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Relativistic quantum electrodynamic perturbation theory is applied to the high-Z few-electron
system. Interaction of the bound electrons with the radiation field is treated as a perturbation that
results in the electron-electron interaction and radiative corrections. The leading perturbations, of
order a, are examined. For two-electron atoms, a precise evaluation of the one-exchanged-photon
correction in the 1Sy, 238}, 2 3Py, and 2 3P, states is made.

I. INTRODUCTION

This paper examines high-Z few-electron atoms from
the point of view of quantum electrodynamic perturbation
theory in the bound-interaction picture. The purpose is to
provide a consistent framework for the relativistic calcu-
lation of the structure of these atoms including the effects
of radiative corrections. The perturbation theory con-
sidered here is an expansion about basis states of nonin-
teracting Dirac electrons bound in the static Coulomb
field of the nucleus. Radiative corrections and electron-
electron interactions are perturbations produced by in-
teractions of the electrons with the quantized radiation
field. For a few strongly bound electrons in a high-Z
Coulomb field, these perturbations are small compared to
the binding energy, and the perturbation expansion con-
verges rapidly. In particular, the relevant expansion pa-
rameter is 1/Z, and this method provides a generalization
of the 1/Z expansion methods of Layzer and Bahcall! and
of Dalgarno and Stewart? to include higher-order relativ-
istic effects and radiative corrections.

This approach to high-Z two-electron atoms has been
briefly discussed by Bethe and Salpeter’ and by Sucher;* it
is of renewed interest due to the rapid rise of experimental
activity in this area. More recent studies of electron-
interaction corrections in this framework have been made,
for example, by Ivanov, Ivanova, and Safronova.’

The present paper gives a consistent discussion of all
the leading corrections, including radiative effects, to pro-
vide the groundwork for a study of the higher-order
corrections. Precise calculations are carried out for the
electron-electron interaction in two-electron atoms.

In Sec. II, the basic formalism is reviewed. The leading
corrections, of order a, are derived in Sec. III. The one-
exchanged photon-correction is examined in Sec. IV, and
a precise numerical evaluation is made for the 11S,, 235,
23P,, and 2 3P, states of two-electron atoms. Concluding
remarks are made in Sec. V.

II. FORMULATION

Energy levels of high-Z few-electron atoms are
described here within the framework of the Furry bound-
interaction -picture of quantum electrodynamics.® The

.zeroth-order basis states are the eigenfunctions of the

Dirac equation
[—ieV+V(x)+B—E,]¢,(x)=0 (1

for an external Coulomb potential with source charge Ze

Za

Vix)=— (2)

Units are chosen such that ¢ =#=m =1, where m is the
electron mass, and the ¥ matrices are given by

0 o
o 0

I 0
0 —I

y=PBa, Y°=B, a= = , ()

2

where o are the Pauli matrices. In the Furry picture, the
electron-positron field operator ¥(x) is expanded in terms
of electron annihilation operators a, and positron creation
operators b, as

V)= 3 appax)+ S blda(x)

E, (>0) E, (<0) ‘
= (@, +bNa(x), @)
where .
bn(x) =, (x)e Fn' (5)

and where the creation and annihilation operators are de-
fined so that

a, and a,:r::O if E, <0,
(6)
b, and b =0 if E,>0.
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In Eq. (4) the summation symbol is understood to mean
summation over the discrete spectrum and integration
over the continuous spectrum. The subscript n denotes
the complete set of quantum numbers {n,/,j,m} needed
to specify the state. The principal quantum number 7 is
replaced by the energy E for states in the continuous spec-
trum; [ determines the parity P=(—1)" and is the
orbital-angular-momentum quantum number in the non-
relativistic limit, j is the total-angular-momentum quan-
tum number, and m is the z component of the total angu-
lar momentum.

The anticommutation relations among the creation and
annihilation operators are

{an’ar:r' } =8;:;1' ’

(Db} =87

)
{aman}={asay}=0,
{busbu} ={bs,by } =0,
where
S =0(+Ep)8,1:8118 8 (8a)

if n and n’ correspond to states in the discrete spectrum,
8 =0(+E)S(E —E")818;;:8 (8b)

if n and n' correspond to states in the continuous spec-
trum, and

8L.=0 (8c)

if one index refers to a state in the discrete spectrum and
the other refers to a state in the continuous spectrum.
Zeroth-order electron states are given by electron

]

E,= |1+

(n—G+5)+[(+3)P2—(Za)*]'7?)?

