the first operation of the

pth transformation. This leads finally to the expansion
U(H)Py= lim UV UV EP)U VL) - -

p—

xUWVE VP UV -"HuweHp, .

(15)

It must be noted that each factor U(V'%P,) is nonunitary
since the operator Vﬁ,%’Po is non-Hermitian. Nevertheless,
the whole product, equal to U(H(z)), is unitary.. The de-
tailed calculations are set out in Appendixes A and B.
They lead to an explicit expression for each factor in Eq.

(15) and give a recurrent relationship between the matrix

series V‘d” and Vﬁ,’d’. These results can be summarized as

follows.
(n+1)

The operator V3™ "’ can be expressed in the form

vatlin= 3 S VEtlw|jo) (ko] (16a)
j k
(j;jék)
with
: n+1) '
Jim, Vi
t
=7t wesp | [1 gV —gtVar
+i [ (B _Er+ar |
(16b)

The matrices 77, E, and ¢ appearing in Eq. (16b) will be
given later in Egs. (21) and (22).

The operator V" *1) has the expansion
vetw= |jo) o | Vi1 (17a)
j
with
V:;jn—f—l)(t)zE}n +2)—E}n +1)_l-(¢5.n +2)_¢3_n+1)) . (17b)

The various matrix elements 2~ jk» Ej, and @; are all
real functions of time. They can be separated into two
groups according to their behavior in the adiabatic limit
¥—0+ A first group is constituted by the functions
77(¢t) and E(t) which become bound, adiabatically vary-
ing functions in the limit y—0+4-. A second group is con-
stituted by the functions 87 7(¢) and ¢(¢) which converge
to zero at this limit. Moreover, they converge to zero suf-
ficiently rapidly so that for any arbitrary complex func-
tion B(¢t) whose modulus is bounded on the real axis
— oo <t <0 the following integrals converge:

t
1' ’ 4 I’ — .
Jim [ x)pudr, x=87 or ¢ (18)
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(It must be noted that the functions d?"/dt and dE /dt
belong to this second group of functions.) Each group of
equations is generated by recurrence equations. The intro-
duction of the notations

__y(.n)
Z =—— s (19)
jo = EW_g®
sz 7 T —e)
Ja E}n)_EEIII) Ej(n)__Esxn)
4|V ! 0)
dt E}n)—Ei,n) E}n)~E£,n)

leads to, for the first group,

ENO=EP+ (o | V(D) ] jo)s =(jo | V(2) | ko)

(21a)
Er+tV=EM _ZRy ) for j+a, (21b)
ErP+V=E" 4 z%gyz;y for js£a , (210)
7Rt = %‘")—z‘"’%"’ for j#k, k#a , (21d)

= 3 Y2 -2 V5 Zia

1
(I#a)

for js£a . (21e)

Equations (21) constitute for matrix series E'™ and 7"
closed group of recurrence equations. The second group
is

#V=0, 87V=0, (22a)
¢(n+1) ¢(n) SZ(n)y(n) (”)SV(")
for j#a, (22b)
1
11%1 U(0, — oo ;H (2))Py= Jlim exp S ko) ag|
r— k
(ksa)

X exp

It will be supposed that the process converges in the

sense that the matrix elements (ko | Vi+" |ay), k+#a
converge to zero as n— o0 so that

lim,_, ,U(V{%+V)Py=1. This implies that the series EL"
and ¥, — O/ ED E D) which are power series in the
perturbation converge.?* Without developing this point
any further it will be simply assumed that the perturba-
tion is sufficiently weak to be in the convergence interval
of these series noting, nevertheless, that in some special
cases the convergence radius can be equal to zero.*

It is now possible to compare Eq. (23) with the factori-

zation of Morita [Eq. (9)]. A rapid calculation made on’

S [koXkol [° [—iEt”
k
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( (n)g 7 (n)
&n+l)=¢gn)+2 Sygzr;)zjg)_*_yar; SZ]-Z
Jj

for js£a, (22¢)
IRV S ALY SRRy PR
—ZWs7 W for j#k, k#a , (22d)
SV}Z_H) 2 Y n)Z(")-{—V};')ﬁZI(:)
Iaéa)
—SZ,Z)V zim _ J;)SV(")Z("
—-ZR sz . (22¢)

This second group of recurrence equations includes as an
unknown the solutions E™ and 7" from the first group
of equations.