The interaction between the electron-positron field and
the radiation field is determined by the interaction Hamil-
tonian density

Hy(x)=j"x)4,(x)—8M(x) , (15)
where_
j#(x)=_§[ Px )yt (x)] (16)

is the electromagnetic current, 4, (x) is the vector poten-
tial operator for the radiation field, and

SM(x)=+8m[ ¥(x),¥(x)] : 17)

is the mass-renormalization counter term. The commuta-
tors in (16) and (17) refer only to creation and annihilation
operators, i.e., the Dirac wave functions and the ¥ ma-
trices are always in the order shown.

The prescription of Gell-Mann and Low is employed
here to obtain an expression for the bound-state level
shifts in perturbation theory.” Sucher has written an

(Za)? -2

creation operators acting on the Coulomb field vacuum
| 0) that has the property

a,|0)=b,|0)=0 foralln . 9)
The one-electron states are given by
| nljm ) =a)m | O) . (10)

Two-electron states with weak singlet-triplet mixing and
well-defined total-angular-momentum quantum numbers
J and M are given by

| nljn'Uj'IM)Y =3, (imj'm’ | jj' M )@ ma iy yme | 0)

m,m’
(11a)
for {n,l,j}={n',l',j'}, and

| PlinljIM ) == 3 {jmjm’ | jjIM )@ ymaym | 0)
m,m'

(11b)

The zeroth-order Hamiltonian is
Ho= (ala,—b)b,)E, . (12)
n
A direct calculation shows that the eigenvalues of H|, are
given by

Hy|nljm)=E, |nljm) ,
(13)
Ho | nljn'l'j'"JM ) =(Ey +Ey) | nljn'l'j'IM ) .

Thus the zeroth-order energy level is the sum of the Dirac
energies of the individual orbitals

(14)

equivalent expression in terms of the S matrix to which
the standard renormalization prescription may be ap-
plied:*

8(S¢ ). /0A

18
<Se,l>c 1%

a2 1.
AE = lim ie
A—1
€—0

The subscript ¢ denotes the fact that only connected
Feynman graphs are included in the matrix element. In
(18), S, is the adiabatic S matrix defined by

Sea=1+ 3 89}, (19)
j=1
where

) _ (—idy —ely
S(ej,)=‘7—fd4xj"- fd"’xle il e

—€lty |

* HI(X1 )] .
(20)

X T[Hy(x;) " -
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In (20), T is the Wick time-ordering operator. where
These equations provide the basic formulation of
bound-state quantum electrodynamics. In the next section ( S(ej) Yo=( S(e 1}\ Ye lact - 22)

the leading corrections, of order a, are examined.

To order a, only the first two terms in (21) are relevant.
III. LEADING CORRECTIONS The term 8M is of order a and contributes through the

To second order in Hj, Eq. (18) yields first matrix element in (21). We have

AE=lim Lie[(SY), +2(SP), (50, =i [ a*xe~c1"1(8M(x)), 23)
—({(SMY P+ 7, (21)  and
|
(5, =—% [d*,; [ e e (T1"20x5) 4, (000" (x1) 4, (21D, +0(6D) . @4
A I
It is convenient to employ the relations and since
SM(x)=:8M(x):—&m Tr[Sp(x,x)] (25) f°° dte“lt|e_i(E'"_.E")t=—2—5(E,,,Em)+0(6) , (29)
and o €
Hx)=:j"(x) Tr[y*Sp(x,x) (26) where
j#(x)=j*(x):+eTr x,x)], 2
A J ] + [v*Sr ] | if E,=E,,
where Tr denotes the trace in the 4X4 Dirac matrix SEnEn)= 1o it E LE (30)
space, and the dots denote normal order. The propagation n7me
function Sr is given by the lowest-order mass term is
Sr(x2,31)= (0| T[9(x2)%(x1)]1 | 0) o 2
- ny _ 2 -
— 2¢"(x2)¢m(x1)[8;‘f—me(t2_tl) <SG ),_-~ € 5m'§nfdx¢n(x)¢m(x)8(E,,,Em)
nm >
—6,,0(t;—1,)]
ol X (aja, ) +0(e) . 31)
1 fw Gn(X2)hn (K1) _iz(ey—1)
= dz Y ———e )
2mi ¥ e S E,—2z(1+4i8) In the second-order term
27
(TL*x2) 4, (%) (%)) 4
where the 6 function is defined so that 6(0)=+. The U020y, (xa)f e ) (xD)De
second term on the right-hand side of (25) corresponds to =<T[j”2(x2)j“‘(x1 )]>cgy,,u]DF(x2 —x1), (32

a Feynman diagram with a disconnected closed loop and
is neglected. The second term on the right-hand side of =~ where Dp is the photon propagator
(26) corresponds to a vacuum polarization loop and is re-
P P P 8y Dr(x2—x1)=(0| T[4, (x,)4, (x,)]|0)

tained.
In the following we consider only zeroth-order states i . o ~Hlxa—xy)
consisting of a well-defined number of electrons in bound - T 8uyy (2m)* f d’k k2+i8

states. In this case

(M) =(:8M:),=8m S, 6, (x )b (x)anam) , (28)  From (26),

nm |

(33)

(T 1) e = (T 20x): 57510 1):1) e + e TrlY 28 (0,220 1€ 1% )2 ).
+e Tr[ v '1Sp(x1,x NI H%2):) e + D _ (34)

where & corresponds to a diagram with two vacuum polarization loops which in this order is a disconnected diagram.
With the aid of the identities

(TL5"0x): " x )] e =€ 3, G (X2 7 2B m (x2) D, G x 1)y ¢1(x 1) afafasan, )
mm k,1
+€2 3§, (x2)7" %S p(x2,x 1 7 1 (x 1) ala; )
n,l

+e2 3 Fr(x )Y 1Sp(x1,%)7 b m (x2)(akap ) (35)
k,m
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and

()= —e 3 En(x )7 (x) afan ) ' (36)
n,m

we have

(5(52))c=—e2fd4x2 fd"'xle—eltzfe—emle(xz——xl)

X |+ 3 a2V ubm(x2) 3, il )yei(x 1) atafasa,, )

nm k1

+ 3 Bn(x2)uSE(xX2,X )V b (x1) A )

n,m

— Trly,Sr(x2,%2)] 3 & (x )V (x1)(a)an ) | +0?) . (37)

nm
For small ¢, the integration over ¢, and ¢, is simplified by employing the relation
@ ® —e€|t —€|t —iz(ty—ty) —iAE, t, —iAEyt
f dtzf dt,e ity | —elty]  —izlty=t))  —iAE, 1,  —iAByt)
— 0 — 0

_ 2e 2€e
. [E4+(z+AE,,,)*] [€+(z—AEk)?]

=a(AE,,,,,,—AE,k)—zfa(z+AEm,,)+o<1>

—iz(ty—t,) —iAE, t, —iAE;t
2 le ‘mn Ze k'

=5(E,,+Ek,E,+E,,,)é J7 dt—1y)e +o(), (38

where AE;; =E; — E;, in the first term of (37), and the relation
f_oo dt, f—w dtye —€lt, |e —€ty |e —iz(ty —1t, )eiEnlze —iE, t =8(E,,E,, )—i‘ f_ww d(ty—t)e —iz(ty =1, )eiE"tze —iE, t; +0(1)

(39)
in the second term. Equation (29) applies to the third term. We thus have for the level shift of order a (e?=4wa),
E®=—4nia [ dt,—1,) [ dx, [ dx,Dp(x,—x)

X |+ S Fulx2)7ubm(x2) S Fr(x 1 7#1(x1)8(Ey +Ep, Ey+ Ep ) ajaiasan, )
nm k,l

+ 3 0 (x2)YuSE(X2,% 1)V Gpm (X1)8(Ey, By ) afa )

n,m

— Tr[ ¥, Sr(x2,%2)1 3, G (X 1)V S (x1)8(Ep, Epy )@y )

n,m

—om Y [ dx8,(x)¢p (x)8(Ep,Ep ) alap ) . (40)