C. Propagation of operators U (V")

A last operation consxsts of propagating in Eq. (15) all
the operators U (V") from the left to the right of the
series of operators Equatlon (16) reveals that all the
operators which compose VodPO commute. This is also
the case for the operators constituting V{" [cf. Eq. (17)].
Consequently, the two correspondmg evolution operators
have the simple expressions?

(n) . 1 r0
U(0, — w03 Vg Po)=exp 2 IJO)(aOITI—w Vigdt |,
(j:ia)
(n) RIS S -,
U0, — oo; Vi) =exp 2 ljo) ol = [ _vipar

The propagating of the operators U (V") can be done
gradually as explained in Appendix C. This leads to the
final formula

(1)
- (t—O)
1§1 =0)— (t=0)
—o ]dt vwvatre, . 23)

[
Eq. (23) leads to

{ao| U0, — o) | ap)
0
.——_-exp[|a0)(a0| lim f_w(—iE;"’—¢5;’>)dt].
(24)

Moreover, the first term on the rhs of Eq. (23), equal to

7r= |1+ 3 |ko){ao]
x

(k+#a)

S — Y/ (B —E)
i
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verifies the condition (d /df)7 g =0 and can be expanded,
through the expansion of the series 7~ and E, as a power
series in the perturbation (this is clearly not the case for
the second factor because the integrals E Wt
diverge). Thus the factorization written in (23) can be as-
similated to the factorization in (9); both have the same
definitions. Moreover, using Eq. (7) the following is ob-
tained for the eigenket normalized to unity:

|a)=exp { fi)w—qbﬁ,“")dt]

o V(”(O)
2 (o))

X |lao)+ X ko)
k I=1

(k#a)

(25)
It is evident from Egs. (25), (21), and (22) that the
greatest difficulty comes from the series ¢a because this
series gives the functions 8Z which introduce time deriva-
tives [Eq. (20)]. However, this series is not needed since
all the compor})ents of vector |a) are proportional to the
factor expf —¢'*)dt}. Finally, Eq (25) can be
rewritten

|a)= 11m EA(N) ljo? » (26a)
|
(1)
i ka(o)
a)=||ay)+ ko) -
| | %’ [ ko 2 EP0)—EY(0)
(ks#a)
The corresponding eigenvalue is
E,= lim EP0) . (27b)

Thus the resolution of this perturbation problem simply
in}p)lies the calculation of the two matrix series 2 and
E™,

Equation (21a) give the first-order terms, E‘!) and "V
with respect to the Hamiltonian H, and to the perturba-
tion V. Equations (21b) and (21c), and (21d) and (21e),
respectively, constitute the recurrence equations:

=E(E("), y(n)) ,
y(n+l)= V(E(”),V(”)) .

E(n+1)

This closed group of equations has been expressed in a nu-
merical program to resolve the simple application present-
ed in Sec. IV.

IV. A SIMPLE APPLICATION: THE LINEARLY
FORCED HARMONIC OSCILLATOR

A simple application is the case of a linearly forced
harmonic oscillator. The Hamiltonian of this system is

H=H,+V, (28)

with

2055
with
N
4= 7B NEM—EY) D!
n=1
for js£a  (26b)
Agy =D,
where
2 172
D=1+ 3 2[—7/“' E€">_Ei,"’>]J
(k) =t
(26¢)

so that the group of equations (22) does not need to be in-
tegrated.

Equations (21) and (26) constitute the central result of
_this work.