This expression for the level shift applies to any zeroth-order basis state consisting of a well-defined number of electrons.
The electron-electron interaction term (first) in (40) agrees with the result of Brown derived with a time-dependent for-
malism,® and with the earlier results of Breit’ and Oppenheimer.l° The self-energy (second) and vacuum polarization
(third) terms in (40) agree with the well-known single-electron expressions. This is shown explicitly by considering the
level shift for a single electron in state i, according to Eq. (10). In that case

(alalaja, ) =0,

41)
(aJam >=8m‘8mi s

and
EP=ER+ER, (42)

where
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E@ = —4mia [dty—1)) [ dx; [ dxDp(xs—x1)8i(x2)7,Sr(x2,x )7 di(x1)—8m [ dx§;(x);(x) 43)
and
E§,212=4m’afd(t2—t1)fdxzfdx,Dp(x2~x1)Tr[y#SF(xz,xz)]$i(x1)y"qS,-(x,) . (44)

The Feyﬁman diagrams corresponding to (43) and (44) appear in Fig. 1.
For a two-electron state of the form

2 C,-ja,-TajT l 0) (45)
i .

we have

(ajafaam Y =(Cly—Ci)(Cim—Cmt)

t (46)
(anam>=2(cl:n_ :k)(ckm"‘ mk) .
k
The two-electron second-order level shift is written as the sum
EV—ER+ER+ER )

corresponding to the three Feynman diagrams in Fig. 2. The exchanged-photon term E $2) arises from the first term of

(40) and is given by

ER=—4rmia [ d(t,—1)) [ dx, [ dx\Dplx;—x;) zc,:,,—\/li[&k(xz)a,,(xl>—$,,(x2)$k<x1)]y;2’w<”
k,n
XS Com — 132 (1) — b (x2 )by (31)]
I'm m 1/2 m m

XS(E,+Ex,Ej+Ey) . 48)

To evaluate the self-energy and vacuum polarization terms we confine our attention to two-electron states that are linear
combinations of products of hydrogenic states with well-defined parity, total angular momentum, and z component of
angular momentum. We further restrict our attention to states of the form of Eq. (11) so that the C’s in (45) can be writ-
ten as

Con=08gp 088, Dso (49)

where 8 denotes the subset of quantum numbers {n,/,j} and o denotes the remaining quantum number {m}. Equation
(49) simply reflects the fact that in this case the summation in Eq. (45) extends over the magnetic quantum numbers o
and o' for fixed B and B'. Then in the last three terms in (40),

2 Qnm (alam ) = 2 an 2 [Cltn(ckn - nk)+c:k(cnk _Ckn )]
nm n k
=303 3 (888,568 D50(Doo—8p,8Do0)+8p,888 D50 (Do —8p,5Doo)]
B o B,0o 2
= 3 0. (50)

B=ﬁ1vﬁz

The result in (50) takes into account the fact that the operators represented by Q,,, are diagonal in the specified basis,
and that they are independent of o. The last equality in (50) follows from the normalization of the C’s,

e

(a) (b) ©)

N

(@ (b)

FIG. 2. Feynman diagrams for the (a) one-exchanged-photon
FIG. 1. Feynman diagrams for the (a) self-energy and (b) correction, (b) self-energy, and (c) vacuum polarization in two-
vacuum polarization in one-electron atoms. electron atoms.
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z C,;-‘(Cij — Cj,' )= 2 D:a’(Doa’ _83132D‘7"’ )=1.
ij

o,0’

Hence the self-energy term ESX in (47) is

(51)

E§§=—47riafd(t2—t1)fdxzfdxle(xz——xl)zag(xz)y#SF(xz,xl)'y"gbg(xl)—ﬁm2 fdm;g(x)qbg(x) (52)
B B

and the vacuum polarization term E %l is

EQ@=d4mia [ dity—1t)) [ dx, [ dxiDp(x;—x1) Tr[y,Sp(x2,%2)] 3 $5x 1 7 dgx 1) . (53)
B

In (52) and (53), the summation over B extends over the hydrogenic orbitals that comprise the two-electron state, and o
can have any value in each orbital. For the ground state, the summation introduces a factor of 2.

The self-energy and vacuum polarization corrections of order a for the two-electron atom in the present perturbation
approach are just the sums of the corresponding hydrogenic corrections. The exchanged-photon correction is considered

in more detail in the next section.