D. Directions for use

The eigenvector to which we shall pay attention is [cf.
Egs. (26)]

—1/2
> ‘i

I=1

7/}2(0)

27
E/(0)—EL(0) @72)

J
(j#a)

82
Hy=— 82+ ky and V=Ay .

The introduction of the adiabatically translated vibra-
tional coordinate z =y + A /k leads to
aZ
—+ +kz?—

b, b=A4%/2k
oz

H=— (29) -

so that the nonperturbed ¢ (y) and the corresponding per-
turbed eigenvectors ¢,(y) are related by the equations

Gn(¥)=02(2) (30)

The perturbed eigenvalues are

E,=(n+75)(2k)'?—b (31)

The functions ¢2(y) have well-known expressions on
the Hermite polynomlal basis so that the coefflclents Ak
of the expansion,

¢,,=2A,,,k¢2, n=0,1,2,... (32)

can be calculated without difficulty using the relationship
Ay ={#3 | b, ). This leads to a recurrence relation:
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1/2
o127 e ] <?
O Y 2 | P T |
1 c?
Ay =— [n—<- |4 ,
n1 n1/2 ’n 4 n—1,0
(33)
R—— <1y
CaTTPET Il | s

——[p(n —1)]1/2An—-2,p—1 } ’

Ap’"':(—l)"—PAn’p ,

with
c=(24H12 .

The perturbational series 4.3’ [Eq. (26b)] and E" [Eq.
(21c)] were calculated using a truncated basis constituted
by the 40 first unperturbed states and compared in Figs.
1—4 with the exact results given in Egs. (31) and (33).
The case of the ground state (n =0) for the coupling
strengths 4=0.2, 0.5, and 1 [cf. Eq. (28)] and that of the
first excited state for 4=0.2 and 0.5 (it was assumed that
k =0.5) were analyzed. In every case the series converges
to the exact values.

Figures 1 and 2 illustrate the fact that the expansion is
built on nonpower series since the shift of the energy is, in
this case, a quadratic function of the perturbation. Figure
3 shows that more than ten iterations are needed to pro-

(N (I
NS £ A (hw)
0504 46001
046 /e
5 7 9 1
02501
A=05
025 ! \«
5 10 % 1 18 I
-049901 A=10
049951
i .
BT © [24 2% 28 1

FIG. 1. Convergence of the perturbed eigenvalue E\”, (in
units of #iw) for the ground state of the linearly forced harmonic
oscillator vs the recurrence index I. Three values of the pertur-
bation magnitude (4=0.2, 0.5, and 1.0) are investigated [cf. Eq.
(29)]. The three values E=0.46, 0.25, and —0.5 are the exact
values given by Eq. (31).
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e (hw) 15
A=02
146
L I

—
1354 1251 r

131
125 2 VS' \4 g 7/ 1;5 1'8 I

FIG. 2. Same as Fig. 1 for the first excited state. Two values
of the perturbation magnitude are investigated (4=0.2 and 0.5).

duce the convergence in this strong-coupling case. This
figure also reveals the efficiency of the formulation since
it would be very difficult to continue the RS series at this
high order using Huby’s rules. The convergence interval
of the series has not been studied in detail. However, it
can be said that in the case of the ground state the radius
of convergence is between 4=1.0 and 2.0 (the series
diverges in this last case) and that in the case of the first

1 5 10 15 I

FIG. 3. Convergence of the coefficients A" ; [Egs. (33)] of
the expansion of the perturbed eigenvector of the ground state
of the linearly forced oscillator on the unperturbed harmonic
basis vs the recurrence index I. The perturbation magnitude
A=1.0 is studied. The arrows associated with a number j
(0<j <5) give the exact values of the coefficients 4,_o; given
by Egs. (33).
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Am1
" RN
054 - 0
- =3
- 5
0 - 4
05 T~ —— —_ 2
1 5 10 i

FIG. 4. Same as Fig. 3 for the first excited state and for a
perturbation magnitude 4=0.5.

excited state the radius is between 4=0.5 and 1.

V. CONCLUSION

The simple application made in Sec. IV reveals that the
explicit expansions in the perturbation derived in this
work converge to the exact values for the wave function
and for energy under conditions of sufficiently weak per-
turbation amplitudes. As expected the convergence is
rapid for the weakest values of the perturbation and be-
comes slower and slower when approaching the conver-
gence radius of the series. This finite radius of conver-
gence comes from the natural finite interval of conver-
gence of the series E™) [Eq. (21c)] and AN [Eq. (26b)]
and from the assumption that at each order. of the re-
currence the perturbed ergenvalue E™ does not cross any
of the other eigenvalues E n

A large range of apphcatlons are currently under study
concerning various vibrational and rotational systems.