1V. ONE-EXCHANGED-PHOTON CORRECTION

In this section we examine the one-exchanged-photon correction in Eq. (48) for states of the form of Eq. (11), and give
precise numerical results over a wide range of Z. It is convenient to express the correction as the sum of a direct term

E; and an exchange term E,,

Ef}=E,+E, (54)
with
Ed=—4ma fd(t2_tl) deZ f dxlDF(xz—xl)Q)T(xz,xl)af)a"mq)(xz,xl) (55)
and
E,=4mia [ d(t;—1) [ dx, [ dxDplxs—x1)e ™™ 0l (xy, x )P V(x,,5,) , (56)
f
where the level shift. Equations (60) and (61) give the Feynman
_ - o gauge form of the one-exchanged photon correction. By
D(xy,x1)= z Do dp,(x2)8,(x1) (57) direct calculation, this can be shown to be equal to the
et Coulomb gauge expression which consists of a static
and Coulomb interaction plus an exchanged transverse pho-
—E. —E (58) ton.> The latter term with retardation neglected (1 =0)
N=58,—58 -gives the well-known Breit inter(azx)ction.
Integration over the time difference in (56) vields An accurate evaluation of Epg for high-Z two-electron
& ‘ ( ).‘y | atoms is given here for the 11S,, 23§ it 23Py, and 23P,
. . Q|| xy . . .
in(ty—t)) _ ie states both as a power series in (Za)® and numerically.
f d(ty—t1)Dplxa—xy)e T 4mxy, (59) The level shift, understood to mean the real part, is ex-

with x,; = | X,—X; | . We thus have for the direct term

Ed=afdxzfdx1<I>T(X,2,X1);lz—la:f)ait(“cp(x%xl) ,

(60)
and for the real part of the exchange term
cos(mx,1)
Re(E,)=—a [ dx, [ dxlcp*(x2,x1)——x"—2‘—
21
X 2ot Vd(x,,x,) . (61)

The imaginary part of the exchange term corresponds to a
partial width of the excited-state resonance associated
with decay to the ground state. The remainder of the
natural width arises from the imaginary part of the self-
energy. We are concerned here only with the real part of

pressed as
E&=a(Za)P(Za)mc?, (62)
where P(Za) can be expanded as
P(Za)=p,+p3(Za)+ps(Za)+p,(Za)+ - - - .
(63)

TABLE I. Values of the coefficients p;.

State P
1S, 2
137
2 3S| T7‘2’9"
1481

2°P, 561
: 1481

2°pP, 6561




TABLE II. Values of the coefficients p;.

State D3
3
1S, 1—5In2
3 2075 |, 592 2549
2°8, 78 + 75 In2— 3576 In3
3 17801 |, 6104 20957
2°Py 39366 T 6561 N2 — Fgaa5 In3
3 28223 | 5848 13759
2°P, 98415 + G561 12— Trasg In3

The leading term p; corresponds to the nonrelativistic
Coulomb interaction of the electrons. For completeness,
these well-known coefficients are listed in Table I. The
next term gives the leading relativistic correction in the
electron-electron interaction. The coefficient p; was
given for the 115, state numerically by Wu and Tauber!!
and exactly by Dalgarno and Stewart.!? Stewart calculat-
ed the exact value of p; for the 23S, state,'’ and Doyle
gave accurate numerical values for p; for the 2P, and
23P, states.'* The latter two authors considered other
states as well.

We have calculated the coefficients p;, p3, and ps ex-
actly for the states of interest. The procedure followed
was first to carry out the integration over coordinate an-
gles in Egs. (60) and (61) to arrive at expressions for the
sum in terms of radial integrals. These integrals are
displayed in the Appendix. The remainder of the calcula-
tion was done with the aid of the algebraic computation
program MACSYMA basically as follows. The integrands
in the radial integrals were expanded in a Taylor series in
n up to fourth order. The I'-function integral over the
variable p, defined in Eq. (AS), was formally evaluated.
The integrand of the remaining integral was expanded in
Taylor series in Za, and finally the integral over r, de-
fined in Eq. (AS), was evaluated. The results for p; and
ps are listed in Tables II and III, respectively. The values
obtained for p; are in agreement with the previous work
already mentioned. The expressions for ps include the di-
logarithm function L of argument — 5 where!®

QUANTUM ELECTRODYNAMICS OF HIGH-Z FEW-ELECTRON ATOMS
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= (64)

i% Llyi— _0.44841421. .