VR ()= 2 2 ljo ) ko | (VE )
(Jsék)

t
= 3 3 o) kol [ZR+isrRexp | [1 4P

J k
(k)

where 7", 87 i, ¢;, and E; are finite real-time func-
tions. It is simultaneously supposed that these functions
obey the following conditions.

(1) In the adiabatic limit ¥y —0+-, the functions 7~ (i)
and Ej ?) become bound, adiabatically varying functlons

(2) In the adiabatic limit the derivatives d 2~ {/ dt and
dEP'/dt and the functions 87§ and ¢/’ converge to
zero sufficiently rapidly that for any arbitrary complex
function B(t) whose modulus is bound on the real axis
— o0 <t <0 the integrals
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The first results confirm the adequecy of the theory and
the existence in each case of a finite interval of conver-
gence which is more or less large according to the nature
of the perturbation matrix.

This formulation which uses a recursive numerical cal-
culation is particularly efficient in the strong-coupling sit-
vations when a high perturbation order is required. In re-
lation to Killinbeck’s treatment the construction of the
perturbation matrix on the zeroth-order representation is
required, but it can be generalized to the degenerate case
without introducing any fundamental difficulties.?
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APPENDIX A

The three appendixes set out the calculations for Egs.
(14)—(23). Appendix A shows more specifically the first
operation in the pth nonunitary transformation, i.e., the
interaction representation with respect to Voﬁ’Po, Appen-
dix B the second Operatlon i.e., the interaction representa-
tion with respect to VP and, finally, Appendix C
presents the permutations of the operators which propa-
gate in Eq. (15) the operators U(V{") to the right of this
operator series.

Consider Eq. (15) and more particularly the term
U(V'®) which is the last term on the rhs. A particular
form is assumed for the Hamiltonian V% and the calcula-
tions of Appendrxes A and B confirm thls hypothe51s by
showing that 4%+, obtained from V8 using the pth
transformation, has a sxmllar expressmn

Thus it is assumed that V% (¢) can be written

— ¢ +iEP (A1)

Phdt’ ] ] ,

-
t
1i’{;+f X(t")B(t')dt', X(t)=d> /dt,dE /dt,87 ¢
r— -
converge.

(3) The frequencies w%(t)=E/"(t)— EP (1), js=a do
not vanish at the limit 7/—>0+ for any value of ¢ between
— o0 and O.

It must be noted first that these conditions are con-
sistent with the first-order result [Eq. (14b)] with the
correspondence
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7RO =Co | V| kodexplyr), (87 (H)s=0
(A2)
EP(O=E}+(jo| V| jo)exp(yt), $#(1)=0

where ¢ designates ¢; —¢y.
The first operation in the pth nonunitary transforma-
tion is the interaction representation with respect to

V&Po= 3 (V&)jaljo) a0l -
(jsjéa)

(A3)

The corresponding evolution operator has the rigorous ex-
pression

Uine(2)
—exp -ll— ? [jo){ao| [fi Vo)) dt’
(j#a)
(Ada)
By noting
W= [ (V&) (Adb)
and
A= 3 ljo)<aof[iu’}(-g>(t)],
(j;ia)
B()= 2 2 ljo) (ko [ [VE (D]
(];Ek)(k;éa)

the calculations lead to

mt'_z 2 |]0)<k0l[(V(p) k+i(W(p))ja(Vi>€|))ak]

J
(k;éa)

+ 3 ljoXao| |—i (VWP (WP, 3 (VE) (W),
j [ 1

This last expression gives a diagonal part, denoted V' in
Eq. (15))

VP = 3 1Jo) o | 1i (W ®);0(V E)y]
(j;]éa)
+ |ag)ag| [—i 2 (VE (WP

(I;éa)

(A8)

which is used to build up the second operation of the pth
transformation:

U0, — 00; Vin ) =U(0, — o0; VU (0, — 00; VBT .
(A9)
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Vine(2)=exp[ 4 (¢)]1B(t)exp[ — 4 (£)] . (AS)

Using the well-known expansion

exp(4)B exp(—A4)=B+[4,B]+ - [A [4,B]]+ -
(A6)

and the commutation rules expressed by Eq. (13), the fol-
lowing is obtained:

[A’B]= 2 'j())((lol
J

—i S VEY (WP ]
1

+ E 2 I]O <k0|[l(W(p) ja(V(p) ak] ’

(jaéa)(k;ta)
[4,[4,B]]
=2 2 ljo) a0l (W(P))ja > (VE) (WP,
(J's{:a) (l;a)

[4,[4,[4,B]]]=0.