To provide values for the level shift AE) for large Z
and as a consistency check, we calculated the function
P(Za) numerically for the states of interest for
Z=10,20,...,110. Gaussian quadrature was applied for
each of the variables » and y in (AS5), with 60 and 100 in-
tegration points, respectively. The numerical precision
was estimated by varying the number of integration points
in each dimension. The results are given in Table IV. All

“figures shown in that table are significant.

By fitting a sixth- or seventh-degree polynomial in
(Za)* to the first seven or eight calculated values of
[P(Za)—p,]/(Za)* we estimate the first few coefficients
of the power series in (Za)?. With the full calculated ac-
curacy (more than shown in Table IV) of the values for
P(Za), the corresponding coefficients p; and ps agree
with the analytic results to about nine and seven figures
past the decimal point, respectively. In addition, a numer-
ical estimate for the next coefficient p,, apparently accu-
rate to more than four figures past the decimal point, is
obtained. The estimated values appear in Table V. Previ-
ous estimates of coefficients in (63) based on polynomial
fits to numerical calculations have been made. An earlier
estimate of Aps=0.10 for the 235;—2°%P, sPhttmg by
Mohr is in agreement with the current results.!® An esti-
mate of ps and p; by Safronova is consistent with the
present results for the 115, state but not for the excited
states.!” Results of a numerical calculation of P(Za) for
the 23S, 2°P,, and 2°P, states for Z=14,16,17 by
Cheng are in complete agreement with the values given by
Eq. (63).!® Grant has estimated ps for the 23P, and 2°P,
states based on a numerical fit to results of a multiconfig-
uration Dirac-Hartree-Fock calculation.!”” His results

ps(2°Py)=0.143282 and ps(23P,)=—0.0016912 are in

reasonable agreement with the values in Table III. Drake
has calculated numerical values for ps that are in agree-
ment with the results given here.?’

The power series for the level shift provides an accurate
approximation to the function P(Za) for Z not too large.

TABLE III. Values of the coefficients ps.

State Ds
109 7T st 3
118, T—TG——KIHZ——IHZZ
20845 181 958 57667
104976 — T7496 ™ — 7187 102+ ogg 1n3
181 2549 2549
2°s, — g3z 02+ 5576 In2 1n3 — 55¢ 10?3
+3L(—1)
129731, 1411 643 241845
Ts7ass + T57ae8 ™+ 5 In2 — gge5 In3
3 17021 1 2, , 29149 20957 1 2
2°Py — Saass 1“2+ 55z In2In3 — 557 In3
+3L(—1)
1712371, 1667 39623 4458869
— Sarsa0 + a9 T — 9366 102+ Fis0a0 In3
3 42461 1 2, , 16831 13759 4 2
2°P, — Toas76 102+ a6 In2In3 — 55555 In"3
+4L(—5)
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TABLE IV. Numerical values of the function P(Za).

z 1S, 238, 23p, 23p,
10 0.627563 0.188340 0.226902  0.225944
20 0.635328 0.189587 0.230475 0.226593
30 0.648533 0.191718 0.236601  0.227672
40 0.667603 0.194816 0.245561  0.229179
50  0.693209 0.199010 0.257799 0.231114
60 0.726364 0.204496 0.273996 0.233478
70 0.768597 0.211564 0.295189  0.236279
80 0.822278 0.220657 0.323008  0.239535
90 0.891270 0.232481 0.360135  0.243284
100 0.982380 0.248242 0.411348  0.247598
110 1.109168 0.270240 0.486234 0.252618

This is in contrast to the self-energy correction where the
convergence is poor numerically. The power series ex-
pressions are summarized as

P(Za)=++0.480 140(Za)*+0.219 653(Za)*

TABLE V. Estimated values for the coefficient p;.

State P71

118y 0.1507
238, 0.0281
23P, 0.1070
23pP, 0.0037

V. CONCLUSION

We have made a direct application of bound-state quan-
tum electrodynamics to the high-Z few-electron system to
derive all corrections of order a to the energy levels. The
corrections are the exchanged-photon correction, the one-
electron self-energy, and the one-electron vacuum polari-
zation. In this approach it is clear how to proceed to
higher-order corrections in a consistent way. Calculation
of the next-order corrections, which include two-
exchanged-photon and screened-Lamb-shift corrections,
should be feasible within the present framework.

Accurate numerical values for the two-electron
exchanged-photon correction are given here, and the one-

64 ... 1 65
+0.1507(Za)"+ for 13S0, (65a) electron corrections at high Z have been reviewed else-
P(Za)=-1 10.076935(Za)?+0.043 223(Za)* where.?! For a stringent test of quantum electrodynamics,
6 , however, higher-order corrections in a or equivalently
+0.0281(Za)+ - -+ for 2°S;, (65b)  1/Z are needed. A tentative comparison of theory and
T 2 4 experiment, based on partial knowledge of the higher-
P(Za)= g1 +0.219768(Z)"+0.142891(Za) order terms, yields satisfactory agreement.??
+0.1070(Za )+ - - - for 2P, , (65¢)
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APPENDIX

Integration over coordinate angles in Eqs. (60) and (61) yields the following expressions for the one-exchanged-photon

level shift:

© ) X
Efi=a [~ dxx3 ["dxxi [g3<x2>+f3<x2>1[g3<x1>+f3<x1>]———x1 +38, (620, (%208, (x1 ) (x1) =5+
>

® @ 1
Efd=a [~ dxox} [ dxixd |[8700)+/70) g2 D)+ £ D] T~
>

for 1 1SO s

>

(A1)

8 X<
?gr(xz)fr(xz)gs(xl )fs(xl )—2—

>

+[8r(x2)8s(x2)+ f(x2)fs(x2) 118, (x1)8s (x 1)+ £ (x 1) fs (x 1) Injo(nx L yolnx )

+ 318, (x2)f5(x2)8s (31 ) (3 1)+ £, (x2)g5 (x2) f5 (%18, (x1)

—58,(x2)f5(x2)f5(x1)8,(x1) — 5f;(x2)8, (%285 (x1)f7(x1)]

Xnji(gx yi(nx, )| for 23S, ,

(A2)
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Ef=a [ "dxx} [ Tdxxt (8700 + 1 x:)][g,xx,>+f,,<x1>]——%gxxz)f,(xz)g,,(xnf,,(xl>§zi
>

>

+[gr(x2)gp(x2)+fr(x2)fp(x2)][gr(xl )gp(xl )+fr(x1 )fp(xl )]77]1(777‘ < )J’1(77x > )

— (8, (x2 )y (x2 )8, (1 Mfy (1) £y (2 g (2 ) fp (1 g 1)

+ 38 (%2)fp(x2)fp (x1)gr (x 1) 1mjo(mx L Wolmx )

— S (%2)gp(x2)8, (%1 ) f(x 1)

Xnljo(nx L yolnx

)+8j2(px L Jyy(nx )]

for 23P, , ' (A3)

© =) X
Ef=a [ “dxx} [ dxixi |[g7(x2)+f7 <x2>1[g.,<x1>+f;<x1>]——:—Sg,<x2>f,<x2>gq<x1>f.,<x1>;;—

> >

+[8-(x2)8q (x2) +£1(x2)f ¢ (x2)1[84 (x 1 )8, (x 1)+ fo(x ) (x 1) Imj1(mx )y (nx)

+ %[gr(XZ)fq(XZ)gq(xl (1) + 1 (x2)8(x2)f 4 (x1)g,(x ;)

—98:(x2)fq(x2)f 4 (x1)g,(x ) Imjz(mx L Jyy(mx )

_fr(xz)gq(x2)gq(xl Mfr(xy)

X[ 3jo(mx < Wolnx 5 )+ ja(nx L pa(nx )]

for 23pP, . (A4)

In (A1)—(A4), g and f are the Dirac radial wave functions, the subscripts 7, s, p, and q refer to the 1s,,5, 2512, 2p1 /2,
and 2p;,, states, respectively, and x . = min(x,,x,) and x, = max(x,,x;). To evaluate the integrals in (A1)—(A4) it is

convenient to make the change of variables

© © © 1
[, dx2 [ dxiFxyx0= [ dyy [ driF(ry,p)+F(y,m] (A5)

where y=x, and ry=x _.
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