Thus only the three terms contribute to the expansion
(A6) so that the final result is

U0, — 0;V'®)

=exp |—i 3, |jo)ao|[W(t=0)]q
(a)
X U0, — 00; Vint)

with

(A7)

APPENDIX B

The interaction representation with respect to V' [cf.
Eq. (A9)] is presented. The evolution operator associated
with V) has the rigorous expression

U(t,— oo; V) =exp [——i f_t_w fo)dt'] , (B1)
where [Eq. (A8)]
Ve = 2 o) <o | i (W®);0( V& )]
(j:;éa)
+ Iao><aol

—i z va) ,(W‘M,.,’ .

(I;ea)
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One difficulty is due to the presence of the divergent in-
tegral VP'dt'. Thus it is necessary to retain in the
expansion of V' the terms which are finite at the adia-
batic limit and those which converge to zero and whose
time integral is finite. The two factors (V& )ej and
(W(P’)ja which appear in the expression of V¥’ are stud-
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rapid analysis of Eq. (A7) reveals that the successive inter-
mediate representations have not affected the functions
78 4+ 1(877P),;, so that

7 +i (87 Py =7 N 1+i(67° D),

ied =(ao|V|jodexp(yt), (B2).
(i) The matrix element (V') )ej is given by Eq. (A1). A thus
‘ |
t
(V8 ={ao| V| jo)exp [yt+ f__m (¢g)__¢§m+iEg’>_iE}P))dt’] . (B3)
(ii) The equations (A1) and (A4b) lead to
t t )
WP a= [ E+isr Wesp | [1 (4P — g8 +iEP —iEP " |ar . (B4)
This integral can be calculated using the two functions
Ut)=("P 1+ is7°P) P g | i) )
=7 p+isyEexp | [ (¢ —¢Pdr | /i(EP—EYL)
and
t
VU —iEp B esp [i [* (B —ELar | .
The recurrent procedure of integration by parts leads to
t
(WP)ju=Uo+I+ -+ +1Iy)exp [i f_,, (E;P—EZ)ar ] +Ry 41 (B5)
with
Io=Xx¥t),
d .
Li=——XE0iEP~EL),
IN=(-1)N—(L—‘L coo 4 1 1 1
dt | dt dt " (B —EP) i(EP—EY) |i(EP—EY)’
t t
Ry 1= f_wINH(tl)exp [f f_; (E{P'—EP)dt, ]art1
with
t
XRw=rgvisy e | [1op—gehar | /iEp-EL) .
T
In light of the hypothesis made in Appendix A relative » —-7p
to the matrices 2%, 877, E®) and ¢'? it is possible to Zj = TP g (B6b)
select the terms of W which are finite at the adiabatic J T e
limit and those which vanish and whose time integral is (52 —(827°P) ia 7 ;};)(cbjl’)_ )
ﬁm::e). This leads to ja= Ejgp)_Ega) - E}”’—E‘a{”
Py,
e _d | 7k ! (B6c)
—GiZE) —sZL) at |EP_EP |EP_ED ©
XeXP[f' (¢ — P +iEP —iEP )dr' @ -
—w o 7 @ In this expansion lim,_,o,Z;} is  finite,

+0(pY, (B6a)

where

lim,_,o(8Z?);q=1im, o, [O (y»)]=0. Moreover, for any
arbitrary complex function B(¢) whose rr(lgdulus is bound
in the real axis (— «,0], the integral f °°[(ISZ (P))jaﬁ]dt,
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converges to a finite complex value and the integral
_ 0l y?)B]dt’ converges to zero.
Finally, Egs. (A7), (A9), (B1), (B3), and (B6) lead to

U0, —w; V&)
=€Xp —i 2 l]())(aol[Wj(g)(tz())]

J
(j#a)
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lim U, —; VP
Y—

(p+1) +¢(p)

=exp 2 [jo? <ol f

—iEP TV 4iEP)dt

XU(0, — ;3 VU (0, — 03 ¥ ETY) (B7a) (B7c)
where
with .
lim WZ(0) BtV —Ef'=—ZB 7 for j#a,
i, Wk EYV-EP =~ 3 EPI-EP,
—ly.(]el)(O) (j;ia)
EP(0)—EP(0) PPV P =(6Z0);, 78 for jta,
0 p+1)_4p) _ (p+1)__ 4(p)
xexp | [ (@40 +iEP—EP)| BT o7 —dd == 2 T4
(Jgea)
and with The residual Hamiltonian V4! is expressed as
J
Vet = Z 3 o) Cko I VE ) s+ (W), V)i ]
(jaék)(k;éa)
X exp [z’ [ (Ef+V_EP _EP+Y L EP)dt + f<¢§P+”—¢<f’—¢?+“+¢%”)dt]
+ 2 ljo) a0l z—t(Vi,{? it WPt (WP o (VE) (WP,
(j;&a)
X exp [l f (E;p+l)—E_;p)—E(p+“+E(p))dt+ f (¢(p+1) ¢(p)_¢£f+1)+¢fzp))dt] .
f
In this expression the adiabatic limit is taken and the vvOHuwviip)=uxy"u ) (C1b)
terms which contribute to the next nonunitary transfor- )
mation are retained, i.e., the finite terms and terms which with
converge to zero and whose time integral is finite. The fi- Y = U=t — o0 VOWR()PU (2, — o0 ). (Cle)

nal result of this operation is summarized in Egs.
(18)—(22). A detailed investigation of Eq. (B8) reveals
that it complies with Eq. (A1).

APPENDIX C

Consider now Eq (15). On the rhs of this equation the
operators U (V') can be propagated from the left to the
right of this series of operators. This can be done for in-
stance using the following particular commutation
scheme:

UH)=UVHUWVEPHUWVY)
(Cla)

first commutation,

-uve-Huwy)

second commutation,

U U Ep)=Uxy U uwy)
(C1d)
with
Y =U~11,— 03V YU, — 03 V)
X VE (P U(t,— o0; VU (1, — 003 V) ;
(Cle)

etc. For the sake of clarity the two time limits, O and
— o in the U factors, have been eliminated in Egs. (Cla),
(C1b), and (C1d).

An explicit expression of the operator U ( V) is given



32 NONDEGENERATE PERTURBATION THEORY: A SOLUTION...

by Eq. (B7c). All the operators {VY{, 1=1,2,...} com-
mute so that after the (I —1)th commutation the follow-
ing sequence of operators is obtained:
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=exp

-1
vl vy
p=1

2 | jo? <ol [fi)w»_iEJ!“_ }1)]] )
J : ‘

The following sequence is obtained:

1—1
(0) ) (I—1) (p) 1—1
- U =U vV C2)
UVaIurg) - UVa—) [% f] ( Z2=U|3 VP |vwipyurd) (C3)
=1
with with [cf. Eq. (B7)]
|
U(rhp,) = S Jjo){ao] ¥ jalt =0) [f oD — g B ‘E"’]
ex a
Pl & 1olR%l | —0)—ED( = e
(j%a)
This product is transformed after the /th commutation into
7 S ko)X ao| 7 kalt =0 s v (C4)
=ex a
Pl & 1Ko/l E},”(t:O)— Dz =0) =
(k) A
Finally, using the fact that all the operators
_yP
koXlag| |—=5—5 |, I=1,2,...
g | ko ol |\ o g
(k#a)
commute, the following can be obtained from Eq. (C1):
< —7h=0)
lim U(0, — o0;H (t))=ex ko){a
S © P % | 0 (ao] I§1E it =O)—Eg)(t=O)
(k<o)
' 0 ) 4(p) ) '
Xexp |3 |ko¥ko| [ (—iEP —¢Pdr |[UWVE) . (©5)
k - ’
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